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Limited Attention Allocation in a Stochastic
Linear Quadratic System with Multiplicative

Noise

Xiangyu Cui, Jianjun Gao, Lingjie Kong

Abstract

This study addresses limited attention allocation in a stochastic linear quadratic system with mul-
tiplicative noise. Our approach enables strategic resource allocation to enhance noise estimation and
improve control decisions. We provide analytical optimal control and propose a numerical method for
optimal attention allocation. Additionally, we apply our findings to dynamic mean-variance portfolio
selection, showing effective resource allocation across time periods and factors, providing valuable

insights for investors.

KEY WORDS: limited attention allocation; linear quadratic system; factor model; dynamic mean-

variance model

I. INTRODUCTION

The Linear Quadratic (LQ) control problem involving multiplicative noise has been a promi-
nent research area over the past two decades, with significant potential applications in various
fields, particularly in mathematical finance. Notably, this problem finds applications in dynamic
portfolio selection and financial derivative pricing, as evidenced in studies such as [1], [2],
[3], [4], and [5]. Researchers have explored diverse aspects of the LQ control problem with

multiplicative noise, investigating formulations with indefinite penalty matrices on the control
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and state variables (e.g., [6]], [7], [8l]). Additionally, scholars have taken keen interest in exploring
this problem under various constraints, including cardinality constraint (see [9]), no shorting
constraint (see [10], [L1]), cone constraint (see [[12]], [[13]), inequality constraint (see [14]), and
linear constraint (see [[15]]).

While many studies on LQ control problem with multiplicative noise assume knowledge of
the noise distribution, dynamic portfolio selection practices allow decision makers who employ
learning procedures to enhance their estimation of risky assets’ returns. This learning process
incorporates expert opinions (e.g., [16]), additional data (e.g., [[17], [18]]), predictive state variables
(e.g., [19]]), or other information sources (e.g., analysts’ recommendations as in [20]). Bayesian
methods are commonly used to update these estimations. These dynamic portfolio selection
approaches with learning have considerable relevance to studies on the LQ control problem with
parameter uncertainty, which typically focus on additive noise (e.g., [21], [22], [23]).

[24]] and [25] have further demonstrated that during the learning process, decision makers
utilize specific attention resources, which are inherently limited. Several works have successfully
integrated the concept of limited attention constraints into dynamic portfolio selection (e.g., [26],
[27], [28], [29]), shedding light on the importance of considering resource constraints in decision-
making. However, there is currently a research gap regarding the application of these insights to
LQ control problem. Specifically, no existing works have discussed the LQ control problem in
the context of limited attention allocation. This unexplored area presents a valuable opportunity
to investigate the interplay between limited attention resources and the optimal control policy
in stochastic LQ systems. Such analysis could contribute to a deeper understanding of decision-
making processes under resource constraints and potentially lead to more effective and realistic
control policies.

In this paper, we delve into the limited attention allocation problem within a stochastic linear
quadratic control framework with multiplicative noise. Our model combines both an attention
allocation policy, responsible for utilizing the limited attention resource to update estimations
of the multiplicative noise, and a system control policy, influencing the states of the system.
It is essential to note that our studied model is not a mere abstraction of those found in the
dynamic portfolio selection literature. While [27], [28], and [29] assume that decision makers
update risky asset returns using a certain amount of wealth rather than expending attention

resources, simplifying the decision problem, our approach explicitly considers the allocation of
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limited attention resources. Moreover, [20] incorporates attention resources for updating risky
asset returns, but the study does not address portfolio decision-making or the allocation of
attention resources across different periods. Our research significantly contributes to advancing
the understanding of the role of limited attention allocation in decision-making for stochastic
systems. By analyzing the interplay between limited attention resources, estimation updates, and
system control decisions, we aim to provide valuable insights that can enhance decision-making
processes in complex constrained environments.

The paper is organized as follows. In Section 2, we give the basic setting of the problem. In
Section 3, we solve the problem, and derive the optimal attention allocation policy and optimal
control policy. In Section 4, we explore the practical application of our findings in the context

of dynamic portfolio selection. In Section 5, we conclude our paper.

II. BASIC SETTING

We start our discussion from the following simple LQ control problem,

N

-1

. ’u’t+ 2
(Pc)  min  E w1 ) By +qray
{ue+ o t=0 Tt
S.t. L1 = Q1T + b;+1ut+,
Ut S Rn?
biri=c+ Dfiy1+ €11,
Jrri = — P) fi + N1,
xo 1s given,
. . . . A pe . ..
where u;, is a n-dimensional system control policy, B; = , A; > 01is a deterministic,
/
D: 4

symmetric, and semi-positive definite n X n matrix, p; is a deterministic n-dimensional vector,
¢: > 0 is a deterministic parameter, gr > 0 is also a deterministic parameter, B; >~ 0 is a
deterministic, symmetric, and semi-positive definite (n + 1) x (n + 1) matrix, ' denotes the
transpose operator, a;y; > 0 is a deterministic parameter, b;,; is a n-dimensional random
vector, R" represents a n-dimensional Euclidean space, ¢ is a deterministic n-dimensional

vector, D is a deterministic n X k& matrix, f;,; is a k-dimensional random vector (k < n),
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€11 follows a n-dimensional normal distribution with zero mean and covariance matrix ., I
is the identity matrix, @ is a deterministic mean-reverting matrix, 77, follows a k-dimensional

normal distribution with zero mean and covariance matrix 3:,, and the diagonal elements of

>

2 ..

3, are denoted as o, ,

: ,crf]k. Different from the classical linear quadratic control problem in
[15], problem (P¢) introduces a factor structure for the random vector b;,; and a mean-reverting
structure for the factor f;,; to effectively reduce the dimensionality of the randomness involved.
At time ¢, the decision maker can utilize the observed factor f; to infer the distribution of b;
and decide the control policy.

Next, we introduce the limited attention allocation structure into problem (Pr). At time t,
the decision maker can utilize not only the observed factor f;, but also allocate their attention

resources, represented by the scalar parameter A;, to obtain a noisy signal of f; {, denoted as

St+(Ar), according to the following relationship,

Si4(A) = Fro1 + v N),

where v;,1(\;) is a white noise with diagonal covariance matrix

2 2
T U771 U77k
Ev<)\t) = dlag (6)‘17t61 _ 17 R eAk,tek -1 )

At = (A1g, -+, Agt)’ denotes the attention allocation policy, which is the attention resource used

for getting the signal, the deterministic parameter ¢; measures the efficiency of the decision
maker’s information processing of the factor j[| The larger the 60, the higher the efficiency. The
attention allocation policy A; should be nonnegative and no larger than the limited attention
resource Ay, i.e., A\; € R’j, )\tTl < A,. By incorporating the limited attention allocation structure

into the linear quadratic control problem, we formulate the linear quadratic control problem with

'The variance setting for noise vi41(A¢) follows the one proposed in [26]. Under the setting, the reduction in the entropy of
factor f;++1 stemming from the knowledge of s; ¢+ (X;,¢) is
1
H(fj41) = H( ]850+ (Nie)) = 525005,

2 om0

where H (-) is the entropy function, which further implies that the variance of the factor j’s posterior distribution is o€
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limited attention allocation as follows,

T-1

. — Uit 2
(Pac) min  Ep E u, ) By + qray
{}‘trut-‘r}t:o t=0 Ty
t = b,
s.t. T4l = Qp41%¢ + Oy Uy,
Uy S Rn,

biii=c+Dfi1+ €,

firi =T —P)fi + M1,

At+1 = At - )\;1,
S (Ar) = firn + v (),
A € Ri, Al <Ay

xo and Ay > 0 are given.

The time ¢+ serves as a dummy time slot used to distinguish between the attention allocation
procedure and the system control procedure. It provides a clear separation between these two
stages, allowing the decision maker to allocate attention resources at time ¢ and then execute the
control policy in the subsequent time slot, t+. All the random vectors are defined in a probability
space (2, Fr,P). The information set at time ¢ is denoted as JF;, which is the o-algebra
generated by {fo, €1, -, €, M, M, S0+(Xo)s -5 Sp—1)4+(Ae—1)} and the information set
after attention allocation at time ¢ is denoted as JF;;, which is the o-algebra generated by
{fo, €1, s€,m, ;M S0t (Xo), -5 Sep (A}

To be more intuitive, we display both the attention allocation procedure and system control
procedure at period ¢ in Figure |1l During [¢, t+], the decision maker chooses the optimal attention
allocation policy, generates the signal, and updates the information set and the distribution of
the factors. Then, during [t+, ¢+ 1], the decision maker chooses the system control policy based
on the updated distribution, and updates the information set based on observed new realizations
of random vectors.

Problem (P4 ) is derived from real-world applications, specifically in the domain of portfolio
selection in mathematical finance. In this context, the components of the problem have concrete

interpretations: the random vector b, represents the excess return of risky assets, the state
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Time t i+ (t+1)

Decision Decision of attention  Decision of system

making allocation control
At Up apply system

System control policy

updating Ty ————> T+l
apply attention observe new
allocation policy realizations

Information

updating t + -F.H—l

Fig. 1. The attention allocation procedure and system control procedure at period ¢

x; represents the wealth level at time ¢, and the system control policy represents the portfolio
strategy, the factor structure for b;; follows the well-known factor model, as documented in
[30] and [31]], and the factors f;,; exhibit mean-reverting behavior, a characteristic documented
by [32]. The investors can acquire knowledge about the returns of factors using various sources,
such as factor valuations (e.g., book-to-market ratio), macroeconomic indicators, cross-sectional
characteristics, and machine learning techniques. This process of learning factor returns, known
as factor timing, is well-established in the literature (e.g., [33], [34], [35], [36]). The economic
foundation of the attention allocation structure is built upon this factor timing process.

At time ¢, the decision maker knows that f;,; and b;; follow multivariate normal distributions,
JealFo ~ N(pga, Bgpa)s beaFo ~ N, Spg),
with
pri=I—®)f:, Yp:=3%, pr=c+DI-D)f, Xp;=D%,D +3,.

For a given attention allocation strategy \;, the decision maker obtains the signal s;. (A;) at
time ¢t+. Then, the decision maker can use the signal to update the conditional distributions of
fir1 and by, ;. According to Kalman Filtering theory (see Corollary E.3.5 in [37]), we have that

fir1 and b,y at time t+ are still multivariate normal distributions,

il Fer ~ N(pgor o), Bpor (Ae))  bega|Fep ~ N(po,r (Ae), B (Ar)),
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where
prir(A) =T = B)f + Z5(Zy + Zu(A) (804 (N) — (T — @) f1),
Ef,t+()‘t) = 277 - En(zn + Ev()‘t))ilzm
toir(A) = c+ DI — B)f, + DXy (S + Zo(A) " (561 (A) — (T — @) f),

zlb,ltJrO‘t) = D[En - En(zn + Ev(kt))_lzn]D/ + .

ITI. OPTIMAL ATTENTION ALLOCATION POLICY AND OPTIMAL CONTROL POLICY
To ensure the problem (Psc) has unique optimal control policy, we provide the following

assumption.

Assumption IIL.1. For t = 0,1,--- ;T — 1, the conditional covariance matrix of b, 1 at time

t+, Xprr(Ar), is positive definite, i.e., Xp1i(Ar) = 0.

The following theorem provides the optimal attention allocation policy and the optimal system

control policy for problem (Pyc).

Theorem III.1. Under Assumption the optimal control policy and optimal attention allo-

cation policy for problem (Pac) at period t are given by,

uy, (74, Ay, fr, 864 (X))

= — (A + B [P (A, ft+1)bt+1b2+1])_l(pt + By [hiyr (Avsr, Frpr)bega]ag) e, (D
A;(Ata ft)

= argmin E, [EtJr [Peg1 (Mg, ft+1)]a?+1 + g — (pt + Eiy [hiy1(Apsa, fra1)bisa]acr)
A 1<AL, A >0

(Ap + By [Prga (Mg, ft+1)bt+1b;+1])_1(pt + By [h1 (Mg, ft—i—l)bt—i—l]at—i—l)}y 2)

where hi(A\y, fi) represents the optimal objective value of the optimization problem and
hr(Ar, fr) = qr, Eii[-] = E[/|Fiy] and Ei[-] = E[-|F]. And the optimal objective function for

problem (Pyc) is given as follows,

Jo(wo, Ao, fo) = ho(No, fo)xg.
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Proof. We solve the problem (P4¢) by dynamic programming. At time (7'— 1)+, the decision

maker observes the signal s(r_1)4(A}_;) and faces the following one-period decision problem,

uglng E(T—1)+[u/(T_1)+AT—1u(T—1)+ + 2u'(T_1)+pT_1IT—1 + qr1%r_y + qray)

= min U(T 1)+(AT 1+ grEr-1) [bTbifDu(T—l)Jr + 2'u'l(T71)+(pT71 + QTCLTE(T—I)Jr[bT])fUTfl

U(r-1)+
2 2.2
+ qT_lmT_l + qTCLTLET_l.

Under Assumption [[II.1, we have E(p_1);[brb7] = 0. As ¢r > 0 and Ap_; > 0, we further
have the optimal control policy at period 7" — 1 given by,

u?T,1)+(xT—17 Ar_1, fr—1, 8r—1)+(A7_1))
— (Ar—1 + qrE@—1)4[brb7])” Y(pr-1 + qrarEp_1y+[br])zr_1,
where the information set at time (7" — 1)+ contain the signal sy_1)+(A7_;) and the factor
fr—1. Substituting the optimal control policy back, we obtain the cost-to-go function at time
(T — 1)+ as follows,
Jor—1)+(@r—1, Ar_1, Fr-1, s(r—1)+ (X))
= lgra} + qr—1 — (Pr—1 + qrag Eqr_1)1 [br)) (Ar—1 + qrEq—1)+ [brd]) ™
- (pr—1 + qrar Eqr—y)4 [br])]27_,
= hir—1y+(Ar—1, Np_y, fro1)x7_y.

Eq_1)4[brby|  arEq-1)+[br]

As 3y (7-1)+(Np_;) > 0 and ar > 0, which implies =0

arEr_1)1[br] az

according to Schur complement. We further have

Ap_ 1+ arEr-y Llbrby]  pr- 1+ qrarEr_y) +[b7]

(pr—1 + qrar Eqr_1)4 [br]) qra% + qr-1
Eqp_ . [bpbl] arE b
—ar -1+ [brby]  arEqr_1)4[br] By s 0
arEir—1). [br] af

which implies that hr_1)+ (N, fr—1) > 0 according to Schur complement. Then, at time
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(T — 1), the optimal attention allocation policy is given as,

A?_l(AT—la fT—l) = arg min {ET—l[J(T71)+(xT—1aAT—1> fr-i, 3(T71)+(>\t))]}
Ap_1<A7_1,A7_120
= arg min {ET—l[h(T—l)Jr(AT—l; A7T_1, fT—l)]}-

Ap_1<A7_1,A7-120

And the cost-to-go function at time (7" — 1) becomes

JT71($T71, AT71> .fol) = hTfl(ATfla fol)x?F_y

We assume that the cost-to-go function at time ¢t+1 is Jy 1 (@e1, Aegr, fre1) = hepr (A, Frn)zig
and h;y1(A¢i1, fir1) > 0. Then, we derive the optimal control policy and attention allocation
policy for period ¢. At time ¢+, the investors decision maker observes the signal s;(A;) and
face the following one-period portfolio selection problem according to Bellman’s principal of

optimality,

151111 Bt [U2+Atut+ + 2u;+ptl‘t + Qtﬂfg + Jt+1<xt+17 Agqr, ft—i—l)]
t+

=min u;+(At + Et—i— [ht+1<At+17 ft+1)bt+1b;+1])ut+

Ut+

+ 2“2+(Pt + B [he (A1, frn)begr)agr) oy + th? + By [P (A, ft+1)]af+1x?-

We define the new probability measure (), (A}) after observing the signal s;; (A}), which is

equivalent to the objective probability measure P, as follows,

th+()‘:) ht+1 (At+17 ft+1)

dP By [hia (Mg, Fiin)]

As the new probability measure (), (A}) is equivalent to P, the covariance matrix of by q

under Q4 (A}) is also positive definite, which implies that Ay + Eyy [hy1 (Mg, fre1)berabiy ]

is positive definite. Thus, the optimal control policy at period t is

UL_('Itv At7 ft7 SH—(A:))

= — (A + B [l (Mg, Fran)berabi )7 (00 + B [P (Aera, Frva)bega]asg)a,
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and the cost-to-go function at time ¢+ becomes

Jie(@e, Mo fr, 814 (A]))

={Bps [heoa (A, Fran)laZey + @ — (00 + EX Db B [ (M, Frr)]age:)'
(A + EQH [bt+1bt+1]Et+ [her1 (A, Fren)]) ™!
pe+ BTV By [hee (Mg, Fr)lar) Yo

=hyy (A, NF, f)a2,

where ES:*()‘;)H denotes the conditional expectation under probability ;1 (A}). Following the

same argument for 7' — 1 period, we have

A+ EZ Dby 0, B [he (Mesr, )] oo+ EZ Db B [ (A, fion))aen
(pe + EQH [bt+1]Et+ [Peg1 (Mg, fron)]aer) @ + Ery [y (A, ft+1)]at+1

B2 1b, 4, b 1] an B b, ]

=Epi (i1 (Aeir, fen)] +B; -0

Q
B A )[ 1] a7y

Q41
which implies that i, (Ay, A7, f:) > 0 according to Schur complement. Then, at time ¢, the
optimal attention allocation strategy is given as,

Af(Ag, fe) = argmin  {Ey[Jiy (2, A, fr, 804 (A0))]} = argmin {Ey[hey (A, A, fi)]}-

N1<A:,A:>0 A 1<A:,A:>0

And the cost-to-go function at time ¢ becomes

Jp(ze, Ay, .ft) = h’t(Ata .ft)x?

Therefore, we have prove our main results. Furthermore, the optimal objective of problem is

Jo(0, Mo, fo) = ho(Ao, fo)xg. O

According to the theorem, several significant findings emerge. First, the optimal control policy
is a linear function of the current state x;, implying that the decision maker’s system control
policy is determined based on the present state. On the other hand, the optimal attention allocation
policy is independent of the current state x; but is influenced by the attention resource A; and
the factors f;. The decision maker allocates attention resources based on the available attention
capacity and the current factors’ information. Second, the optimization problem used to determine

the optimal attention allocation policy is not convex, indicating that finding the optimal allocation
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requires numerical techniques rather than a straightforward analytical solution. Third, both the
optimal control policy and the optimal attention allocation policy heavily rely on the random
variable hi(As, f;). This variable represents the potential future control opportunity, reflecting
the expected impact of future decisions on current decision-making process. Fourth, when no
attention allocation decisions are made, the optimal control policy reduces to the policy proposed
in Proposition 1 of [[15]. This comparison highlights the significance of incorporating attention
allocation decisions to linear quadratic control problem.

Next, we propose the following algorithm to derive h;(A4, f;) and the optimal attention
allocation policy AJ(Ay, fi).

Algorithm IIL.1. 1) Choose the constant function, hr(Ar, fr) = qr and set t = T — 1.
Simulate L realizations of the independent multivariate standard normal random vectors,
( k-dimensional), 62 ( k-dimensional), 63 ( n-dimensional).
2) Set up a finite grid consisting of N values of \; and M realizations of f;.
3) For each realization ft(i) and possible A? ), compute A;(A? ), ft(i)) by solving the optimiza-
tion problem numerically,

L
. 1 a; Z
min Z E { q; + t—+1 ht+1 t+1 )‘t> t(frll’e% )

N1<AYD ) A >0 =

/
+1 (€1,02,i 01,02,i
- ( ¢+ —t E ht+1 t+1 )‘t t+11 ’ ))b§+11 ’ ))

lo=1

-1
(£1,02,i 01,023 £1,€2,%
(At L1 z hean (A (A, £ B2 (bl )>’)

52 1
Ag4+1 (£1,€2,8)\ 1.(€1,02,1)
: ( t+— E ht+1 t+1 (Ae), fiy )bt+1 )
lo=1

L
: 1 ) el i
= min —ZQ()\tQAij),ft()a3t+(>\t)(£1’))a

X1<AY) x>0 =
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where
AP () = AP = N1,

D = (L= @) £ + 2y (By + So(A)) (500 (A) @) — (I - @) )

t+1
+ [En - En(zn + Ev(}‘t))_lzn]lﬂeé&)a

bgillvf%i) —c+ th(illlmi) + Ei/Qsz(fz)’

$0e(A) ) = (I = @) f) + (B + Zy(A))el.
Denote the optimal value as ht(AEj ), t(i)) and the optimizer as A;(Aij ), t(i)).
4) Approximate the functions hy(Ay, fi) and X;(Ay, fi) by linear interpolation. Set t =t — 1.

5) When t =0, stop the computation. When t > 0, go back to step 2.

In step 3 of Algorithm [[II.1} the objective of the optimization problem is not a simple

. : . . . . l
summation over all simulated random variables. For a given realization of eg 1), we can compute

the gradient of function g(A; Agj ), t(i), 814 (X)) with respect to A, and apply the stochastic
gradient decent method to solve the optimization problem. Please note that the complexity of

Algorithm [III.1| does not grow exponentially with respect to period 7.

IV. APPLICATION IN DYNAMIC MEAN-VARIANCE PORTFOLIO SELECTION

In this section, we explore an application of our findings in the context of dynamic portfolio
selection and consider a discrete-time mean-variance model with limited attention allocation. In
this model, the investor’s objective is to minimize the variance of the terminal wealth z; while
ensuring that the expected terminal wealth achieves a target value d > pyx, where a;.1 > 1 is

the total return of a risk-free investment at period ¢ and p; = ng_tl (g1, 1.€.,

min Varo(xT)
eue Yot

S.t. Eo [xT] = d,

(x4, A, Ay, uyy ) obey constraints of (Pac),

where Varg(zr) denotes the variance of the terminal wealth. Following [10], we introduce the

Lagrangian multiplier 2 for the constraint of expected terminal wealth, define v, = x;, — (d —

March 28, 2024 DRAFT



13

1)p; *, and obtain the auxiliary problem as follows,

(A, min - Elyz] — p°

At ur by
st (Ye, A, Ay, uyy ) obey constraints of (Pac).
Then, based on strong duality, we can solve the dynamic mean-variance problem (MV') by

optimizing the objective function of (4,,) over the set {u|u € R}.

Theorem IV.1. Under the assumption that Er_1)4[br] # 0, the optimal portfolio policy and

optimal attention allocation policy are given by

uy, (2o, Ar, fry 84 (A]))
= — B [hesa (Mg, Frn) b ] B fheg (Mg, Frp)bea]age (z — po(d — i), (3)
A:(Ata ft)

= argmin a?+1Et [Et+[ht+1<At+17 ft+1)] - Et+[ht+1<At+17 ft+1)b;+1]

A 1<AL A >0
- By [hera(Aesa, Frrn)bepabl ] B [hea (Aesa, Fron) bl ], “)

where hi(A\y, fi) represents the optimal objective value of the optimization problem and

ho (Ao, fo)(pozo—d)
pg—ho(Mo,fo)

hr(Ar, fr) = 1, and the optimal multiplier j1* = . The efficient frontier is given

as follows,

ho(Ao, fo)(Eolzr] — poxo)?
P(Q)—ho(onfo) ,

Proof. The auxiliary problem is a particular linear quadratic control system with limited

Val"[)(ZET) = E()[ZET] Z Poxo-

attention allocation. With the help of the results in Theorem we only need to compute
the optimal Lagrangian multiplier ;* according to

pt = arg max {ho(Ao, fo)(zo — pg ' (d — p)* — p*}.
ne

As Eqr_1y4[brblp]™t = 0 and Eqp_1);[br] # 0, we have hy_i(Ar_1, fr—1) < aF_,. With the

help of Ey i [hy1(Avs1, fre1)birab, )71 = 0, we further have h,(Ay, f:) < p7. Thus, the optimal
. BT * i % — ho(Aofo)(pozo—d)

Lagrangian multiplier p* is pu* = 72—ho (Ao o)

level achieved by optimal portfolio policy is

. Moreover, the variance of the terminal wealth

ho(A —d)?
Varo(xT) _ ho(/\(),fo) (330 _ P81d+/351/i*)2 _ (M*)2 _ o(p%oa_f(])l)o(gziofo) ) ,
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which provides the mean-variance efficient frontier by changing d into Ey[zr]. U

In our empirical analysis, we utilize data from the U.S. market obtained from Kenneth R.
French’s data library website. The dataset comprises monthly returns of the Fama-French three
factors, denoted as f; = (M KT;, SM B;, HM L)', and the monthly returns of U.S. five industry
portfolios, including Cnsmr (C), Manuf (Ma), HiTec (Hi), Hlth (HI), and Other (O), represented
as by = (bot, basat, bie, brie, bo ). We set a1 equal to the average total return of a risk-free
investment, 1.0036.

In our analysis, we make the assumption that the efficiency parameters of the decision maker’s
information processing of the Fama-French three factors are all equal to 0.69, i.e., Oy xr =
Osmig = Ogmr = 0.69E] Under the parameter setting, we consider a three-month mean-variance
model with limited attention allocation. The initial attention resource is Ay = 3. As the optimal
portfolio policy is analytical, we mainly focus on investigating the optimal attention allocation
policy. Applying Algorithm we compute the optimal attention allocation policy, AJ(Ay, f;)
for t =0,1,2, with 13 x 7 x 7 x 7 grid points.

We first discuss the optimal attention allocation among different periods. Figure [2| shows
the total optimal attention allocation 1’A; in different cases of factors and different periods.
Case 1 to case 4 correspond to four different settings for the factors f;: (0.005,0.002,0.003),
(—0.127,0.002,0.003)", (—0.127, —0.091, 0.003)’, (—0.127, —0.091, —0.081)’ Based on the to-
tal optimal attention allocation for period 1 in the four cases of each column, we can observe
an interesting pattern. When the values of the factors are extreme values, particularly in Case 4
where the market state is three standard deviations below the mean for each factor, the mean-
reverting effect of the factors may generate relatively accurate estimations of the future factor.
As a result, the investors tend to allocate less attention resource to learn the factors. The total
optimal attention allocation for period 2 in the four cases of each row confirm the finding. In
the last period, the decision maker faces a critical choice as there is no future period to allocate

attention to. As a result, the decision maker may opt to use all the remaining attention resource

2When the decision maker uses 1 unit attention resource to learn a factor, the conditional variance of the factor under Fit

is half of the conditional variance of the factor under F;.

3(0.005, 0.002, 0.003)" is the mean of f;, and (—0.127, —0.091, —0.081)’ is the mean minus three times the standard deviation

of f. for each factor. The cases with positive extreme values have the similar pattern, which are not reported in the paper.
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available to make the most informed investment decisions in the current period, which leads
to lower total optimal attention allocation for the left and top cases compared to the right and

bottom cases.

case 1 of f; case 2 of fy case 3 of f, case 4 of f,

case 1 of fo

0.5 0.5 0.5 0.5

0 0 0 0

1 2 3 1 2 3 1 2 3 1 2 3
1.5 1.5 1.5 1.5

case 2 of fo

0.5 0.5 0.5 0.5

0 0 0 0

1 2 3 1 2 3 1 2 3 1 2 3
1.5 1.5 1.5 1.5

case 3 of fo

0.5 0.5 0.5 0.5

0 0 0 0

1 2 3 1 2 3 1 2 3 1 2 3
1.5 1.5 1.5 1.5

case 4 of fy

—_
N
w
-
N
w
—
N
w
—
N
w

period

Fig. 2. The total optimal attention allocation in different cases of factors and different periods

Next, we examine optimal attention allocation among factors in Figure 3] when f, and f;
are both from Case 1. Each curve in the plot represents the allocation in different factors over
three periods. Investors prioritize attention on MKT and HML factors. Although the first and
second periods face the same factors, their allocations differ due to varying resource availability
and future opportunities. In the last period, with no future opportunities, investors solely focus
on the single-period problem. The figure reveals how investors strategically allocate attention,
considering market conditions, resource availability, and future opportunities, influencing their
decisions over multiple time periods.

Finally, during the out-of-sample period from Jan. 2008 to Dec. 2017, we apply a rolling

window scheme to estimate parameters and conduct three months mean-variance portfolio se-
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Fig. 3. The optimal attention allocation among different factors

lection with limited attention allocation. This results in 118 terminal wealth values. Without
attention allocation, the average terminal wealth is 1.0648 (standard deviation: 0.2177, Sharpe
ratio: 0.2477). With attention allocation, the average terminal wealth improves to 1.0848 (standard
deviation: 0.2694, Sharpe ratio: 0.2744), a 10.8% boost in the Sharpe ratio. The strategy’s superior

risk-adjusted returns highlight its ability to make more informed investment decisions.

V. CONCLUSION

This paper introduces limited attention allocation into the classical linear quadratic control
problem. The model allows strategic resource allocation, improving randomness estimations. We
derive explicit optimal control and a numerical method for attention allocation. Empirical analysis
extends the model to dynamic portfolio selection, showcasing effective resource allocation over
time and factors. Attention allocation significantly enhances decision-making and risk-adjusted

performance. The study provides valuable insights into the importance of limited attention
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allocation in decision-making processes.

Our model can be extended for real-world application. We can replace the abstract white noise
setting with concrete signal generation based on factor timing literature, enhancing applicability.
The decision maker can also allocate resources using optimal weights from pre-given prediction
models, providing flexibility beyond factor attention. These extensions improve the model’s

practical relevance and empower investors to make informed decisions in diverse scenarios.
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