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Orthogonal Polynomials with a Singularly Perturbed Airy Weight
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Abstract

We study the monic orthogonal polynomials with respect to a singularly perturbed Airy weight. By
using Chen and Ismail’s ladder operator approach, we derive a discrete system satisfied by the recurrence
coefficients for the orthogonal polynomials. We find that the orthogonal polynomials satisfy a second-
order linear ordinary differential equation, whose coefficients are all expressed in terms of the recurrence
coeflicients. By considering the time evolution, we obtain a system of differential-difference equations
satisfied by the recurrence coefficients. Finally, we study the asymptotics of the recurrence coefficients

when the degrees of the orthogonal polynomials tend to infinity.
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1 Introduction

As is well-known, classical orthogonal polynomials (e.g., Hermite, Laguerre and Jacobi polynomials) are

orthogonal with respect to a weight function w(z) on the real line which satisfies the Pearson equation

—(o(@)w(z)) = T(z)w(z), (1.1)

where o(x) is a polynomial of degree < 2 and 7(z) is a polynomial of degree 1. Semi-classical orthogonal
polynomials have a weight function w(x) that satisfies the Pearson equation (ILI]) where o(z) and 7(z) are

polynomials with deg o > 2 or deg 7 # 1. See, e.g., [33, Section 1.1.1].
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Various semi-classical orthogonal polynomials have been studied during the past few years. For example,
very recently, Clarkson and Jordaan [I3] considered the orthogonal polynomials with respect to the so-called
generalized Airy weight

w(x) = grem 3T r €RT

with parameters A > —1 and t € R. They derived the differential and difference equations satisfied by
the orthogonal polynomials and also by the recurrence coefficients, and investigated various asymptotic
properties of the recurrence coefficients. Orthogonal polynomials associated with the exponential cubic
weight have also been studied in e.g. [22] 23 [34], and have important applications in numerical analysis
[15] and random matrix theory [3] 4] 5].

In the present paper, we are concerned with the monic orthogonal polynomials with respect to the

singularly perturbed Airy weight
w(z;t) = e 5 reR" (1.2)

with parameters A > —1 and ¢ > 0. The weight (I.2)) is a semi-classical weight since it satisfies the Pearson
equation (L) with
o(z) = 22, 7(z) = =32 + (AN + 2)x + ¢.

Note that the factor e« induces an infinitely strong zero at the origin for the weight (L2]).

Semi-classical orthogonal polynomials with singularly perturbed Gaussian, Laguerre, Jacobi and Freud
weights have been studied in [6} 8, 11 27, 28] 29], [35]. The weights with an essential singularity at the origin
play an important role in many mathematical and physical problems, such as the study of statistics for
zeros of the Riemann zeta function [2], the calculation of finite temperature expectation values in integrable
quantum field theory [21], the study of the Wigner time-delay distribution [7}, 25, [32], etc.

Let P,(z;t), n=0,1,2,..., be the monic polynomials of degree n orthogonal with respect to the weight

(C2), such that
/ P (x;t) Py (x; t)w(z; t)dx = hy(8)0mn, m,n=0,1,2,...,
0

where h,,(t) > 0 and 0,,, denotes the Kronecker delta. Here P, (x;t) has the following expansion
Py (z;t) = 2™ + p(n, t)z™ 1 + --- 4+ P,(0; 1), n=0,12,...,

where p(n,t) denotes the sub-leading coefficient of P, (z;t) with the initial value p(0,¢) = 0.
One of the most important characteristics of orthogonal polynomials is the fact that they obey the

three-term recurrence relation of the form [12], 31]

xPp(z;t) = Poy1(x;t) + an(t) Po(z:;t) + Bn(t) Py—1(z; 1), (1.3)



with the initial conditions

Po(zit) =1, Bo(t)P-1(z;t) = 0.

It can be seen that the recurrence coefficients «,(t) and f,,(t) have the following integral representations:

ap(t) = %(t) /000 P2 (z; t)w(x; t)dz > 0,
Bn(t) = hn%(t) /000 2Py (x;t) Py—1(x; t)w(x; t)de.

Obviously, the expression (I.4]) is equivalent to

Moreover, we have by comparing the coefficients of 2™ on both sides of (3] that
an(t) = p(n,t) —p(n + 1,1).

Taking a telescopic sum of (LG, we find

n—1
Z a;(t) = —p(n,t).
j=0

(1.5)

(1.7)

As an easy consequence of the three-term recurrence relation (I.3)), we have the Christoffel-Darboux formula

Z Pi(2)Pi(y) _ Pu(x)Pa1(y) = Pua(y)Poor ()
=l hp—1(t)(z — y) ’

which plays an important role in the derivation of the ladder operators introduced in the next section.

It is well known that the orthogonal polynomials can be expressed as the determinants [20] (2.1.6)],

po()  pa(t) -+ p(t)
pi(t)  p2(t) o pmaa(t)
Po(x;t) = Dj(t) ,
fn—1(t)  pn(t) t2n—1(t)
1 T x"

Dy, (t) == det(ﬂiﬂ(t));f;:lo =

fo(t)
pa(t)

Hn—1 (t)

pa(t)
pa(t)

fin ()

where D, (t) is the Hankel determinant for the weight (I.2]) defined by

,Un—l(t)

pin(t)

fr2n—2(t)




and p;(t) is the jth moment given by

pi(t) = /000 zlw(z;t)de.

An evaluation of the above integral shows that the moment p;(t) can be expressed in terms of the gener-
alized hypergeometric functions.

Furthermore, the Hankel determinant D,,(t) can be expressed as a product of h;(t) [20, (2.1.6)],

Da(t) = T] hs(t). (13)

From (L) and (L)), it is easy to see that the recurrence coefficient S, (t) and the Hankel determinant

D,,(t) have the following relation:
Dpy1(t) D (t)

/Bn(t) = D?L(t)

The remainder of this paper is organized as follows. In Section 2, we apply the ladder operators and
associated compatibility conditions to orthogonal polynomials with the singularly perturbed Airy weight.
Based on the identities for the recurrence coefficients and auxiliary quantities, we derive the discrete
system satisfied by the recurrence coefficients. We also obtain the second-order differential equation for the
orthogonal polynomials. In Section 3, we study the time evolution and find that the recurrence coefficients
satisfy the coupled differential-difference equations. The relation between the logarithmic derivative of the
Hankel determinant and the recurrence coefficients has also been discussed. In Section 4, we consider the
large n asymptotics of the recurrence coefficients by using Dyson’s Coulomb fluid approach. Finally, the

conclusions are outlined in Section 5.

2 Ladder operators and the associated compatibility conditions

Ladder operators for orthogonal polynomials were known to many authors before (one can even go back
to Laguerre), but mostly these were obtained case by case. Chen and Ismail [I0] found a general setting
for ladder operators which contains all the earlier known cases; see also Ismail [20, Chapter 3] and Van
Assche [33, Chapter 4]. The ladder operator approach has been demonstrated to be very useful to analyze
the recurrence coefficients of various orthogonal polynomials; see, e.g., [1, 8, 1T}, 13} 14}, 18, 26, 28]. The

lowering and raising ladder operators for our monic orthogonal polynomials are given by

<% N Bn(ar)> Po(z) = B A () Pas (1), (2.1)

(5~ Bol0) ~¥(@) Prcal) = ~Aus(0) (o) (22)



where v(z) := — Inw(z) is the potential and

) = g [T B uay 23)
Bu(o)i= i [ = )p sty 2.4

Note that we often suppress the ¢-dependence for brevity, and we have w(0) = w(oco) = 0.

The functions A,(x) and Bj(x) are not independent but must satisfy the following compatibility

conditions:
Bpi1(2) + Bp(a) = (v — an)An(z) - V/(2), (51)
1+ (l‘ — Oén)(Bn_H(l‘) — Bn(x)) = 5n+1An+1($) - ﬁnAn—1($), (52)
n—1
By () + V(@) Bu(z) + Y Aj(2) = BaAn() Anos (). (83)
§j=0

The conditions (S7) and (S3) are essentially a consequence of the three-term recurrence relation (L3]).
Equation (S%) is obtained from the suitable combination of (S7) and (S3) and usually gives a better insight
into the recurrence coefficients compared with (S2) in practice.

For our weight (L2]), we have

t
v(z) = —Inw(z) =2 — AInz + o (2.5)
It follows that
At
/ 2
_ AR 2.
vi(z) =3z i (2.6)
and
") =V A t t
M:3(x+y)+_+_2+7_ (2.7)
r—y ry Xy Yy

Substituting (2.7)) into the definition of A, (z) in ([23]), we find

1 t t

o0 A
A== [ [3<:c R R Ty} P2(y)uly)dy

— n - _P2 P2
32 + 3an + — <_hn /0 ) > (y)w(y)dy + e /0 7 n(y)w(y)dy>

o | SRRy )

Y



The formula in the brackets can be simplified through integration by parts. In fact, we have
1 o _t
i/ ~P}(y)w(y)dy = i/ Pyl vy = —/ Py vy
hn Jo Yy b Jo
2 2, ¢
=i ), (3“?)@

= h_3n /0 y? P2 (y)w(y)dy — n ?Pg(y)w(y)dy

=3 (04 Bt o))~ [ PR,

where use has been made of the three-term recurrence relation (L3)) in the last step. It follows that

o t o
—/ —P2(y)w(y)dy + h_/o ?Pg(y)w(y)dy =3 (Oé% + Bn + 5n+1) .

Hence, we obtain from (28] that

2 o9
Ap(z) :3$+3an+3(QN+ﬁn+Bn+l) + ! / 1P2( Jw(y)dy.

T x2h, Yy

Similarly, plugging (2.7)) into the definition of B, (x) in (24]) gives

Bua) = = [ e+ + 2+ Lt L R w)P Wt

1

1 A 1 t
341 (7 [ PP+ = [ LRGP amemy)

>*1
#n—l/o ;P( Y) Pr—1(y)w(y)dy.

Using integration by parts, we find

<1

hn—l Yy

That is,

hn—l Yy Y

Then we obtain the expression of B, (x) from (2.9]) that

B.(z) = 36, 1 3(an + a,;—1)5n —n g;2htn_1 /0 ép () Pa_1(y)w(y)dy.

We summarize the above results in the following lemma.

A /O L) a0y = 3on +an- )8, —n - /0 5 Palb) P () (0) .

A /0 L )P ) dy + — /0 T L PP (Ww(w)dy = 3o + an_1)Bn — .

(2.9)



Lemma 2.1. We have

R, R
A, (2) = 3% + 3ay, + 2 4 Zn 2.10
() =3z + 3ay, + . + 2 (2.10)

A
B, (x) =308, + . + x_g’ (2.11)

where Ry, r, and R}

v, rroare the auziliary quantities defined by

Ry, =3 (a2 + B+ Bs1) s (2.12)
Tn = 3y, + ap—1)Bn — n, (2.13)
and
* t ~1 2
nJo Y

N t ©1
= / — P (y) Po1(y)w(y)dy. (2.15)

n—-1Jo Y

Substituting the expressions of A, (z) and B,(z) in (2I0) and (2II)) into (S1) and comparing the

coefficients of mlz and % on both sides, we get

AT =t — Ry, (2.16)
and
T+ Tnt1 = Ry — an Ry + A, (2.17)

respectively.
Similarly, substituting (ZI0) and (ZII) into (S%) and comparing the coefficients of 2, X5, % 1 and 2°

on both sides, we obtain

(1 —t) = BuRy Ry o, (2.18)
(2rn = A) )y — trn = By (R Ru—1 + R, _1Ry) , (2.19)
n—1
T = Ay — 3ty + 68ur + Y Ri = Bn (3anRy_y + 30m 1R, + RyRn 1), (2.20)
§=0
n—1
68nn — 3ABn + > Rj =3B, (R + Ry + o Rt + a1 Ry) |
j=0
n—1
4362+ oy = B (3an0m—1 + Ry + Ru_1) . (2.21)
7=0



Proposition 2.2. The auziliary quantities R, and r}, are expressed in terms of the recurrence coefficients

as follows:

R} =1y 4 rne1 +anRy — A, (2.22)

P (rn + Tpy1 + anRy — >\) 6an—1 + (Tn—l + 7y +op1Rp1 — >\) ﬁan + try,
n 2r, — A 7

where Ry, and r, are given by (212) and (213), respectively.

(2.23)

Proof. From ([2I7), we get (Z22]). Substituting ([2:22) into (2.19), we obtain (Z23]). O

With these preparations, we are now ready to derive the discrete system for the recurrence coefficients.

Theorem 2.3. The recurrence coefficients oy, and 3, satisfy the following system of nonlinear third-order

difference equations:

[(Tn + Tn+1 + aan - )\) /Ban—l + (Tn—l + Tn + O4n—1Rn—1 - )\) Ban + trn]
X [(Tn + rpp1 + ap Ry — )\) Brnln—1 + (rn—l + 1+ o1 Ry — )\) Brnly — try + )\t]

= Bn(2r, — )\)2 (rn+Tp+1+anRp — A) (Tp—1 + 71 + a1 Rp—1 — A, (2.24)

2 (Tn + Tn+1 + aan - )\) /Ban—l + 2 (Tn—l + Tn + an—an—l - )\) /Ban + 2trn
+ (2r, — A) [an (rpn+Tp+1 +apRy — A —1) + 3@% — 3,8,2L+1 - t]

= (2rn - )\) [ﬁn (3anan—1 + Ry, + Rn—l) - ﬁn—i—l (3an+104n + Ry + Rn)] s (225)

where Ry, and r, are given by (212) and (213), respectively.

Proof. Substituting (2.:22]) and (2.:23]) into ([2.I8]), we obtain (2.24]). To proceed, replacing n by n + 1 in
[(221) and making a difference with (2.2I]) give rise to

Thoy — T+ 3801 — 362 + an = Bu1 (Bt + Rus1 + Ry) — By (Banan—1 + Ry + Ry1) . (2.26)
Eliminating r);_ ; from the combination of (Z.I6]) and (2.26]), we have

Plugging (2.22)) and (2.:23)) into the above, we arrive at (2.25)). O

Remark 1. If one substitutes (2.22) and (2.23) into (2.16]) directly, a fourth-order difference equation

for the recurrence coefficients would be obtained.



Remark 2. Using (I.7), it is seen from (2Z21) that the sub-leading coefficient p(n,t) can be expressed in

terms of the recurrence coefficients o, and By,.

At the end of this section, we show that our orthogonal polynomials satisfy a second-order linear

ordinary differential equation with the coefficients expressed in terms of a,, and 3,.

Theorem 2.4. The monic orthogonal polynomials P,(x), n = 0,1,2,..., satisfy the following second-order

differential equation:

Pl(z) - <v/<x> T j§§ ) Pl(x) + (B;<:v> B2(2) V(@) Bae) + fuAn(@) Ay (2)
A@B@)Y,
e >Pn( ) =0, (2.27)

where v'(x) is given by (2.8) and

Ry, rp+rptanR,— A

A, =3 3o, + — , 2.28

(z) = 3z + 3, + . + 2 (2.28)

Bn(l') _ 3Bn + T_n + (rn + Trpa1 + oan Ry, — )\) 5an—1 + (rn—l +2Tn +ap_1Ryp-1 — )\) ﬁan + try, (229)
x (2r, — ANz

with Ry, and r, given by (213) and (213).

Proof. Eliminating P,_;(x) from the ladder operator equations (ZI)) and (2.2]), we obtain ([Z27)). The
expressions in ([2.28) and (2:29) come from Lemma 2.T] and Proposition O

3 The t evolution and differential-difference equations

Recall that the recurrence coefficients, the sub-leading coefficient p(n,t) and the auxiliary quantities all
depend on . In this section, we study the evolution of these quantities in £. We start from taking a

derivative with respect to ¢ in the orthogonality condition
o
/ Py (z;t)Py—q(x; t)w(zx; t)dx = 0.
0

It follows that

d 1 <1
Ep(n,t) = m/o EPn(a:,t)Pn_l(x,t)w(x,t)da:.

From (Z2.I5]) we have

d
t=p(n.t) = r*.
dtp(n,) T



By making use of (LG) and (Z26]), we find
tag,(t) =1, — Thg
=3B2,1 — 382 + an + By (Banan_1 + Ry + Ry—1) — Bus1 (Bant10m + Ros1 + Ry) .
Substituting (2.12)) into the above and simplifying the result, we obtain the differential-difference equation
tal, (t) = o + 36 (02 + anan_1 + a2 + Bp + Bu_1) — 3ﬂn+1(a%+1 + 10 + &2 + Bpso + Bas1).

On the other hand, differentiating the equality

o
hn(t) = / P2(z;t)w(z; t)dx
0
with respect to t gives rise to
o0
1
W0 = [ Pt s
0 X
Taking account of (2Z.14]), we have

d «
o by (t) = —R;. (3.1)

Using (L3]) and (222]), it follows that

tB,(t) = Bn(Ry, 1 — R})

= ﬁn(rn—l — T'n+1 + O4n—1JRn—1 - aan)
Substituting ([2.12) and (2.13) into the above produces another differential-difference equation

tﬂ;(t) = /Bn [2 + 30471—2/871—1 - 3an+1/8n+1 + 30471—1(@%_1 + Bn + 2/871—1) - 3an(ai + Bn + 2/871—1—1)] .
Hence, we obtain the following theorem.

Theorem 3.1. The recurrence coefficients oy, and B, satisfy the coupled differential-difference equations
tal,(t) = o + 3Bn (0 + a1 + 21 + By + Bue1) — 3Bns1(0hiy + Qng10n + 2 + Buga + But),

t6,(t) = Bn [2 + 3an—26p—1 — 341 Bn+1 + Ban_1(a2_1 + By + 2Bn—1) — 3oy (a2 + By + 26n11)] -

Finally, we discuss the relation between the logarithmic derivative of the Hankel determinant and
the recurrence coefficients. Let H,(t) be a quantity related to the logarithmic derivative of the Hankel
determinant as follows,

d
Hy(t) :=t—1n Dy(t).
(t) =t Da(t)

10



Using (L8)) and (31), we have

n—1 n—1

d *

Hy(t) = Yt Inhy(t) = = D R;
7=0 7=0

In view of (2.20), we obtain
Hp(t) =12 — Aty — 3By + 6Burs — By (3 Ry + 3an_1 R + Ry Ry—1) -

Hence, H,(t) can be expressed in terms of the recurrence coefficients o, and §, by using (222]), ([223)),

[2I2) and ([2I3]). Since the expression is somewhat long, we will not write it down.

4 Large n asymptotics of the recurrence coefficients

In this section, we would like to study the asymptotics of the recurrence coefficients «,, and 5, as n — oo
by using Dyson’s Coulomb fluid approach introduced in the work of Chen and Ismail [9].

It is well known that Hankel determinants play an important role in random matrix theory (RMT)
[16, 19, 24]. This is because Hankel determinants compute the most fundamental objects studied in
RMT. For example, the determinants may represent the partition function for a particular random matrix
ensemble or they may be related to the largest and smallest eigenvalue distribution of the ensemble. For
our Hankel determinant D, (t), it can be viewed as the partition function for the unitary ensemble with

the singularly perturbed Airy weight

1 e
p0- [T el
P 0,00)" 1<ii<n k=1

where x1,29,...,x,, are the eigenvalues of n x n Hermitian matrices from the ensemble with the joint

probability density function

n

1 g3t
p(r1,m2,. .., 1p) = m H ($i—ajj)2H:p2e L
UMY gi<jsn k=1

Dyson’s Coulomb fluid approach [I7] showed that the collection of eigenvalues can be approximated
by a continuous fluid with an equilibrium density o(z) for sufficiently large n. It can be seen that our
potential v(z) in (Z5]) satisfies the condition that zv/(z) increases on RT when A > —1, ¢ > 0. In this
case, the density o(x) is supported on a single interval, say (0,b); see [30, p. 199].

Following [9], the equilibrium density o(z) is determined by the constrained minimization problem:

b
min Fo] subject to / o(x)dx =n,
7 0

11



where F[o] is the free energy defined by
b b b
Flo] := / o(x)v(z)dr — / / o(z)In |z — ylo(y)dzdy.
0 0o Jo
It is then found that the density o(z) satisfies the integral equation
b
v(z) — 2/ In|z —ylo(y)dy = A, x € (0,0),
0

where A is the Lagrange multiplier for the constraint. Taking a derivative with respect to x for the above

equation gives the singular integral equation

v/(x) — 2P /Ob ::(_yl/dy =0, z € (0,b), (4.1)

where P denotes the Cauchy principal value. The solution of (41]) is given by

1 [b—= bV (y) Y
= P .
o(@) 272 T /0 y—a b—ydy

Substituting (2.0]) into the above, we obtain

3(822 + 4bx + 3b%) [b— =z
167 x

o(z) =

It follows that the normalization condition fob o(x)dx = n becomes

150°
32
Furthermore, it was shown in [9] that as n — oo,
b2
Qp ~ 9 B ~ Ea

where the symbol ¢, ~ d,, means that li_}rn 2+ = 1. Hence, we obtain the following results.
n o0 mn

Theorem 4.1. For fized parameters A > —1, t > 0, the recurrence coefficients of the monic orthogonal

polynomials with the weight (1.2) have the large n asymptotics

3 4n 5 3 7’L2
An 15 "~V 900"

Remark 3. [t is interesting to notice that the leading asymptotics of the recurrence coefficients are inde-

pendent of the parameters \ and t.

12



5 Conclusions

In this paper, we have studied orthogonal polynomials with respect to the singularly perturbed Airy weight.
We derived a pair of difference equations and differential-difference equations satisfied by the recurrence
coefficients. We proved that the orthogonal polynomials satisfy a linear second-order ordinary differential
equation. The relations between the sub-leading coefficient of the monic orthogonal polynomials, the
associated Hankel determinant and the recurrence coefficients have also been discussed. Furthermore, we

investigated the large n asymptotics of the recurrence coefficients when the parameters A and ¢ are fixed.
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