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Emergence of hydrodynamics in quantum many-body systems has recently garnered growing
interest. The recent experiment of ultracold atoms [J. F. Wienand et al., arXiv:2306.11457] studied
emergent hydrodynamics in hard-core bosons using a bipartite fluctuation, which quantifies how
the particle number fluctuates in a subsystem. In this Letter, we theoretically study the variance
of a bipartite fluctuation in one-dimensional noninteracting fermionic dynamics starting from an
alternating state, deriving the exact solution of the variance and its asymptotic linear growth law for
the long-time dynamics. To compare the theoretical prediction with the experiment, we generalize
our exact solution by incorporating the incompleteness of the initial alternating state, deriving
the general linear growth law analytically. We find that it shows quantitative agreement with the
experimentally observed variance growth without any fitting parameters.

Introduction.— Relaxation to an equilibrium state is
ubiquitous in quantum many-body dynamics, bringing
up fundamental and intriguing questions, e.g., how an
isolated quantum system relaxes to a thermal equilib-
rium state [1–8]. Over decades, such quantum thermal-
ization has been intensively studied from broad perspec-
tives, such as the eigenstate thermalization hypothesis
[9, 10], integrability [11–20], many-body localization [21–
32], and quantum scars [33–38]. To date, many experi-
ments involving ultracold atoms and trapped ions have
observed various phenomena related to quantum ther-
malization [11, 12, 18, 20, 27, 31–33, 39–43]. For example,
S. Trotzky et al. realized an isolated bosonic system on a
one-dimensional lattice, observing the relaxation dynam-
ics starting from an alternating state where the bosons
occupy every other site [39].

Recently, beyond the conventional quantum thermal-
ization, hydrodynamic description based on local equilib-
rium has rapidly developed in quantum many-body sys-
tems. This situation is exemplified by the recent observa-
tion of electron fluids in strongly interacting systems [44–
49] and the success of generalized hydrodynamics being
valid for integrable quantum models [50–65]. When con-
sidering such hydrodynamic description, it is of essence
to scrutinize how a system approaches a local equilibrium
state. One of the most useful quantities for diagnosing
local equilibrium is a bipartite fluctuation that quanti-
fies how a physical quantity in a subsystem fluctuates.
In a recent experiment of ultracold atoms for hard-core
bosons [66], J. F. Wienand et al. utilized the bipartite
fluctuation of the particle number in quench dynamics
starting from the alternating state, studying the local
equilibrium and the emergence of fluctuating hydrody-
namics in the quantum many-body system.

Despite the recent strong interest in emergent hydro-
dynamics in a quantum regime, exact and analytical re-
sults of the bipartite fluctuation with the initial alternat-
ing state have been elusive even for the noninteracting
fermions [67, 68], although there are several numerical
works [69–75]. Hence, its fundamental and analytical un-
derstanding is highly desirable now, and it is of great im-

portance to explain the recently observed bipartite fluc-
tuation [66] quantitatively via analytical solutions.

In this Letter, we consider one-dimensional fermions
starting from the alternating state, theoretically study-
ing time evolution for the variance of the particle num-
bers in a subsystem as schematically shown in Fig. 1 (a)
and compare our theoretical prediction with the recent
experimental data of Ref. [66]. First, in the noninteract-
ing fermions, we exactly compute infinite series involving
the nth-order Bessel function Jn(x) of the first kind, ob-
taining the exact and simple expression of the variance.
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FIG. 1. Schematic illustration of the main result. (a) One-
dimensional fermions addressed in this work. The blue circles
represent fermions occupying every other site at the initial
time. This initial state is referred to as an alternating state.
Under unitary time evolution, the fermions hop to neighbor-
ing sites. The quantity of our interest is the variance of the
particle number in a subsystem A for a time-evolved state.
(b) Schematic for the variance growth. The abscissa and or-
dinate, respectively, denote time t and a subtracted variance,
which is defined by the variance from which one subtracts
its initial value. The two solid lines represent our analyt-
ical results, namely 2t/π and 2(neven − nodd)2t/π, obtained
by considering the variances growing from the complete and
incomplete alternating states. Here, neven and nodd are, re-
spectively, averaged initial particle numbers at even and odd
sites, quantifying the incompleteness of the initial alternating
state.
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We apply asymptotic analysis to the exact result, ana-
lytically deriving the linear growth law of the variance
and its sub-leading correction for the long-time dynam-
ics. Second, we compare our analytical result with the
recent experiment of Ref. [66]. For this purpose, we focus
on the incompleteness of the initial alternating state real-
ized in the experiment. We incorporate the incomplete-
ness into our exact solution, deriving the general linear
growth law of the variance. This general law can quanti-
tatively explain the variance growth observed in Ref. [66]
without any fitting parameters. The impact of the incom-
pleteness is schematically displayed in Fig. 1 (b). Finally,
we numerically investigate interaction effects on the vari-
ance growth using the time-evolving decimation (TEBD)
method [76–79], finding that the presence of the interac-
tion substantially alters the behavior of the variance.

Before ending the introduction, it is worth noting that
a bipartite fluctuation has been studied in terms of an
integrated current and full counting statistics. In the
former case, most of previous works consider dynamics
starting from a domain-wall initial state, investigating
a bipartite fluctuation for a conserved quantity by con-
necting it to an integrated current via a continuity equa-
tion [80–91]. One of the notable results is the logarithmic
growth of the variance in noninteracting fermions [80].
In the latter case, a bipartite fluctuation has been em-
ployed to study static and dynamic properties of en-
tanglement entropy [92–98] and fluctuations of physical
quantities [99–109].

Setup.— Let us consider fermions on a one-dimensional
lattice labeled by Λ ∶= {−L,−L + 1, ..., L} with a positive
even number L. We denote the fermionic creation and
annihilation operators at a site j ∈ Λ by â†

j and âj . Then,
the Hamiltonian is given by

Ĥ ∶= −
L−1
∑

j=−L
(â†

j+1âj + â
†
j âj+1) +U

L−1
∑

j=−L
n̂j+1n̂j (1)

with the particle-number operator n̂j ∶= â†
j âj and the in-

teraction parameter U . Here, the boundary condition
is basically a periodic boundary condition (âL = â−L),
but we use an open boundary condition (âL = 0) in sev-
eral cases. In the latter case, we will explicitly spec-
ify the boundary condition. The initial state is the

alternating state defined by ∣ψalt⟩ ∶= ∏L/2−1
j=−L/2 â

†
2j+1 ∣0⟩.

We denote a quantum state at time t by ∣ψ(t)⟩ and
assume that the state obeys the Schrödinger equation
id ∣ψ(t)⟩ /dt = Ĥ ∣ψ(t)⟩. Here, the Dirac constant h̵ is set
to be unity.

In this Letter, we shall study the fluctuation of the par-
ticle number in a subsystem. The operator for the bipar-

tite particle-number is defined by N̂M ∶= ∑M−1
j=0 â†

j âj with
a positive integer M . Then, a generating function for

the nth moment of N̂M is given by GM(λ, t) ∶= ⟨eλN̂M ⟩t,
where we introduce the notation ⟨●⟩t ∶= Tr[ρ̂(t)●] with
the density matrix ρ̂(t) ∶= ∣ψ(t)⟩ ⟨ψ(t)∣. We can compute
the moments by differentiating GM(λ, t) with respect to

λ.

Exact solution for the variance of the noninteracting
fermions.— We study the time evolution for the variance
of N̂M in the noninteracting fermions (U = 0) under the
thermodynamic limit (L→∞). As described in Sec. I of
the Supplemental Material [110], the generating function
GM(λ, t) becomes [81, 96, 99]

GM(λ, t) = det [δj,k + (eλ − 1) ⟨â†
j âk⟩t]

M−1

j,k=0
. (2)

Here, the two-point correlator ⟨â†
j âk⟩t in the thermody-

namic limit (L→∞) is given by [111]

⟨â†
j âk⟩t =

δj,k

2
− ij+k

2
Jk−j(4t). (3)

We here derive the exact and simple expression for the
variance of N̂M under the limit M → ∞. The first step
is to express the variance via the Bessel function Jn(x)
of the first kind. Differentiating Eq. (2) with respect to

λ, we obtain the variance σM(t)2 ∶= ⟨N̂2
M ⟩t − ⟨N̂M ⟩

2

t =
∂2GM(λ, t)/∂λ2∣λ=0 − (∂GM(λ, t)/∂λ∣λ=0)2 as

σM(t)2 =
M

4
(1 − J0(4t)2 − 2

M−1
∑
k=1

Jk(4t)2) +
1

2

M−1
∑
k=1

kJk(4t)2.

(4)

The detailed derivation of Eq. (4) is given in Sec. II
of the Supplemental Material [110]. The next task is
to take the limit M → ∞ in Eq. (4). As proved in
Sec. III of the Supplemental Material [110], we have

limM→∞M (1 − J0(4t)2 − 2∑M−1
k=1 Jk(4t)2) /4 = 0 for t > 0

and limM→∞∑M−1
k=1 kJk(4t)2/2 = 4t2 (J0(4t)2 + J1(4t)2)−

tJ0(4t)J1(4t). We utilize these formulae and Eq. (4), de-
riving the following exact and simple expression of the
variance σ(t)2 ∶= limM→∞ σM(t)2,

σ(t)2 = 4t2 (J0(4t)2 + J1(4t)2) − tJ0(4t)J1(4t) (5)

for t > 0. Note that Eq. (5) is still valid at t = 0 since we
can show σM(0)2 = 0 and σ(0)2 = 0 from Eqs. (4) and
(5), respectively. Thus, we can relax the constraint t > 0
for Eq. (5) to t ≥ 0.
We apply asymptotic analysis to Eq. (5), deriving the

asymptotic forms of σ(t)2 both for the short-time (t≪ 1)
and long-time (t ≫ 1) dynamics. Using the asymptotic
forms of the Bessel functions of the first kind [112], we
obtain

σ(t)2 ≃
⎧⎪⎪⎪⎨⎪⎪⎪⎩

2t2 (t≪ 1)
2

π
t − 1

64πt
(2 sin(8t) + 1) (t≫ 1).

(6)

The detailed derivation of Eq. (6) is given in Sec. IV of
the Supplemental Material [110]. The essential conse-
quence of Eq. (6) is that the variance is proportional to
time t for t≫ 1. This linear growth law is entirely differ-
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FIG. 2. Numerical verification of Eq. (6). The time evo-
lution of the variance denoted by the blue square symbols is
numerically obtained using Eqs. (2) and (3) with M = 200.
In the upper and lower panels, we compare Eq. (6) with the
numerical result.

ent from the variance growth in noninteracting fermionic
dynamics starting from the domain-wall state ∣ψDW⟩ ∶=
∏j∈Z<0 â

†
j ∣0⟩, where the variance was shown to obey the

logarithmic growth [80, 83]. Note that the linear growth
law was numerically confirmed in Ref. [72] and Eq. (6)
gives its analytical explanation.

Finally, we numerically verify Eq. (6). Figure 2 shows
the time evolution of the variance obtained by Eqs. (2)
and (3) numerically. One can see the excellent agreement
with Eq. (6). Note that the linear growth of the variance
appears in t ≳ 0.4, though it is originally derived under
t≫ 1. This behavior is favorable for observing the linear
growth experimentally.

Comparison with the experimental result of Ref. [66].—
We consider whether our theoretical prediction of the
variance for the noninteracting fermions can explain the
experimental result reported in Ref. [66]. For this pur-
pose, we must note that the experiment does not realize
the complete alternating initial state ∣ψalt⟩. To make this
point clear, let us denote averaged particle numbers at
the even and odd sites by neven and nodd. The observed
imbalance parameter I ∶= (nodd − neven)/(neven + nodd)
is about 0.91 [66], which means the existence of devia-
tion from the complete alternating state since ∣ψalt⟩ has
I = 1. This observation strongly suggests that we need
to incorporate the incompleteness of the initial alternat-
ing state into the analytical results of Eqs. (5) and (6).
In what follows, we describe our analytical solution with
the incomplete alternating state, comparing it with the
experimental data.

Before calculating the variance, we first specify an ini-
tial state for the incomplete alternating state by consider-
ing how the alternating state is experimentally prepared.
The experiment prepares the initial state by ramping up
a strongly tilted double-well potential in one direction

(see Sec. I. B. of the supplementary material of Ref. [66]).
Thus, we expect that the experimental initial state is well
described by a product state, assuming that the initial
density matrix is approximated by

ρ̂alt ∶=
1

Ξ
exp (−βĤalt + βµN̂tot) (7)

with the inverse temperature β, the chemical potential µ,
and the partition function Ξ ∶= Trexp(−βĤalt + βµN̂tot).
The operators Ĥalt and N̂tot are defined by Ĥalt ∶=
∑L/2−1

j=−L/2(â
†
2j â2j − â

†
2j+1â2j+1) and N̂tot ∶= ∑L−1

j=−L â
†
j âj . The

averaged particle numbers at the even and odd sites be-
come neven = 1/[eβ(1−µ) + 1] and nodd = 1/[eβ(−1−µ) + 1].
The parameters β and µ are determined by the filling
factor ν ∶= (neven +nodd)/2 and the imbalance parameter
I, both of which are observable in the experiment.

We analytically derive the exact and asymptotic forms
of the variance for the dynamics starting from the incom-
plete alternating state of Eq. (7). As detailed in Sec. V of
the Supplemental Material [110], the two-point correlator
becomes

⟨â†
j âk⟩t =

1

2
(neven + nodd) δj,k +

1

2
(neven − nodd) ij+kJk−j(4t)

(8)

in the thermodynamic limit (L → ∞). Here the density

matrix is given by ρ̂(t) = e−iĤtρ̂alte
iĤt with Eq. (1) and

U = 0. Following the derivation given in Sec. VI of the
Supplemental Material [110], we obtain

σsub(t)2 ∶= lim
M→∞

(σM(t)2 − δσM(t)2)

= (neven − nodd)2 [4t2 (J0(4t)2 + J1(4t)2) − tJ0(4t)J1(4t)]
(9)

with the function δσM(t)2 ∶= M[neven(1 − neven) +
nodd(1 − nodd)]/2 + J0(4t)[neven(1 − neven) − nodd(1 −
nodd)][∑M−1

m=0 (−1)m]/2. The time-dependent term of
δσM(t)2 is much smaller than the time-independent term
when M is large. Hence, we have δσM(t)2 ≃ σM(0)2 for
M ≫ 1, and thus σsub(t)2 can be interpreted as the vari-
ance from which one subtracts its initial value. Applying
the asymptotic analysis used in Eq. (6) to Eq. (9), we
derive

σsub(t)2 ≃
⎧⎪⎪⎪⎨⎪⎪⎪⎩

2 (neven − nodd)2 t2 (t≪ 1)
2

π
(neven − nodd)2 t (t≫ 1).

(10)

This result elucidates that the incompleteness of the al-
ternating state substantially affects the coefficient of the
variance, but the exponents of time are robust against it.

In addition to Eq. (10), we shall compare the numerical
calculations in a finite system with the experiment. Our
numerical calculation is implemented for 2L = 40, ν =
0.44, and I = 0.91 with the initial state of Eq. (7). These
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Experimental data of Ref. [61]

FIG. 3. Comparison of our theoretical prediction with the
experimental data. The parameters are 2L = 40, ν = 0.44,
I = 0.91, and M = 8, which are taken from Ref. [66]. The
time evolution of the variance, denoted by circle and pen-
tagon markers, is numerically obtained using Eq. (11) with
∆ = 0 and 1. For the comparison with the experiment, we
plot the subtracted variance 2σ′M(t)2 − 2σ′M(0)2 for the the-
oretical results and σexp(t)2 − σexp(t0)2 for the experimental
result because the experiment studies two-ladder lattice sys-
tems and thus the observed variance is twice as large as ours.
Here, the experimental data σexp(t)2 is taken from Fig. S8 of
Ref. [66], and t0 is about 0.0006. The dotted and dashed lines
correspond to our analytical expressions of Eqs. (6) and (10)
for t ≫ 1, respectively. The plus marker denotes the numeri-
cal data of the 6th-order perturbative calculation.

concrete values are taken from Ref. [66] (see Sec. II. C. of
the supplementary material of Ref. [66]). We adopt the
Hamiltonian defined by

Ĥ ′ ∶= −
L−1
∑

j=−L
(â†

j+1âj + â
†
j âj+1) +

L−1
∑

j=−L
Vj n̂j (11)

with the open boundary condition (âL = 0). Following
the numerical simulation in Ref. [66], we here add a ran-
dom potential Vj , which is sampled from a uniform dis-
tribution with the range [−∆,∆]. Here, ∆ ≥ 0 denotes
the strength of the randomness. Under this setup, we in-

vestigate the variance σ′M(t)2 ∶= ⟨N̂ ′2M ⟩ − ( ⟨N̂ ′M ⟩ )
2

with

N̂ ′M ∶= ∑
M/2−1
m=−M/2 â

†
mâm. Here, the overline ● denotes the

ensemble average over the random potentials, and we use
10000 samples for this.

Figure 3 compares our theoretical results with the ex-
perimental data of Ref. [66]. Our numerical result with
∆ = 0 can capture the variance growth in the early stage
of the dynamics, but the deviation from the experimental
data grows in time. On the other hand, when we turn
on the random potential with ∆ = 1, the numerical result
well reproduces the experimental data. The saturation
of the variance for t ≳ 2 is caused by the finite size effect
and the disorder potential. These findings were reported
in the numerical simulations of Ref. [66]. We also im-
plement the numerical perturbative calculation with ∆,
finding that the 6th-order perturbative result describes
the time evolution before the saturation (see Sec. VII
of the Supplemental Material for the detailed numerical
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FIG. 4. Numerical results for the variance σ′′M(t)2 with M =
40. The number of the lattice is 2L = 120. We numerically
solve the Schrödinger equation using the TEBD method [76–
79], calculating the variances for U = 0,−1,−2, and −3. The
dashed line denotes the leading term of Eq. (6) for t≫ 1, and

the dotted and dot-dashed lines are curves for t2/3 and t1/5,
respectively. We insert these curves with the exponents 2/3
and 1/5 for reference.

method). These results show that the disorder effect is
irrelevant in t ≲ 1. For an arbitrary strength ∆, we can
identify such a time scale at which the disorder begins
to affect the dynamics, by computing the variances for
∆ = 0 and ∆ ≠ 0.
The dotted and dashed lines in Fig. 3 show the ana-

lytical results for the linear growth of Eqs. (6) and (10).
We find that the latter including the incompleteness of
the initial alternating state exhibits the reasonable agree-
ment with the experimental linear growth, while the for-
mer not including the incompleteness systematically de-
viates from the experimental data. We here emphasize
that our analytical result (10) quantitatively describes
the experimental data without any fitting parameters un-
der the assumption of (7). Note that one can see that the
disorder effect emerges before the finiteM effect by com-
paring the numerical data for ∆ = 0 and 1 with Eq. (10)
obtained in the limit (L,M → ∞), though the localiza-
tion length is larger than M = 8 [66]. In general, one
can identify which the finite M effect or the disorder ef-
fect emerges earlier, in the same manner with the help of
Eq. (10).
Numerical study for the variance growth of the in-

teracting fermions.— We numerically study the inter-
action effect on the time evolution of the variance.
Our numerical method is the time-evolving decimation
method [76–79] with Eq. (1) and the open boundary
condition (âL = 0). We set L to be 60, and compute
the variance for U = 0,−1,−2, and −3. In the language
of the XXZ chain, U = −2 corresponds to the criti-
cal point at which the model is identical to the XXX
chain [113]. To weaken the boundary effect, we use the

variance σ′′M(t)2 ∶= ⟨(N̂ ′M)2⟩t − ⟨N̂ ′M ⟩2t with M = 40.
Figure 4 displays the time evolution of the variance

σ′′M(t)2. In the noninteracting fermions (U = 0), our nu-
merical result for the finite system well reproduces the
leading term of Eq. (6) for the infinite system. This
demonstrates that the boundary effect is negligible. In
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the interacting cases (U ≠ 0), the time evolution exhibits
different growth behaviors, and we cannot find the clear
ballistic property, particularly for the U = −2 and −3
cases.

Note that Cecile et al. recently reported similar numer-
ical results for the variance in the XXZ chain [73]. For
example, they confirmed the signature of the anomalous
power law growth (σ′′M(t)2 ∝ t2/3) in the dynamics start-
ing from the Néel state identical to the alternating state.
The similar signature was also discussed in Ref. [69]. We
here display Fig. 4 to show that our analytical result for
the noninteracting fermions does not work in the inter-
acting cases.

Conclusions and prospects.— We theoretically stud-
ied the time evolution for the variance of the particle
numbers in the subsystem of the fermions on the one-
dimensional lattice, quantitatively explaining the recent
experimental result of Ref. [66]. The initial state used in
this work was the alternating state. In the noninteract-
ing fermions, we analytically derived the exact and simple
expression of the variance, elucidating that the variance
linearly grows in the long-time dynamics. Developing the
exact analysis, we incorporated the incompleteness of the
initial alternating state into our analytical expression of
the variance, finding that the improved expression shows
the reasonable agreement with the experimental result of
Ref. [66] without any fitting parameters. Finally, our nu-
merical results based on the TEBD method [76–79] find
that the presence of the interaction qualitatively alters
the variance growth.

As a prospect, it is intriguing to study the variance
growth in other models accompanying quantum phase

transitions, such as the transverse Ising model and the
Su-Schrieffer-Heeger model. These models are mapped
into noninteracting fermions, and one may analytically
study the variance growth from the perspective of the
universal nature of the phase transitions. Furthermore,
studying the variance of other physical quantities, such
as energy and spins, is fascinating. In another direc-
tion, it is worth studying the variance growth in open
quantum systems. Depending on kinds of interactions
with environments, an open quantum system approaches
a nonequilibrium stationary state that is completely dif-
ferent from the equilibrium state addressed in this work.
Thus, uncovering features of the variance growth in such
a case is fundamentally interesting.
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[108] G. Hercé, J.-P. Bureik, A. Ténart, A. Aspect,
A. Dareau, and D. Clément, Full counting statistics of
interacting lattice gases after an expansion: The role
of condensate depletion in many-body coherence, Phys.
Rev. Res. 5, L012037 (2023).

[109] B. Bertini, K. Klobas, M. Collura, P. Calabrese, and
C. Rylands, Dynamics of charge fluctuations from asym-
metric initial states (2023), arXiv:2306.12404 [cond-
mat.stat-mech].

[110] See Supplemental Material for (I) Derivation of Eq. (2),
(II) Derivation of Eq. (4), (III) Derivation of the two
limiting formulae, (IV) Derivation of Eq. (6), (V)
Derivation of Eq. (8), (VI) Derivation of Eq. (9), and
(VII) Numerical perturbative calculation for the disor-
der potential.

[111] A. Flesch, M. Cramer, I. P. McCulloch, U. Schollwöck,
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ONE-DIMENSIONAL FERMIONS”
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This Supplemental Material describes the following:

(I) Derivation of Eq. (2),

(II) Derivation of Eq. (4),

(III) Derivation of the two limiting formulae,

(IV) Derivation of Eq. (6),

(V) Derivation of Eq. (8),

(VI) Derivation of Eq. (9),

(VII) Numerical perturbative calculation for the disorder potential.

I. DERIVATION OF EQ. (2)

We derive the determinantal formula for the generating function, namely Eq. (2) of the main text. The essential
ingredient of the derivation is the fact that the Wick theorem can be applicable since the quantum state in our setup
is the Gaussian state. The detailed calculation is given by

GM(λ, t) = ⟨
M−1
∏
j=0

eλâ
†
j âj⟩

t

= ⟨
M−1
∏
j=0
[1 + (eλ − 1)â†

j âj]⟩
t

= 1 +
M

∑
n=1
(eλ − 1)n ∑

j1<j2<...<jn
jk∈{0,1,2,...,M−1}

⟨
n

∏
k=1

â†
jk
âjk⟩

t

= 1 +
M

∑
n=1
(eλ − 1)n ∑

j1<j2<...<jn
jk∈{0,1,2,...,M−1}

det [⟨â†
jk
âjl⟩t]

n

k,l=1

= det [δj,k + (eλ − 1) ⟨â†
j âk⟩t]

M−1

j,k=0
. (S-1)

In the fourth line, we use the Wick theorem. This kind of determinantal form was derived in several previous
works [81, 96, 99].
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II. DERIVATION OF EQ. (4)

We express the variance σM(t)2 by the Bessel function Jn(x) of the first kind. Using the property of the generating
function, we can obtain

σM(t)2 =
∂2

∂λ2
GM(λ, t)∣

λ=0
− ( ∂

∂λ
GM(λ, t)∣

λ=0
)
2

(S-2)

=
M−1
∑
k=0
⟨â†

kâk⟩t −
M−1
∑
j=0

M−1
∑
k=0
∣ ⟨â†

j âk⟩t ∣
2. (S-3)

The first term on the right-hand side of Eq. (S-3) becomes

M−1
∑
k=0
⟨â†

kâk⟩t =
M

2
− J0(4t)

2

M−1
∑
k=0
(−1)k, (S-4)

where we use the following expression of the two-point correlator,

⟨â†
j âk⟩t =

δj,k

2
− ij+k

2
Jk−j(4t). (S-5)

Similarly, the second term on the right-hand side of Eq. (S-3) becomes

M−1
∑
j=1

M−1
∑
k=1
∣ ⟨â†

j âk⟩t ∣
2 = M

4
− J0(4t)

2

M−1
∑
k=0
(−1)k + 1

4

M−1
∑
j=0

M−1
∑
k=0

Jj−k(4t)2. (S-6)

The double summation on the right-hand side of Eq. (S-6) becomes

M−1
∑
j=0

M−1
∑
k=0

Jj−k(4t)2 =
M−1
∑
l=0

M−l−1
∑
m=0

Jl(4t)2 +
−1
∑

l=−M+1

M−1
∑

m=−l
Jl(4t)2 (S-7)

=MJ0(4t)2 + 2
M−1
∑
l=1
(M − l)Jl(4t)2 (S-8)

=M (J0(4t)2 + 2
M−1
∑
l=1

Jl(4t)2) − 2
M−1
∑
l=1

lJl(4t)2. (S-9)

In Eq. (S-7), we introduce l = j−k and divide the single double summation into the two double summations. Figure S-1
schematically describes this procedure in detail. We also use the formula J−l(4t)2 = Jl(4t)2 in Eq. (S-8). Finally,
putting Eq. (S-9) into Eq. (S-6), we get

M−1
∑
j=1

M−1
∑
k=1
∣ ⟨â†

j âk⟩t ∣
2 = M

4
− J0(4t)

2

M−1
∑
k=0
(−1)k + M

4
(J0(4t)2 + 2

M−1
∑
l=1

Jl(4t)2) −
1

2

M−1
∑
l=1

lJl(4t)2. (S-10)

Substituting Eqs. (S-4) and (S-10) into (S-3), we derive Eq. (4) of the main text, namely

σM(t)2 =
M

4
(1 − J0(4t)2 − 2

M−1
∑
k=1

Jk(4t)2) +
1

2

M−1
∑
k=1

kJk(4t)2. (S-11)
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j

k

−M + 1

M − 1

M − 1

j = k + l

l

l ∈ {−M + 1, − M + 2,..., − 1}

l ∈ {0,1,...,M − 1}

0

FIG. S-1. Schematic illustration in deriving Eq. (S-7). The filled circles denotes the points for the double summation
∑M−1

j=0 ∑M−1
k=0 ●. In the blue region specified by the set {(k, j) ∈ {0,1, ...,M − 1}2 ∣ j ≥ k}, the j-intercept l = j − k can take the

values from {0,1, ...,M −1}. On the other hand, the j-intercept takes the values from {−M +1,−M +2, ...,−1} in the red region
specified by the set {(k, j) ∈ {0,1, ...,M − 1}2 ∣ j < k}. Using the j-intercept l, we can transform the double summation of the
left-hand side of Eq. (S-7) into the right-hand side of Eq. (S-7).

III. DERIVATION OF THE TWO LIMITING FORMULAE

In the derivation of Eq. (5), we use the following formulae,

lim
M→∞

M

4
(1 − J0(4t)2 − 2

M−1
∑
k=1

Jk(4t)2) = 0 (t > 0), (S-12)

lim
M→∞

1

2

M−1
∑
k=1

kJk(4t)2 = 4t2 (J0(4t)2 + J1(4t)2) − tJ0(4t)J1(4t). (S-13)

In this section, we shall prove them.

A. Proof of Eq. (S-12)

For the proof of Eq. (S-12), we first derive the following inequality,

M

4
∣(1 − J0(4t)2 − 2

M−1
∑
k=1

Jk(4t)2)∣ <
1

2
M (γ−1)M+1(M + 1)(γ−1)(M+1)+1(2t)2M (S-14)
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for t > 0. Here γ ≃ 0.577 is the Euler-Mascheroni constant. The proof of Eq. (S-14) is described in the following. We
employ the recursion relation 2dJn(x)/dx = Jn−1(x) − Jn+1(x) for the Bessel function of the first kind, deriving

d

dx

M−1
∑
n=1

Jn(x)2 =
M−1
∑
n=1
(Jn(x)Jn−1(x) − Jn(x)Jn+1(x)) (S-15)

= J1(x)J0(x) − JM−1(x)JM(x) (S-16)

= −1
2

d

dx
J0(x)2 − JM−1(x)JM(x), (S-17)

where we use the formula J1(x) = −dJ0(x)/dx in the last equality. Integrating Eq. (S-17) from 0 to x leads to

J0(x)2 + 2
M−1
∑
k=1

Jk(x)2 − 1 = −2∫
x

0
JM−1(y)JM(y)dy, (S-18)

where we use J0(0) = 1 and Jl(0) = 0 (l > 0). We next consider the absolute value of Eq. (S-18) and then obtain

∣(1 − J0(x)2 − 2
M−1
∑
k=1

Jk(x)2)∣ (S-19)

≤ 2∫
x

0
∣JM−1(y)∣ ∣JM(y)∣dy (S-20)

< 2M (γ−1)M+1(M + 1)(γ−1)(M+1)+1 ∫
x

0
(y
2
)
2M−1

exp(− y
2

4M
− y2

4M + 4
)dy (S-21)

< 2M (γ−1)M+1(M + 1)(γ−1)(M+1)+1 ∫
x

0
(y
2
)
2M−1

dy (S-22)

= 2M (γ−1)M(M + 1)(γ−1)(M+1)+1 (x
2
)
2M

. (S-23)

In Eq. (S-21), we use the following inequality,

JM(x) < (
x

2
)
M

(M + 1)(γ−1)(M+1)+1 exp(− x2

4M + 4
) (S-24)

for x > 0. This inequality can be derived using the two inequalities given by

Jν(x) < (
x

2
)
ν 1

Γ(ν + 1)
exp(− x2

4ν + 4
) (S-25)

for ν ≥ 0 and x > 0, and

x(1−γ)x−1 < Γ(x) < xx−1 (S-26)

for x ∈ (1,∞). Here, Γ(x) denotes the Gamma function. The inequalities of Eqs. (S-25) and (S-26) were given in
Refs. [114, 115] and [116], respectively. Thus, employing the inequality of Eq. (S-23) with x = 4t, we can readily derive
the inequality of Eq. (S-14).

Finally, we take the limit M → ∞ in Eq. (S-14). For this purpose, we consider the logarithmic of the right-hand
side of Eq. (S-14), which reads

− log 2 + [(γ − 1)M + 1] logM + [(γ − 1)(M + 1) + 1] log(M + 1) + 2M log(2t). (S-27)

Thus, when M is much larger than unity, the above for a fixed nonzero time t can be approximated to be 2(γ −
1)M logM . This becomes −∞ for M → ∞ because the Euler-Mascheroni constant γ ≃ 0.577 is smaller than unity.
Hence, the left-hand side of Eq. (S-14) for M →∞ can be bounded by zero. This proves Eq. (S-12).
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B. Proof of Eq. (S-13)

We shall prove Eq. (S-13) by noting the recursion relation 2kJk(x)/x = Jk−1(x)+Jk+1(x) for the Bessel function of
the first kind. This relation leads to

2k

x
Jk(x)Jk(y) = Jk−1(x)Jk(y) + Jk+1(x)Jk(y), (S-28)

2k

y
Jk(x)Jk(y) = Jk−1(y)Jk(x) + Jk+1(y)Jk(x). (S-29)

Subtracting them and taking the summation for the index k from zero to a positive integer N , we obtain

( 2
x
− 2

y
)

N

∑
k=0

kJk(x)Jk(y) =
N

∑
k=1
(Jk+1(x)Jk(y) − Jk+1(y)Jk(x) + Jk−1(x)Jk(y) − Jk−1(y)Jk(x)) (S-30)

= JN+1(x)JN(y) − JN+1(y)JN(x) + J0(x)J1(y) − J0(y)J1(x), (S-31)

where we use the property of the telescoping series to derive the last expression. Taking the limit N →∞, we get

∞
∑
k=0

kJk(x)Jk(y) =
xy

2

J0(x)J1(y) − J0(y)J1(x)
y − x

. (S-32)

Finally, we take the limit y → x in Eq. (S-32) via the L’Hôpital’s rule, obtaining

∞
∑
k=0

kJk(x)2 =
x2

2
J0(x)2 +

x2

2
J1(x)2 −

x

2
J0(x)J1(x). (S-33)

Here, we use the following formulae,

d

dx
Jk+1(x) = Jk(x) −

k + 1
x

Jk+1(x), (S-34)

d

dx
Jk−1(x) = −Jk(x) +

k − 1
x

Jk−1(x). (S-35)

Finally, we put x = 4t into Eq. (S-33), completing the proof of Eq. (S-13).

IV. DERIVATION OF EQ. (6)

We derive the asymptotic expression of the variance given by Eq. (6) of the main text for t≪ 1 and t≫ 1. For the
short-time dynamics (t≪ 1), the Bessel functions J0(4t) and J1(4t) of the first kind is approximated by

J0(4t) ≃ 1, (S-36)

J1(4t) ≃ 2t, (S-37)

which can be readily derived using the infinite series of Jn(x). Substituting Eqs. (S-36) and (S-37) into Eq. (5) of the
main text, we obtain, up to the leading order,

σ(t)2 ≃ 2t2. (S-38)

For the long-time dynamics (t≫ 1), we use the asymptotic formula [112] given by

Jn(4t) =
cos(4t − π

2
n − π

4
)

√
2πt

(1 − Γ(n + 5/2)
128Γ(n − 3/2)

t−2) −
sin(4t − π

2
n − π

4
)

√
2πt3/2

Γ(n + 3/2)
8Γ(n − 1/2)

+O(t−7/2). (S-39)
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This expression leads to

J0(4t)2 ≃
1

2πt
cos(4t − π

4
)
2

+ 1

64πt2
cos (8t) + 1

2048πt3
sin(4t − π

4
)
2

− 9

2048πt3
cos(4t − π

4
)
2

, (S-40)

J1(4t)2 ≃
1

2πt
sin(4t − π

4
)
2

− 3

64πt2
cos (8t) + 9

2048πt3
cos(4t − π

4
)
2

+ 15

2048πt3
sin(4t − π

4
)
2

, (S-41)

J0(4t)J1(4t) ≃ −
1

8πt
cos (8t) + 3

64πt2
cos(4t − π

4
)
2

+ 1

64πt2
sin(4t − π

4
)
2

. (S-42)

Employing these expressions and Eq. (5), we derive

σ(t)2 ≃ 2

π
t − 1

64πt
(2 sin(8t) + 1) . (S-43)

V. DERIVATION OF EQ. (8)

We shall derive the explicit expression of the two-point correlator with the incomplete alternating initial state ρ̂alt
defined by Eq. (7) of the main text. We first define the two-point correlator Cm,n(t) as

Cm,n(t) ∶= Tr [e−iĤtρ̂alte
iĤtâ†

mân] . (S-44)

The straightforward calculation leads to the equation of motion for Cm,n(t),

i
d

dt
Cm,n(t) = Cm+1,n(t) +Cm−1,n(t) −Cm,n+1(t) −Cm,n−1(t). (S-45)

To solve the differential equation, we expand the correlator via the discrete Fourier transformation, getting

Cm,n(t) =
1

4L2

L−1
∑

α=−L

L−1
∑

β=−L
Dα,β(t)eiπ(nβ−mα)/L, (S-46)

where Dα,β(t) is the coefficient of the expansion. Substituting Eq. (S-46) into Eq. (S-45), we readily derive

i
d

dt
Dα,β(t) = Eα,βDα,β(t) (S-47)

with Eα,β ∶= 2 cos(πα/L) − 2 cos(πβ/L). The initial condition Dα,β(0) is calculated as

Dα,β(0) =
L−1
∑

m=−L

L−1
∑

n=−L
Cm,n(0)eiπ(−nβ+mα)/L (S-48)

= neven
L/2−1

∑
m=−L/2

ei2πm(α−β)/L + nodd
L/2−1

∑
m=−L/2

eiπ(2m+1)(α−β)/L (S-49)

= Lneven(δα,β + δα,β+L + δα,β−L) +Lnodd(δα,β − δα,β+L − δα,β−L), (S-50)

where we use −2L + 1 ≤ α ± β ≤ 2L − 1 since the values of α and β are restricted to the 1st Brillouin zone. As to the
initial condition Cm,n(0), by the definition of ρ̂alt, we can obtain

Cm,n(0) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

neven (n =m ∧ n is even)
nodd (n =m ∧ n is odd)
0 (otherwise),

(S-51)
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where neven and nodd are averaged particle numbers at the even and odd sites for the initial density matrix ρ̂alt,
respectively. Solving the differential equation of Eq. (S-47), we get

Dα,β(t) =Dα,β(0)e−iEα,βt (S-52)

= LnTδα,β +LnD (δα,β+L + δα,β−L) ei4t cos(πβ/L), (S-53)

where we define nT ∶= neven + nodd and nD ∶= neven − nodd. We substitute Eq. (S-53) into Eq. (S-46), getting

Cm,n(t) =
1

4L2

L−1
∑

α=−L

L−1
∑

β=−L
Dα,β(t)eiπ(nβ−mα)/L (S-54)

= 1

4L

L−1
∑

α=−L

L−1
∑

β=−L
(nTδα,β + nD (δα,β+L + δα,β−L) ei4t cos(πβ/L)) eiπ(nβ−mα)/L (S-55)

= nT
4L

L−1
∑

α=−L
eiπ(n−m)α/L + nD(−1)

n

4L

L−1
∑
α=0

e−i4t cos(πα/L)eiπ(n−m)α/L + nD(−1)
n

4L

−1
∑

α=−L
e−i4t cos(πα/L)eiπ(n−m)α/L

(S-56)

= nT
4L

L−1
∑

α=−L
eiπ(n−m)α/L + nD(−1)

n

4L

L−1
∑

α=−L
e−i4t cos(πα/L)eiπ(n−m)α/L (S-57)

= nT
2
δm,n +

nD(−1)n

4L

L−1
∑

α=−L
e−i4t cos(πα/L)eiπ(n−m)α/L, (S-58)

where we again use −2L + 1 ≤ α ± β ≤ 2L − 1. Finally, we take the thermodynamic limit (L→∞), obtaining

Cm,n(t) =
nT
2
δm,n +

nD(−1)n

4π
∫

π

−π
dθ ei(n−m)θ−i4t cos θ (S-59)

= nT
2
δm,n +

nD(−1)m

4π
∫

2π

0
dθ ei(n−m)θ+i4t cos θ (S-60)

= nT
2
δm,n +

nD
2
in+mJn−m(4t). (S-61)

In the last line, we use the integral formula for the Bessel function of the first kind given by

Jn(x) =
1

2πin
∫

2π

0
dθ einθ+ix cos θ. (S-62)

VI. DERIVATION OF EQ. (9)

We shall derive Eq. (9) of the main text using Eq. (8) of the main text. Note that the initial state ρ̂alt is the
Gaussian state and thus we can use the Wick theorem. As a result, the variance is given by

σM(t)2 =
M−1
∑
m=0

Cm,m(t) −
M−1
∑
m=0

M−1
∑
n=0
∣Cm,n(t)∣2. (S-63)
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Following the almost same procedure as Sec. II, we obtain

M−1
∑
m=0

Cm,m(t) =
M

2
(neven + nodd) +

1

2
(neven − nodd)J0(4t)

M−1
∑
m=0
(−1)m, (S-64)

M−1
∑
m=0

M−1
∑
n=0
∣Cm,n(t)∣2 =

M

4
(neven + nodd)2 +

1

2
(n2even − n2odd)J0(4t)

M−1
∑
m=0
(−1)m (S-65)

+ 1

4
(neven − nodd)2

M−1
∑
m=0

M−1
∑
n=0

J2
n−m(4t) (S-66)

= M
4
(neven + nodd)2 +

1

2
(n2even − n2odd)J0(4t)

M−1
∑
m=0
(−1)m (S-67)

+ M
4
(neven − nodd)2 (J0(4t)2 + 2

M−1
∑
m=1

Jm(4t)2) −
1

2
(neven − nodd)2

M−1
∑
m=1

mJm(4t)2. (S-68)

Thus, the variance becomes

σM(t)2 =
M

4
(neven + nodd)(2 − neven − nodd) +

1

2
(neven − nodd − n2even + n2odd)J0(4t)

M−1
∑
m=0
(−1)m (S-69)

− M
4
(neven − nodd)2 (J0(4t)2 + 2

M−1
∑
m=1

Jm(4t)2) +
1

2
(neven − nodd)2

M−1
∑
m=1

mJm(4t)2. (S-70)

Next, we define δσM(t)2 as

δσM(t)2 ∶=
M

2
(neven(1 − neven) + nodd(1 − nodd))+

1

2
J0(4t)(neven(1 − neven) − nodd(1 − nodd))

M−1
∑
m=0
(−1)m. (S-71)

As a result, we can obtain

σM(t)2 − δσM(t)2 = (neven − nodd)2 [
M

4
(1 − J0(4t)2 − 2

M−1
∑
m=1

Jm(4t)2) +
1

2

M−1
∑
m=1

mJm(4t)2] . (S-72)

Finally, applying Eqs. (S-12) and (S-13) into the above, we derive Eq. (9) of the main text, namely

lim
M→∞

(σM(t)2 − δσM(t)2)= (neven − nodd)2[4t2 (J0(4t)2 + J1(4t)2) − tJ0(4t)J1(4t)]. (S-73)

VII. NUMERICAL PERTURBATIVE CALCULATION FOR THE DISORDER POTENTIAL

We shall explain how to implement the numerical perturbative calculation for the disorder potential. In the main
text, we define the random potential Vj , which is independently sampled from the uniform distribution with the range
[−∆,∆]. Here, ∆ ≥ 0 denotes the strength of the randomness. This definition is inconvenient to proceed perturbative
calculation for the disorder potential, so thus we introduce a new random variable vn, which is independently sampled
from the uniform distribution with the range [−1,1]. Then, the Hamiltonian Ĥ ′ of Eq. (11) in the main text is written
as

Ĥ ′ = −
L−1
∑

j=−L
(â†

j+1âj + â
†
j âj+1) +∆

L−1
∑

j=−L
vj n̂j . (S-74)

Using this notation, we can derive the equation of motion for the two-point correlator Cm,n(t)

i
d

dt
Cm,n(t) = Cm+1,n(t) +Cm−1,n(t) −Cm,n+1(t) −Cm,n−1(t) +∆(vn − vm)Cm,n(t). (S-75)

In what follows, we regard ∆ as a small parameter and construct the perturbative equation of motion for the two-point
correlator.
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FIG. S-2. Numerical results of the variance for the perturbative calculations with ∆ = 1. The parameters are the same as
those used in Fig. 3 of the main text. The pentagon, square, and triangle markers denote the data of the variance σ′M(t)2 for
the α = 2,4, and 6th-order perturbative calculations, respectively, and the circle marker does the exact numerical data. Here,
the exact result is numerically obtained without using the perturbation calculation.

We expand the two-point correlator with the parameter ∆ as

Cm,n(t) = C(0)m,n(t) +∆C(1)m,n(t) +∆2C(2)m,n(t) + ... . (S-76)

Substituting Eq. (S-76) into Eq. (S-75), we obtain the αth-order equation of motion as

i
d

dt
C(α)m,n(t) = C

(α)
m+1,n(t) +C

(α)
m−1,n(t) −C

(α)
m,n+1(t) −C

(α)
m,n−1(t) + (vn − vm)C

(α−1)
m,n (t), (S-77)

where we define C−1m,n(t) ∶= 0. When you calculate the variance up to the αth-order, we numerically solve Eq. (S-77)

for C
(0)
m,n(t),C(1)m,n(t), ...,C(α)m,n(t), by the 4th-order Runge-Kutta method, obtaining the αth-order two-point correlator

as

C̄m,n(t) ∶=
α

∑
β=0

∆βC(β)m,n(t). (S-78)

Then, the variance σ′M(t)2 defined in the main text can be computed using

⟨N̂ ′M ⟩ =
M/2−1

∑
m=−M/2

C̄m,m(t), (S-79)

⟨N̂ ′2M ⟩ = ⟨N̂ ′M ⟩ + ⟨N̂ ′M ⟩
2
−

M/2−1

∑
m=−M/2

M/2−1

∑
n=−M/2

∣C̄m,n(t)∣2. (S-80)

Figure S-2 displays the numerical results of the variance for the 2nd-, 4th-, and 6th-order perturbative calculations
with ∆ = 1. One can see that the agreement of the perturbative calculations with the exact one becomes better as
the order α increases.
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