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Abstract

Treatment effect heterogeneity is of a great concern when evaluating the treatment. However,
even with a simple case of a binary treatment, the distribution of treatment effect is difficult
to identify due to the fundamental limitation that we cannot observe both treated potential
outcome and untreated potential outcome for a given individual. This paper assumes a finite
mixture model on the potential outcomes and a vector of control covariates to address treatment
endogeneity and imposes a Markov condition on the potential outcomes and covariates within
each type to identify the treatment effect distribution. The mixture weights of the finite mix-
ture model are consistently estimated with a nonnegative matrix factorization algorithm, thus
allowing us to consistently estimate the component distribution parameters, including ones for

the treatment effect distribution.
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1 Introduction

The estimation of the treatment effect distribution is an important but very difficult task even
in a binary treatment setup due to the fact that in general we cannot simultaneously observe the
two potential outcomes—treated potential outcome and untreated potential outcome—for a given
individual, even when the treatment is random. Thus, instead of estimating the whole distribution
of treatment effect, researcher often try to estimate some summary measures of the treatment
effect, such as the average treatment effect (ATE) or the quantile treatment effect (QTE). These
summary measures of the treatment effect distribution often provide insights into the treatment
effect distribution and thus help researchers with policy recommendations. However, there still
remain a lot of research questions that can only be answered from the treatment effect distributions;
e.g., is the treatment Pareto improving? what is the share of people who are worse off under the
treatment regime? This paper aims to answer these questions, by estimating the distributional
treatment effect, under a finite mixture model with conditional Markov property.

In this paper, I assume that the distribution of the two potential outcomes and some control
covariates follow a finite mixture model, with a fixed number of types K. The latent type variable
models the treatment endogeneity; within each type, the potential outcome distribution does not
depend on the treatment status. Given the finite mixture model, I use an instrument that shifts
the mixture weights; using the instrument, I construct a grouping structure on individuals in a way
that different groups differ in terms of their type shares/mixture weight and treatment status: let
Jo denote the number of untreated groups and J; the number of treated groups.

The existence of the control covariates is crucial to the identification of the finite mixture. Since
the treated potential outcome and the untreated potential outcomes are fundamentally different,
we cannot use the outcome variable to identify the common finite mixture model for treated groups
and untreated groups. Instead, I use the control covariates to identify the finite mixture model.
Note that we now have Jy untreated groups and .J; treated groups thanks to the instrument, which
differ in terms of their type share/mixture weights. This difference in terms of the mixture weights
will be reflected in their distribution of the control covariates. Under a full rank assumption on the
component distribution for the control covariates, any two groups with the same distribution of the
control covariates have the same mixture weights across K types; the distribution of the control
covariates is informative about the mixture weights. If we additionally assume Jy + J; > K and

the mixture weights also satisfy full rank condition, the group-specific distribution of the control



covariates partially identify the finite mixture model: for more discussion, see Henry et al.| (2014]).

Given some mixture weights and component distribution functions in the identified set, a coun-
terfactual outcome distribution can be easily constructed by applying the mixture weights for a
untreated group to the component distribution function for treated potential outcome or vice versa.
A key observation of this paper is that the mixture weights and the component distribution func-
tions do not need to be point identified to recover a counterfactual outcome distribution. Any pair
of the mixture weights and the component distribution functions in the identified set constructs
the same counterfactual outcome distribution.

Based on this observation, I construct a modified nonnegative matrix factorization minimiza-
tion problem to estimate a pair of the mixture weights and the component distribution function.
Though the solution to the minimization problem is not unique, induced weights for a counterfac-
tual outcome distribution consistently estimates the counterfactual outcome distribution and thus
the quantile treatment effects.

Recall that the goal of this paper is to estimate the distributional treatment effect. Though the
nonnegative matrix factorization problem finds a pair of the mixture weights and the component
distribution functions, it only finds the component distribution function for the treated potential
outcome and that for the untreated potential outcome separately. Thus, to estimate the distribution
of treatment effect, I impose additional assumption; the conditional distribution of the potential
outcomes only depends on a subvector of the control covariates and that subvector of the control
covariates is not independent of the rest of the control covariates. Given this ‘Markov’ property, I
can use the two separate distributions—the joint component distribution of the control covariates
and the treated potential outcome and the joint component distribution of the control covariates
and the untreated potential outcome—to recover the conditional component distribution of the
treated potential outcome given the untreated potential outcome.

When this Markov condition is assumed within the control covariates themselves, the mixture
weights is point identified and estimated by adding some additional quadratic constraints to the
nonnegative matrix factorization problem. Given the consistent estimates of the mixture weights,
the treatment effect distribution is estimated through a maximum likelihood estimation.

The assumptions of this paper are most suitable in a panel data setup where the lagged outcome
variables are used as control covariates, making a connection to the diff-in-diff literature. Consider a
short panel where a subset of individuals is treated only for the last time period. Then, the approach

of this paper to identify the finite mixture model by looking at the distribution of the control



covariates is essentially to use the lagged outcome distribution to learn about the heterogeneity
across groups defined with the instrument. Though the untreated potential outcomes for a treated
group is not directly observed, we are assuming that the heterogeneity, i.e., the mixture weights,
that we learn from the lagged outcome is persistent to the last period as well; the same principle
as in the diff-in-diff. In this setup, the Markov condition assumes that the conditional distribution
of the last period potential outcome only depends on a subset of the most recent lagged outcomes
and the latent type. Thus, the lagged outcomes that are further away only affect the last period
potential outcome through the subset of the most recent lagged outcomes.

This paper relates to the recent development of the proxy variable approach: Deaner| (2023)); Hu
and Schennach/ (2008); Miao et al.| (2018]). This paper has two identification result: the identification
of the counterfactual outcome distribution and the identification of the treatment effect distribution.
The first identification result is directly implied by the previous works such as Deaner| (2023); Miao
et al.| (2018)). Kedagni (2023) has a similar identification result in the context of binary instrument
and use the subpopulation of compliers, always-takers, etc, as the types. To my best knowledge,
the second identification argument, the identification of the treatment effect distribution, is new to
the literature.

In addition, this paper contributes to the program evaluation literature, especially on the es-
timation of the quantile treatment effect and the distributional treatment effect. For quantile
treatment effect, |Callaway and Li (2019) also discusses a short panel and assumes copular stability
and independence between first-differenced potential outcome and treatment. For distributional
treatment effect, Frandsen and Lefgren| (2021)) build on |Fan and Park|(2010) and assumes stochastic
monotonicity to put bounds on the distributions of treatment effect; the distributional treatment
effect is partially identified. Kaji and Caol (2023) develop two new summarizing measure of the
treatment effect distribution and develop partial identification results on the two measures. Noh
(2023)) assumes conditional independence of treatment effect and untreated potential outcome and
uses deconvolution to point identify the treatment effect distribution. This paper also discusses
point identification of the treatment effect distribution, under an arguably more flexible setup,
relying on a finite mixture model and restrictions applied only to the type-specific distributions.

The rest of the paper is organized as follows. Section [2] formally develops the finite mixture
model. Section [3] discusses the two identification results the counterfactual outcome distribution
and the treatment effect distribution. Section [4] explains the estimation procedure based on a

nonnegative matrix factorization problem and proves the consistency of the mixture weights. Sec-



tion [p] applies the estimation procedure to the National Longitudinal Survey of Youth dataset and

estimates quantile treatment effects of the disemployment.

2 Setup

An econometrican observes a dataset {Yi,Xi,Di,Zi}?:l where V; € Y C R, X; € X C RP,
D; € {0,1} and Z; € Z. Y; is an outcome variable, X; is a vector of control covariates, D; is
a binary treatment variable and Z; is an instrument. The outcome Y; is constructed with two

potential outcomes.
Y= Di-Yi(1) + (1 - Dy) - Yi(0).

The treatment variable D; is potentially endogenous. For notational brevity, let W; = (Yi, XZ-) and
Wi(d) = (Y;i(d), X;). W; = Wi(d) when D; = d.

To put restrictions on the treatment endogeneity, I assume that there is some latent type variable
k; such that the treatment is as good as random after conditioning on the latent type variable k;

and the instrument Z;.

Assumption 1. (UNCONFOUNDEDNESS WITH A LATENT TYPE)

There exists a latent type variable k; € {1,--- , K} such that
(Yi(1),i(0), Xi) 1L D; | (ki Z0).

Also, (Yi(1),Y;(0), X4, Di, ki, Z;) ~ iid.

Under Assumption |1} the conditional distribution of W; given (k:i,Di = d, ZZ-) is equal to the
conditional distribution of W;(d) given (ki, Zi). In addition, I assume the usual exclusion restriction

condition for the instrument.

Assumption 2. (EXCLUSION RESTRICTION)
(Yi(1). Yi(0), ;) 1L 2, | ks

Assumption [2| assumes that the instrument Z; does not affect the distribution of (¥;(1), ¥;(0), X;)

after conditioning on the latent type k;. Lastly, I assume that there are K finite types.



Assumption 3. (FINITE SUPPORT) k; € {1,--- ,K}.

Under Assumptions the conditional distribution of W;(d) given (Di =d,Z; = z) admits
a finite mixture representation. Let Fy(-|d’, z) denote the conditional distribution of W;(d) given

(Di =d', Z; = z). Then,

Fy(w|d',2) = Pr{W;(d) < w|D; = d', Z; = 2}

K

= Pr{Wi(d) <wlki =k, Di=d,Z =z} -Pr{ki=k|Di=d,Zi =z} .- LIE
k=1
K

:ZPr{W( )<wlki =k, Zi =z} -Pr{k;=k|D;=d,Z; =2} --- Assumption[]
k=1
K

:ZPr{W( ) <wlk; =k} -Pr{ki=k|D;=d',Z; =2} --- Assumption 2]
k=1

Note that Fy(-|d’, z) is identified when d = d' and Pr{D; =d, Z; = z} > 0. Let Gy denote the
conditional distribution of Wj(d) given k; = k. Note that G and Gy should be coherent in
the sense that the marginal distribution of X; should be the same; let G denote the conditional
distribution of (Y;(1),Y;(0), X;) given k; = k. Goi and Gy, are induced from Gy. Also, let A(k|d, )
denote the conditional probability of k; = k given (D; = d, Z; = z). Then,

K
Fo(w|d,2) = Ak|d,2) - Gar(w).
k=1

Under Assumptions the conditional distribution of W;(d) given (DZ- =d. Z; = z) is decomposed
into K mixture weights {\(k|d’,2)}£ ;| and K component distributions {G g }1.

The key assumption that will be maintained throughout the rest of the paper is that there is
sufficient variation in the mixture weights and the mixture component distributions. This directly
connects to the relevance of the instruments, meaning that the mixture weights A(+|d, z) is not a
trivial function of z. Below I present two empirical contexts where there is a natural choice for
such an instrument and discuss what the relevance condition and Assumptions mean in each

context.

Example 1. (clustered treatment) Suppose that there exist an observed clustering structure in

the dataset and the treatment is assigned at the cluster level. Then, I suggest using the clustering



structure as an instrument. Let
ZZ'G{l,-'- ,J} and DZ:D(ZZ)

There are J clusters in the dataset and the unit-level treatment status D; equals the cluster-
level treatment status D(Z;). Assumption [l| is trivially satisfied since D; is a function of Z;.
Assumption [2] assumes that the cluster membership Z; does not have any information on the
unit-level heterogeneity, after conditioning on the unit-level latent type k;. Lastly, the relevance

condition assumes that the clusters are heterogeneous in terms of their unit-level type distributions.

Example 2. (event-study) Suppose that the dataset is now a panel data with multiple treatment
timings: {{Y;t}tT:l ,Ei}j_l. E; € {2,---,T, 00} is the treatment timing for unit 7. In this canonical
staggered-adoption event_—study setup, we can use the treatment timing as an instrument. To that
end, we first focus on a subpopulation of units that were not treated immediately; fix some time

period t* > 1 and drop units such that E; < t*. Let
Yi=Yi, Xi={Ya}l,', Di=UE =t} and Z=E,.

Units that are not treated until ¢ = t* are coded as ‘untreated’ and units that are treated at ¢t = t*
are coded as ‘treated.” Again, Assumption [I] trivially holds since D; is a function of F; = Z;.
Assumption [2| assumes that the treatment timing is as good as random after conditioning on the
unit-level latent type k;. The relevance condition assumes that the earlier-treated units and the

later-treated units are heterogeneous in terms of their unit-level type distributions.

Though the two empirical examples above both use a discrete instrument Z;, none of the
theoretical results of this paper requires Z; to be discrete. As long as the assumptions used in
the following sections hold for a discretized version of Z;, a continuous Z; can be used. Thus, for
notational brevity, I only consider discrete Z;; whenever the original instrument variable in the
dataset is continuous, an appropriate discretization is implicitly imposed. Specifically, I consider
discretization where Z; € {1,---,J} with some J = Jy+ J1 > K and D; = 0 & Z; < Jy. Thus,
the instrument Z; forms a grouping structure over units so that there are Jy untreated groups and

J1 treated groups; each group has nonzero measure. For the rest of the paper, I drop D; in the



conditioning set in modelling the finite mixture: for d € {0,1} and j € {1,---, J},

K
(wlf) =Y (k) - Gar(w) (1)
k=1

F;(-|j) is directly observed from the data when d = 0,5 < Jy or d = 1,5 > Jy. Also, I call

subpopulation {i : Z; = j} the group j.

3 Identification

In this section, I discuss identification of two objects of interest: distribution of counterfactual
outcome and distribution of treatment effect. Depending on the context, the counterfactual outcome
refers to treated potential outcome for untreated units, or untreated potential outcome for treated
units. For example, F(-|j) for some j > Jy is a distribution of counterfactual outcome where the
counterfactual is the treated group j being untreated.

The first identification result, which is for distribution of counterfactual outcome, is tantamount
to those of Miao et al.| (2018)); |[Deaner| (2023)); under some relevance condition on the instrument
and sufficient variation condition on the component distributions, the marginal distribution is
point identified. The second identification result, which requires identifying the joint distribution
of potential outcomes, is new to the literature to my best knowledge. For the second identification
result, I further assume that a subvector of X works as an instrument for the rest of X. Then,
the joint distribution of untreated and treated potential outcome is identified from the conditional

distributions of the potential outcomes.

3.1 Identification of counterfactual outcome distribution

In this subsection, I discuss identification of counterfactual outcome distribution. For example,
suppose we are interested in Fo(-|j) for some j > Jy: untreated potential outcome distribution for

the treated group j. Once we identify Fy(:|j), we can identify various treatment effect parameters:

e.g.,

CATT(j) = E[Y;(1) = Y;(0)|D; = 1, Z; = j],

CQTT(j,7) =Fi ' (r]j) — Fy ' (r]).



CATT(j) is the conditional average treatment effect on the treated group j and CQTT(j, 7) is the
conditional quantile treatment effect on the treated group j, for the 7-th quantile.

The following is a modification of Miao et al| (2018) so that X; is allowed to be discrete,
continuous or mixed random vector. The identification relies on two invertible matrices. Firstly,
, Gok

Assumption [4] assumes sufficient variation across types, in the domain of X;. Let G, -

denote the marginal distributions of X;, constructed from Gy, --- , G, respectively.

Assumption 4. (RANK) There exist some z1,--- ,xx € X such that the K x K matriz

Gy1(71) Guk(21)

G,1(zk) Guk(TK)

1s invertible.

Assumption [4] assumes that there is sufficient variation in the marginal distributions of X; given k;
so that it preserves the variation in the mixture weights when we look at the marginal distributions
of X; given Z;. Assumption [4]is plausible in the context of the event-study setup in Example 2, if
we believe that the variation in the outcome distribution would be preserved in the lagged outcome
distribution as well.

Secondly, Assumption [5| assumes that instrument Z; sufficiently shifts the mixture weights

A(kl7) = Priki = k| Zi = j}.
Assumption 5. (RELEVANCE)

(i) The K x Jy matriz

A(1[1) A(1]Jo)
Ay = :
K1) MK Jo)
has rank K.
(i) The K x J; matriz
AM1]Jo+1) A(L|)
A=
MK |Jp+1) ANK|J)

has rank K.



Note that Assumption only assumes relevance of Z; among untreated units while Assumption
only assumes relevance of Z; among treated units. To identify Fy(:|j) for some j > Jy, I only
use Assumption it suffices to have full rank on the mixture weights matrix for untreated units
to identify a counterfactual distribution of untreated potential outcome.

The following lemma establishes that the counterfactual outcome distribution could be identified

through the identified set of the mixture weights and the component distributions.

Lemma 1. Consider an identified set of ({ng, le}szl,Ao,Al) that satisfies the following, as
in Henry et al. (2014):

1. {Gog, le}szl are component distribution functions on Y x X:
{Gok, qu}f:1 are monotone increasing, right-continuous and have left limit of zero and right

limit of one. Also, for any x € X,
/ Gok(y, v)dy = / Gi(y,x)dy Vk=1,--- K.
Y y

2. Ag is a K x Jy mizture weight matriz and Ay is a K X J1 mixture weight matriz:

Ao and Ay are nonnegative and each column of Ag and A1 sum to one.

3. Foranyw €Y X X,

1 T

Mkl7) - Grp(w) = Pr{W; <w|Z; =3} Vj=Jo+1,---,J

e
Il
—

Assumptions hold. For any two tetrads ({Gpy,, Gh i, Ay, AL) s ({Goy Gy, AGL AY) in
the identified set, Assumption implies

K K
D MK - G =D MK -Gy, Vi=Jo+ 1,00,
k= k=1

—_

and Assumption implies

M=

K
Akl - Gl =D AEl) -Gy, Vi=1,--,Jo.
k=1

i
I
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Proof. Direct from identification argument as in |[Miao et al. (2018). See |[Appendix] O

In general, the identified set is not a singleton. However, building on the identification argument
as seen in [Miao et al. (2018); Deaner (2023]), Lemma 1| states that the extrapolation for Fo(-|j)
for j > Jp using the identified set is unique when Assumption holds and therefore Fy(:|j) is
identified through the identified set of ({Gok}fle, Ao, Al) as well.

Remark 1. Given {xk}szl satisfying Assumption {4 and Assumption we can construct a
linear coefficient 1 such that the distribution of untreated potential outcome for the treated group
j is a linear combination of the (observed) distributions of the untreated groups {F(-|j )}3]0:1 Let

F.(-|7) denote the conditional distribution of X; given Z; = j and let

F,(z1]1) - Fyp(zgl|l)
- .
F.(x1|Jo) F.(xk|Jo)
Fnl) o Foml)) () o Falxl)) [ Fell)
Fo(zg|l) - Fulzkl|lo)) \Fz(z1ldo) -+ Ful(zil|) F.(rklj)

for some j > Jy. Then, for any w € Y x X,

Fo(wl|1)
Fo(w]j) =47
Fo(w|Jo)

The linear coefficient ¥ always sum to one but is not always nonnegative.

3.2 Identification of treatment effect distribution

The two marginal distributions of potential outcomes provide much information about treatment
effect heterogeneity; we can look at the quantile treatment effect and see how the treatment dispro-
portionately affects the distribution of outcome. However, there still remain a plenty of questions
which cannot be answered by the two marginal distributions: is the treatment Pareto improving?;
what is the proportion of individuals that are better off under the treatment? does the treatment

benefit individuals who would have been at the bottom of the counterfactual distribution?
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To answer these question, I impose an additional assumption on X;.
Assumption 6. (MARKOV PROPERTY)

(1) X; = (XilT,XigT)T such that X;1 € Xy, X9 € Xy and
(5@(1)»5/2(00 A X | (ki Xi2) -

(11) X; = (XioT,XilT,XigT)T such that X;90 € Xy, X;1 € Xy, X9 € Xy and

=

(YY) | (ki X0) £ (¥:(1,%:00)) | (ki Xi2),
d

Xig | (ki, Xio, Xi1) = Xag | (ki, X)),

Assumption divides X; into two parts, X;1 and X2, and assumes that the conditional distri-
bution of (Yl(l),YZ(O)) given (k‘i,Xi) only depends on (k‘i,Xig). Assumption assumes that
X, can be decomposed into three parts and additionally assumes that the conditional distribution
of X;o given (ki,Xig,Xﬂ) only depends on (ki,Xil). In the context of the event-study setup in
Example 2, Assumption [6]is equivalent with assuming that the outcome process satisfy the Markov
property, conditioning on the type k;. Under some additional conditions, Assumption gives
us a partial identification result on the distribution of treatment effect and Assumption gives
us a point identification result.

An important observation to be made here is that all of the conditional independence statements
in Assumption [l have the latent type variable k; as a conditioning variable; I am not assuming that
the control covariates X; satisfy some Markov property marginally.

Let us discuss the partial identification result first. Suppose Assumptions hold; for more
discussion, see Henry et al|(2014). Then, the component distribution functions {G, le}le in
the mixture model are partially identified. Fix an arbitrary {Gog, le}szl in the identified set

and construct

Glla ke (ylz) = Pr{Yi(1) < ylki = k, Xa =z},
O (uly, v2) = Pr{Yi(1) — Y;(0) < u|Y;(0) = y, ki = k, Xso = 12},

G|z ke (Ys T2|71) = Pr{Y;(0) <y, Xig < xolk; = k, Xi1 = 71}

12



based on the component distributions. Let gz, k, Pks Jows|z,,x De the corresponding densities. Then,

Gliey k(ilz1) = E[Pr{Yi(1) < 41|Yi(0), ki = k, Xi1 = x1, Xog] |ki = k, Xi1 = 21]
= E[Pr{Yi(1) = Yi(0) <1 — Yi(0)[Yi(0), k; = k, Xyo] |ki = k, Xi1 = 21]

= E[®4(y1 — Yi(0)|Y;(0), Xi2) ki = k, Xi1 = 1]

:/X /‘Dk(yl—y0|y0,962)90x2|m1,k(y0,$2|931)dyod$2-
2 JY

The second equality holds when we assume Assumption Then,

91|z k(Y1]71) :/y B Sx (Y1 — YolYo, 2) Joxs |2,k (Yo, T2|T1)d (Yo, 72) - (2)
XA

After fixing y1, g1)s,,x can be written as an integral transform of ¢y with go,, (., 1 as the integral
kernel. By ‘inverting’ the integral operator, we retrieve ¢, the conditional distribution of Y;(1) —
Y;(0) given (YZ-(O), ki =k, Xig). Consider a simple case where Y;, X; are discrete random variables

and |X1] > |V x X3]. When

gOmg|m1,k(wl|x1) e g0m2|zl,k(w1‘x\?ﬁ|)

Gows|zr k(Wyxx)[T1) Gomalwr b (Wyx x| T) 2 ))

has full rank, ¢, is identified from multiplying its pseudo-inverse to Equation (2]). Note that the
outcome depends on the input distributions, which come from the partially identified component
distributions Ggi. The following assumptions extend the full rank condition to continuous X; and

assumes completeness on Gog, [z, k-

Assumption 7. (BOUNDED DENSITY) There exist some weighting function & : X1 — (0,00) and

&Y x Xy — (0,00) such that

/ gl|z17k(y|x)§1($)dx <o Vk=1,---, K andye),
X1

/ ¢k(yl_yo‘y()a'x)gQ(yO:x)d(yOax) <oo Vk= 17 7K and Y1 Eyv
Y xXo

13



Assumption 8. (COMPLETENESS) For each k=1,--- , K,

/ 16y, 2) 2y, 2)d (3, 2) < oo,
YxAXo

/ O, 2)0majo s (9> 22le1)d (g, 2) = 0 ¥y € 2y
Y xXo

implies ¢(y,x2) =0 for all (y,x2) € Y X Xa.

Then, {¢x} | and therefore the conditional distribution of Y;(1) — Y;(0) given k; are partially
identified when Assumptions and hold, thanks to the partial identification result in
Henry et al. (2014).

For point identification, I impose additional restriction on the shape of Gy; Gk, the observed
part of Gy, satisfy the Markov property: Assumption Let gyy)a, 1 denote the conditional
density of X;s given (k:Z = k,Xil) and let g, |,, » denote the conditional density of X;o given
(ki =k, X;1).

Assumption 9. (SUFFICIENT VARIATION IN X;) There exist some set X, C Xy such that

(i) For any k # k', there exist some (x1,22) € X X Xy such that Gaolzr k(T2|T1) # Gaolay b (T2]71).

(ii) For any z; € X},

- g$0|1’1,1('|$1)7 ce agg;0|x1,K(-|:I:1) are linearly independent;
- gm0|x171(-|$1), e ,gm0|m1’K('|x1) are continuously differentiable;
- there is some x € Xy such that limg, sz guolzy k(Tol21) =0 for k=1,--- | K.

Assumption@ assumes that there is some set 231 in X7 such that the conditional distribution of X;9
given X;1 and the conditional distribution of X;g given X;; show sufficient variations. Assumption

[0 ensures that the identified set with this additional restriction is a singleton.

Theorem 1. Assumptions hold. Then, the joint component distribution {Gk}szl and the

mixture weight matrices Ay and A1 are point identified.

Proof. See

4 Implementation

In this section, I discuss how to estimate the distribution of counterfactual outcome and the

distribution of treatment effect, based on the identification result. In estimating the distribution
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of counterfactual outcome, I rely on Assumption [3] and use the nonnegative matrix factorization
(NMF), to directly estimate the component distribution functions of the mixture model. Though
the solution to the minimization problem is not unique, I show that the induced linear coefficients
1& converges to the true ¢ as defined in Remark 1 and thus the estimator for the counterfactual
outcome distribution is consistent. In estimating the distribution of treatment effect, I further
impose the Markov property in the first step of the NMF. Then, given the estimated component

distribution functions, I use MLE to estimate the treatment effect distribution.

4.1 Counterfactual outcome distribution

When |X| = K, using the sample analogue of the weights 1 defined in Remark 1 is a straight-
forward way of estimating the distribution of counterfactual potential outcomes. However, when
|X| > K, it is often implausible to assume that there is only one set of (x1,---,zx) which As-
sumption [4 holds and the researcher knows that specific set. Thus, relying on Lemma (1} I suggest
estimating the weights ¢ through the estimation of the mixture weights A and the component
distributions G gp.

For that, I firstly partition X into M, sets: {Am}nj\fil. For each set in the partition {Am}%il,
I construct a partition on ): {Bmm/}ﬁ;};l. Let M =S M Lo {Co}M_, := {Apm X B o
forms a well-defined partition on Y x X. {C,,,}M_, is ordered lexicographically; i.e., C; = A; x

Bll, Cy = A1 x BZI, ---. Then, I construct a M x Jy matrix and a M x J; matrix whose elements

are conditional probability masses for each set of the partition given Z;: let

Z?:l 1{Wi€01,Z¢=1} . Z?:l 1{W¢€Cl,Z¢:J0}
i 1{Z;=1} 1 H{Zi=Jo}
Hoy = : ' : ;
i WWieCy, Zi=1} 30, {WieCwm,Zi=Jo}
2o HZi=1} 2o HZi=Jo}
Z?:l 1{WiEC1,Zi:Jo+1} . Z;,":l I{Wiécl,Zi:J}
o1 HZi=Jo+1} 2o HZi=J}
H; = : ’ : )
Yo WWieCn Zi=Jo+1} - 3L, {WieCn Zi=J}
i1 H{Zi=Jo+1} i1 H{Zi=J}

Each column of Hj is a (discretized) conditional distribution function of W; given (Di =0, Zi) and

each column of H; is a (discretized) conditional distribution function of W; given (Di =1, Zi). The
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NMF solves the following minimization problem: with some ~ > 0,

i Ho — oAl o2 + [|[Hy — T1Ay || 2
Ao A To.Ts [Ho — ToAol[ " + [IHy — T1As | (3)

subject to

AO c R+KXJ07 Al € R+KXJ1, FO c R+MXK, INRS R+M><K,

1k™Ao=1,", 1x"™A1=1,;T, 1yTo=1gT, 1yT1=1kT,

Py =PIy
where P is a M, x M matrix such that
17,7 07,7 -+ 0p,, T
. 0r,7 1,7 -+ 0p, 7
0r,7 0,7 -+ 17,7

Let JAXO, Kl, fo and fl denote the solution to the minimization problem.
Note that the minimization problem (3] is a quadratic program when either (Ag, A1) or (I'g,I'1)

is fixed. Thus, I suggest an iterative algorithm to solve the minimization problem.
1. Initialize T\”, T'{").

2. (Update A) Given Féo),Fgo), solve the following quadratic program:

(A(()S),Ags)) = arg min ||Hy — FSS)A(]HFQ + HHl — FgS)AlHFQ

Ao,A1

subject to Ag € R+KXJO,A1 S R+K><J1, 1xTAg = 1J0T and 1xTA = 1J1T.

3. (Update T') Given (A(()S), Ags)), solve the following quadratic program:

(I‘(()SH), FgSH)) = arg min

Hy - ToAy|| * 4 [ - Al
To.l1 0 lp Ll

subject to Ty € R.M*K Ty e RyMXK 1,70 = 1x7,1,T'; = 15T and PI'y = PI';.

4. Repeat 2-3 until convergence.
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As discussed in Lemma [T} a distribution of counterfactual outcomes is identified when either As-

sumption or Assumption holds. For example, when Assumption holds, there are at

least Jy > K untreated groups whose observed distributions contain nonzero shares of each of the

K types. Thus, to initialize Féo), Fgl), we can consider every K-combination of columns from Hy

for small enough Jy and choose the combination that minimizes the objective: (‘Ijg) initial values.
Likewise, we can consider randomly drawn K set of weights that sum to one and use the weighted
sums of columns of Hy as an initial value. Alternatively, we can select the eigenvectors associated
with the first K largest eigenvalues of HyTHj as an initial value. In the empirical example discussed
in Section [b| the factorization result was stable across the choice of the initial value. Likewise, when

J1 < K and we assume Assumption we can use Hj to initialize F[()O), I’go).

Note that

(FoC) - Folldo)) = (Gor -+ Gox) Ao,

(FoClo 1)~ Fo(1) = (Go - Gox) Ar

When (AgAgT) ! exists, we get

(FoCllo+1) - Fo(11) = (FoCf1) - Fo(lJo)) Ao (AodeT) " A,

Building on this observation, I estimate F(:|j) for treated group j > Jp, as a linear combination
. PO SEUIN T

of empirical distribution functions for untreated groups {Fp(-| j)}}-]il, using Ag <A0A8> A7 as

weights. Likewise, when (A1A;T) ™! exists, I can estimate F1(-|5) for untreated group j < Jo.

The following Assumption replaces Assumption [p| in the context of the estimation.
Assumption 10.

(1) Let

Pr {WZ(O) S Cﬂkl = 1} s Pr {WZ(O) € Cl‘kz = K}
Ty = . .
Pr {WZ(O) S CM“{JZ = 1} -+ Pr {WZ(O) € CM‘k'z = K}

Ty, P’y and Ay have rank K.
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(ii) Let

Pr {Wl(l) € C’1|k‘Z = 1} .-+ Pr {Wl(l) € Cl‘k‘l = K}
T, = . . .
PT{WZ‘(O) ECM’kizl} PI‘{Wi(O) ECMU@':K}

I'v, PI'y and Aq have rank K.

Theorem 2. Assumptions hold. When Assumption holds,

~ ~ o~ 1 <
AT (AoAg) A2 Ao (AoAoT) A

as n — 0o. When Assumption holds,
—~ ~ o~ 1
AT (AlA{) Ao B AT (AJAT) T Ag

as n — o0.

Proof. See O

Let Fy)(-|j) denote the conditional distribution of Y;(0) given Z; = j. For j < Jo, Fy(o)(-[4)
is directly observed from the dataset. Corollary [I| shows that there is a consistent estimator of

Fy(0)(+|j) for the treated group j > Jo, when Assumption holds.

Corollary 1. Assumptions and hold. Let

1 n
F ) = 1Y, <y,D;=0,7Z; =4} V

for each j=1,---,Jy and let
(Byo o +1) - Fuolh)) = (Byo@ll) - Fyoli)) Af (ReA]) A,
Then, for each j = Jo+1,---,J,
sup |Fy(0) (yli) — Fy(0) (wli)] £ 0
yeR

as n — o0.
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Proof. The proof is direct from the Glivenko-Cantelli Theorem and Theorem 2] O

Similarly, when Assumption holds, we have a consistent estimator for F,(:|j) for the

untreated group j.

4.2 Treatment effect distribution

For estimation of the treatment effect distribution, the estimation procedure is three steps.
Firstly, by solving some NMF problem, we get (IA\O, Kl) Then, the treatment effect distribution is
estimated with MLE applied to . Suppose that the conditional distribution of (Y;(0), X;2) given
(ki, Xi1) is parametrized with some finite-dimensional parameter £ and the conditional distribution
of Yi(1) — Y;(0) given (Y;(0), k;, Xi2) is parametrized with some finite-dimensional parameter 6.
WLOG suppose 0 = (01,--- ,0k) and £ = (&1, ,&x) where 0; and & denote the distributional
parameters for type k£ in the finite mixture. ¢ is a nuisance parameter. The second step is to

estimate the nuisance parameter, using the untreated groups:

K
§ = argmax > log ( A(k|Z;) '90$2|x1(Y27Xi2\Xi1;§k)> :
fe= :Z;<Jo k=1

Given (Ko, /A\l, f), the last step is to estimate the parameter of interest, using the treated groups:

K
0 = arg max log ( A(k|Z;) - / (Y — yolyo, ©2; Ok) Gows|2, (yo,l‘2|Xi1;§k)d(yo,l‘2)> :
i:Zi>Jo k=1 Yxs

For partial identification of (A, A1), I use the same NMF algorithm from the previous sub-
section. For point identification, I slightly modify the NMF problem. The partition on X is now
constructed in a way that Assumption can be checked. Let {Dm}i\n/[ill be a partition of Xj.

For each A,,, construct a partition on Xj and a partition on Xs: {Eml}l]\i’f’zo and {le}l]\iTIQ Let
M, My, .
{Am}2 = {Dm X Epy X le’}m,l,l" Then, M, = >, "4 My, o - Mipzy. Construct {Cp, }M_, in

the same way as in the previous subsection. Assumption implies

Pr {XZ'() < Eml,Xﬂ € Dm7Xi2 < le/’ki = k‘}
= / Pr{X € En, Xiz2 € Folki =k, Xi1 = o} gy p(21)day
D

= / Pr {XiO c Eml‘k'i = k‘, X = 1‘} - Pr {XiQ S le/|k‘i = k‘,Xil = l’} gxl,k(l'l)dl'l-
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Suppose |Pr{X;o € E ki =k, X;1 =2} — Pr{X,0 € Epylki = k, Xi1 € D }| < nfor all z € D,,.
Then,

|PI‘ {XiO c Ethil S Dm,XZ‘Q S le/|ki = k} - Pr {Xﬂ S Dm’kl = ]{Z}
—Pr {Xi[) € B, Xi € Dm’ki = k} - Pr {Xil €D, X € le/|kz~ = k;}|

< nPr{X; € Dplki = k}>. (4)

The inequality imposes a quadratic constraints on (I'gp,I'1) since all of the four probabilities that
appear in Equation are linear in PT'g = PI';. Note that the quadratic constraints on (I'g,I'1)
are not positive definite and thus the minimization problem may not be convex even when
(A, A1) is fixed. In this modified version of the NMF problem, there is clear tradeoff in increasing
M; with a finer partition of X', we can check Assumption more tightly, giving us a smaller
identified set at the cost of having bigger noise in Hg, Hy. Thus, I let M, grow with n; we use a finer
partition on X when there are more observations. The dependency on n is omitted for notational
brevity.

The following assumption replaces Assumptions[6land[0]in the context of estimation and assumes

smoothness on the conditional expectation so that we can use the inequality in .
Assumption 11. There exists some & € X| such that
(i) Xio UL Xio| Xir = .

.. . . ~ . M, ~ M, .
(ii) There exist some partitions {E},_°, {Fm},_}, respectively on Xp, Xa, such that

~ ~ T
Pk = <P1“ {Xio S E1|/€i =k, X;1 = i‘} -+« Pr {Xio S EMz0|ki =k, X;1 = f}}) ,

~ ~ T
g = (Pr {XoeRlki=kXa=i}  Pr{XoeFy |k=kXn= x})

satisfy the following: for any k # k', q. # qu and py, py are linearly independent; {Dn}jf’:l -

X1 contains T and

< Mn

H (PI‘ {Xio S El,Xig S F’l|k31 =k, X7 € En})l p _kakT
F

)

with some {nN,}>°, converging to zero.

(iii) The partition used in the NMF' algorithm includes {[)n x ) x Fl’}l,l’ from Assumption
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for each n. Also, for (I'g,I'1) defined as in Assumption which now changes with n, there
exists some K x M matriz P whose elements are either one or zero, in a way that product of
any two rows is zero and ||P||p = M. PT converge to some invertible matrices as M — oc.

Lastly, M3/n — 0 as n — oo.

Assumption [I1-(i)| replaces Assumption [6] and Assumption [11-(ii)| replaces Assumption [9}

Theorem 3. Assumptions[1)[3, [I0H11] hold. Up to some permutation on {1,--- , K},
KO £> AO and Kl £> Al

as n — oo.
Proof. See O
The following corollary follows directly.

Corollary 2. Assumptions[1{3, [G]{8, [IH11] and some regularity conditions on the density functions

9ows|z1s @ hold. Up to some permutation on {1,--- K},
f LN & and [N

as n — o0.

Proof. Direct from the convergence of Ao. O

5 Empirical illustration

In this section, I revisit the question of measuring disemployment effect on earnings and apply
the nonnegative matrix factorization to five distribution functions retrieved from the National
Longitudinal Survey of Youth (NLSY). I focus on the annual earnings distribution in 1987 and use
the annual earning in 1985 and the Armes Forces Qualification Test (AFQT) as control variables.

For instrument, I follow the same spirit as in Example 2 (diff-in-diff) and use the disemployment
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timing as an instrument.

X; : Armed Forces Qualification Test, Annual earnings in 1985,
Y; : Annual earnings in 1987,

Z; . categorical variable for disemployment timing.

Z; finds five groups: disemployed in 1987, disemployed in 1989, disemployed in 1991, dismploeyed
in 1993, never disemployed until 1993. Since I am using the annual earnings in 1987 as the outcome
variable, Z; finds one treated group and four untreated groups.

The main model of the paper assumes that there are finite types of individuals which
follow different distributions of the AFQT score and annual earnings. Assumption [] assumes
that we have sufficient variation across these type-specific component distribution in terms of
their marginal distribution of the AFQT score and the past earning, which we observe for every
individual. Assumption [5| assumes that each group defined with the disemployment timing show
sufficient variation in terms of their type shares; earlier-disemployed individuals are systemically
different from later-disemployed individuals, in terms of their types. Lastly, Assumption [6] assumes
that the conditional distribution of 1987 earnings does not depend on the AFQT score, when
conditioned on the 1985 earnings and the type; the (observed) 1985 earnings and the unobserved
type contain sufficient information about individual’s potential earning distribution so that the

AFQT score does not affect the conditional distribution of the 1987 earnings.

5.1 Preliminary result: quantile treatment effect

I present some preliminary empirical results on the quantile treatment effect in this subsection.
For the NMF minimization problem, I used M, = 4 and L,, = 2; the support of X; is partitioned
into four sets and the support of Y; is partitioned into two sets, for each of the four sets in the
partition for X;. For the number of types K, I used K =2 and K = 3.

When K = 2, the extrapolation weight A7 (7\07\5)_17\1 is (0.381,0.286,0.258,0.075), on the
four untreated groups: disemployed in 1989, disemployed in 1991, disempolyed in 1993, never
disemployed until 1993. When K = 3, the extrapolation weight is (0.312,0.379,0.228,0.082). The
never-disemployed group gets less weights than the other untreated groups, which makes sense
intuitively; the type distributions among individuals in the disemployed groups are similar to each

other while the type distribution among individuals in the never-disemployed group is distinctvely
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different.

Figure[I] contains the estimation result when K = 2. The left panel is the observed distribution
of the 1985 earnings and the fitted distribution of the 1985 earnings, for the treated group. Note
that the distributions are fitted quite well even though only a small number of moments (M, = 4)
were used. The right panel is the observed distribution of 1987 earnings, thus the treated potential
outcomes, and the estimated counterfactual distribution of the 1987 earnings, thus the untreated
potential outcomes, for the treated group. The difference between the two distributions denote the
treatment effect. Figure [2| contains the same estimation result for K = 3.

Table [I| contains the estimates for 7-th quantile; 7 = 0.1,0.25,0.5,0.75,0.9. We see significant
disemployment effect on the earning distributions, except at the right tail. The disemployment
decreases the annual earnings by approximately 500 dollars at the 0.9-th quantile while the disem-

ployment effects are mostly larger than 1500 dollars at the rest of the four quantiles.
1.00
year year

u 0.50 — 85 w50 = g7treated
= g5fitted === 87untreated

o

10000 20000 30000 0 10000 20000 30000
earnings earnings

Figure 1: The annual earnings distribution, K = 2

1.00 1.00

0.75 0.75

year year
w 0.50 — g5 w50 == g8Ttreated
m— g5fitted == 87untreated

0.25

o

10000 20000 30000 0 10000 20000 30000
earnings earnings

Figure 2: The annual earnings distribution, K = 2
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T 0.1 0.25 0.5 0.75 0.9

K =2]-2024.8 -2060.6 -1989.2 -20688 -32.8
K =3|-14454 -2063.5 -1988.2 -2044.7 -536.1

Table 1: Quantile treatment effects

6 Conclusion

This paper proposes a new estimation strategy using an NMF algorithm for the quantile treat-
ment effects and the distributional treatment effects, based on a finite mixture model. The quantile
treatment effects are identified and estimated under a fairly relaxed assumptions such as a full rank
assumption on the mixture weight matrix. A key observation is that the mixture weights and the
component distribution functions need not be point identified when the object of interest is the
counterfactual outcome distribution. For the identification and the estimation of the distributional
treatment effects, I impose additional assumption that the observed control covariates satisfy a
Markov property, conditioning on the type. The Markov property condition is particularly suit-
able when we have a panel data and we can use lagged outcomes as controls; the outcome process
satisfies the Markov property, conditioning on the latent type. The NMF algorithm with some
additional constraints that reflect the Markov property consistently estimate the mixture weights,

allowing us the recover the component distribution functions.
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APPENDIX

A Proofs

A.1 Proof for Lemma [I]

Suppose that Assumption holds. For any w € Y x X,

K N (1)
SON ) Glelw) = (Ghy(w) - Ghlw) |
k=1
N(K|j)
N(1]5)
-1
= (Fo(wl0.1) - Fo(wl0, 7)) Ap" (ApA4T)
N (K1)
AQAQT is invertible since
Gii(z1) - Gigla) Fo(z1]1) -+ Fa(21]Jo)
. . A6: . . .
Gli(zk) -+ Goglek) Fo(zgll) -+ Fo(zxlh)
Gui(z1) - Ger(z1)
= : : Ao
Gui(rk) -+ Gur(7k)

is full rank from Assumption and Assumption m and therefore A{ has full rank. F,(-|j) denotes

the conditional distribution of X; given Z; = j. It remains to show that

valj) /(1))
AT | = g
N (KL)) V(K]
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Let I'", and I'” be defined as in Assumption[d] Find that both I}, and I'” are invertible, I', Aj = /A,

and
N (1]7) Fu(21]7) A"(117)
I : = : = /)’(

N (K|j) Fu(zklj) N'(Kj)
since both of the two tetrads we consider are in the identified set. Thus,
N(1]7) N(115)
AT (ApATY T = AT (L) (ApApT) (@) T
N (K|j) N (K1)

X(7)
= (TLA9)T (TG (T5A9)T) ' T
X(K]j)

We can repeat the same argument for the second half of the lemma as well.

A.2 Proof for Theorem [l

Let g, denote the conditional density of X; given k; = k and gy,4, » denote the conditional

density of (Xi07 Xil) given k; = k. Assumption assumes that
Gk (20, T1,22) = Gag|zy & (T2]T1) Gy k(T0, T1).

Suppose a possibly misspecified component density function g = Zszl QYak such that Y, ag = 1.

Then,
K
9(20,1,%2) = WGayfor o (T2]1) Gagar (20, 1)

k=1

K
Gxox1 (xO; fEl) — Z akgw0x1,k($07 .1,'1)

k=1
K
g(l‘[), x1, xg) _ Zkzl akgxo\xl,k(xo‘xl)g:plxg,k<x17 1'2) (5)
Gzox1 (‘To’xl) Zf:l akgx0|x1,k(‘r0|w1)gx1,k(w1)

When g is correctly specified, i.e. g = gx for some k and oy = 0 for all k¥’ # k, the quantity on the

RHS of Equation is equal to g,z k(72|71) and is a trivial function of z.
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The identification is complete by showing that there exist some (zg,x1,x2) € X such that

9(@o, 1, T2)  gay (1)
gmgxl(x()a:z:l) gzlm2($1a$2)

£1.

whenever g is misspecified. Under misspecification, there are at least two k such that aj # 0. From

Assumption we can find some (x1,x2) such that (algmx271(x1,x2),-~~ ,aKgx1127K(a:1,$2))
and (algzhl(xl), e ,anghK(xl)) are not linearly independent. Assume to the contrary that the

LHS on Equation is a trivial function of xg and let

K
D ket Wk Gaglay k(Z|T1) Gy 20 (71, T2)

g(z) = e
> k1 WkGaolzy & (T]T1) g2y k(71)
Then,
) iroler1(Z]71)
gl(x) = K (a19x1x2,1(x17$2) Tt aKgxle,K($17x2)> :
> ket G|z b (T]121) Gy g (71) /
g$0|$17K(x|x1)
K Giglar 1 (2l21)
Zk;l ak:ga:o\a:l,k(x’$1)9$15027k($17:EZ) .
o K 2 <Oélgm,1(if1) Tt aKgxl,K($1)>
<Zk:1 ak‘gxo|$1,k‘(l‘|‘r1)gl‘1,k($1)> /
ol & (Z121)
Since (Oqulxz,l(l‘l,xﬂ, e ,aKgg;lm,K(a:l,xg)) and (algwl,l(wl), e ,anghK(xl)) are not linearly

independent, §'(z) = 0 implies that there is some nonzero vector ¢ € R¥ such that

(g;0|$1,1(x|x1) T g;‘0|1‘1,K(‘r|x1)) c=0 Vxe XO

and therefore

<ga:0|x1,1(x‘x1) to gx0|xl,K(x‘x1)> c=C Vre Ao

with some constant C. From Assumption C = 0 and therefore there cannot be a nonzero

vector ¢ satisfying the above. g is not a trivial function of x.
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A.3 Proof for Theorem 2|

Let us prove the first half of the theorem. Let

Pr{W, e Ci|Z; =1} --- Pr{W,eC1|Z; = Jo}

H, = : : = T'oAy,
Pr{W; e CylZi=1} --- Pr{W, € CylZ; = Jo}
Pr{X;eCy|Zi=Jo+1} - Pr{X,eCy|Z =J}

H, = : : =TI1A;.
Pr{X; € CylZi = Jo+1} - Pr{X;eCylZ =J}

From iid-ness of observations, we have

1 1

From the definition of KQ and /A\l, we have

o~ o~ 2 ~ o~ 2
[0 = Folo ||, + || T |
F F
< ||Ho — ToAol|p” + [Hy — T1Aq] o

< (|[Ho — Ho||p + ||[Ho — ToAol|z)* + (|[Hy — Hy||p + [ Hy — TyA]|)°

1
2 2
~ o - ol + |1 ~ 2 = 0, (72 ).

Then,

Y R (e A SN A €

and likewise for HF1A1 - fJ\lHF = HHl — flKlHF From the submultiplicavity of || - ||, we also
get HPPIAl — PflKlHF = HPFOAl — PfoleF = Op (%)
~ -1 N1
Find that when (IoTTo) ", (CoT PTPT,) L, (Fgro) and (FOTPTPFO) exist,

AoT (AgAoT) Ay = AgTT(TT (TgTPTPLoAgATTTTy) ! TgTPTPT oA,

—~ ~ ~_\ -1 ~ ~— ~ o~~~ 1 ~ ~
AT (RoA7) Ay = ATTIro (To™PTPT0R0ATTITo)  ToTPTPToR,
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and therefore

=0, (1)

~ o~ o~ L~
HAOT (AoBo") " Ar = A (RoA7) Ay
F

from HFOAO - fOJAXOHF = 0p(1) and HPF0A1 - PFOJAMHF = 0p(1). Assumption [10-(i)| implies that

UGN |
I'g and PI'g have full rank. (A0A8> exists with probability going to one since:
| romron = TomFoko| < 1Tl - 0p(1) = 0,(1).

Thus, the determinant of FonOKO converges to a nonzero constant in probability and thus Ko has
a full rank with probability converging to one. It remains to show f(T)FO and FOTPTPfO have full
rank, with probability converging to one.

Suppose fgfo is not invertible. Then, there is some nonzero vector v € R such that IA“SFOU =
Ox. I'gv lies in the left null space of fo. Find some nonzero vector u € R% such that v = Agu.

Such u always exist since Ag has full rank. Then, for any JA\ou,
Fvou - foKou = Fo’U - fo/fiou ?é 0.

WLOG we can find v such that T'yv is orthogonal to the columns of fo and ||[Tovll2 = 1. Also,

we put a bound on ||ul]2 by letting u = AgT (AgAgT) ' v; |Jv]l2 < 1 from the observation that each

element of I'y lies between 0 and 1. Then, when IA%FO is not invertible,
1 = Doz < Hrov - fOKOuH2 - HFOAQU - fOKOUHZ < HFOAO - fOKOHF 2

holds, giving us a contradiction. The first inequality holds since (a + b)T(a + b) = aTa + bTb when
a™h = 0. Therefore

Pr {fgro is not invertible} < Pr{HFOAO - fOKOHF > IIul||2} — o(1).
We can repeat the same argument for FOTPTPfo.
A.4 Proof for Theorem [3l
Let us first prove the consistency of Ko.
Step 1. HI‘OAO — fOKOHF =0, (%)
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Note that Hy, H;, Hy and H; now have growing number of rows, depending on the (sequence

of) partition we use. Find that

Jo M n 2
n 1 . .
Pr MZZ(nzl{WiGCmZz‘ZJ}—PI“{WiGCm,Zz‘:j}) >e

j=1m=1 i=1

Jo M n 2
1 . ) €
<> ) Pr n<n21{mecm,Zizy}—Pr{Wiecm,Zizy}) .

j=1m=1 i=1
Jo

Jo M
Jo Z Z :

j=1m=1
The second inequality holds from Markov’s inequality. The last inequality holds since
Jo M

ZZPT{WiGCmyzi:j}Sl

j=1m=1

and thus the summation of variances has an upper bound of ) JoM=1 < 1. Thus,

Jm Jo? M2
=0, —|.
F vn

Pr{Wi € Cou Zi = j})

<% Yima HWi € G, Zi = j}>m’j§‘]° . (

m,j<Jo

We can repeat the same for j > Jy. Thus, |[Hy — Hol|p = O, (%) and |H; — Hy| = O, (T%)
From the same argument in the proof of Theorem HFOAO — fOKOHF =0, (%)

Step 2. There is an envelope for the identified set of I'g that shrinks to an arbitrarily small set
as n — oo.

Define a ]\foo X Mm matrix fk such that

Iy = <Pr {Xio € B, Xip € Fylki =k, Xy € D"})z v

' depends on n. Let A, be the set of linear coefficients on the mixture component distributions

that satisfy some of the constraints in the NMF minimization problem, in the context of the
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partition used at n:

A, = { (a1, ,ax) € REX*E 14T, =1 mlHHZakze Pq H < nn + 10 VEk,
A € 0,117 st || (-, ar) A — Aol < ﬁ}. (6)

min; . A(k|j . 3 1
M. oy, 1s a vector of linear coefficients to

7 is an arbitrarily small number such that n <
construct a type k component distribution, under the rotation (a1, - - - , i ); the rotated component
distributions still need to satisfy constraints used in the NMF, including Equation (4)).

WTS A, C A, = {(aq, -+ ,akx) € REXE 1oy, — e, () lloo < & Vk with some permutation m}

with some {£,}22, converging to zero, where ey is a K x 1 vector whose k-th element is one and

the rest are zeros. Consider some a € R¥ satisfying the conditions given in @ Then,

e A DT G R DA

HZk: kCh—pd"| Z b (T — Pran Z KPRQKT — DY

Zakpk% —1q H —Hzak (Fk_kak)H
cspiar’ | -

Ek: eprar” = paT||

v

v

The last inequality is from Assumption [11-(ii)| and 1xTa = 1. We get H >k WkDEGET — quHF <

20, + 1. Let

p(€) = min {the second largest singular value of Z arPrqr’ mkin la — eglloo > €,1xTa = 1} .
k
p(e) is decreasing in € and bounded from above by &; consider (1 + €)p1q1T — epaqaT. Also, from

Assumption p(e) > 0 whenever ¢ > 0. By letting &, such that p(&,) = 3n, + 17,
H > arpear” —quHF <20 +i = minfla — exfloo < En.
k

For any a € A, there exists some ey, that a is close to; the inequality restriction in ensures that

each of the rotated component distributions is close to one of the true component distributions.
It remains to show that the rotation retains all of the K component distributions. Suppose

there exists some k such that || — eg|loc > &y for al {. Then, the k-th row of the K x K matrix

(a1, o) lies in [0,8,]%. Thus, for any A € [0,1]% ¥, the k-th row of (a1, ---,ax) A lies in
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[O,én]K, leading to a contradiction. Thus, for small enough &,, the rotation matrix (ay,--- , o)

is close to an identity matrix.

Step 3. There exist some A such that Hfo - FOAHF =0, (%) and Pr{A € A,} — 1.

Recall that HFOAO _ FOAOH =0, (? ) Let E = TgAg — ToAo. Then,

Do = ToAoy (RoA7) + AT (Refp)

~ a1
(AOAS) exists with probability converging to one, from a similar argument as in the proof of

Theorem [2} with P from Assumption

oo~ Prone], < a1-0, (7).

The determinant of ]E’fof\o converges to a nonzero constant as M3 /n—0. Pfg is invertible and
—1 —1

Ko has full rank with probability converging to one. When (Pfg) and ([A\OK(D exist,

AN N A~

APl

~N N N~

~~ —1 ~ ~ —1
HPFOHF is bounded by K? and H (PToRoATTEPT) HF converges to || (PTodoAeTToTPT) HF
~ ~_\ —1 ~ ~ ~_\ —1
| (RoA7) | is bounded. | EAT (RoA7) HF_IZ 0, (M1).
It remains to show that A := AOJAXS (JAXOZA\(T)> belongs in A,,. Firstly, find that

~ ~ o~ ~ ~ ~_\—1
1 To=1,"TeA+ (]_MTF()AO — ]_MTF()A()) A(T] <A0A8>

e e~ —1
1T = 1TA+ (1T — 1£T) AT (AOAg)
=1xTA.
The first condition is satisfied. Secondly, let '), denote the fg—equivalent of T'x. Find that

K K . R
mitga| el = pa| < [ el T+ ming [F = par]
=1 =1

K ~ ~
<[ eus i, < o= rodl
=1
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The second inequality is from the construction of fo. The probabiltiy of the second condition being

satisfied goes to one as n — oco. Lastly, find that

480 =, <] (Pro)” 2], o (0 - 4B},

~ -1 .
<[ (Pro) "2

(o =B+ [Fo- o]
= Op(M) - O, (%) .

The probability of the third condition being satisifies goes to one as n — co.

Step 4. For an arbitrary € > 0, Pr{HKO — AOHF > 6} — 0 as n — oo.
Find that

80 = Roll < 0 = (Pro) " PRoof, + | (Pro) " Pk - Rof,

RN ~ 50\ AT A
< || (Pro) " 8| Imodo ~ Fooll + || (Pro) ™~ ATy x| - R

<0 (M) Wl (| o) (o rua) | | (o) a1
~0, (M0 4 [l - 1l

For some fixed 7, Pr {A € fln} — 1 as n — oo. Thus, we can relabel the types so that A is close
to Ix. Then, for some € = &(7}) > 0, Pr{||A — Ix||r < K?&(7})} — 1. By choosing 7 appropriately
for a given e, we have

Pr{||Bo — Ao, > £} =0

as n — Q.
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