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LIPSCHITZ-TYPE ESTIMATE FOR THE FROG MODEL WITH
BERNOULLI INITIAL CONFIGURATION

VAN HAO CAN, NAOKI KUBOTA, AND SHUTA NAKAJIMA

ABSTRACT. We consider the frog model with Bernoulli initial configuration, which
is an interacting particle system on the multidimensional lattice consisting of two
states of particles: active and sleeping. Active particles perform independent
simple random walks. On the other hand, although sleeping particles do not
move at first, they become active and can move around when touched by active
particles. Initially, only the origin has one active particle, and the other sites have
sleeping particles according to a Bernoulli distribution. Then, starting from the
original active particle, active ones are gradually generated and propagate across
the lattice, with time. It is of interest to know how the propagation of active
particles behaves as the parameter of the Bernoulli distribution varies. In this
paper, we treat the so-called time constant describing the speed of propagation,
and prove that the absolute difference between the time constants for parameters
p,q € (0,1] is bounded from above and below by multiples of |p — g|.

1. INTRODUCTION

In this paper, we consider the frog model with Bernoulli initial configuration on
the d-dimensional lattice Z¢ (d > 2). This model consists of two types of particles:
active and sleeping. Active particles perform independent simple random walks on
Z%. On the other hand, although sleeping particles do not move at first, they become
active and can move around when touched by active particles. Initially, only the
origin 0 of Z? has one active particle, and the sites of Z?\ {0} have sleeping particles
according to the Bernoulli distribution with some parameter. Then, starting from
the original active particle, active ones are gradually generated and propagate across
72, with time. Our main object of interest is the so-called time constant, which
describes the speed of propagation of active frogs. The time constant is a function
of the parameter of the Bernoulli distribution, and this paper aims to investigate how
the change in the parameter of the Bernoulli distribution affects the time constant.
In particular, we prove that the absolute difference between the time constants for
parameters p, ¢ € (0, 1] is bounded from above and below by multiples of |p — ¢|.

1.1. The model. Fix d > 2, and denote by P the set of all probability measures on
Ny := NU{0} not concentrated in zero. For a given ® € P, we consider a family w =
(w(x))zeze of independent random variables with the common law ®. Furthermore,
independently of w, let S = ((Sk(z, £))72)zezd ren be a family of independent simple
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random walks on Z? satisfying that Sy(x,¢) = z for x € Z? and ¢ € N. For every
x,y € 74, we now define the first passage time T'(z,y) = T(x,y,w,S) from x to y as

m—1

' > 1 and xg, 71, ..., T, € Z2
T(e.y) =mfd Y 7@, am) 77 ond 1 — 1)
(z,y) ln{io (@i, Tiga) with 2y = x and z,, =y ’

where
T($i,$i+1) = 7’(%, $i+1,w($i), 5~($i, ))
= inf{k > 0: Sg(x;, ) = x4 for some £ € [1,w(:cl-)]},

with the convention that 7(x;, x;11) := oo if w(x;) = 0. Note that the first passage
time satisfies the triangle inequality:

(1.1) T(x,z) <T(zx,y)+T(y,z), r,y,z € 77

On the event {w(0) > 1}, the first passage time 7'(0,y) is intuitively interpreted
as follows: First, we place “frogs” on Z? according to the initial configuration w,
i.e., w(z) frogs sit on each site x (there is no frog at x if w(z) = 0). In particular,
the event {w(0) > 1} guarantees that we assign at least one frog to the origin 0.
The behavior of the /-th frog sitting on a site x is controlled by the simple random
walk S.(x, ), but not all frogs move around from the beginning. At first, the only
frogs sitting on 0 are active and perform simple random walks, whereas the other
frogs are sleeping and do not move. Each sleeping frog becomes active and starts to
perform a simple random walk once it is touched by an original active frog. When we
repeat this procedure for the remaining sleeping and upcoming active frogs, 7°(0, y)
represents the minimum time at which an active frog reaches y.

Alves et al. [2, Section 2] proved that for a given ® € P, there exists a norm
w(-) = po(-) on RY (which is called the time constant) such that almost surely on
the event {w(0) > 1},

lim lT(O,mj) = n(z), r € 7%
n—oo 1

Furthermore, pu(-) is invariant under permutations of the coordinates and under
reflections in the coordinate hyperplanes, and satisfies

(1.2) || < pla) < pE)llzll, = eRY

where || - || is the /!-norm on R? and & is the first coordinate vector of R%. As a
consequence, Alves et al. [2] Theorem 1.1] also studied the asymptotic behavior of
the random set

B(t) :={zcZ':T(0,z) <t} t>0,

which is the set of all sites visited by active frogs up to time t. More precisely, for
all € > 0, the following holds almost surely on the event {w(0) > 1}: For all large t,

(1—etBNZ* c B(t) c (1 +etBN7Ze,

where B = By := {r € R?: ug(z) < 1}, the asymptotic shape. This result is called
the shape theorem for the frog model, and it is clear from the properties of the time
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constant that the asymptotic shape B is a compact, convex, symmetric set with
nonempty interior.

1.2. Main result. Let 0 < r < 1 and denote by Ber(r) the Bernoulli distribution
with parameter r. We now consider the initial configuration w governed by Ber(r):

P (w(z)=1)=1—-P.(w(z) =0) =r, x €7

In this setting, at most one frog is assigned to each site of Z?. Hence, for abbrevia-
tion, write

S = (S(l‘, 1))J:EZd = (S(x))xezd-

For each z € Z¢, P® stands for the law of the simple random walk S.(x) starting
at x, and the product measure P := [] _,4 P® is regarded as the law of frogs S.
Then, writing P, := P, x P and ji,(-) := fger(r)(-), we formulate the time constant
and the asymptotic shape in the Bernoulli setting as follows: P,-a.s. on the event

{w(0) =1},
(1.3) lim lT(O,mc) = p,(x), x € Z°

n—oo M

From [I3, Lemma 2.2], u,(x) is decreasing in the parameter r for every x € RY.
This combined with (L2)) implies that if 0 < p < ¢ < 1, then for all z € R\ {0},

0< () — pig()

—1.
HJTH < ,up(gl)

The aim of this paper is to give more precise upper and lower bounds for the above
fraction, and the following theorem is our main result.

Theorem 1.1. Let 0 < 19 < 1. Then, there exist constants Ay, Ay > 0 (which
depend only on d and ry) such that if ro < p < q <1, then for all x € R4\ {0},

pp() — pg()

< Ax(qg —p).
[Eal ?

Ai(g—p) <

In particular, for a fived x € R\ {0}, the time constant u,(x) is strictly increasing
in r and Lipschitz continuous on every closed interval in (0, 1].

The above Lipschitz-type estimate for the time constant is inherited to the asymp-
totic shape. To explain this precisely, we introduce the Hausdorff distance between
two subset of R%: for any I', I” C R,

dq.L(A, B) = 1Hf{5 >0:AC Ng(B) and B C Ng(A)},
where for any I' C R?,
Ns(D) := {2z € R*: ||z — y|| < 6 for some y € I'}.

Moreover, for any r € (0,1], set B, := Bger(r), which is the asymptotic shape for
the parameter r of the Bernoulli distribution. Then, as a consequence of Theo-
rem [LI the next corollary gives the difference between two asymptotic shapes in
the Hausdorff distance.
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Corollary 1.2. Let 0 < ro < 1. Then, there exist constants A}, Ay > 0 (which
depend only on d and ry) such that if ro < p < q <1, then

Ai(q —p) < du(By, By) < As(q —p).
In particular, the asymptotic shape B, is strictly increasing in r.

Let us finally comment on earlier works related to the above results. In the frog
model on Z¢ (d > 1), [1] is the first published article investigating behaviors of the
first passage time and the set of sites visited by active frogs. That article treated
the one-frog-per-site configuration and proved that the first passage time and the
set of sites visited by active frogs grow linearly, with time. In [2], this result was
extended to the case where the initial configuration of frogs is random, and we ob-
tained the time constant and the asymptotic shape depending on the law of initial
configuration of frogs, as stated at the end of Section [LIl Although the afore-
mentioned articles consider discrete-time simple random walks as frogs, Ramirez—
Sidoravicius [15] independently derived the time constant and the asymptotic shape
in the continuous-time frog model with the one-frog-per-site configuration (which
consists of continuous-time simple random walks).

The propagation of active frogs has recently been investigated more closely in
both discrete- and continuous-time settings, and we can find results on fluctuations
and large deviations as follows: In the discrete-time frog model on Z? (d > 2)
with random initial configuration, [I2] provides some large deviation bounds for
the first passage time. More precisely, it proves that for any € > 0, the conditional
probabilities of {T'(0,z) > (14+€)u(x)} and {T'(0,2) < (1—€)u(z)} given {w(0) > 1}
decay at least stretched exponentially as ||z|| — co. Furthermore, if we consider the
one-frog-per-site initial configuration, then [6] gives a sublinear variance bound for
the first passage time, i.e., for all z € Z¢\ {0}, the variance of T'(0,x) is bounded
from above by a multiple of ||z||/log ||z||. On the other hand, in the continuous-time
frog model on Z, [3] and 78] prove the large deviation principle and the central limit
theorem for the rightmost site visited by active frogs, respectively (We remark that
these articles adopt a slightly different initial configuration from our frog model).

Although the aforementioned articles fix the law of initial configuration, it is also
of interest to analyze the behavior of the time constant as the law of the initial
configuration varies. However, there are not a lot of results on this topic yet: In [T,
Corollary 9], Johnsona and Junge introduced a (nontrivial) stochastic order for
the initial configuration, and proved that the asymptotic shape is increasing in
that stochastic order. In [I3], the second author showed continuities for the time
constant and the asymptotic shape in the law of the initial configuration. Note
that Theorem [[.I] and Corollary strength the continuities as long as the initial
configuration is Bernoulli-distributed. We may be able to generalize these results to
other classes of distributions. However, [2, Theorem 1.2] shows that there exists a
class of distributions such that we cannot obtain similar lower bounds to those in
Theorem [T and Corollary as follows: Suppose that ® € P satisfies

(1.4) ®([t,00)) > (logt)™® for some § € (0,d) and for all large t.
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Then, pe(-) and Bg coincide with the ¢!-norm on R? and the closed ¢!-unit ball,
respectively. This implies that if &, W € P satisfy ([L4]), then pge(z) — po(z) =0
for all x € R? and dy(Bs,By) = 0, and lower bounds as in Theorem [ and
Corollary never hold. In this way, there is a possibility that the propagation
of active frogs exhibits unusual behavior if the initial configuration has a heavy-
tailed distribution. In fact, [I3, Proposition 1.4] exhibits that (IL4]) can collapse the
continuity of the time constant in the law of the initial configuration. Moreover,
[4] and [5] show that in the continuous-time frog model on Z with random initial
configuration, the set of sites visited by active frogs becomes infinite in a finite time
if the law of initial configuration satisfies a heavy-tail condition weaker than (4.

1.3. Organization of the paper. Let us describe how the present article is orga-
nized. In Section B we prepare some estimates for the first passage time which are
used throughout the paper. Furthermore, our proofs are often done by constructing
a finitely dependent random variables and estimating the upper tail of their sum.
To do this, the result obtained by Can and Nakajima [0, Lemma 2.6] is useful, and
we state their result as Proposition below for the convenience of the reader.

Section [3is devoted to the proof of Theorem [[LTland Corollary[[.21 The main tool
is Russo’s formula (see for instance [I0, Theorem 2.32]) for the first passage time.
This tells us that Theorem [L1] follows by estimating the influence of the absence
of one frog on the propagation of active frogs. Although Propositions and B4
below play a role in estimating this effect, we use these propositions without their
proofs and complete the proofs of Theorem [[LT] and Corollary for now.

Section (] deals with the proofs of Propositions and 3.4 which provide upper
and lower bounds for the influence of the absence of one frog on the propagation
of active frogs, respectively. In particular, to prove Proposition 3.4l we count the
number of frogs which contribute but delay the propagation of active frogs. Propo-
sition [£.4] estimates that number of frogs from below. Its proof is postponed into
Section [{ since we need some more work.

In Section B we prove Proposition .4l The key to proving Proposition B4 is to
observe that the first passage time is strictly greater than the ¢!-norm with high
probability. In [I3, Lemma 5.2], this behavior of the first passage time has been
already observed under the law P, with a sufficiently small parameter ». However,
The result obtained in [I3, Lemma 5.2] is not enough to prove Proposition [£.4] since
r is not necessarily small in the present paper. Hence, we first solve this problem in
Section [5.1], and next show Proposition [£.4] in Section [5.21

We close this section with some general notation. Let ry be a fixed parameter in
(0,1), and this information is dropped from all statements below. Denote by F, E,
and E, the expectation associated to the laws P, P and P, stated in Section [[.2],
respectively. The ¢!-norm on R? is designated by | - ||, and set B(z, R) := {y €
7% : ||y — z|| < R} for x € Z* and R > 0. Moreover, for each i € [1,d], write & for
the i-th coordinate vector of R?. Finally, throughout the paper, we use ¢ and ¢ to
denote arbitrary positive constants, which may change from line to line.
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2. PRELIMINARIES

In this section, we prepare some notation and lemmata which are often used
throughout this paper. First of all, to make our statements simple, let us introduce
a class of rapidly decreasing functions on [0, 00). Denote by K(d,ry) the set of all
functions ¢ on [0, co) with the form

G(t) = ce ", 1>,

where ¢, ¢ and a are some positive constants depending only on d and ry. Each
element of IC(d, ry) is called the stretched exponential (or the Kohlrausch-Williams—
Watts) function. Note that every ¢ € K(d, rg) decays faster than all positive power
functions, i.e., lim;_,, t?¢(¢) = 0 holds for all 8 > 0.

We next state some upper tail estimates for the first passage time. For any
we{0,1}% 2 € Z and s € {0,1}, let w? be the initial configuration w with w(z)
forced to take the value s, i.e.,

Wi (a) = s, if v =z,
T w(), ifx# e

In particular, set (w) := w] for any w € {0,1}%". Moreover, define for z,y € Z%,
T (x,y) == T(x,y,ws,S),
which is the first passage time from z to y in the initial configuration wj. The

next lemma says that we can control the tail probability of the first passage time
uniformly in the parameter r € [rg, 1] and the mandatory absence of frogs.

Lemma 2.1. There exist ¢y € K(d,r9) and a constant Cy > 1 (which depends only
on d and ro) such that for ally € Z* and t > Cylly||,

sup P, (T2(0,y) > t{w(0) = 1) < o(?).
ro<r<1
zEZd\{O}

In particular, for any > 0,

sup E. [Tf(O,y)ﬁlw(O) =1] < .

ro<r<t ||yl?
y,zEZd\{O}

Proof. Let r € [ro, 1] and z € Z%\ {0}. Note that T(0,y, (w?),S) is independent of
both w(0) and w(z). Hence, for all y € Z% and ¢ > 0,

P, (T(0,y) > t|w(0) = 1) = P, (T(0,y, (.),S) > t).

In addition, due to r > rg, a coupling of initial configurations (see [13, Lemma 2.2])
proves

P, (T(0,y, (w2),S) > t) < P, (T(0,y, (w2),S) > t).

By using the independence, the right side above is equal to

P, (T(0,y, (w),S) > t, w(0) = 1, w(z) = 0) x T
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< (1= 10) "P, (T(0,y) > th(0) = 1).
With these observations, for all y € Z< and t > 0,
P, (T2(0,y) > tlw(0) =1) < (1 — 1) 'P, (T(0,y) > t|lw(0) = 1).

To estimate the last probability, we use the following result proved in [I2, Proposi-
tion 2.4]: there exist ¢ € K(d, ) and a constant Cy > 1 (which depends only on d
and 1) such that for all y € Z% and t > Cyl|y/|,

P (T(0,y) = tlw(0) = 1) < o(1).
Therefore, for all y € Z% and t > Cylly||,
P.(T(0,y) > tjw(0) = 1) < (1 =70)'o(1),

which implies the first assertion of the lemma since r and z are arbitrary and ¢ €
K(d, 7). The second assertion of the lemma is a direct consequence of the first
one. 0

For any y € Z4\ {0}, write O(y) = O(y,w, S) for the set of all sequences (z;)™,
of distinct points in Z¢ satisfying that 7(0,y) = > 7(2s,2411). Each element of
O(y) represents an optimal selection and order of frogs to realize the first passage
time from 0 to y. We choose and fix a certain element of O(y) with a deterministic
rule, and denote it by 70(y) = 70(y,w,S). In addition, for each z € 7o (y), let Z be
the next points of z in yo(y) (if any). Then, the next lemma guarantees that most
of the frogs in 7o (y) do not take so long to pass the baton to their next candidates.

The proof is analogous to those of [13, Lemmata 4.3 and 4.4], so we omit it.
Lemma 2.2. There exists ¢p1 € K(d,ry) such that for all t > 0,
sup P (T(0,y) = 7(0,y) > t{w(0) = 1) < ¢u(t).

ro<r<1
yeZ\{0}

In particular, there exists ¢o € K(d,ro) such that for all y € Z%\ {0},

sup Py(7(202) 2 1 for some = € 0u)\ {1} o10) = 1) < 6o

We finally mention a result for sums of dependent random variables. For a given
L € N, a family (X (v)),cza of random variables is said to be L-dependent if any
two sub-families (X (u))yea and (X (v)),ep are independent whenever A, B C Z4
satisfy that ||u —v|| > L for all w € A and v € B. Moreover, for each M > 1,
denote by II,; the set of all sequences (x;)™, of distinct points in Z¢ satisfying that
S M |es — @] < M. Then, Can and Nakajima [6, Lemma 2.6] obtained the
following upper tail estimate for sums of an L-dependent family of random variables
taking values in {0, 1}.

Proposition 2.3. Let (X (v)),eze be a family of random variables taking values
in {0,1}, defined on a measurable space equipped with a probability measure P.
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Furthermore, assume that (X (v)),eze is L-dependent and satisfies
pi=supP(X(v)=1)<(BL+1)

veZ4
Then, there ezists a constant C; > 1 (which depends only on d) such that for any
M >1 and t > Cy L4 max{1, Mp'/4},

P (e Z X0 2¢) =20 g

3. PROOF OF THE MAIN RESULT

In this section, we prove Theorem [[.I] and Corollary [L2l The main tool here is
Russo’s formula, which computes the derivative of E,.[X]| (as a function of r) for a
random variable X which depends only on the initial configuration in a finite region
(see for instance [10, Theorem 2.32]). The basic idea of the proof of Theorem [LT]
is to apply Russo’s formula to E[T(0,y)]. However, this approach does not work
directly because E[T'(0,y)] may depend on the initial configuration in the whole of
Z%. To overcome this problem, let us define for s € {0,1}, y,2 € Z¢ and N € N,

U(y, N) == T(0,y, (w3),S) 110,y ws).5)<N}-

It is clear that U?(y, N) is independent of the initial configuration outside B(0, V).
First, observe the behavior of E,[U](y, N)] as N and ||y|| tend to infinity.

Lemma 3.1. We have for any r € [ro,1] and x € R%\ {0},

1
Jim  lim B, Us (kz, N)| = pur(2).
Proof. Fix r € [rg,1] and z € R?\ {0}. The monotone convergence theorem,
combined with Lemma 1] implies that for any k& > 1,

1
IILI})O kE (U (kx, N)| = hm k:E [TOI(O, k‘$)1{T01(0,kx)§N}]

1 1
= B [T5(0,kx)] = B, [T(0, kx)lw(0) = 1].

Once we prove that (70, kx)/k)32, is uniformly integrable under P,.(-|w(0) = 1),
the rightmost side above converges to p,.(z) as k — oo by ([3) and the Vitali
convergence theorem, and the lemma follows.

It remains to check the uniform integrability of (7°(0,kz)/k)7,. The Cauchy—
Schwarz inequality and Lemma 2] imply that there exists a constant ¢ (which
depends only on d and ry) such that for any A\ > Cy||z||,

w(0) = 1}

1
sup E, ET(O’ kx) 110 k) /=)
k>1

< sup %ET[T(O k2)*w(0) = 112 P(T(0, kx) > Me|w(0) = 1)'/2

k>1

< cfjx|| sup go(Ak)? < |z g (M),
k>1
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The rightmost side converges to zero as A — oo, and hence (7°(0,kz)/k);2, is
uniformly integrable under P, (-|w(0) = 1). O

Although Lemma Bl treats the behavior of E,[Uj (y, N)|, let us next estimate the
difference between T%(0,y) and U?(y, N) for s € {0,1} and z € Z%\ {0}.

Lemma 3.2. There exists ¢z € K(d,rq) such that for all s € {0,1}, y, 2 € Z4\ {0},
N > Colly|| and r € [ro, 1],

(3.1) 0 < E, [T2(0,y) — Uz (y, N)|w(0) = 1] < ¢3(N)]lyll.

Proof. Fix s € {0,1}, y,z € Z%\ {0}, N > Co|ly|| and r € [rg, 1]. Note that on the
event {w(0) = 1},
T2(0,y) = U(y, N) = T2(0, y) Lz2(0.5)> Ny

Hence, the first inequality of (B.1)) is trivial. For the second inequality of (B.1), we
use the above equality and the Cauchy—Schwarz inequality:

E,.[T5(0,y) — Us(y, N)|w(0) = 1]
= E, [T2(0,9)1{1s(0)> N} |w(0) = 1]
< E,[T2(0,9)*|w(0) = 1] > P(T5(0,y) > N|w(0) = 1)"/2.

The fact that T2(0,y) > T%(0,y) and Lemma 2T imply that there exists a constant
¢ (which depends only on d and ) such that the rightmost side above is smaller
than or equal to

E, [T2(0,y)’|w(0) = 1]
< cgo(N)|y]-

Therefore, due to ¢y € K(d,rg), the second inequality of (Bl follows by taking
(b3() = C(bo(')l/Q. O

We are now in a position to prove Theorem [T}

1/2 1/2

P, (T2(0,y) > N|w(0) = 1)

Proof of Theorem [I.1l It suffices to show that there exist constants A, Ay > 0
(which depend only on d and ry) such that if ||y|| and N > Cy||y|| are large enough,
then

d
(3-2) Ayl < =By [Ug (y, M) < Aoflyll,  ro <7 <L
Indeed, ([B.2) yields that the functions
E.[Ug(y, N)] + Arllyll,  i=1,2,

are decreasing and increasing in r € [rg, 1], respectively. Hence, for any p, q € [ro, 1]
with p < g and = € Z4\ {0}, if k > 1 and N > Cyl|kz| are large enough, then

Avla — p)lell < LB [03 ke, N)] — By [U (ha, N)] < Asl — ).
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From Lemma B1] letting N — oo and k — oo proves that for all p, q € [rg, 1] with
p<qand x € Z%\ {0},

A(g = pllzll < pp() = pg(x) < As(g = p)l=]l-

This compound inequality can easily be extended to all z € R?\ {0} since p,(-)
and j1,(-) are norms on R? and the theorem follows (the strict monotonicity and
the Lipschitz continuity of the time constant are direct consequences of the first
assertion since we can take ro € (0, 1) arbitrarily).

To prove (3.2)), let us prepare the following propositions, which provide upper and
lower bounds for sums of influences on the first passage time.

Proposition 3.3. There ezists a constant Coy > 0 (which depends only on d and o)
such that if ||ly|| is large enough and N > Cy||y||, then for all r € [ro, 1],

Y. EJ[T200,y) = TH0,y)|w(0) = 1] < Colly].
2€B(0,N)\{0,}

Proposition 3.4. There exists a constant Cs > 0 (which depends only on d and o)
such that if ||ly|| is large enough and N > Cy||y||, then for all r € [ro, 1],

> E[120.y) ~ TH0,)[w(0) = 1] = Csly].
2€B(0,N)\{0,y}

The proofs of these propositions are postponed until Sections [4.1] and [£.2] and we
continue with the proof of (3.2). Fix y € Z4\ {0} and N > Cy|ly||. Since E[U}(y, N)]
depends only on the initial configuration in B(0, N), we can use Russo’s formula to
obtain for all r € [rg, 1],

_%ET[U&(%N)] =Y E,[E[U2(y,N)] — E[U(y. N)]]

2€7Z4

= > EJ[UXy,N)-Uly,N).

z€B(0,N)\{0,y}

Here we used the fact that UY(y, N) = U}(y, N) holds for all z € B(0, N)°U{0,y}
in the last equality. On the other hand, Lemma B2l tells us that for each r € [rg, 1],

S [E[100.9) - 0. p)]w(0) = 1] - B[00y, N) - Uy, )|
z€B(0,N)\{0,y}

< 2(2N + 1)%¢5(N) [lyll.
We now assume that [|y|| and N > Cpl|y|| are large enough to establish Proposi-

tions B3 and B4 and to have 2(2N +1)%p3(N) < C3/2, respectively. Then, the above
observations, combined with Propositions and B4 imply that for all r € [rg, 1],

C d
iyl <~ B [Ub(y, N)] < (Co+ i)y,

and (3.2) follows by taking A, := C3/2 and Ay := Cy + Cs. O]
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Corollary is a direct consequence of Theorem [[LT] and its proof is completely
the same as those of [9, Corollary 1.2] and [14], Corollary 3]. However, we give the
proof of the corollary for completeness since it is not so long.

Proof of Corollary 1.2l Assume that ryp < p < ¢ < 1. Note that
dy(B,, B,) = inf{é > 0: B, C Ns(B,)},

since B, C B, holds by the monotonicity of the time constant in the parameter of
the Bernoulli distribution (see below (IL3). Set §_ := A;(q — p)/(24r,(€1)?). Then,
(C2), Theorem [Tl and the monotonicity imply that for all y € R? with pu,(y) = 1
and x € B(y,d_),

pg(x) < pg(z —y) + pg(y) < prg(§1)0- + pp(y) — Ai(g — p)||yl|

Ay 1 1
SR M
Ay
- (¢—p) <1

1
=@

This implies that the boundary of B, is not included in Ny(B,) for all § € (0, oy,
and hence

dyy(By, By) = - =

This is the desired lower bound for the Hausdorff distance since A; and (&)
depend only on d and ry. On the other hand, for any z € R? with y,(z) = 1, let

§ = z/||2]] and y. == &./pp(€:). Note that [|€.[| = 1 and y,(y.) = 1 (and y. € B,
as well). Hence, Theorem [[.T] proves that

éz §Z
Mp(£Z)Mp(yz) N Mq(fz)ﬂq(z)“
(&) = 11q(§)

Ee\S) = Ha'S) o p (g — p) = 6,
S P Onale) = 1T =0

lys — 2 = '

This means that for any z € R? with p,(z) = 1, there exists y € B, such that
ly — 2|| < é4, and it is easy to see that B, C N5, (B,) holds. Therefore, we obtain

dy(By, By) < 04 = As(q — p),

and the desired upper bound for the Hausdorff distance follows since A, also depends
only on d and ry. The strict monotonicity of the asymptotic shape is a direct
consequence of the first assertion since 1y € (0, 1) is arbitrary, and the proof is
complete. O
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4. UPPER AND LOWER BOUNDS FOR SUMS OF INFLUENCES

In this section, we prove Propositions and 3.4l The task is here to check that
if ||ly|| and N are sufficiently large, then for any r € [ro, 1], the sum of influences

Y E[T20,y) - THO,y)|w(0) = 1]

2€B(0,N)\{0,y}

is bounded from above and below by multiples of |ly||. To do this, we interpret
the quantity 7°(0,y) — T1(0,y) as the delay time caused by the absence of the frog
on site z. Intuitively, it is expected that one frog does not have a great impact
on the propagation of active frogs, and this suggests that the sum of influences is
controllable from above. In Section 1], we actually carry out this strategy and
derive the desired upper bound for the sum of influences (Propositions B.3]). On the
other hand, it is easily seen that 7°(0,y) — T2(0,y) > 1 holds if the frog sitting
on site z decisively contributes to the first passage time from 0 to y. Hence, in
Section 2] we count the number of such frogs and estimate the sum of influences
from below (Proposition B.4]).

4.1. Proof of Proposition B.3l We begin by preparing some notation and lem-
mata. Recall from above Lemma 22 that for each y € Z? \ {0}, vo(y) is a specific
element of O(y) chosen with a deterministic rule, and for each z € yo(y), Z is the
next point of z in yo(y) (if any). In addition, let z denote the previous point of z
in vo(y) (if any). When 2z € Jo(y) := v0(y) \ {0,y}, both z and Z actually exist
and we can consider the quantity TY(z,%) (which is the first passage time from z
to Z in the case where the use of the frog sitting on z is prohibited). The following
lemmata provide some estimates for 7°(z,%), and those play a key role in the proof
of Proposition B.3]

Lemma 4.1. There exists a constant Cy > 0 (which depends only on d and ry) such
that for all y, z € Z%\ {0},

sup E, [Tf(g,%)zl{ze%(y)}}w(O) = 1} < Cy.

ro<r<1

Lemma 4.2. There exists ¢4 € K(d, o) such that for ally € Z%\ {0},

sup E, [15@/)6 > T(z7)

<r<1 =
T0=r= 2€50 ()

w(0) = 1] < a(llyll),

where
Ey) = {T(0,y) < Colly|| and T2(w,w) < 2Co||y||"' ) for all w € Fo(y)}.

Lemma 4.3. There exist a constant A > 0 (which depends only on d and ry) and
o5 € K(d,ro) such that if ||y|| is large enough, then

sup P (E(y) NE'(A,y)°|w(0) =1) < ¢5(lly),

ro<r<1
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where

E'(A,y) :{ > Tz D) lgoensadz—sl+l—z) < Hy”}-

z€50 (y)
Before proving the lemmata above, let us complete the proof of Proposition 3.3
Proof of Proposition Assume that ||y|| is sufficiently large (as required by

Lemma43]) and let N > Cy||ly||. The following facts are immediate consequences of
the definition of w? and the triangle inequality (LTI):

e Both 72(0,y) and T}(0,y) are independent of w(z).
e 72(0,y) = T1(0,y) holds if there exists v € O(y,w!,S) such that z & ~.
« W have 790, ) — T1(0,9) < T%(2,3) if = € Fo(y).
These facts show that for all r € [r, 1],
> E[T20,y) - TH0,y)|w(0) = 1]

z€B(0,N)\{0,y}
<rtx Z E, [Tzo(gv E)1{2670(31)}’(’“)(0) - 1}

2€B(0,N)\{0,y}

<7yt x Er[ Z T2(2,%)

z€50 (y)

w(0) = 1] .
From Lemma [£.2] the last expectation is not greater than

ullll) + B 1y 3 T2aol0) = 1),

z€50 (y)

Let us divide the second term in the above expression into two parts:

Er |:15(y) Z Tzo(ga g)

z€50 (y)

W(O) = 1:| = Il + IQ,

where

I :=E, [15@ Y Tz 2)Lroen<a(iz—si == [« (0) = 1}7

270 (y)

I = E, [15@) D Tz D) 10> Ale—s )+ 1z} | @ (0) = 1]

z€50 (y)

(see Lemma for the choice of the constant A). It is clear from the definitions of
Yo(y) that both >° = |z — 2| and 37 5, [[z — Z|| do not exceed T'(0,y). This
implies that

L<B Ly 30 All— sl + - 2D fo(0) -1

2€70(y)

<24 X E,[T(0,y)Le|w(0) = 1] < 2AC||y|.
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On the other hand, the Cauchy—Schwarz inequality and Lemmata 1] and 3 imply
that

Llyl+ ). Eflegremy X T2 20wy |[w(0) = 1]
2€B(0.Colyl)

< llyll + G Collyll + 1)%es(lly ).

With these observations, for any r € [rg, 1],

> BTN0.y) - TH0.p)|(0) = 1]

z€B(0,N)\{0,y}
< {24Co + Dyl + 61yl + C*@Collyl + 1?65 Iyl |-

Therefore, the proposition immediately follows because ¢4, 5 € K(d, 1) and the
constants Cy, Cy and A depend only on d and ry. O

The remainder of this subsection is devoted to the proofs of Lemmata [4.1] and
4.3l

Proof of Lemma BTl Let y,2 € Z%\ {0} and r € [ry, 1]. The Cauchy—Schwarz
inequality gives

E, [T7(2,2)" 1 fzeq0 ()} |@(0) = 1]

< Z E, [Tzo(wla w2)41{w(w1):1} }W(O) = 1} i

w1, waE€ZN\{z}
w1FwWw2

(4.1)

x Po(z € Jo(y), z = wi, Z = wa|w(0) = 1)

Let us first estimate the expectations in the right side of (4J]). From Lemma 2]
there exists a constant ¢ (which depends only on d and rg) such that for all wy, wy €

74\ {z} with wy # ws,

Er [Tf(wl, w2)41{w(w1):1}}w(0) = 1]
<E, [TO (0, wq — w1)4’w(0) = 1} < c||lwy — w2||4.

Z—w1

(4.2)

We next estimate the probabilities in the right side of (41]). Note that T'(u,v) =
7(u,v) > |Ju — v|| holds if u and v are consecutive points in yo(y). This together
with Lemma 2.2 yields that for any w;, € Z¢\ {z},

P.(z € Yo(y), z = wi|w(0) = 1)
< P (T(wy,2) = 7(wy, 2) > [|lwy — 2]||w(0) = 1)
< P(T(0, 2 —wn) = 70, — w)) > [[wy — 2][w(0) = 1) < éa([Juwn — 2]])
Similarly, for any wy € Z%\ {z},
P.(z € J0(y), Z = wa|w(0) = 1) < @1 ([lwz — z[]).
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Hence, the Cauchy—Schwarz inequality tells us that for any wy, ws € Z%\ {z} with
wy # wa,
P.(z € 70(y), z = wi, Z = ws|w(0) = 1)
(43) < P.(z €90(y), 2 = wilw(0) = 1) Pr(z € Fo(y), 7 = wylw(0) = 1)'/?
< dn([lwr — 2|2 $r(fJwz — 2[])*/2.
Consequently, by (@1I), (£2) and (£3),
E, [T7(2,2)" 1 fze50 ()} |w(0) = 1]
<3 lwn = wal Gi(flwn — 2| ([fwa — =)

wi,w2€ZN\{z}
w1Fw2

A simple calculation shows that the right side is bounded from above by

21237 (= 2+ s = 2I2) dulllewy — 2D b (s — 2]

wi,w2€ZN\{z}

w1FwWw2
<A Y lwn = 2 ulflwr = 2D x Y ilflws — 2])M
w1€Zd U)QEZd

Since ¢ € K(d,ry) and the constant ¢ depends only on d and rg, the right side is
finite and depends only on d and ry. Hence, the lemma follows. U

Proof of Lemma To shorten notation, set ¢ := 1/(2d + 6). For the proof, it
suffices to show that there exist 11,1, € K(d,7) such that for all y € Z¢\ {0} and
r € [ro, 1],

(4.4) E, ll{T(O,y)ZCO||y||} > Tz7)

2€70(y)

T(0,y) < Collyll and Fw € Fo(y) _
as) R (LGS Sl e (o) 1) < vl

w(0) = 1] < (i,

Indeed, combining the above inequalities with Lemma[ET] we have for all y € Z4\ {0}
and r € [ro, 1],

E, {15@1)0 > T(z7)

2€70(y)

w(0) = 1}

<ui(lyh+ Y B[22 Loy |w(0) = 1] wa(llyl)

=eB(0.Collyl)
1/2
< ¥u(|lyll) + €3 Collyll + Vs (llyl)">,

and the lemma follows since 11,19 € K(d,79) and the constants Cy and Cy depend
only on d and rg.
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Let us first prove (£4). The left side of (£4) is rewritten as follows:

E, [1{T<ovy>zco||yu} > T(z7)

W(O) = 1:| = Jl + JQ,

20 )
where
=) Er[Tzo(év5)1{ze%(y>7T(ovy>z||z||} W(O)Zl]a
=€B(0,Collyll)®
Jo= Y ET|:TZO(§’E)l{zéﬁo(y)vT(Ovy)ZCOHyH} u1(0):1}-
2€B(0,Collyll)

The Cauchy—Schwarz inequality and Lemmata .1l and [£.1] imply that
_ 1/2
Jl S Z Er [T;?(é, 2)21{2670(31)}}(*}(0) = 1]
2€B(0,Collyl)*
x P(T(0,y) > [2[||w(0) = 1)/

<y <Z ¢o(||2||)1/4) do(Collyl**

2€74
and
_ 1/2
Bh< Y ETz2) 1 eeowy|w0) = 1]
z€B(0,Colly)
x P(T(0,y) > Colly|l|w(0) = 1)/
< Cy*(2C|ly|| + 1)%0(Colly|) V2.

Note that ¢y € K(d, o) and the constants Cy and C; depend only on d and .
Hence, we can find ¢, € K(d, ry) such that J; + Jo < ¢1(||y]|), and (@4 follows.
Before moving on to the proof of (43]), we observe that there exists ) € K(d, o)
such that for any y,w € Z%\ {0} and r € [rg, 1],
(46) P, (w € Jo(y) and |lw — w| V Jw =@ > [|ly[°|w(0) = 1)
< P(llylD)-

This is a direct consequence of the union bound and the same argument as in the
proof of Lemma 1] (see below ([E2)). Indeed, for any y,w € Z4\ {0} and r € [ro, 1],
the left side of (6) is bounded from above by

ST Prw € Foly), w=olw(0) = 1)

z€B(w,|lyl1°)*

+ Y PweToly), T =alw(0) = 1)

z€B(w,|ly||?)*

<2 (Z ¢1(Hx|l)1/2) or(llyll*).

xC€Z4
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Hence, due to ¢; € K(d,rg), we can find ¢ € K(d, o) satisfying (0.
Let us finally prove (£XH). By the union bound and (4.4]), the left side of (LX) is
smaller than or equal to

ST Po(w e Foly), Tow,w) = 2G|yl |(0) = 1)
weB(0,Collyl)\{0}

< (2Collyll + D% (llyll)
+ ) > P, (T, (0,25 — a1) > 2Co|ly|°|w(0) = 1).

weB(0,Colyl) z1,22€B(w,||yl|*)\{w}
Note that for any w € Z¢ and 1, x5 € B(w, ||y|°),
Collzz — 21| < Co(llwz — wll + lw — 21 ]]) < 2Co]ly]°.
Hence, Lemma 1] implies that for all w € Z? and x1, 22 € B(w, ||y||?) \ {w} with
T # T,
P, (T s, (0,22 — 21) > 2Co|ly||°|w(0) = 1) < ¢o(2Collyll°).

With these observations, the left side of (A1) does not exceed

(2Collyll + )" (llyl) + 2Collyll + 1)**¢o(2Colly[1°).

Since ¢g, v € K(d,ry) and Cy depends only on d and 7o, it is easy to see that (L3
holds for some ¢ € K(d, 1). O

Proof of Lemma Continuing from the proof of Lemma [£.2] we use the nota-
tion § = 1/(2d + 6). Take A > 16C3C} large enough to satisfy that for all ¢ > A,

¢O(t) < C()_dcl_d(4t)_d(d+6) )

Moreover, fix y € Z? with 2Cy||y||° > A+ 1 and r € [ro, 1]. Now, assume that the
event E(y) N E'(A,y)¢ occurs. Then, yo(y) € g,y (see above Proposition for
the notation Il¢, ) and

(4.7) lll < > £ Lozt jesltl—zl<t/a)-
A<L<2C||yll° 2€70 ()

To estimate the right side of ([L7]), for each ¢ € N, let us consider the following
family (Xy(z)).cza of 4¢-dependent random variables and parameter p;:

Xg(Z) = ]—{le,szB(z,Z/A) such that T (w1,w2)=~}> KAS Zda
and

pe := sup Pp(Xy(2) = 1) = P, (X,(0) = 1).

zc74

Since vo(y) € gy )y and

Liro(zz)=t, |-zl +o—2l<t/ay < Xe(2), 2 € Yo(y),



18 V. H. CAN, N. KUBOTA, AND S. NAKAJIMA

the right side of (A7) is smaller than or equal to
Z 14 Z Xi(2) < Z 14 Inax ZX@(Z).
A<t<2Co|lyll®  2€50(y) A<t<2Colyll°

With these observations, on £(y) N E'(A, y)¢,

Iyl < > { max > Xo(2).

C
A<t<300llyll° ollvll S

Hence, the fact that EA<Z<2CO||y||5 (=2 <1 and the union bound imply that
P,(£(y) N €'(A,y)|w(0) = 1)

4.8 _ _
e B e g TGO
A<t<2Co]y||® ol

Note that the choice of A and Lemma 2.1] guarantee that for all £ € (A, 2Co||y°),

pe< Y P10, (0,wy —wy) = lw(0) = 1)

wi,w2€B(0,4/A)
< (20+ 1)M60(0) < (120+ 1)~
and

lyll = Co(40)+ max{1, Collyllp; "}

It follows from Proposition that there exists a constant ¢ (which depends only
on d and ry) such that for all £ € (A, 2C]y||°),

. Pyl
3 < od _
r( max E Xo(z) > ¢ ||y||) <2 exp{ (64€)d}

mellcy| 4
24 exp{—clly|'*}.

This together with (4.8)) proves that
P, (£(y) NE'(A, y)]w(0) = 1) < 273 Collyll exp{ —clyl]2).
It is clear that there exists ¢5 € KC(d, o) such that for all t > 0,
21y 1Oyt exp{—ct'/?} < o5(t),

and the proof is complete. O

4.2. Proof of Proposition 3.4l Let us first introduce events describing delays in
the propagation of active frogs. For any x € Z¢ and subset I' of R, write T'(z,T")
for the first passage time from x to I, i.e.,

(4.9) T(x, ) :=inf T'(x,y).

yel’
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Moreover, for any L € N and z € Z¢, let Dp(2) := {w € Z¢ : ||w — 2|| = L} be the
(*-sphere of center z and radius L. Then, for each L € N and y,z € Z%\ {0}, we
consider the following event (L, y, 2):

E(L,y,2) == {2 €v0(y), T(2,Dr(2)) > L, |2V — 2| < 2L},

where Z(%) stands for the first point w after z along Yo (y) satisfying that [|w—z| > L
if such a point w exists; otherwise set Z) := » + 3L¢&,. The event £(L,y, z) can
be regarded as a “delaying” event. Actually, on £(L,y, z), the frog sitting on z
contributes the first passage time from 0 to y, but it takes at least time L + 1
for active frogs propagated from z to reach Dp(z). Since the minimum time from
z to Dr(z) is L, the occurrence of E(L,y,z) delays the arrival of active frogs at
y. Although the condition [|z2(5) — z|| < 2L appearing in £(L,y, z) is not directly
related to the delay, it enables us to connect z to () with uniform probability by
using the frog sitting on z.

The key to proving Proposition B4 is the following proposition, which gives a
lower bound for sums of probabilities of delaying events.

Proposition 4.4. There exists L € N (which depends only on d and ro) such that
if |yl is large enough and N > Cylly||, then for all r € [ro, 1],

Y PELy ) =1 > 2
2€B(0,N)\{0,y}

The proof of the above proposition is postponed until the next section since we
need some more work. For now, let us move on to the proof of Proposition B.4

Proof of Proposition B.4l Let ||y| be sufficiently large and N > Cyly||. It is
clear that if every v € O(y) contains a site z, then T2(0,y) — T1(0,y) > 1 holds.
This implies that for any r € [rg, 1],

Yo EJ[T20.y) ~ T0,y)[w(0) = 1]
z€B(0,N)\{0,y}

> Z P,.(z € v forall v € O(y)|lw(0) =1).
z€B(0,N)\{0,y}

Hence, Proposition B4 immediately follows once we prove that for any r € [rg, 1]
and z € Z4\ {0},

(4.10)  P,(z € v for all vy € O(y)|w(0) = 1) > (2d) "2 P.(E(L,y, 2)|w(0) = 1).
Indeed, this combined with Proposition 4] shows that for all r € [rg, 1],

Yo EJ[T20.y) ~ T0,y)[w(0) = 1]
z€B(0,N)\{0,y}

>@2d)* Y PUE(Ly.2)w(0)=1) =

z€B(0,N)\{0,y}

(24)~2"

THZJH,

which is the desired conclusion since L depends only on d and rg.
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It remains to prove [EI0). Fix 7 € [rg,1] and z € Z¢\ {0}. Let S*(z) be an
independent copy of S.(z), and we put the superscript * on the notations 7(-,-),
T(-,-) and O(y) when S.(z) is replaced by S*(2) in their definitions. Now, consider
the event

E(L,y,2):=E(L,y,z)N {T*(z, Z L =z — H}

Suppose that on E(L, y, z), there exists a sequence in O*(y) not containing z. Clearly,
T(0,y) < T*(0,y) holds. Furthermore, letting wy be the first point of Dy (z) which
is visited by the frogs in the segment between z and Z) of v»(y), one has

T(Z,Q(L)) > T(Z,w()) + ”U)o - Z(L)H
> L+ 1+ [lwo = 25| = ||z — woll + [Jwo — || + 1
> ||z = 2P| + 1 > 7%(2,21).

Denote by (x;)7_, (resp. (a:;)ilzo) the segment of vo(y) with endpoints 0 and z
(resp. ") and y). Then, due to the optimality of vo(y),

j'—1

7j—1

T(0,y) <T*(0,y) <ZT i, Tig1) + 72,2 +Z (2}, 2 )
1=0

<T(0,2) + T(z,2") + T(" ),y) =T(0,y),

which is a contradiction. This means that every v € O*(y) contains z on (L, y, 2),
and we have

(4.11) P.(z € 7 for all v € O*(y)|w(0) = 1) > ?j(z(L,y,z)’w(O) =1),

where P is the product of P, and the law of S*(z). Due to z € Z%\ {0} and the
definition of P,

P.(z € v for all v € O*(y)|w(0) = 1) = P,(z € 7 for all v € O(y)|w(0) = 1)
and

P, (E(L,y,2)|w(0) =1)
> P(E(Loy @ = 1) x_inf  P(r(0,w) = )
> (2d)"* P (E(L, y, 2)|w(0) = 1).
Combining the above facts and ([ZI1l), we obtain
P,(z € 7 for all 7 € O(y)|w(0) = 1) > (2d) 2 P(E(L,y, 2)|w(0) = 1),

and (4I0) follows. O



LIPSCHITZ-TYPE ESTIMATE FOR THE FROG MODEL 21

5. ESTIMATE FOR SUMS OF PROBABILITIES OF DELAYING EVENTS

This section is devoted to the proof of Proposition L4l Roughly speaking, our
main task is to observe that the first passage time is strictly greater than the /!-norm
with high probability and there are enough ¢!-balls of a sufficiently large radius that
intersect yo(y) but contain no long-wandering frog. Since the first assertion is of
interest in itself, we discuss it in Section (.1l apart from the proof of Proposition (.41
The second assertion and the proof of Proposition [£.4] are dealt with in Section [£.2]

5.1. Comparison between the first passage time and the #'-norm. This
subsection treats the case r = 1. In other words, throughout this subsection, we
assume that w(z) = 1 for all z € Z%. Then, the product measure P; = P; x P
can be reduced to the law P of frogs because the initial configuration is no longer
random.

Our objective here is to prove the next proposition, which provides an exponential
decay for the probability that the first passage time coincides with the ¢!-norm.

Proposition 5.1. There ezists a constant Cs > 0 (which depends only on d) such
that for all large L € N,

(5.1) P(T(0,D(0)) = L) < e~k

where T'(0,Dr(0)) is the first passage time from 0 to Dr(0) (see ([ALI) and the sen-
tence following it for more details).

Proof. Let us first prepare some notation. Define for any m € N,
Ap={r e (No)*: 2] =m}, Ry :={z € No)?: |lz]] < m},

which are the nonnegative orthants of the ¢*-sphere and ball of center 0 and radius
m, respectively. Furthermore, for any x € Z? and subset I' of Z¢, 7(z,T") stands for
the hitting time of the frog sitting on = to I, i.e.,

7(z,T) := ;IellﬁT($,y).

Then, set for each n € N,

Gn ‘= E Z ]—{T(O,y)JrT(y,An):n} .

yeRnfl

This is the expectation of the number of frogs which finally approach A, in each
optimal selection and order for 7°(0, A,,), conditioned on the event that 7'(0, A,,) = n.

The key to proving the proposition is the following lemmata, which provide some
upper bounds for ¢,’s.

Lemma 5.2. We have 2q3 < 1.
Lemma 5.3. Let 2 < A € N. Then, qa, < 271(2q4)" holds for all n € N.
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The proofs of the above lemmata are postponed for now, and we continue proving
the proposition. The symmetry of frogs and Lemma imply that for any L > 3,

P(T(0,D1(0)) = L) <2'P(T(0,As135)) = 3|L/3])
< 2%gg13 < 271 (2g3) 3

From Lemma [5.2] the rightmost side exponentially decays in L, and the proposition
follows. O

We close this subsection with the proofs of Lemmata and
Proof of Lemma By definition,

g5 = P(7(0,43) =3)+ > P(T(0,y) + 7(y, As) = 3)

yEA

+Z T(0,y) + 7(y, Az) = 3).

yEA2

A straightforward calculation gives P(7(0,A3) = 3) = 1/8. Furthermore, we use
the independence of frogs to obtain

> P(T(0,9)+7(y, As) =3) = > P(7(0,y) = 1) P(r(y, As) = 2)

YEA] yEAL

1
250"
cAq

»-lkll—‘

and

> P(T(0,y) +7(y, As) = 3)

yEA2

P(T(O y) =2) P(r(y,A3) = 1)

Z T(0,y) =2).

[\:>|>—tQE

With these observations,

2y =5+ 3 P(T(0,5) =2)

yEA2

Hence, it suffices for the proof to show

1
(5.2 > rron=n<y
To do this, we rewrite the left side of (5.2]) as
d
(5.3) Y P(T(0,&+&)=2)+ > P(T(0,28) = 2).

1<i<j<d i=1
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The union bound gives a rough upper bound for the first term of (5.3):

Y. P(T(0.6+¢&)=2)

1<i<j<d
< 3 {re0sre) =2+ Y Pr0.0)+rns+6) =2) )
1<i<j<d €A

- (;l) i - ngd;l)'

On the other hand, we calculate the second term of (5.3 carefully. It is clear that
for any ¢ € [1,d], the event {T'(0,2¢;) = 2} can be written as the disjoint union of
the following events S;, 7; and U;:

Si = {51(0) = &, S2(0) = 2&;, S1(&) # 26},

T :=A{51(0) = &, 52(0) # 26, S1(&) = 26},

Ui = {51(0) = &, 52(0) = 2§, S1(&) = 26}
The independence of frogs yields that for any i € [1,d],

2d — 1 1
and hence
; (T(0,2) = Z{P (T) + P(U)} = %

With these observations, one has

2d(d — 1 d(4d — 1 1 1 1
S PI0.y)=2) < EW )4 <<2d>3 )Ll

yEA2

and (5.2) is proved. O
Proof of Lemma Fix A > 2. We have for all n > 2,
qan = Q1(n) + Q2(n) + Q3(n),

where

Qi(n):=E| Y 1{T<o,y>+f<y,AAn>An}]a

LYyERAn—A—1

Q(n) =E| > 1{T(0,y)+r(y,AM>=An}]a

Ly€EA An—a

Q3 ('I’I,) =F Z 1{T(O,y)+T(y,AAn):An}] .

Ly€RAn—1\Ran—A
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Our goal is to prove that for all n > 2,
(5.4) Q1(n) = qan-—a x P°(1(0,A4) = A) > Qs(n)

and

(55) Q3<n) < QQAan x B

Z 1{T(0,$)+T(x,AA):A}] .

z€R4_1\{0}

Indeed, (B4) and (&5 lead to

dAn S 2QAn7A <P0<T(07 AA) = A) + E

Z 1{T(O,m)+7—(m,AA):A}]>

x€R4_1\{0}
- QAn—A(2QA)a
and the lemma follows by induction on n.
We fix n > 2 and begin by proving the equality of (5.4]). Note that 7'(0,y) and

7(y, Aa,) are independent for all y € Z4. This, together with the strong Markov
property and translation invariance of frogs, shows that for any y € Ran_a_1,

P(T(0,y) + 7(y, Aun) = An)

= P(T(0,y) = [yl P’ (r(y, Aan—a) = An — A — [[y[l) P°(7(0, A1) = A)
= P(T(0,y) + 7(y, Aan—a) = An — A)P°(7(0, A4) = A).
Hence,
Qi(n) = > P(T(0,y) +7(y, Aan—a) = An — A)P°(7(0,A4) = A)

YERAR—A—1

= (JAn—A X PO(T(O,AA) = A),

and the equality of (5.4) is valid.
Let us next check the inequality of (54]). Similarly to the above, we obtain

Q2(n) = D P(T(0,y) = [yl)P*(r(y, Aan) = A)
YEAAR—A
= > P(T(0,y) = An — A)P°(7(0,A) = A).

yeAAn—A

Since for each y € A, _ 4,

{T(0,y)=An—A}= | A{T(0,2)+r(z,y) = An — A},
TERAn—_A—1
the union bound shows

> P(T(0,y) = An — A)

yeAAn—A

< > > P(T(0,2) + 7(z,y) = An — A)

TERAn-A-1YEAAR_A
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= Z P(T(0,z) + 7(x, Aap-n) = An — A) = qan—a.
TERAn—A-1
Here, in the first equality, we used the fact that the events {7'(0,z) + 7(z,y) =
An — A}, y € Ay, a, are disjoint. With these observations,

Q2(n) < qan—a x PU(7(0,A4) = A),

which establishes the inequality of (5.4)).
We finally prove (B.3)). For any # € Ra,— 4 and y € Ra,—1 \ Ran_a, consider the
event

e [r(@Bna) = An— A o] and
wy MiNzeR 4, 1 \Ran—4 (02(2) +p(2,y) + 7(y, Dan) = A ’

where

0';,;(2) mf{k > 0: Sr(x Apn—_a) +k = Z}

m—1
p(z,y) = inf{ZT(m,mﬂ) cm > 1and o, 21, .., &m € Rap-1\ Ran- A}

— w1thx0—zandxm—y
1=

which are the time it takes for the frog sitting on x to travel from A 4,,_4 to z and the
first passage time from z to y which uses only frogs in R, 1 \ Ra,_4, respectively.
Since &, consists of frogs whose initial positions are in {z} U (Ra, \ Ran—4a), the
events {T'(0,z) = ||z||} and &,, are independent. This together with the union
bound shows

Qs(n) < Y P(T(0,2) = ||z])) > P(Ey).
TERAL_ A yERAn—l\RAan
Assume that for any = € Ry, 4,

Z P(&E,y) = P*(T(x,Aup_a) = An — A — ||z]))

YERAn—1\RaAn—4a

(5.6)
X Z P(T(O, y)+ 7y, Aa) = A).
yeRA_1\{0}

Then, due to the independence of T'(0,z) and 7(z, Aapn—4),
Qs(n) < Z P(T(0,2) + 7(x, Aan—a) = An — A)

TERAn—A

(5.7)

x B Z Lir0,y)+r(y,a4)=4} | -
yERA_1\{0}

We use the union bound to estimate the above sum as follows:

Z P(T(0,z) + 7(x, Aup_a) = An — A)

TERAnR—A

= JAn—A T Z An_A)

TEAAR—A
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<Qan-at Y > P(T(0,y) + 7(y.z) = An — A).

YERAR_— A1 TEAARn_A

Since the events {T(0,y) 4+ 7(y,z) = An— A}, x € A4, a, are disjoint, it holds that
forall y € Rap_a_1,

Z P(T(0,y)+ 7(y,z) = An — A) = P(T(0,y) + 7(y, Aap—a) = An — A).

TEAAR_A

Therefore,

Z P(T(0,z) + 7(x, App—n) = An — A)
< qan-a+ Z P(T(0,y) + 7(y, Aan—a) = An — A) = 2qan_4.
This combined with (5.7)) implies that

Q3(n) < 2qan—a X E

Z 1{T(0,y)+7(y,AA)=A}]7

yERA_1\{0}

and (53] follows.

It remains to check the validity of (B.6). Note that both p(z,y) and 7(y, A4,) do
not depend on frogs in R4, 4 \ Ran_a whenever y,z € Ra,—1 \ Ran_a. We use the
strong Markov property of S.(x) to obtain for all x € R4, 4 and y € Ran—1\ Ran—a,

P (&) = Z Po(1(2, Aan-n) = An — A — ||2|, Srwan, () = w)

WEA An—A

X Pw( min (T(w, 2) + p(z,y)) + 7(y, Aan) = A).

zERAn—1\Ran—a
Hence, the independence of frogs yields

> Pl

YERAn—1\RAn—4a

) = O Pr@daa)=An—A— ], Siean (@) = w)

WEA An— A
x > P( min  (7(w, 2) + p(z,y)) + 7(y, Aan) = A)-
ZERAn—l\RAan
YERAn—1\RAn—a

Furthermore, by the translation invariance of frogs, the last sum can be written as
follows:

S P min  (r(w,2)+ o= w) + 7y, M) = A)
ZERAn—l\RAan
YERAn—1\RAn—a
= Z P(T(w,w+v)+7(w+0v,w+Ay) = A)
veER4_1\{0}
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= > P(T(0,0) +7(v,A4) = A).

vER4_1\{0}
Consequently, substituting this into the right side of (5.8)) leads to (5.0]). O

5.2. Proof of Proposition 4.4l The aim of this subsection is to show Proposi-
tion 4l To this end, define for any L € N and y € Z%\ {0},

lyll
= <
&i(L,y) {T(O,y) <Collyll, Y Lirwouwy=ny < 41

weYo(y)

_ [yl
E(L,y) = {T(O,y)SCollyll, >, T ) lrwmsny < T (-
wevo (y)\{y}

The key to proving Proposition 4 is to observe that if L and |ly|| are sufficiently
large, then the events £ (L, y) and & (L, y) have a negligible effect on delaying events.

We first estimate the probability of & (L, y) from above by using Propositions
and 0.1

Lemma 5.4. There exist ¢ € K(d,r9) and Ly € N (which depends only on d and
ro) such that if L > Ly and ||y|| > C1(6L)%*2, then

sup P(& (L, y)|w(0) = 1) < ¢s(l[y]]).

ro<r<1

Proof. Fix r € [rg, 1]. In addition, take L; € N large enough to satisfy that for all
L Z L17

e~CsL < O dOTa(6L + 1)~ dd+2),
We now consider the following family (X (w)),ecze of 2L-dependent random vari-
ables and parameter py:
Xp(w) == Lip@w,py (w)=L}» w e 74,
and
pr = sup P.(X (w) =1) = P,.(X.(0) =1).

weZ4

Lemma 1] implies that for all y € Z¢\ {0},
Pr(gl(Lv y)c|w(0) = ]')
Y

< <Z50(00H19H)+7’01Pr( max Z —)

melley |y £ L

(5.9)

Note that the choice of L; and Proposition Bl guarantee that if L > Ly and ||y|| >
C1(6L)%*2, then

pr < el < (6L + 1)_d

and

’(‘_%yLH > C(2L)H max{1, Co|ly|lpy‘}.
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Hence, from Proposition [Z3] there exists a constant ¢ (which depends only on d)
such that

P, Z0i > ) <2l
< 2% exp{ —c|ly[[ 42},
This together with (5.9) implies that if L > L; and ||y|| > C1(6L)%*2, then
P, (£1(L, y)|w(0) = 1) < ¢o(Collyll) + 2% " exp{~Cly||"/ " }.
It is clear that there exists ¢ € KC(d, ) such that for all t > 0,
do(Cot) + 2075 exp{—ctl/(d+2)} < (1),
and the lemma follows. 0J

Let us next estimate the probability of &(L,y) from above by using Proposi-
tion 2.3 again.

Lemma 5.5. There ezist ¢p7 € K(d,r9) and Ly € N (which depends only on d and
o) such that if L > Ly and |ly|| > (L + 1)+ then

sup Pr(E(L,y) lw(0) = 1) < o7 ([lyl]).

ro<r<l1

Proof. Fix r € [ro, 1] and set § := 1/(4d+ 10). We define for any L € N and y € Z?
with [[y||° > L + 2,

_ [yl

V(L,y) = {T(O,y) <Collyll, Y. T D)L wm<yy = Tdis (-
weyo (y)\{y}

From Lemmata 2.1] and and the fact that 7(w,w) = T'(w,w) when w € yo(y) \

{v},

(5.10) P (&(L,y) |w(0) = 1)

< oo(llyll) + 2Collyll + 1)* o (ly]l°) + Pr(V(L, y)|w(0) = 1).
To estimate the last probability, for each ¢ € N, we consider the following family
(X¢(2)),ez4 of 2¢-dependent random variables and parameter p;:
Xf(w) = 1{3w’€B(w,2)\{w} such that T'(w,w’)=7(w,w’)=~£}> we Zd7
and
pe = sup P.(Xy(w) =1) =P, (X,(0) = 1).

weZd

Then, one has

Y T lpawmapiy = D, ¢ Y Llpwa=s

wevo (y)\{y} Lt<|lyl® wevo(y)\{y}

< D> 0D X(w).

L<e<|lyll® wevo(y)\{y}
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Hence, the same argument as in the proof of Lemma shows that for all L € N
and y € Z¢ with ||y||° > L + 2,

P.(V(L,y)lw(0) = 1)

5.11 _ 5 43
(5.11) <it Y e > Xilw) > G i)

cll
L<t<|y|l® Collyll

We take L, € N large enough to satisfy that L, > 291, and
¢i(t) < Colori(2t + 1)~ 1CHD ¢ > L,
Lemma 22 guarantees that if L > Ly and ||y|| > (L+2)?, then for all £ € (L, ||y||%),
p< Y PUT0,w) =7(0,w) = (w(0) = 1)
w'€B(0,6)\{0}
< (204 1)y (0) < (60+1)71
and

d+3

g Iyl = €120 max{1, Colly|lpy*}.

This allows us to use Proposition 23] and we have for some constant ¢ (which
depends only on d),

d+3
P (L, ot > T

mellcy ) 2

(5.12)
< 2tepf - %nyn} < 2 exp{ —elly|2}.

Therefore, by (510), (510) and (EI2), if L > Ly and [jy| > (L + 2)Y/?, then

P.(&(L, y)lw(0) = 1)

< éo(llyll) + 2Collyll + 1)1 (lyll°) + 275 1y ll° exp{ —c[ly[|*}.
It is clear that there exists ¢7 € IC(d, o) such that for all t > 0,

Go(t) + (2Cot + 1)1 (¢°) + 25 1t exp{ —ct'/?} < ¢ (t),
and the lemma follows. 0
We are now in a position to prove Proposition [£.4]
Proof of Proposition .4l Recall that for any L € N and v, z € Z¢\ {0},
E(L,y,2) = {= € v0ly), T(2,Du(2)) > L, |78 — 2| < 2L},

Iyl
= <
&i(L,y) {T(O,y) <Collgll, D Lirwouwn=ny < 47,

weYo (Y)

_ Iyl
SQ(L,y)z{T(O,y)SCollyH, >, W) lrwmsny < 705 (0

wevo (y)\{y}
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where z(") is the first point w after z along vo(y) satisfying that ||w — z|| > L if such
a point w exists; otherwise set 2% := 2 43L&, (see at the beginning of Section E2).
Set L := max{Ly, Ly, 3%}. Assume that for all y € Z? with |ly|| > C,(6L)*"1° and
N > Cy|lyl|, on the event & (L,y) NE(L,y) N{w(0) =1},

lyll
z€B(0,N)\{0,y}

Lemmata (5.4 and B0l imply that if ||y|| is sufficiently large and N > Cy||y||, then for
any r € [ro, 1],

S PUE(Ly )(0) = 1)

z€B(0,N)\{0,y}

Z ET‘ 151 (L,y)ﬂ52 (L,y) Z 18(L,y,z)
z€B(0,N)\{0,y}

> W0y ool — oy > 120,
and the proposition follows.

It remains to show that for all y € Z% with ||y|| > C1(6L)*1% and N > Co|y||,
(E13) holds on & (L, y) NE(L,y) N{w(0) = 1}. To this end, assume that & (L, y)N
E(L,y) N{w(0) = 1} occurs. We first estimate the number of frogs in vo(y). Since

the sum of all 7(w,w) with w € vo(y) \ {y} and 7(w,w) > L does not exceed
llyll /L3, one has

_ [yl 1
Z T<w7w)1{T(w,ﬁ)§L} > T<O7y> - Td+3 = (1 - m) ”y”

wevo (y)\{y}

This means that

w(0) = 1]

#{w €70\ 0.9} : 7(w.) < L} > 7 (1= 7359 ) Il — 1

In particular, we have

(514) #00\ 10,91 > 7 (1 - 255) Il - 1

Let us move on to the proof of (5I3). The (random) subset I'(L,y) of Z¢ is
defined by

) ¢ B(z, L) and B(z, L) does not contain
NLy) = {Z € 0l) \ 0.9+ 1 0 T it ) o L }

Use the fact that the sum of all 7(w,w) with w € vo(y) \ {y} and 7(w,w) > L does
not exceed ||y||/L*"? again, and it holds that

Z ]—{Eweyo(y)\{y} such that weB(z,L) and 7(w,w)>L}
z€70(y)\{y}
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< Y lpwwmsn Y, ligeswoy

weyo (y)\{y} z€v0 (y)\{y}
a. Wyl _ Nyl
< (@L+1)"x oo <
Hence, by (5.14)),
1 [yl
#mmzﬂlmgwwwun =
1

> - 1——)
> 2 (1= D)yl = -yl

This, together with the fact that ||z — || < 2L whenever z € I'(L, ), shows that

Z 15(Lyz > #F L y #{Z € ’Y(’) T(vaL(Z)) = L}
2€B(0,N)\{0,y}

2y - el _ el
6L 2L
which implies (5.13)). O
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