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PHASE TRANSITION IN THE EM SCHEME OF AN SDE
DRIVEN BY «o-STABLE NOISES WITH « € (0, 2]

YU WANG, YIMIN XIAO, AND LIHU XU

ABSTRACT. We study in this paper the EM scheme for a family of well-posed
critical SDEs with the drift —xlog(1 + |z|) and a-stable noises. Specifically, we
find that when the SDE is driven by a rotationally symmetric a-stable processes
with @ = 2 (i.e. Brownian motion), the EM scheme is bounded in the L? sense
uniformly w.r.t. the time. In contrast, if the SDE is driven by a rotationally
symmetric a-stable process with a € (0,2), all the -th moments, with 8 € (0, «),
of the EM scheme blow up. This demonstrates a phase transition phenomenon as
a1 2. We verify our results by simulations.
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1. INTRODUCTION

The following stochastic differential equation (SDE) on R¢ has been extensively
studied for several decades:

(1.1) dX; = f(Xy) dt + g(X¢)dL, , X = 0,

where 7 € RY, f : R — R?, g : R? — R4 gatisfy certain regularity conditions,
and the process (L, t > 0) is a d-dimensional, rotationally invariant a-stable Lévy
process with a € (0,2]. We refer to the books [1, 36, 38] for systematic accounts on
SDEs driven by Lévy processes and to [2, 3, 5, 6, 7, &, 16, 17, 19,20, 30, 10, 18, 10]
for more recent developments.

The Euler-Maruyama (EM) scheme of SDE (1.1) has also been studied by many
authors, see [29, 30, 22, 41, 13,42, 14,39, 32,4, 33]. In particular, when f is Lipschitz

and ¢ is bounded Lipschitz, by a standard method for proving the existence and

Date: March 28, 2024.
Key words and phrases. Euler-Maruyama scheme; Phase transition; Stable processes, Stochastic
Differential Equations (SDEs); Divergence.
1



2 Y. WANG, Y. XIAO, AND L. XU

uniqueness of SDE’s strong solution, it can be shown that the EM scheme in a finite
time interval [0, T strongly converges to (1.1), see for instance [20, 35, 1, 38, 30].

It is well known that, even though a (stochastic) dynamics system is well posed, its
numerical schemes may blow up, see [29, 30, 24, 23, &8]. In particular, for SDE (1.1)
with a Brownian motion noise, i.e., o = 2, if the drift coefficient f is a polynomial like
—z|z|? with # > 0, it has a unique strong solution with finite exponential moment.
In contrast, its EM scheme has a blowing-up LP(P) norm with p > 1 as the step size
n — 0, see for instance [24, 23, 25]. When the driven noise is an a-stable process with
a € (0,2), due to the heavy tailed property of stable distribution, one may expect
that the corresponding EM scheme will blow up. One of the main motivation of the
present paper is to verify this conjecture.

In this paper, we shall mainly consider SDE (1.1) with a special non-Lipschitz drift
—xlog(1+|x]), which lies at the boundary between the cases —x|x|® and —z. To the
best of our knowledge, the behavior of the EM scheme has not been studied. Our
main results, Theorems 1.1-1.3, show that the EM scheme is uniformly bounded for
a = 2, but blows up for a € (0,2). This demonstrates a phase transition as a 1 2.

1.1. The drift —zlog(l + |z|]) and a € (0,2]: phase transition. In order to
demonstrate our idea, we assume for simplicity that g(x) = I; with I; being d x d
identity matrix. We expect that our results can be extended to the case in which g
is bounded Lipschitz and nondegenerate.

Let us consider the following SDE on R%:

(12) dXt = _Xt log(l + ’Xt’) dt + st s XO = Xy,

where L, is a d-dimensional rotationally symmetric a-stable Lévy process with a €
(0,2]. Thanks to the dissipation of the drift term, we can show by a standard method
that SDE (1.2) admits a unique strong solution, see Appendix 6 below.

The Euler-Maruyama (EM) scheme of SDE (1.2) is give by: for k € Z,

(1.3) Yigr = Yo — nYilog(1 + [Yi|) + (Lk1yn — Lin), Yo = o,

where 17 > 0 is the step size. We shall show that for a € (0, 2), the above EM scheme
(Y,,,n > 1) blows up in L?(P) for any 8 € (0,2) as n — 0; while for a = 2, i.e. L;
is a standard d-dimensional Brownian motion, (Y;,,n > 1) is uniformly bounded in
L?*(P). This demonstrates a phase transition as o 1 2.

We start with the following theorem for the case of a@ = 2.

Theorem 1.1. Consider the EM scheme (1.3) with o = 2, i.e. the driven noise
1s Brownian motion. Then, for any fived initial value xq, there exist constants
no < min{(1 + |zo|)"%,e7°} and C > 0 such that for all n € (0,n),

(1.4) supE|Y,,|> < C.

m>=0

Next we consider the case a € (0,2), in which (L;,t > 0) is a rotationally sym-
metric a-stable process, which will be denoted by (Z;,t > 0). We refer to [37]
for comprehensive account on Lévy processes, stable and more generally, infinitely
divisible distributions. See also [16, 31, 28] for more recent developments.
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It is known (cf. e.g., [37, Theorem 14.3] or [10, 27]) that the Lévy measure v of
the process (Z;,t > 0) is
Caa
v(dz) = —22 {z,

o ‘Z|d+a

where constant Cy, is given by

F((d+04)/2)

_ a—1 —% .
(1.5) Cd,a = a2 ™ —F(l _ a/?) .

Even though, for a general a € (0,2), the transition density function p,(¢,z) of
the a-stable processes (Z;,t > 0) does not have an explicit expression, many of its
analytic or asymptotic properties have been known. In particular, it follows from
[9, Theorem 2.1] that p,(t, z) satisfies

t t
1.6 K(d,o)™! < palt,z) < K(d, ,
(1.6) (d, @) (t/a ¢ [a])@+a Pa(t, @) ( a)(tl/a+|$|)d+o¢

r € R,

where K (d,«) > 1 is a constant depending on d and a.
By the Lévy-1t6 decomposition (cf. [37, Chapter 4] or [1, Chapter 2]), there exists
a Poisson random measure P(dt, dz) such that

dz; = / zP(dt, dz) +/ z]g(dt, dz),
{lz|>1} {|z|<1}

where P(dt, dz) = P(dt, dz) — dt v(dz) is the compensated Poisson random mea-
sure. Due to the lack of explicit representation for the probability density of the
a-stable noise Z(,41), — Zny,, the numerical simulation becomes complicated and
computationally expensive. Hence, one often does not use the scheme (1.3) directly
in practice, see [34, 12] for further discussions. Since the a-stable distribution and
the Pareto distribution with parameter a have the same tail behavior and the stable
central limit theorem (see, e.g. [15, 21]), we can replace the stable noise Z(, 11y, — Zny
with i.i.d. random variables with the Pareto distribution. More precisely, for any
fixed time T" > 0, the EM approximation for the SDE (1.2), denoted by mappings

Yy : Q — RY, is given by
- - - N 1 N
(1.7) Vi1 = Yi — Y} log (1 + ‘YkD + ;nl/aZk-i-l; Yy = xy,

for all k € {0,1,...,n— 1}, n € N, where 0* = a/(s4-1Cy) with Cy, defined by
(1.5), {Zk, k =1,2,...} is a sequence of i.i.d. Pareto-distributed random variables,
and the density function p(z) of the Pareto distribution is given by

(1.8) p(z) =

a

—— 1. .

Sd—1|z[atd a2l

Here, sq_; = 212/ I'(£) represents the surface area of the unit sphere S*~! C R?.
The following theorem describes the limiting behavior of the EM schemes (1.3)

and (1.7) when a € (0,2). In Theorems 1.2 and 1.3, k, and 4, are the constants,

depending on «, given in Lemmas 2.2 and 2.3 below.

Theorem 1.2. Let a € (0,2), B € (0,a), T € (0,00) be constants and let n = L be
the step size.
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(i) For the EM scheme (1.3), define K| = 2(e®*/? +-2)/T. We assume that T and
n are large enough such that
T 0o — logd,

—<1, K<

- P ™ > |zo| (1 + log(1 + |zo)).

Then, there exist a constant C > 0 and a sequence of non-empty events 2, C €,
n € N with

Ce—omKl

P(Q,) >
(E2n) nor

and |Y,(w)| = exp {nKl + (n— 1)%&}

for all w € Q,, and all n € N large enough. Consequently, we have

lim E|Y,|” = co.
n—00
(ii) For the EM scheme (1.7), define Ky = 2(e®e/# +2/0)/T. We assume that T
and n are large enough such that
T Ko — log Ky

E < 1, Ky < W, enK2 = ’$0| (1 +10g(1 + |Z‘0|))
Then, there exist a constant C > 0 and a sequence of non-empty events ﬁn C Q,
n € N with
- C —ank> . o
P(Q,) > = and |V (w)| = exp {nK2 + (n — 1)%}
NnKY

for all w € Q, and alln € N large enough. Consequently, we have

lim E|§7n’5 = 00.

n—oo
1.2. The polynomial growth drift and « € (0,2): blow up. By the same
method for showing Theorem 1.2, we can also prove that the EM scheme of SDE
(1.1) blows up if the drift has a p-order polynomial growth with p > 1. More
precisely, we assume that f(x) and g(x) in SDE (1.1) satisfy the following condition:
There exist constants v > A > 1 and H > 1 such that

(A)  max{|f(z)],|g(=)]} = %\xlva and , min{| f(2)|, |g(=)|} < H |2

for all |z| > H.

Assumption (A) is similar to the condition in [24, Theorem 1]. The EM scheme
of the corresponding SDE is
(1.9) Vi1 = Yo +0f (Vi) + 9(Ya) (Zs1yy — Zin), Yo = o,
with step size n = % and k € {0,1,...,n — 1}. In practice, it is easier to consider

the following EM scheme:
~ ~ ~ 1 ~ o~ ~
(1.10) Vigr =Y +0f (Ye) + ;nl/ag<Yk)Zk+la Yo = o,

where {Zk, k=1,2,...} are i.i.d. Pareto distributed random variables.
The following theorem shows that for any 7' > 0, both EM schemes (1.9) and
(1.10) blow up as n — 0.
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Theorem 1.3. Consider SDE (1.1) under the assumption that L; is a standard
d-dimensional rotationally invariant a-stable process with o € (0,2). We assume
that (A) holds and g(zo) # 0. Let T > 0 be an arbitrary number and n = L. Then,
there exists a constant ¢ > 1 such that
(i) for the standard EM scheme (1.9), there exists a sequence of non-empty events
Q, C Q, n €N such that P(Q,) > en ¢6;". Furthermore, |Y,(w)| = 22" for all
w € Q, and all n € N; N
(ii) for the EM scheme (1.10), there exists a sequence of non-empty events Q, C Q,
n € N such that P(2,) > en~°k;". Furthermore, |Y,(w)| > 22" for all w € Q,
and all n € N.
Consequently, for any 5 € (0, ), we have
lim E|Y,|” =00, and, lim E’f/n}ﬁ = 0.
n—o0 n—o0
The structure of this paper is outlined as follows: We introduce some useful
auxiliary lemmas in the following section. In Section 3, we will prove Theorem 1.1.
The proofs of Theorems 1.2 and 1.3 are presented in Section 4. In Section 5, we
provide numerical simulations that illustrate the convergence and divergence of EM

schemes for d = 1. Finally, in Appendix 6, we establish the existence and uniqueness
of the strong solution of SDE (1.2).

2. PRELIMINARY AND AUXILIARY LEMMAS

To prove Theorem 1.1, we will make use of the following lemmas. Since the proof
of Lemma 2.1 is elementary, it is omitted.

Lemma 2.1. If N follows a standard Gaussian distribution, then for any constants
b>a >0, there exists a constant C' such that

N

(2.1) Pla < |N|<b) <C(b—a)e 7.
As for the Pareto distribution with parameter o € (0,2), we have the following
lemma.

Lemma 2.2. Suppose that random vector 7.0 —Re satisfies Pareto distribution,
then for all z € (1,00) we have
~ 1
(2.2) P(Z] 2 2) = —
ZOC
and there exists a constant Kk, > 1 such that

2.3 P(z < |Z| < 22) = :
(2.3 C<lZl<2) - —
where constant Kk, = 2%/(2% — 1) which only depends on «.

Proof of Lemma 2.2. For all z € (1,00), and « € (0,2), we have

. o] d—1 1 1
P(|Z| >z):/ %dr/ S =—.

Similarly, we have

Taking k. = 2%/(2* — 1) gives (2.3). O
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In addition, thanks to inequality (1.6), we also have the following lemma.

Lemma 2.3. Let Z : Q — R? be a standard d-dimensional rotationally invariant
a-stable distribution with o € (0,2). Then for all z € (1,00), we have

Sd—1 1
2.4 PlZ|=22) 2 —r s —,
(2.4) (121> z) 20t K (d, o) 2
and there exists a constant 6, > 1 depending on d and « such that for all z € (1,00),

1
002%

(2.5) P(z

N

7] < 22) >

where §, = 2-"aK(da) (1- 2%)_1 with sq—1 = QW%/F(%I>, and K(d,«) is in (1.6).

Sd—1

Proof. 2.3 The proof is analogous to that of Lemma 2.2. For all z € (1,00), by
applying inequality (1.6), we obtain

1 dz
P(|Z] > 2) > _/ _ode
121222 Taay ) T el

Sd—1  dr Sd—1
> — .
20+ K (d,«) J, rotl  2dreqK(d o) 2¢

where the second inequality is due to |z| > z > 1. Similarly,

e 1\ 1 1
P<|Z|<22) 2 oo (152 ) — = .
(<12l < %) 24+ K (d, a) ( 20‘) 29 0p2%

We complete the proof. O

3. EM SCHEME IN THE CASE OF o = 2

In this section, we prove Theorem 1.1. It is easy to see that the EM scheme of
(1.2) can be written as

(31) Yk—i—l :Yk—Yklog(l—l—|Yk|)7]—|—\/ﬁNk_H, YE):IQ, ]{3:0,1,2,...,

where { Ny, k > 1} represents a sequence of i.i.d. standard Gaussian random vari-
ables and, for each & > 0, Ny is independent of (Y}, j < k).

Proof of Theorem 1.1. Let n € N be arbitrary. Denote

Ay = {w €Q: sup |Ny(w)| € [0, [logn|?) }

1<m<n

We make the following claim, whose proof will be postponed.

(3.2) sup [Viu(w)] < 2 [logn|?,  w € A,

1<m<n

and, for all p > 2, there exists a constant C), such that

(3.3) E { sup ]Ym|p]1A8} < G,

1<m<n
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Let us prove (1.4) first. It follows from (3.2) and (3.3) that
E [|Y;n]*log? (1 + Yol )]
=E [|V;n log® (1 + |Yu| ) La] + E [|Yin|* log® (1 + [V ) Lag]
<log® (147 logn* ) E|Y,a|* + C
< Alogn’E Y| + C.

where C' can be taken as C, in (3.3) with p = 3, and the last inequality is by
147072 [logn|* < n? for n < . On the other hand,

(3.4)

(3.5) > E[|Yn* Ly >2}]
Z

By (3.1), (3.4) and (3.5), we see that for all 0 < m <n andn < e,
E|Yiuii|? = E|Yn|? — 20E [|[Via|*log(1 + Yo |)] + dn + 7°E [[Vo|* log® (1 + || )]
<E|Y, = 20E |V [*] + (d+ 8)n + 77 [4 [logn|*E |V, |* + C]
< [1 =20+ 49 [logn* |E Yo |* + Cn
<eE[Y,[*+Cn
m—+1

e~ (m+1)n |x0|2 +C Z ne(k—(mﬂ))n
k=1

N

) (m+1)n )
< |zol” + Ce_(m+1)”/ e’ dx < |zol” + C.
0

Since n € N is arbitrary, (1.4) in Theorem 1.1 clearly holds true.
It remains to show (3.2) and (3.3). For proving (3.2), let mp = min{l < m < n:
Yyl > 1712 |logn|*} and consider
(36) Yoo = mo—l(l - 7710g(1 + |Ym0—1‘)) + \/T_}NmO'
It is easy to check that as n <e™®
nlog (140" lognl*) < 1.

Since |zo] < 72, (3.2) holds for m = 0. If 2|V, 1| < 772 |logn|?, then it follows
from (3.6) that for every w € A,

1 _ -
Yono| < 5~ [lognf” + /7 flognl” < 0~/ log nf”
If 2|Y,0-1] > n7'/%(|log nl® ), due the definition of myg, we have
|Ymo| < |Ymo—1| (1 - 7710g(1 + |Ymo—1|)) + \/ﬁleo|

< 2 logn|? [1 —nlog (147 [logn|? /2)} + /1 log n|”

< |lognl?.

1/2

The last inequality follows from 5~ /2 [logn|* > 2e for all n < e~2. Hence, mq doesn’t

exist and claim (3.2) holds.
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In order to prove (3.3), we split A§ into the following disjoint events:

Ay ={we: sw [Nyw) € [llognl ) }:

1<m<n

Ay = {w €Q: sup |Np(w)| € [(k—1n " knt) }, 2<k< [eﬁ} =: ko;

1<m<n

By,

weN: sup |Ny(w)l e k’n_leﬁ, (k + l)n_leﬁ , 1<k <oo.
{ | )}

1<m<n

Firstly, under |Yp| = |zo| < 172, we verify that for every 1 < k < (eﬁw,

k
(3.7) 12nulzn|Ym(w)| < el w € A
Even though this is similar to the proof of (3.2), we still give the detail here for
1
completeness. Notice that nlog (1 + k/(2n)) < nlog (1 + (e? +1)/(2n)) < 1. Let
mo = min{l < m < n: Y| > (k+1)/n}. If 2|V, _1| < kn~2, then, due to
5 1
n g € < 29

k k

SRRV A

|Ym0| < |Ymo—1| + \/ﬁ|Nmo| <

E

On the other hand, if 2 |Y,,,_1| > kn~2, then
Yool < [Yinoa| (1= nlog(1 + k/(20*%))) + /11| Nono|
k k

173/2(1 _77) + % < W7

where the second inequality comes from the definition of my and 1 < 273, Hence,
mg doesn’t exist and the claim (3.7) holds. Besides, Lemma 2.1 yields that

<

|log 1| 1

1 2
P(A)) < C (— _ |10g77|2) oloenl/2 ¢ oottt
n

1 _(*-1? C _x-1? 1
P(Ar) <Cn--e 2* < —e 22, V2<k< [ex].
n n

It follows that for any p > 1, there is some positive constant C not depending on
1 such that

ko E Y p]l < O |108§"7‘ 1 >
Z sup | m‘ A | X /’73[)/2 : D Z 3p/2

1 o<m<n

(k 1)2

k 37;;_’_2 1/ E\2
(3.8) <C+ QPCZ <—) o 3(%)
1 N\
<C+ 2”0/ y%+2e_7 dy < Cz,v
B

Here the second inequality holds since one can find n < e~ P2 such that ‘log nl _
2£2 > 0 and the fact (k+ 1)? < (2k)? for any k > 1 and any fixed p > 1. Be&des
fz 29e7%°/2 4z < o for any q,z > 0 yields the last inequality.
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1

On the event By, due to EM scheme (3.1) and |Yy| = |z¢| < n~ 2, we have

2k+1) o
VL < %) (14 mlog(1+ ) + v 8] < 285 Deds
V1
where the last inequality comes from 7]_% + /nlog(1 + 77_%) < n_%e%v as n <
Furthermore, for |Y3| we have
Y| < V1] (1 +nlog(1 + V1)) + /0| Vo]

2(k+1 1 E+1) 2
v v

<[2(k+1)2+ (k+1)]

[y

<

1
e2n

Vi

Hence, by induction, we obtain that for each k > 1,

(3.9) |Vl < [2(k+ 1™+ (k+1)™ 4 (k+1)] \;ﬁe = e

Hence, due to a,, < 2m(k+ 1)™ and n = O(2), we have

2C T 1
n3/2(k+1)"

e2n

sup V| <

1<m<n
Besides, applying Lemma 2.1 again,
2
P(By) < e 33y
n

Due to similar argument (3.8) for any p > 1, there exists a constant C, not depending
on 7 such that

opCp+l X2 2
(3.10) ZE[ o ol ILB’“} S o (b et 0 <o
1 o<m<n 1

In sum, equations (3.8) and (3.10)yield that there exists a constant C, not de-
pending on 7 such that

E | sup |Y,,|P1 ¢ E| sup |YulPla | +Y E| sup |V, 15 | <C,,
|:1<mlin ’ ‘ A :| Z |:O<mlin| | Ak‘| Z |:0<mI<)n| ‘ Bk:| b

that is, (3.3) holds. And we complete the proof. O

4. EM SCHEME IN THE CASE OF « € (0,2)

In this section, we prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. We only prove Part (ii) of the theorem in detail, since Part
(i) can be shown in a similar way by replacing the estimates in Lemma 2.2 with the
ones in Lemma 2.3.

Recall the formulations of (1.7):

~ - _ _ 1 N N
Yir1 = Yi — nYi log (1 + ‘Yk|> + gﬁl/aZk;Jrl, Yy = x0,
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where 1 = % for all £k =,0,1,...,n — 1, and the definition of K5 in the theorem:

2 2
KQZT(GHQ//B‘F;),

for any fixed time T" > 0, where &, is given in Lemma 2.2. Due to n = % < 1, it is
easy to check that

2(1 + 77) 771/04

4.1 nKy —
() - niia -

4
—1=2er/B _ 14 —(1— 771/a) > efie/B,
g

We will apply this equation repeatedly. Consider a sequence of events ﬁn C Q,
n € N, defined by

Q, = {wGQ ’ }ZAM)‘ ell4+n2+2n, Vk=2,--+ ,n;
(4.2)

77l/oz

‘Z(CU)‘ > |zl (1 +log(1 + |zol)) + exp{an}}.

o

For all w € ﬁn, we verify by induction that the following holds:

(4.3) ’?m(w)‘ >exp{%(m—l)+nK2}, Vm=1,...,n.
If m = 1, the triangle inequality yields that
~ la _
[Vi(w)| = |z — zolog(1 + |o]) + —Z1(w)|
nl/a .
> | Z1(w)| = o] (1 +log(1 + |2o])) > exp{nKa}.

When m = 2, we have

~ ~ ~ Vo _ ~
Fa(@)| > nfTi(w)|Tog (14 [Fi(@)]) = == Za(w)| - [Ti(w)]

aN

> )] - [ntos ([Fst)]) - L1 Zatw)] -1

o
201 .
> exp{nks} - {n-nKQ— %nl/o‘—l} >exp{%—l—an}.

The second inequality is a consequence to ‘ﬁ(w){ > 1. And the third inequality
arises from ‘}Z(w)| > "2 and ‘Z(w)| < 2(1+n) for all w € Q,,. The last inequality
follows from (4.1). Therefore, (4.3) holds for m = 2.

For the induction step & — k + 1, we assume that (4.3) holds for ¢ =1,--- [ k. In
particular, !E(w)‘ > exp{nKy} > 1forall{=1,--- kand all w € Q.. Analogous
with the case of m = 2, we have

~ ~ ~ a ~
[Fira ()] = n[Ti(@)] log (1 + |Ve(w)]) = T~ Zesa(@)]| = [Falw)|

> [Vi(w)|- {Ulog (!?k(w)D - ;}Zkﬂrl(w)’ - 1}
>exp{%(k:—l)+nK2}- [n-an— 2 1/a(1+n)—1]
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Ra
2 exp gk’ + an .

The third inequality arises from }?k(wﬂ 2 exp{*(k — 1) + nK>} and }Zkﬂ(w)’ <

2(1+n) for all w € Q. The last inequality follows from inequality (4.1). Therefore,
claim (4.3) holds. In particular, for all n € N,

(4.4) |V (w)] 2exp{(n—1)%+nf(2}, Vwe Q.

Next, we establish a lower bound for the probability of ﬁn by using Lemma 2.2.
Firstly, we have

P (%1 ‘Z(u))’ > |z (1 +log(1 + |x0|)) + exp {nK2}>

> % : <|900| (1 +log(1 + |zol)) + exp {nKz»})

T .<\xo|a (1 + log(1 + |o]))”

=

20 exp{anKs}

-1
1

+ 1) - —exp{—anks},
n

where the last inequality comes from (a + b)* < 2(a® + b%) for all a,b > 0 and
a € (0,2). Besides, Lemma 2.2 also yields that for all k =2,... n,

P(|Zk(w)] €l —|—77,2—|—277]) > %(1—1—77)_0‘.

(e}

Thus, combining condition €™*2 > |zo| (1 + log(1 + |zo|)) for sufficiently large n,

~ T 1 1 T —an —anKs
45 B > e (cankah o (140) s C
4o n KD n nKy

holds for some constant C' > 0 independent of n. Hence, combining equation (4.4)
with (4.5) leads to

E|[%[°] > E |[%:15,] = (@) - exp {a(n 1) + Bnko}
- c (exp{ﬁKg + Ko — ong})n

n

Ra

Condition Ky < (kq — log ka)/(a — 3) implies efEztra—akz 5 = Consequently, we
can obtain that

(4.6) lim E‘?n‘ﬁ =00, Vpe(0,a).

n—oo
The proof is completed. U

Next, we prove Theorem 1.3.

Proof of Theorem 1.3. Again, we only provide a proof for Part (ii) and omit details
for proving Part (i). Recall (1.10) and that that functions f and g satisfy Assumption
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(A). For all n € N, define r,, as

2 X

Ty 1= max{2,H, (g—l—ﬁ(l—i—n)nl/“) A,
n no

(4.7) N
<0H(2 + Hn) (1 + 'r])_l?fé) o } € [2,00).

where n = % The third term of the right hand side ensures that

N yar s g 2 g
(43) L 224+ = (L4m)ne,
and the last term ensures
1
(4.9) 1+ mner? > 2+ Hy.

Both equations will be used below.
Since g(zg) # 0, there exists a constant M > 1 such that [g(zo)| > M~ and
|zo| + T | f(xo)] < M. And we consider the events €2, C 2 for all n € N defined as

Q, = {we O ‘ | Z(w)| € [L+m,2+20],VE=2,...,n;
(4.10)

nl/a

o

| Z, ()| >M(rn+M)}.

We claim that for every w € ﬁn and m € {1,2,--- ,n},
(4.11) Yo (w)| =X

n
By induction, in the base case m = 1, the triangle inequality leads to

1/a _
(@) Z:(w)|

|3~/1(W)‘ =|2o +nf(x0) +

1/

T] ~
Z > lg(zo)| | Z1(w)| = |zo| — 1| f (0)]

o M M

n (rn—i‘ )
> — > >
/MU|Zl(w)\ M > i M=,

which follows from the definition (1.10) of ¥; and (4.10) of Q,. For the induction
step m — m + 1, We assume that equation (4.11) holds for & € {1,2,--- ;m}. In

particular, we can obtain |V (w)| > r, = H > 1. Additionally, the EM scheme
(1.10) yields that

Ui

1/ . . ‘

Vo1 )] = V(@) + 1 (V) + L= (Vor()) Zoi1 )

1

> [0f (V@) + 29 (Voo ) Zins1 ()] = |Fon()|

(4.12) 1/a
Qmax{n‘f(?m(w)) , g(?m(w))‘ T/Zmﬂ(w) }
_ min{n ‘f(f/m(w)) , g(?m(w))‘ 7' §m+1(w) } — ‘?m(w)},
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where we have repeatedly used the triangle inequality. Since ‘Zm_i'_l(W)} €[14n,2+
2n] for all w € €2, we notice that

max (T o] |2 Zoa()| |
(4.13) ) Qe
> max {77 ’f(Ym(w)) S Ym<w)>)} ;
and
min {1 £(Fo)] o )| [ Zo )}
(4.14) 2<1 o
o] 2 ).

If a € (1,2), we have < (14 n)p'/* for SufﬁClently large n. By the definition of

]
2
o, we know that ¢ < 2 as o = 1. Thus < (1 +n)n if @ = 1. Consequently, it
follows from (4.12), (4.13) and (4.14) that for ae € [1,2),

Jo (V@) }
min { ‘f(f/m(w))

Tl = 2204 [T )]~ ()

Voo ()] — %(1 ) — 1}

Vi1 ()| >gmax{‘f(}7m(w))
~2(1 4 m)nte

H 1
—— @ +nn= -1
g

where the first inequality comes from Assumption (A) and the last inequality follows
from inequality (4.8). On that other hand, in the case of a € (0,1), we have
21+ n)n*/* < n for n large enough. Then, a similar argument leads to

A

9

" . X 1/
Foss)] > [Tl [

7“71_’\ — Hn — 1} > |}~/m(w)

where the last inequality follows from (4.9). Hence, the induction hypothesis yields
that for all « € (0, 2)

~ ~ m— A m
Vs (@)] = [V > () ="
This proves the claim (4.11). In particular, since 7, > 2, we obtain

(4.15) ’lN/n(w)| > =2 VweQ,, andneN

n
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Furthermore, by applying Lemma 2.2, we derive the following lower bound for the
probability of €,

,,71/04 -

P(€,) =P (

>P (!Zl} > wm’(@ e[+m2+2))]

> M(r, + M) ) H]P’(‘Zk‘ 1+n,2+2n])

“nkn oM (r, + M) n '

Thus, there exists a constant ¢ € (1,00) such that

(4.16) P(Q,) > en k"

for all sufficiently large n.
Combining equations (4.15) with (4.16) gives that for any 5 € (0, «)

lim E [‘Y | ] lim E [’Y }’8 } lim [ 5/\@-1)]
> lim (cn_cn;") LB
n—oo

= OQ.

For proving Part (i) of Theorem 1.3, we can employ a similar approach to the EM
scheme . Define the parameter 7, as in (4.7) but without including the term o. We
consider a sequence of events €2,, defined by

anz{weg‘]Zk(w)}e[1+n,2+2n],Vk=2,...,n;
0| Zy (w)] = M(rn+M)}

Then, an argument similar to that for Part (ii) and Lemma 2.3 yield the desired
conclusion. The proof is completed. O

5. SIMULATIONS

In this section, we present some numerical simulations that illustrate the conver-
gence and divergence of EM scheme for d = 1.

Firstly, we consider SDE (1.2) with @ = 2 and the corresponding EM scheme
(3.1). We set the time interval ¢ € [0,7] with 7" = 10 and 100. For both time
intervals, we take initial values Yy of 1, 5 and 10 respectively. And set step size n
to 0.001 as T" = 10, and to 0.01 as T = 100. Besides, we set n = % = 10000 for
each case. More precisely, Figures 1 and 2 below illustrate the simulations of the
EM scheme for the second absolute moment E |Y;.C|2 over the range 0 < k£ < n with
iteration steps n = 10000 and initial values of Y, = 1, 5, and 10. In each figure, the
blue line corresponds to Yy = 1, the green to Yy = 5, and the red to Yy = 10.

Figures 1 and 2 indicate that {E|Y;|*,k < n} are bounded and has a clear
decreasing trend with respect to 0 < k < n for each initial value and step size.

For SDE (1.2) with « € (0,2) and the corresponding EM scheme (1.7), due to
the condition of K5 in the proof of Theorem 1.2, we choose T" = 100 here. And we

consider three cases, that is, « = 0.5,1.0, and 1.5. For each case, we let 8 be &, ¢
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Yis1=Yi = Yilog(1 + |Ye)n + ANk 41, 7= 0.0010, T=10.0 and n = 10000

1.5

1.5
initial value Yo
1.44

—_—Y=1 1.4

1.34 1.34
1.24 1.24
114 1.14
1.04 1.0
0.94 0.94
0.81 0.81

0.74 0.74

0.64 0.64

the second absolute moment E|Y,|?

o o o © © o =~ =~ =~ =~ -~ =

0.51 0.51

5 o o ~ ® © o = N w 5 o

- - - - - - 0.4 - - - - - 0.4 - - - - -
0 2000 4000 6000 8000 10000 2000 4000 6000 8000 10000 2000 4000 6000 8000 10000
interation step n interation step n interation step n

FIGURE 1. As T = 10, simulations values of the second absolute
moment I [Y;|* for the EM scheme (3.1) with initial Yy = 1,5, 10,
7 = 0.001 and iteration steps n = 10000, 0 < k < n.

Yi+1 =Yk = Yilog(1 +|Ye)n + yVANi+1,n=0.0100, T=100.0 and n=10000

1.1 1.1
initial value Yo
— Yo=1

1.1

1.04

0.91

0.84

0.74

0.64 0.61 0.61

0.54 0.54 0.54

the second absolute moment E|Y,|?

T T T T T T T T T T T 0.4 4 T T T T T
2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

interation step n interation step n interation step n

o4

FIGURE 2. As T = 100, simulations values of the second absolute
moment E [Y;|* for the EM scheme (3.1) with initial Yy = 1,5, 10,
1n = 0.01 and iteration steps n = 10000, 0 < k£ < n.

and 5. The simulated values of the S-th moment of EN/n in these cases are listed in
Tables 1, 2, and 3.

From Tables 1, 2, and 3, we observe that the simulated values of the absolute
moments of Y,, increase with respect to number of iteration n. In addition, they
suggest that, for smaller values of a € (0, 1), lager values of time 7" should be chosen
due to constant k, = (2%/(2* — 1)) in Lemma 2.2. Consequently, these tables
indicate that the behavior of the absolute §-th moment varies with respected to a
if we choose a fixed time T'.

6. APPENDIX: THE EXISTENCE AND UNIQUENESS OF STRONG SOLUTION

Since the diffusion coefficient function f(z) = —zlog(1l+ |z|) in SDE (1.2) is only
locally Lipschitz and satisfies the local growth condition in [!], Theorem 6.2.11 in
[1] implies that (1.2) has a unique local solution. The following theorem strengthens

this result by proving the existence and uniqueness of strong global solution of SDE
(1.2).
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TABLE 1. Simulated values of the absolute moment for the EM
scheme (1.7) with 7' = 100, « = 0.50 and n = {100, 105, 110, . . ., 145}.

n E|Y,|*/8 E|Y,,|*/4 E[Y,,|*/2
100 1.8 x 103 6.2 x 10% 3.8 x 10%
105 6.5 x 10'3 1.3 x 1028 4.7 x 10°7
110 2.8 x 10 3.0 x 10 3.6 x 10%
115 1.2 x 1015 5.4 x 10%° 1.6 x 103
120 5.5 x 101 1.3 x 1032 4.3 x 10%
125 2.4 x 1016 2.1 x 103 1.7 x 1098
130 1.1 x 10'7 4.5 x 1034 1.3 x 10™
135 1.5 x 108 00 00
140 00 00 00
145 00 00 00

TABLE 2. Simulated values of the absolute moment for the EM
scheme (1.7) with 7 = 100, & = 1.0 and n = {100, 105, 110, . .., 145}.

n E|Y,,|*/8 E|Y,,|*/4 E|Y,,|*/2
100 3.8 x 10%° 7.1 x 102 2.2 x 10109
105 7.7 x 102 1.5 x 10°° 2.3 x 10112
110 1.3 x 10?8 1.1 x 107 5,4 x 1017
115 2.7 x 10% 2.2 x 1089 2.7 x 10124
120 4.6 x 1039 1.3 x 1093 6.3 x 10128
125 9.2 x 1031 3.9 x 1065 1.2 x 1013
130 1.7 x 1033 2.9 x 1068 2.1 x 10141
135 2.9 x 10%* 3.7 x 107 1.9 x 1014
140 5.9 x 103 1.8 x 107 0
145 00 00 00

Theorem 6.1. SDE (1.2) has an unique strong global solution. Moreover, if o = 2,
we have

E|X;]* <oco, Vt>0;
if a € (0,2), then for every g € (0, @),
E|X,)® <00, Vit>0.

By adopting the argument in [11, Section 1.6], we can show the theorem for the
case of & = 2. This argument can be extended to prove the theorem for the case
of o € (0,2). However, we have not been able to find a proof in the literature. For
completeness, we provide a proof of Theorem 6.1.
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TABLE 3. Simulated values of the absolute moment for the EM
scheme (1.7) with "= 100, a = 1.5 and n = {100, 105, 110, ..., 145}.

n E|Y,|*/8 E|Y,,|*/4 E[Y,,|*/2
100 8.7 x 1037 8.4 x 10™ 7.0 x 101%8
105 5.8 x 10% 5.6 x 1033 7.8 x 10168
110 3.9 x 104 3.7 x 10% 6.9 x 101™
115 2.7 x 10" 1.4 x 10% 2.1 x 10'82
120 2.9 x 101 6.0 x 1093 4.6 x 10192
125 1.9 x 10%7 2.4 x 10%7 1.8 x 102
130 3.3 x 10%° 4.8 x 1001 8.7 x 1027
135 4.7 x 10°! 7.2 x 10104 7.1 x 10?19
140 2.9 x 1073 2.5 x 10! 9.2 x 10?19
145 00 00 00

Since the coefficient function f(z) = —xlog(1 + |z|) is a local Lipschitz function,

For every n € N, we define the following truncated function f,(z) on R? by

—zlog(1 + |z]), | < n;
oy [eres e, s
—zlog(1 + n), |z| > n.

Proof. By the definition of f,,(z), it can been verified that f,(x) is a global Lipschitz
function with linear growth. Hence, [!, Theorem 6.2.3] implies that the SDE

(6.1) dXnt = fu(X,) dt + dLy
has a unique strong solution F},, and
Xo(t,x,w) = Fy(z,w)(t).
Define a stopping time 7, as
T, =inf{t > 0:|X,¢| > n}, n=>2
By the definition of f,(x), we have
(@, ful@)) = = |2[*log(1 + [2) Lo (|2]) = log(1 +n) |2]* Ln,00) (|2])
= —[a[*log(1 + |2]) (Lpe-1 (1)) + Le-nyn(|2])) = [2[* Lino0) (2])
< —lzf + 1.

In the case of a € (0,2), we define function V(z) : R — R as

Vi) = (1+[2)*, € (0,a)

Then we have

Bx
VVQ(!E) = (1 + ‘x|2)1,6/2 )
V2V5(l‘) o ﬁ ]d + B(/B - 2){L‘$/

WPy (L e
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where I, is the identity matrix in R%*?. Hence, for all z € R?, we have |z|” <
Va(z) <1+ |2/ and

IVVs()| < Blzl”", ||V*Va(x B(3— B)Vd.

s <

Besides, the following also holds for all z € R?

B (@, fule)
(1 + o Pyar2

(VVi(2), fulx)) = < —fVa(x) +28.

[t0’s formula yields that

wna»=vmm+A<V%< D1 ulXos)) ds

—|-/ /| [Vg(Xn’s + Z) - VB(Xn,s)] ﬁ( dS? dZ)
(62) ) z|<1
+/ A>Jm¢mﬁ+@_meMﬂPm&d@

Ca,qdzds
d4a

+/ /|z<1 Va(Xns + 2) = Va(Xos) = (VVB(Xs), 2)]

2|

Before estimating EV3(X,,+), we compute the following. If a € (1,2), we let
B € (1,a), then we have that for any z € R?

/Rd\{ﬂ} [Vs(z + 2) — V() — (VVa(), 2) Lo,1)(|2])] %

dsd dudsd
/ / (VVs(z + s2), Sd+i / / / (V*Vs(z + uz), 22 >HS udiaz
12121 !zl <1 ]
_ dz
<B/}ﬁmﬁW4+Vkam+ﬁ@—m¢3 2P
z|Z

d+a
-1
:5%q<mr 1 >+B@—M%1¢E

al<t 7]
Oz—1+a—ﬁ 22— a)

On the other hand, for a € (0,1], we use the inequality (a + b)? < a” + V%, where
p € (0,1) and a,b > 0, to derive

dz dz
[ Wilern-Va@l < [ [Lrlor s ol
221 || |2[21 2]

</ 1+|Z|Bd _ (ZQ_B)Sd—l.
|

z|>1 \Z|d+a a afa — B)

Thus, an argument similar to that for the case a € (1,2) implies that for o € (0, 1]
and S € (0, a),

L 42 = Valo) = (975, 2 B ()]

(200 = B)sar | BB —B)sa1Vd
S ala —f) T 22—a)
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By combining the above inequalities with equation (6.2), we obtain that

PVl Ent) _ g9V (X,0), Fu(X )
(6.3)  +C4.E /[R - [Va( Xt +2) = Vi(2) = (VVs(Xnr), 2) ﬂ(o,u(lzl)];%

B—1
< —BEV3(Xns) + 1 [EVa(Xng) 7 Lagy(@) + Lo ()] + e
< —C1EVa(Xot) + Cs,

where the first inequality follows from |z ™" < Vs(z)B=Y/5 as B > 1, the second
inequality from Holder’s inequality, and ¢y, ¢, C1, Cs are constants independent of ¢
and n. Hence, for any a € (0,2), the differential inequality (6.3) leads to

(6.4) EVs(Xni) < Va(mo)e M+ Cy/CL < C, V0.
Due to the definition of Vj(z), we know that
Va(Xnr,) 2 (n®+1)7,
then for any 7' > 0, (6.4) and Markov’s inequality lead to
(% +1)2P(7, < T) < E V(X7 ) Irncr] < C.

Let n — oo, we obtain

(NI

P(lim 7, <T) =0,
n—oo

This and the arbitrariness of T imply

(6.5) nh_}rxgo Ty, = 00.

As a result, (6.5) yields that Vo € R, ¢ > 0,
X(t,z,w) = lim X,(t,z,w)
n—oo
exists and is continuous with respect to (¢, x), which is a solution of SDE (1.2). On
the other hand, let X (¢) and Y'(¢) be solutions with the same initial value z. Define
Yo = inf{t : | X(t)| = n}, 0, =inf{t:|Y ()| >n}.

Then, we have

X (A O AE) — V(0 A B A L) = /Ot Fo(X (o A O A 5)) — Fu(Y (3 A O A 5)) ds,

which implies that
E[X (v A0y At) =Y (70 A Oy A1)

t
< ||fn||Lip/ E|X (3 A O A s) — Y (7 A O A 5)] ds.
0

Then by Gronwall’s inequality, we have that
E|X(y A0y At) =Y (1 A0, AL)| =0, Yit=0,

which implies that X (¢t) = Y(¢) on t < v, A 0,. Then, let n — oo, we have
Yn N\ b, — 00,a.s.. Hence, X (t) =Y (t),a.s. for all t > 0.

Finally, for the moment estimation, by the same argument for bounding EV3(X,, ),
we can establish that EV3(X;) < C for all ¢t > 0, where C' > 0 is a constant not
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depending on t. This implies that E|X,|” < EVs(X,) < C for all 8 € (0,) and
t > 0. This completes the proof. O
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