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ON THE SET OF SUPERCYCLIC OPERATORS

THIAGO R. ALVES AND GUSTAVO C. SOUZA

Abstract. In this article, we address a problem posed by F. Bayart regard-
ing the existence of an infinite-dimensional closed vector subspace (excluding
the null operator) within the set of supercyclic operators on Banach spaces.
We resolve this problem by establishing the existence of the closed subspace.
Furthermore, we prove that the set of supercyclic operators on ℓ1 contains, up
to the null operator, an isometric copy of ℓ1.

1. Introduction and main result

A supercyclic operator T from a Banach space X to itself is defined as a linear
continuous operator for which there exists a vector x in X such that the set

{λT k(x) : λ ∈ K, k ≥ 0}(1.1)

is dense in X , where K is either the real field R or the complex field C, depending on
whether X is a real or complex vector space, respectively. The term “supercyclic”
was first used by H. M. Hilden and L. J. Wallen in [6, Sect. 5]. Supercyclic operators
have attracted significant attention in the field of linear dynamics, and extensive
research has been dedicated to them, as evidenced by the existing literature and
references (cf. [3, Chs. 1 and 9], its citing articles, and its cited references).

This article focuses on a question originally raised by F. Bayart [2, p. 302,
Remark (2)]; also referred to as Problem 47 in [5]. The question pertains to the
existence of an infinite-dimensional closed vector subspace, excluding the null op-
erator, within the set of supercyclic operators. While F. Bayart has confirmed the
affirmative answer in the context of operators defined on infinite-dimensional com-
plex separable Hilbert spaces, the question has remained unresolved in the broader
framework of separable Banach spaces, including real separable Hilbert spaces.

In this article, we tackle the question posed by F. Bayart in the context of op-
erators defined on infinite-dimensional separable Banach spaces, covering both real
and complex cases. Specifically, we offer a solution by establishing the existence of
an infinite-dimensional closed vector subspace, excluding the null operator, within
the set of supercyclic operators. Furthermore, we prove that the set of supercyclic
operators on ℓ1 contains (up to the null operator) an isometric copy of ℓ1.

Similar investigations, aimed at uncovering linear structures within nonlinear
sets, have been conducted across various domains of Analysis in the past two
decades, as evidenced by the comprehensive survey article [4] and its citations. We
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adopt the established terminology introduced in [1], whereby a subset of a topolog-
ical vector space is considered “spaceable” if it contains (up to the null vector) an
infinite-dimensional closed vector subspace.

Hence, considering a separable Banach space X and denoting L(X) as the set
of all continuous linear operators on X , our main result can be stated as follows:

Theorem 1.1. The set of supercyclic operators in L(X) is spaceable. Further-
more, the set of supercyclic operators in L(ℓ1) contains (up to the null operator) an
isometric copy of ℓ1.

It is worth noting that D. Kitson and R. M. Timoney provided a general condition
in [7, Theorem 3.3] for proving the spaceability of a set A in a Fréchet space Z. To
the best of our knowledge, this is the only known general condition in Fréchet space
for establishing spaceability. Unfortunately, the standard method of applying this
condition necessitates the complement, denoted as Z \A, of the set to be a vector
space in its own right. Regrettably, this requirement is not met in our specific
scenario. To illustrate this point, let us examine the following linear continuous
operators:

(λk) ∈ ℓ1 7→ (0, λ3, λ4, λ5, . . .) ∈ ℓ1 and (λk) ∈ ℓ1 7→ (λ2, 0, 0, 0, . . .) ∈ ℓ1.

Neither of these operators is supercyclic on ℓ1, which is evident. However, their
sum yields the backward shift operator, a well-known example of a supercyclic
operator (cf. [3, Example 1.15] for more details). Consequently, we pursue a more
constructive approach to prove Theorem 1.1.

The remaining sections of the article is structured as follows. In Section 2,
we present the necessary notations used throughout the article, along with some
background information relevant to the topic. Section 3 contains the proof of the
main theorem, which is presented in a concise manner. The proof relies on the
use of Lemma 4.4, which was proved by employing the Supercyclicity Criterion, as
discussed in Section 4. Section 4 is dedicated to the technical aspects of the proof,
where we provide four technical lemmas leading up to Lemma 4.4, which is directly
utilized in the proof of the main result.

2. Background and notations

Throughout, X denotes an infinite-dimensional separable Banach space, which
can be either real or complex. The symbol L(X) stands for the set of all continuous
linear operators from the normed space X to itself. The notation Uk signifies the
composition of the map U with itself k times, where U is a given map.

As a consequence of [10, Theorem 1], we can and will fix a biorthogonal system
(xn, x

∗
n)

∞
n=1 ⊂ X ×X∗ with the following properties:

sup
n∈N

‖x∗
n‖ =: CX < ∞ and ‖xn‖ = 1 for each n;(2.1)

x∗
m(xn) = δmn, where δmn denotes the Kronecker delta;(2.2)

span{xn : n ∈ N} is dense in X ;(2.3)

x = 0 if x∗
n(x) = 0 for each n.(2.4)

For what will follow, it is worth noting that from (2.1) and (2.2), we have CX ≥ 1
(and thus C−1

X ≤ 1).
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For each sequence w = (wn) ∈ ℓ1 of positive numbers, we can define a weighted
backward shift operator Bw : X → X as follows:

Bw(x) :=

∞∑

n=1

x∗
n+1(x)wn xn.

We have that Bw is well-defined, linear, and continuous. Moreover, ‖Bw‖L(X) ≤ 1

whenever ‖w‖1 ≤ C−1
X . Indeed, we can prove the well-definedness of Bw through

the following calculation:

∞∑

n=1

‖x∗
n+1(x)wn xn‖X

(2.1)

≤ sup
i≥2

|x∗
i (x)|

∞∑

n=1

wn

(2.1)

≤ CX ‖x‖X ‖w‖1.(2.5)

The linearity of Bw is evident, while (2.5) shows that its operator norm is bounded
by 1 when ‖w‖1 ≤ C−1

X . Throughout this article, we make the overarching assump-
tion that

w = (wn) ∈ ℓ1, wn ց 0 and ‖w‖1 ≤ C−1
X ≤ 1.(2.6)

Note that the second assumption explicitly designates (wn) as a decreasing sequence
of positive real numbers.

We also use the following notation throughout Section 4. For a vector x ∈ X ,
its support is denoted by supp(x) = {n : x∗

n(x) 6= 0}. Moreover, for any pair of
natural numbers M ≤ N , we set X[M,N ] := span{xn : M ≤ n ≤ N}. To simplify
notation, we set XN := X[1,N ] for every N ∈ N := {1, 2, . . .}. Finally, we define
X∞ as the union of all X[M,N ]; that is, X∞ is the vector subspace of X generated
by (xn), and it follows from (2.3) that X∞ is dense in X .

For any λ = (λk)
∞
k=1 ∈ ℓ1\{0}, we define pλ as the smallest element in supp(λ) :=

{k : λk 6= 0}. Also, for any y ∈ X∞ \ {0}, qy is defined as the largest element in
supp(y), which is well-defined because of (2.2) and (2.4). In addition to that, we
consider a function Fλ : N → (0,∞) given by

Fλ(d) :=

CX(d+ 1)!

(
max
0≤i<d

|λpλ+i|

)d−1

|λpλ
|
d
w

d·pλ

pλ+d

.

Note that Fλ is an increasing function. Indeed, since max
0≤i<d

|λpλ+i| ≥ |λpλ
| > 0 for

each d ∈ N and 0 < wk+1 < wk < C−1
X ≤ 1 for each k ∈ N, we have




max
0≤i<d

|λpλ+i|

|λpλ
|wpλ

pλ+d




d−1

1

|λpλ
|wpλ

pλ+d

≤




max
0≤i<d+1

|λpλ+i|

|λpλ
|wpλ

pλ+d+1




d

1

|λpλ
|wpλ

pλ+d+1

,

which promptly implies Fλ(d) ≤ Fλ(d+ 1).
Now, given a family of sequences (λm

k )∞k=1 ⊂ K, m ∈ N, such that (λm
k )∞m=1

converges for each k and inf
m∈N

|λm
k0
| =: δ > 0 for some k0 ∈ N, we define a function
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Gk0,δ : N → (0,∞) as follows:

Gk0,δ(d) :=

CX(d+ 1)!

(
sup
j∈N

max
0≤i<d

|λj
k0+i|

)d−1

δd wd·k0

k0+d

.(2.7)

We can similarly prove that Gk0,δ is an increasing function. This is due to the fact

that sup
j∈N

max
0≤i<d

|λj
k0+i| ≥ δ > 0 for each d ∈ N and 0 < wk+1 < wk < C−1

X ≤ 1 for

each k ∈ N.

3. Proof of the main result

In accordance with the notations introduced in Section 2, we define the operator
T : ℓ1 → L(X) as follows:

Tλ := T (λ) =

∞∑

k=1

λk B
k
w

with λ = (λk)k ∈ ℓ1.(3.1)

For every x in the unit ball of X and each λ = (λk) ∈ ℓ1, we have

∞∑

k=1

‖λk B
k
w
(x)‖X ≤

∞∑

k=1

|λk| < ∞,

where the first inequality follows from ‖Bw‖L(X) ≤ 1 (cf. Section 2). Thus, T is

clearly well-defined, linear, continuous, and ‖T (λ)‖L(X) ≤ ‖λ‖1 for each λ ∈ ℓ1.

Furthermore, T is injective since T (λ) = 0 implies

N∑

n=1

(
λN+1−n ·

N∏

i=n

wi

)
xn =

∞∑

k=1

λk B
k
w
(xN+1) = 0,

for all N ∈ N, and thus λ = 0. Finally, by utilizing Lemma 4.4, we conclude that
the closure of the range of T contains only supercyclic operators (up to the null
operator). This completes the proof of the first statement of the theorem.

For X = ℓ1, we can consider T defined by using B, the standard backward shift
operator on ℓ1, instead of Bw. In this case, all the arguments mentioned earlier
apply seamlessly. In particular, it is worth noting that the validity of Lemma 4.4
follows by setting wk = 1 in any part of Section 4 and letting X = ℓ1 be equipped
with its canonical Schauder basis (en). This basis gives rise to a biorthogonal
system (en, e

∗
n) ⊂ ℓ1 × ℓ∞, satisfying conditions (2.1)-(2.4).

Moreover, for this specific case where X = ℓ1, we can establish that T is an
isometry by demonstrating the reverse inequality as follows:

‖T (λ)‖L(ℓ1) ≥ sup
n∈N

∥

∥

∥

∥

∥

∞
∑

k=1

λkB
k(en+1)

∥

∥

∥

∥

∥

1

= sup
n∈N

‖(λn, λn−1, . . . , λ1, 0, 0, . . .)‖1 = ‖λ‖1.

This concludes the proof of Theorem 1.1.

In light of Theorem 1.1, it is natural to raise the following question.

Question 3.1. Which spaces X , other than ℓ1, permit the existence of (isometric)
copies of classical infinite-dimensional Banach spaces, excluding the null operator,
within the set of supercyclic operators in L(X)?
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4. Technical lemmas

In this section, we present four technical lemmas, with the last one directly
applied in the proof of Theorem 1.1. For any notation that has not been introduced
within the proofs or statements of the lemmas, please refer to Section 2 for its
definition and explanation.

Lemma 4.1. Let T be defined as in (3.1), and let 0 6= λ = (λk)
∞
k=1 ∈ ℓ1. Then,

there exists a family of linear maps Sλ,d : Xd → X[pλ+1,pλ+d], d ∈ N, satisfying the
following properties for each y ∈ Xd:

(A1) (Tλ ◦ Sλ,d)(y) = y.

(B1) ‖Sλ,d(y)‖X ≤ Fλ(d) · ‖y‖X .

(C1) qSλ,d(y) = pλ + qy if y 6= 0.

Proof. To define Sλ,d, we will use the following notation:

Sλ,d(y) :=:

pλ+d∑

n=pλ+1

byn xn with y =

d∑

n=1

an xn ∈ Xd.

Next, the goal is to establish, for each y ∈ Xd, the unique existence of byn ∈ K,
n = pλ + 1, pλ + 2, . . . , pλ + d, for which (A1) holds. By setting byn to be 0 if
n < pλ + 1 or n > pλ + d, we can express the left side of (A1) as follows:

(Tλ ◦ Sλ,d)(y) =
∞
∑

k=1

λk

∞
∑

m=1

b
y
m B

k
w
(xm) =

∞
∑

k=1

∞
∑

m=k+1

λk b
y
m

(

m−1
∏

i=m−k

wi

)

xm−k

(n:=m−k)
=

∞
∑

n=1

(

∞
∑

k=1

λk b
y

k+n

n+k−1
∏

i=n

wi

)

xn

=
d
∑

n=1





pλ+d−n
∑

k=pλ

λk b
y

k+n

n+k−1
∏

i=n

wi



xn,

(4.1)

where the last equality follows from both b
y
k+n = 0 if k + n > pλ + d and λk = 0 if

k < pλ.
Hence, by examining (4.1), we can deduce that proving the unique existence of

the values byn ∈ K, n = pλ + 1, pλ + 2, . . . , pλ + d, satisfying (A1) is equivalent to
demonstrating the solvability of the linear system represented by




M[1, 1] M[1, 2] M[1, 3] · · · M[1, d]
0 M[2, 2] M[2, 3] · · · M[2, d]
0 0 M[3, 3] · · · M[3, d]
...

...
...

. . .
...

0 0 0 · · · M[d, d]







b
y
pλ+1

b
y
pλ+2

b
y
pλ+3
...

b
y
pλ+d



=




a1
a2
a3
...
ad



,(4.2)

where

M[n, k] := λpλ+k−n

pλ+k−1∏

i=n

wi, with n ≤ k and n, k = 1, 2, . . . , d.(4.3)
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Denoting byM the matrix of coefficients in (4.2), we can see that the determinant

of M is
∏d

i=1 M[i, i] 6= 0, implying that the above linear system has a unique
solution. Thus, we can define Sλ,d as follows:

Sλ,d

(
d∑

n=1

an xn

)
=

pλ+d∑

n=pλ+1

byn xn,

where (bypλ+1, b
y
pλ+2, . . . , b

y
pλ+d) ∈ Kd is the unique solution for the system (4.2).

We note that M
−1 is the matrix representation of Sλ,d with respect to the bases

{x1, x2, . . . , xd} and {xpλ+1, xpλ+2, . . . , xpλ+d}.
To verify the validity of condition (B1), we recall (cf. [8, Ch. VI, Sect. 8]) that

the coefficients of the inverse matrix of M, denoted as (M−1)[n, k], are given by

(M−1)[n, k] =
(−1)n+k Det(M̂kn)

Det(M)
.(4.4)

Here, M̂kn represents the matrix obtained by eliminating the kth row and the nth
column from M. Moreover, it is pertinent to recall (cf. [8, Ch. VI, Sect. 7]) that

when d > 1, the determinant of M̂kn can be computed using the expression

Det(M̂kn) =
∑

σ∈Pd−1

sgn(σ)
d−1∏

ℓ=1

M̂kn[σ(ℓ), ℓ],(4.5)

where Pd−1 stands for the symmetric group of d − 1 elements and sgn(σ) the
signature of the permutation σ. On the other hand, the determinant of M is given
by

Det(M) =
d∏

j=1

M[j, j] = λd
pλ

d∏

j=1

pλ+j−1∏

i=j

wi.(4.6)

Thus, we can conclude that

|M−1[n, k]|
(4.4)+(4.6)

=
|Det(M̂kn)|

|λd
pλ
|
∏d

j=1

∏pλ+j−1
i=j wi

(4.5)

≤

(d− 1)! max
1≤i≤j≤d

|M[i, j]|d−1

|λd
pλ
|
∏d

j=1

∏pλ+j−1
i=j wi

(2.6)+(4.3)

≤

(d− 1)! max
1≤i≤j≤d

|λpλ+j−i|
d−1

|λd
pλ
|wd·pλ

pλ+d

.

(4.7)

Therefore, considering a given y =
∑d

n=1 an xn ∈ Xd, and utilizing the fact that
M

−1 is the matrix representation of Sλ,d in terms of the bases {x1, x2, . . . , xd} and
{xpλ+1, xpλ+2, . . . , xpλ+d}, we obtain

‖Sλ,d(y)‖X
(2.2)
=

∥∥∥∥∥
d∑

n=1

d∑

k=n

M
−1[n, k]x∗

k(y)xpλ+n

∥∥∥∥∥
X

(2.1)

≤ CX

d∑

n=1

d∑

k=n

|M−1[n, k]| ‖y‖X

(4.7)

≤

CX d (d+ 1) (d− 1)! max
1≤i≤j≤d

|λpλ+j−i|
d−1

|λd
pλ
|wd·pλ

pλ+d

‖y‖X ,
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as stated in (B1).

To establish (C1), consider y =
∑d

n=1 an xn 6= 0. Let (a1, a2, . . . , aqy
, 0, . . . , 0) ∈

Kd. From (4.2), exploiting the upper triangularity of matrix M and the non-zero
entries M[i, i] for all i = 1, 2, . . . , d, we deduce that b

y
pλ+qy

6= 0 and byn = 0 for

n > pλ + qy. Thus, we have successfully established the validity of (C1).
�

Lemma 4.2. Let T be as (3.1) and let 0 6= λ = (λk)
∞
k=1 ∈ ℓ1. Then there exists a

map Sλ : X∞ → X such that Sλ(X∞) ⊂ X∞ and, for all k ∈ N and y ∈ X∞, we
have:

(A2) (T k
λ ◦ Sk

λ)(y) = y.

(B2) ‖Sk
λ(y)‖X ≤ [Fλ(d

y
k)]

k
· ‖y‖X if y 6= 0, where d

y
k := (k − 1) pλ + qy.

Proof. Choose a family of linear maps Sλ,d : Xd → X[pλ+1,pλ+d], d ∈ N, as in
Lemma 4.1. Let us now define Sλ : X∞ → X as follows. For y = 0, we set
Sλ(0) = 0. For 0 6= y ∈ X∞, we define

Sλ(y) := Sλ,qy
(y).(4.8)

It can be easily verified that Sλ is well-defined and Sλ(X∞) ⊂ X∞. Furthermore,
for every y ∈ X∞ \ {0} and k ∈ N, we can deduce from (4.8) and Lemma 4.1(C1)
that

Sk
λ(y) = (Sλ,d

y

k
◦ Sλ,d

y

k−1

◦ · · · ◦ Sλ,d
y
2

◦ Sλ,d
y
1

)(y),(4.9)

where d
y
ℓ = (ℓ − 1) pλ + qy, ℓ = 1, 2, . . . , k. Note that dyℓ ≤ d

y
ℓ+1 for each ℓ.

It follows from (4.9) and Lemma 4.1(B1) that

‖Sk
λ(y)‖X ≤

k∏

ℓ=1

Fλ(d
y
ℓ ) · ‖y‖X ≤ [Fλ(d

y
k)]

k
· ‖y‖X ,

where the last inequality holds because Fλ is an increasing function. This proves
(B2).

Next, we establish

(Tλ ◦ Sλ)(y) = y for all y ∈ X∞.(4.10)

If y = 0, both sides of the equation are equal to 0. For 0 6= y ∈ X∞, utilizing
Lemma 4.1(A1), we have

(Tλ ◦ Sλ,qy
)(y) = y,

and the statement follows from (4.8).
Finally, employing (4.10), we can conclude by induction that

(T k
λ ◦ Sk

λ)(y) = y

for all y ∈ X∞ and k ∈ N. This completes the proof of (A2). �
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Lemma 4.3. Suppose T as (3.1), (λm)∞m=1 ⊂ ℓ1 and U ∈ L(X) \ {0} such that

‖Tλm − U‖L(X)
m→∞
−−−−→ 0.(4.11)

Then, there exists k0 ∈ N such that, by denoting λm =: (λm
k )∞k=1, we have:

(A3) (λm
k )∞m=1 converges for each k ∈ N.

(B3) lim
m→∞

|λm
k0
| > 0 = lim

m→∞
λm
k if k < k0.

(C3)

∥∥∥∥∥
∞∑

k=k0

λm
k Bk

w
− U

∥∥∥∥∥
L(X)

m→∞
−−−−→ 0.

Proof. For notational simplicity, we consider λm
k−ℓ+1 ·

∏k
i=ℓ wi = 0 when ℓ > k in

the subsequent analysis. For any k,m, ℓ ∈ N, we have
∣∣∣∣∣λ

m
k−ℓ+1 ·

k∏

i=ℓ

wi − x∗
ℓ (U(xk+1))

∣∣∣∣∣
(2.2)
=

∥∥∥∥∥x
∗
ℓ

(
∞∑

n=1

λm
k−n+1

k∏

i=n

wi xn − U(xk+1)

)∥∥∥∥∥
X

(2.1)

≤ CX

∥∥∥∥∥
∞∑

n=1

λm
k−n+1

k∏

i=n

wi xn − U(xk+1)

∥∥∥∥∥
X

= CX ‖Tλm(xk+1)− U(xk+1)‖X

≤ CX ‖Tλm − U‖L(X)
m→∞
−−−−→ 0,

which implies

lim
m→∞

λm
k−ℓ+1 = x∗

ℓ (U(xk+1))

k∏

i=ℓ

w−1
i if 1 ≤ ℓ ≤ k, and

x∗
ℓ (U(xk+1)) = 0 if ℓ > k.

(4.12)

In particular, this proves (A3).
Suppose, for the sake of contradiction, that there does not exist a natural number

k0 satisfying condition (B3). In other words, by using (A3), we have

lim
m→∞

|λm
k | = 0 for each k ∈ N.

From this, together with (4.12), we conclude that x∗
ℓ (U(xk+1)) = 0 for all k, ℓ ∈ N.

Thus, according to (2.4), U(xk) = 0 for each k ≥ 2. On the other hand, it is evident
that U(x1) = 0 due to both (4.11) and Tλm(x1) = 0 whenever m ∈ N. Therefore,
we have just proven that U(xk) = 0 for each k ∈ N. This leads to a contradiction
since (xk)

∞
k=1 is dense in X (cf. (2.3)) and U ∈ L(X) \ {0}. Thus, there is k0 ∈ N

satisfying (B3).
We can prove (C3) as follows:

∥∥∥∥∥
∞∑

k=k0

λm
k Bk

w
− U

∥∥∥∥∥
L(X)

≤

∥∥∥∥∥
∞∑

k=1

λm
k Bk

w
− U

∥∥∥∥∥
L(X)

+

∥∥∥∥∥
∑

k<k0

λm
k Bk

w

∥∥∥∥∥
L(X)

≤ ‖Tλm − U‖L(X) +
∑

k<k0

|λm
k |

m→∞
−−−−→ 0,

where the convergence is due to (4.11) and (B3). �
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To establish the supercyclicity of an operator U ∈ L(X), it is sufficient to demon-
strate that U satisfies the Supercyclicity Criterion, as defined by Salas [9] and later
simplified by Montes-Rodŕıguez and Salas [11] (refer to [3, Definition 1.13 and The-
orem 1.14]). This criterion necessitates the existence of an increasing sequence of
integers (nk), along with two dense sets D1 and D2 in the space X , and a sequence
of maps Snk

: D2 → X satisfying the following conditions:

‖Unk(x0)‖X‖Snk
(y0)‖X → 0 whenever x0 ∈ D1 and y0 ∈ D2;(4.13)

UnkSnk
(y0) → y0 for all y0 ∈ D2.(4.14)

The Supercyclicity Criterion is employed in the proof of our latest lemma.

Lemma 4.4. Assuming T as (3.1), we have that each non-null operator in T (ℓ1)
L(X)

is supercyclic.

Proof. Take U ∈ L(X) \ {0} and (λm)∞m=1 ⊂ ℓ1 such that

‖Tλm − U‖L(X) → 0 as m → ∞.

We define λm = (λm
k )∞k=1 for each m ∈ N. By applying Lemma 4.3, we can find

a number k0 ∈ N such that conditions (A3), (B3), and (C3) hold. Note that all
previously mentioned properties persist when replacing (Tλm) with (Tλm)m≥m0

for
any arbitrary choice of m0 ∈ N. As a result, given that lim

m→∞
|λm

k0
| > 0 according

to (B3), it is without loss of generality to suppose that

inf
m∈N

|λm
k0
| =: δ > 0.(4.15)

By setting

Rm :=
∞∑

k=k0

λm
k Bk

w
, for each m ∈ N,

it follows from (C3) that

‖Rm − U‖L(X)
m→∞
−−−−→ 0.(4.16)

Note that for m 6= n and x ∈ X , we have

(Rm ◦Rn)(x) = Rm

(
∞∑

k=k0

λn
k B

k
w
(x)

)
=

∞∑

k=k0

λn
k Rm(Bk

w
(x))

=

∞∑

k=k0

λn
k

∞∑

r=k0

λm
r (Br

w
◦Bk

w
)(x) =

∞∑

k,r=k0

λn
k λ

m
r Br+k

w
(x),

(4.17)

where the last equality is obtained because both λm and λn are included in ℓ1,
ensuring the absolute convergence of the series and, consequently, the commutation
of the terms.

From (4.17), we can deduce that Rm◦Rn = Rn◦Rm for all n,m ∈ N. Combining
this with (4.16), we obtain

Rm ◦ U = lim
n→∞

Rm ◦Rn = lim
n→∞

Rn ◦Rm = U ◦Rm (in L(X))
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for every m ∈ N. Hence, U commutes with every operator Rm, where m ∈ N.
Consequently, for every k,m ∈ N, we have

‖Rk
m − Uk‖L(X) =

∥∥∥∥∥(Rm − U)

(
k−1∑

i=0

Rk−i−1
m U i

)∥∥∥∥∥
L(X)

≤ ‖Rm − U‖L(X)

k−1∑

i=0

‖Rm‖k−i−1
L(X) ‖U‖iL(X)

m→∞
−−−−→ 0.

(4.18)

Given
λ̃m = (λ̃m

k )∞k=1 := (0, . . . , 0, λm
k0
, λm

k0+1, . . .), m ∈ N,

and utilizing Lemma 4.2, we deduce that for each T
λ̃m = Rm, there exists a map

S̃m : X∞ → X with the following properties for any y ∈ X∞ and k ∈ N:

S̃m(X∞) ⊂ X∞, (Rk
m ◦ S̃k

m)(y) = y, and(4.19)

‖S̃k
m(y)‖X ≤

[
F
λ̃m(dyk)

]k
· ‖y‖X

(4.15)

≤ [Gk0,δ(d
y
k)]

k
· ‖y‖X if y 6= 0,(4.20)

where d
y
k = (k − 1) k0 + qy and Gk0,δ is defined as in (2.7) using the family of

sequences (λ̃m
k )∞k=1,m ∈ N. Note that the validity of (A3) ensures that Gk0,δ is

well-defined. Additionally, it is noteworthy that the upper bound of ‖S̃k
m(y)‖X is

independent of m due to the utilization of (4.15).
From (4.18), we may choose a sequence m1 < m2 < · · · < mk < · · · such that

‖Rk
mk

− Uk‖
L(X)

≤ 2−k [Gk0,δ(k
2)]−k for each k ∈ N.(4.21)

For each k ∈ N, we define Sk := S̃k
mk

: X∞ → X . The well-defined nature of this

mapping arises from the inclusion S̃mk
(X∞) ⊂ X∞ (cf. (4.19)).

At this point, it is noteworthy that the definition of the maps Sk solely depends
on U (and not on y). Specifically, its definition essentially relies on the choices of

k0, δ, and S̃m, which, in turn, are determined by the selection of the sequence Tλm

converging to U .
Our aim is to establish that U satisfies the Supercyclicity Criterion (cf. (4.13)

and (4.14)), with the selection of (nk) = (k), Sk as described above, and D1 = D2 =
X∞. Let x0 and y0 be two non-null vectors in X∞. By considering the definition
of Rm (which involves infinite sums of compositions of “weighted backward shift

operators”), we can readily observe the existence of k̃1 ∈ N such that ‖Rk
mk

(x0)‖X =

0 for all k ≥ k̃1, since x0 has finite support. Consequently, for all k ≥ k̃1, the
following calculation holds:

‖Uk(x0)‖X ≤ ‖Rk
mk

(x0)− Uk(x0)‖X + ‖Rk
mk

(x0)‖X
(4.21)

≤ 2−k[Gk0,δ(k
2)]−k ‖x0‖X .

(4.22)

On the other hand, it follows from (4.20) that

‖Sk(y0)‖X = ‖S̃k
mk

(y0)‖X ≤ [Gk0,δ(d
y0

k )]k ‖y0‖X .(4.23)
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Since Gk0,δ is an increasing function and d
y0

k · k−2 → 0 as k → ∞, it is clear that
condition (4.13) in the Supercyclicity Criterion is satisfied, by utilizing (4.22) and
(4.23).

Furthermore, we can demonstrate the validity of condition (4.14). This can be
established through the subsequent calculation:

‖Uk Sk(y0)− y0‖X
(4.19)
= ‖Uk S̃k

mk
(y0)−Rk

mk
S̃k
mk

(y0)‖X

≤ ‖Uk −Rk
mk

‖
L(X)

‖S̃k
mk

(y0)‖X

(4.20)+(4.21)
≤ 2−k[Gk0,δ(k

2)]−k[Gk0,δ(d
y0

k )]k ‖y0‖X
k→∞
−−−−→ 0.

That completes the proof. �
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Departamento de Matemática, Instituto de Ciências Exatas, Universidade Federal

do Amazonas, 69.077-000 – Manaus – Brazil

Email address: alves@ufam.edu.br

Departamento de Matemática, Instituto de Ciências Exatas, Universidade Federal

do Amazonas, 69.077-000 – Manaus – Brazil

Email address: gustavo.souza@super.ufam.edu.br


	1. Introduction and main result
	2. Background and notations
	3. Proof of the main result
	4. Technical lemmas
	References

