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UNIVERSAL BOUNDS ON THE ENTROPY OF TOROIDAL
ATTRACTORS

P. MONTEALEGRE MACIAS AND J.J. SANCHEZ-GABITES

ABSTRACT. A toroidal set is a compactum K C R3 which has a neighbourhood
basis of solid tori. We study the topological entropy of toroidal attractors K,
bounding it from below in terms of purely topological properties of K. In
particular, we show that for a toroidal set K, either any smooth attracting
dynamics on K has an entropy at least log 2, or (up to continuation) K admits
smooth attracting dynamics which are stationary (hence with a zero entropy).

1. INTRODUCTION

It is well known that attractors can be very complicated both topologically and
dynamically. One wonders to what extent these two sorts of complexity are related,
and in particular whether “topological strangeness” of a compactum K alone may
already force a certain degree of complexity on any possible attracting dynamics
on K. With the usual interpretation that a strictly positive entropy h is indicative
of complicated dynamics, we are therefore interested in bounds of the form

(1.1) h(flx) = logp(K) >0

where f is any C*° diffeomorphism having the compactum K as an attractor and,
crucially, p(K) depends only on K and not on f. In other words, the bound
log p(K) is universal across all C* attracting dynamics on a given set K.

We shall argue (Subsection that, in a certain sense, the simplest class of
compacta K for which universal bounds of the form are possible is that of
toroidal sets. These are compacta K C R? which have a neighbourhood basis
comprised of solid tori ([I]). These tori can wind inside each other and be knotted,
and so K will usually be a very complicated continuum. Among toroidal sets one
finds every smooth or polygonal knot, many wild knots, the usual embeddings of
n—adic solenoids and generalized solenoids (where n is replaced with a sequence
{n}), knotted solenoids, every inverse limit of a self map of S! (see [20, §3, pp.
3751t.]), classical continua such as the Whitehead continuum, etc.

To each toroidal set K (no dynamics yet) one can assign a collection of prime
numbers p; > 2 called its prime divisors ([3]). These capture purely topological
properties of K; roughly speaking, they are related to the amount of “self-winding”
of K. A toroidal set may have any number of prime divisors, possibly none or
possibly infinite.

In order to analyze dynamics on toroidal sets we shall introduce the notion of

the geometric degree dy(f; K) of a local homeomorphism f which leaves a toroidal
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set K invariant. We shall concentrate almost exclusively on the case when K is an
attractor for f. Then the geometric degree das(f; K) is a positive integer which, very
roughly, counts the minimum number of “angular preimages” of a point. Unlike the
ordinary (homological) degree, where preimages are counted as +1 depending on the
local behaviour of the map, in the geometric degree each preimage contributes 41 to
the count. This makes it more sensitive than the ordinary degree while still retaining
the usual properties of the latter. In particular it is invariant under homotopies
or, more precisely, under continuations in the sense of Conley: if (fi)aep,1] is a
continuous family of local homeomorphisms, each having a toroidal attractor K
(also varying continuously with \), the prime divisors of the K and the geometric
degrees dar(fx; K)) are independent of .

The geometric degree provides a link between entropy and prime divisors. On
the one hand, if K is an attractor for a local homeomorphism f then the prime
divisors of the integer das(f; K), in the ordinary sense of arithmetics, coincide with
the prime divisors {p;} of the toroidal set K (Theorem [3.9) and so in particular
dn(f; K) > T]; pi- On the other, when f is C* the geometric degree provides the
lower bound h(f|x) > logdn(f; K) for the entropy (Theorem [5.1]). Therefore

(1.2) h(fk) = logdy (f; K) > log [ | pi-

Since the prime divisors p; depend only on K but not on the dynamics, this
bound is of the desired form with p(K) = [], p;. In particular as soon as K
has at least one prime divisor we get h(f|x) > log2 > 0. Notice that the bound
log 2 is universal not only across all C*° attracting dynamics on a given K but in
fact across all toroidal attractors with at least one prime divisor. In this sense it is
sharp, since it is attained by the standard embedding of the dyadic solenoid in R?
with its usual dynamics.

If a toroidal attractor K has no prime divisors then reduces to the triv-
ial bound h(f|x) > logl = 0 and, given the universal nature of the bound, the
(somewhat wild) question arises of whether K actually supports some attracting
dynamics with a zero entropy. Since the geometric degree and the prime divisors
are invariant under continuation, we may also ask whether K can be continued to
an attractor with a zero entropy. It turns out that the answer is in the affirmative:
we shall prove that if K is a toroidal attractor with no prime divisors, then it can
be continued to a smooth knot « which is an attractor with stationary dynam-
ics (Theorem [4.1)). For this result the use of the geometric degree instead of the
ordinary one is crucial.

Summing up, up to continuation and for smooth dynamics, we obtain a neat
alternative:

Theorem 1.1. Let K be a toroidal attractor for a C= diffeomorphism of R3.

(i) If K has some prime divisor, then K and all of its C* toroidal continuations
have an entropy at least log 2.

(ii) If K has no prime divisors, then K has a C* continuation to a smooth knot
which is an attractor with stationary dynamics (hence with a zero entropy).

We finally discuss briefly the outline of the paper. In Section [2] we recall some
definitions and in particular that of the geometric index of a solid torus inside
another. This was introduced by Schubert ([30]) to study knots and is basic for
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our constructions. In Section [3] we define the prime divisors of a toroidal set K
and the geometric degree da(f; K), and relate the two when K is an attractor.
We also prove that they are invariant under continuation. In Section [4] we show
that a toroidal attractor K with no prime divisors can be continued to a smooth
knot. Section [b| relates the entropy of a toroidal attractor to the geometric degree
and hence also to the prime divisors of the attractor. It is here where smoothness
assumptions on the dynamics are needed for the first time in order to apply a bound
of Yomdin on the entropy. Section [6] contains a comparison between the geometric
and the ordinary degree as well as an open question related to the smoothness
assumption on the dynamics.

We have included two appendices. Appendix [A] contains some technicalities
about the definition of the geometric index. Appendix [B] is a brief outline of
Yomdin’s bound on entropy, tailored to the very particular case we use in this

paper.

2. SOME BACKGROUND

This section gathers some definitions and results that are needed for the rest of
the paper. The most important are the definition and properties of the geometric
index in Subsection 2.2

2.1. Tame solid tori. A solid torus T is a topological space homeomorphic to
D? x S'; any homeomorphism A : D? x S' — T is called a framing of 7. The
image under h of D? x {*} is called a meridional disk of 7" and its boundary (which
is a simple closed curve in 9T) a meridian of T. The image under h of the curve
{0} x S' is a called a core of T. One should bear in mind that meridional disks can
lie in a very crooked way inside T'; picturing them as being “radial” is misleading.

In dimensions three (and higher) there exist wild tori, and these are both in-
convenient and unnecessary for our purposes. Henceforth we will almost always
confine ourselves to working with tame tori only. Recall that a compact subset
L C R3 is tame if there exists a homeomorphism g : R® — R3 which sends L
onto a polyhedron, and semilocally tame if there exist an open neighbourhood U of
L and a homeomorphism g : U — g(U) C R? which sends L onto a polyhedron.
Evidently a tame set L is also semilocally tame, and a deep theorem of Moise states
that the converse is also true ([24, Theorem 3, p. 254]).

In the sequel we will make use of the following facts:

(i) Any solid torus T C R3 can be perturbed an arbitrarily small quantity to make
it tame. To prove this one picks a framing h : D? x S' — T C R? and resorts to
a classical approximation theorem (see for example [24, Theorem 2, p. 251]) which
ensures that for any € > 0 there is another embedding A’ : D? x S' — R3 that
is e—close to h and is piecewise linear, so in particular its image T is a polyhedral
solid torus e—close to T.

(ii) Suppose f is a homeomorphism of R? or, more generally, a local homeomor-
phism of R?, i.e. a homeomorphism f : U — f(U) C R3 where U is open in R?.
If T C U is a tame solid torus, then f(T) is also tame. This follows because f(7T)
is evidently semilocally tame and, as mentioned above, it is therefore tame.

2.2. The geometric index. We recall the notion of the geometric index of a solid
torus inside another one. This was introduced by Schubert [30, §9] (who called it
“order”) and will be essential in the paper. The original definition and results by
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Schubert are set up for polyhedral tori, but we need a purely topological version.
This is not entirely straightforward because of the existence of wild objects in
3 dimensions, and sorting this out requires some nontrivial results from geometric
topology. We have deferred the technical details to Appendix [A]since the geometric
content of the definition is very intuitive.

We first motivate the definition informally. Let T be a solid torus containing a
simple closed curve « in its interior. Let v be a core of Tj, so that « is homologous
to a multiple of v; say « = m~y with m € Z. The integer m can be computed (up
to a sign) by counting the number of times that « intersects any meridional disk D
of Ty. This has to be performed algebraically: each point in D N « contributes 41
depending on the sense in which «a crosses D at that point. This algebraic count
is independent of the disk D used to perform it. We shall call it the homological
winding number of « in Ty and denote it by m(a C Tp).

The geometric index of « inside Tj is defined in a similar manner but counting
the points of intersection in D N « geometrically; i.e. each contributes a +1 so the
count is just the cardinality |D N «|. This depends on the disk D, and one defines
the geometric index N(a C Tp) by minimizing |D N a| over all meridional disks D.
It is clear that N(a C Ty) > |m(a C Tp)|, and the inequality can be strict. For
example the Whitehead curve shown in the left panel of Figure [I| has m = 0 but
geometric index 2.

‘We now proceed to the formal definitions. For our purposes it is more convenient
to define the geometric index of a solid torus (rather than a simple closed curve)
inside another one, but the geometric motivation for the definition is the one just
outlined.

Let Ty € R? be a solid torus and 7} another solid torus contained in the interior
of Ty. We assume these to be tame. Let D be a meridional disk of T,. We say
that D is transverse to 77 if there exist a neighbourhood N of D in T and a
homeomorphism A : (N, N NTy) — (D? Dy U...UD,) x [-1,1] where:

(i) the D; are pairwise disjoint closed disks.
(ii) h carries D onto D? x {0}.

This definition is intended to provide a local model for the intersection D N Tj.
Observe that (ii) implies that DNT} consists of r disjoint closed disks (the preimages
of the D; x {0} under h). These are not assumed to be meridional disks of T3, in
contrast to the next definition.

Definition 2.1. The geometric index of T3 in Tj is the minimum 7 such that there
exists a meridional disk D of T which is transverse to T} and such that D N1}
consists of r meridional disks of T7. We denote this number by N(T7 C Tp).

At this stage it is not even clear that N(T7 C Tp) be well defined in general,
since perhaps no meridional disk transverse to 17 exists at all. However, for tame
tori as we are considering the geometric index is indeed well defined. Moreover, it
has the following three fundamental properties:

(P1) If (To, T1) and (T3, Ty) are homeomorphic pairs, then N (T} C Ty) = N(Ty C
7).

(P2) N(T1 C Tp) = 0 if and only if there exists a tame ball B such that T} C
B CTy.

(P3) The geometric index is multiplicative: if 7o C T} C Ty, then

N(Tp CTy) = N(T» CTh) - N(T1 C Tp).
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The first property is direct from the definition, since the notions of meridional
disk and transversality are preserved by homeomorphisms. Proving the other two
involves some woodworking which is best done when the tori are polyhedral. They
are proved, under this assumption, by Schubert (|30, Hilfssatz 3 and Satz 3, pp.
171 and 175]). We shall show in Appendix [A| how to translate those results to
our topological setting. Here we discuss briefly (P2) because it is quite plausible
and also provides a good illustration of why the geometric index is more powerful
than the winding number m. If the geometric index N (71 C Tp) is zero, there
exists a meridional disk of T which does not meet T;. Then cutting 7 along this
meridional disk produces a ball B between T; and Ty. Conversely, should such a
ball B exist, one can shrink it inwards by an ambient isotopy G; of T to a tiny
size and find a meridional disk D disjoint from G1(B). Running the isotopy in the
reverse produces a meridional disk disjoint from B and hence from T;. Notice that
(P2) is certainly not true for the winding number m, and again the Whitehead
curve of Figure|[l|is a classical example.

We finish by returning to the index N(a C Tp) of a simple closed curve « inside a
solid torus Tp. This can be defined just as N(T; C Tp) with the obvious adaptations:
in the local model of transversality one replaces the disks D; with points p; and
in Definition [2.1] one removes the condition that the D; be meridional disks of Tj.
The resulting definition agrees with the informal one given at the beginning of this
section. It can be shown that N(y C T1) = N(Tp C T1) whenever v is a core of Tj.
(In fact in Schubert’s original work the geometric index is defined first for curves,
then for solid tori through this relation).

2.3. Dynamics. The following definitions are standard and can be found, for ex-
ample, in [12] or [21].

Attractors. Suppose f is a homeomorphism. A compact set NV such that f(N) C
int N is called a trapping region for f. The attractor defined by that trapping
region is the set K := (), f"(N).

A set P is positively invariant if f(P) C P and invariant if f(P) = P. An
attractor K has a neighbourhood basis of compact positively invariant sets; namely
the {f™(N)}n>0. The attractor K itself is invariant.

If the forward orbit of a point x enters N then it converges to K asymptotically,
this meaning that for every neighbourhood V of K there exists ng such that f™(x) €
V for n > ng. The set of points with this property is called the basin of attraction
of K and is denoted by A(K). It is an open, invariant neighbourhood of K. One
can easily check that in fact not only points in A(K) are attracted by K, but
also compact sets as well. Explicitly: for every neighbourhood V of K and every
compact set C C A(K) there exists ng such that f*(C) C V for all n > ny.

An attractor can also be defined intrinsically (i.e. without reference to a trap-
ping region) as a compact invariant set which attracts nearby points and has a
neighbourhood basis of positively invariant sets. In turn, the latter condition can
be replaced by requiring that K be stable in the sense of Lyapunov. Thus the type
of attractors we are considering are sometimes called stable attractors.

In this paper we will consider dynamics generated by a local homeomorphism of
R3. By this we mean a map f defined on an open subset U C R3 and which is a
homeomorphism onto its image f(U) C R3. By the invariance of domain theorem it
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suffices to require that f be continuous and injective. The definition of an attractor
given above generalizes immediately to this situation.

Continuations. We now recall the notion of a “continuation” introduced by
Conley [6], tayloring the definition to our particularly simple case of attracting
dynamics.

Suppose we have a parametrized family of local homeomorphisms fy all defined
on some open set U C R3. Here A ranges in some set of parameters which for
definiteness we shall take to be the interval [0,1] C R. Formally, we consider a
continuous map f : [0, 1] x U — R3 such that every partial mapping fy : U — R?
defined by fi(x) := f(A, z) is injective (hence a local homeomorphism).

Now let [0,1] 2 A — K\ be amap where each K is an attractor for fy. We want
to provide a reasonable definition of “continuity” of this map. Fix some Ag € [0, 1]
and let N be a trapping region for K, so that f,(N) C int N. Evidently the latter
inclusion still holds for A close enough to A\g, and so N contains an attractor for f).
We say that A — K, is continuous at A if there is a neighbourhood I C [0, 1] of
Ao such that for every A € I the attractor K is precisely the one determined by the
trapping region N under the dynamics fy; that is, Ky := (1,0 fX (V). It is easy to
check that this condition is independent of N, although I will usually depend on it.
Of course, we say that A — K is continuous if it is continuous at every Ag € [0, 1].
This ad hoc definition should be reasonable on intuitive grounds and will suffice for
our purposes, but in fact one can set up a topology in the collection of attractors
of the fy so that this map is continuous in the ordinary sense of Topology.

A continuous mapping as just described is called a continuation, or a continuation
from Ky—g to Kyx—1. Each intermediate K is also called a continuation of K_g.

Entropy. We also recall the definition of “topological entropy”. For this purpose,
we consider a compact metric space, (X, d), and a continuous map g : X — X.
For each n > 0 we define the metric
df)(z,y) == max {d(g'(x),g' (1))}

0<i<n

and, for a given z € X and the open ball B(z,¢) := {y € X | d(z,y) < ¢}, the
(n, €)-dynamical ball

By(z,€e,n) = m g " (B(z,€)).
i=0

The continuity of g ensures that B, (z,n, €) is open. Since X is compact, for any
€ > 0 there is a minimum number of (n, €)-dynamical balls needed to cover X. We
denote this number by Sq(g,n,¢€). It can be interpreted as the minimum amount
of initial conditions which, at a scale € and up to time n, are representative of all
possible trajectories of the system.

Now, the topological entropy of g is defined as the following double limit:

ha(g) := lim lim sup 1 log Sa(g,n,¢€).
e—0 n n
Although the definition of hq involves the distance d, it is actually invariant
among equivalent distances which define the same topology. This can be proved
explicitly or by means of a purely topological definition of the entropy that does
not involve distances (as it was defined originally). Henceforth we will omit the
distance d from the notation.
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2.4. Why toroidal sets? It was mentioned in the Introduction that toroidal sets
are the simplest for which universal bounds of the form are possible. The
following example justifies this. For part (iv), recall that a compactum K C R”"
is called cellular if it has a neighbourhood basis comprised of cells; that is, of sets
homeomorphic to the standard closed n—ball in R™.

Example 2.2. Let K C R™. If

(i) K is an attractor for a flow, or

(ii) K is a global attractor, or
(iii) K is an attractor in dimension n < 2, or
(iv) K is a cellular set,

then K can be realized as an attractor with stationary dynamics and so with a zero
entropy.

Proof. (i) One just needs to stop the flow on K. This is straightforward to do
when the flow is C! (by multiplying its vectorfield by a nonnegative function which
vanishes precisely on K) but also true when the flow is merely continuous; see [2]
and references therein.

(ii) and (iv) Every global attractor is cellular and, conversely, every cellular set
can be realized as a (global) attractor of a flow which is stationary on the set (these
are results of Garay [13]).

(iii) An attractor in R” has a finitely generated Cech cohomology ([27, Theorem
1, p. 2827]) and then in dimensions n < 2 a result of Giinther and Segal ([I6]
Corollary 3, p. 326]) reduces the situation to that of flows. O

Remark 2.3. Regarding smoothness of the dynamics, in case (i) the slowed down
flow can evidently be made as smooth as the original flow, and in the remaining
cases in dimension n # 4 the dynamics can be made C*. This follows from results
by Grayson, Norton and Pugh ([I4] and [26]).

Notice that the example shows that several well known strange attractors (for
instance, the Lorenz or Hénon attractors) can also be realized as attractors with
stationary dynamics. Thus, “dynamical strangeness” is not always necessary for
“topological strangeness”.

Bearing in mind our goal of obtaining positive bounds on the entropy which are
universal across all attracting dynamics on a given compactum K, the preceding
example justifies that we focus on discrete dynamical systems and on dimension n at
least 3. Also, we need to go beyond cellular sets. If one regards cells as handlebodies
of genus zero, a natural next step in complexity consists in considering compacta
K C R3 that have a neighbourhood basis comprised of handlebodies of genus one;
i.e. solid tori. These are precisely toroidal sets.

2.5. Toroidal sets and toroidal attractors. A compactum K C R3 is toroidal if
it is not cellular and has a neighbourhood basis comprised of (not necessarily tame)
solid tori {T}}. One can always choose the {T}} to satisfy the following conditions:
(i) Each T} is a tame solid torus.
(ii) Each Tj41 is contained in the interior of Tj.
(iii) The geometric indices N(Ti4+1 C Tk) are all nonzero.
To show that these bases exist, first start with any neighbourhood basis {T}} of
K satisfying (ii). This exists by the definition of a toroidal set. Then one perturbs
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each T}, to a tame torus T}, by a perturbation of size e, — 0 chosen inductively to
ensure that the tame T}, still contains T4 in its interior and is contained in the
interior of T} _,. The new tame tori {7} } for a neighbourhood basis of K which sat-
isfy (i) and (ii). Finally, condition (iii) can be achieved by discarding finitely many
of the T}. Indeed, for each k such that N (T}, C T}) = 0 we have (by property
(P2) of the geometric index) a ball T}, | C By, C T;. Thus if N(T} ; C T}) =0
for infinitely many k& then we have {Bj} a neighbourhood basis for K comprised
of balls, so K would be cellular. This contradicts the definition of a toroidal set.
Hence N(Tj, 11 C T}) = 0 for finitely many k, and so by discarding these we may
achieve the three conditions enumerated above. From now on whenever we speak of
“a basis” of a toroidal set we will always mean a neighbourhood basis that satisfies
the conditions enumerated above.

When a toroidal set K is an attractor for a local homeomorphism f there is
a natural way of constructing bases {Ty}. Since K is toroidal and its basin of
attraction is an open neighbourhood of K, it contains some solid torus which is a
neighbourhood of K. This compact set is attracted by K, and so there exists ng
such that f*(T) C int T for every n > ng. Thus {T}} := {T, f*(T), f>»(T),...}
is a neighbourhood basis of K comprised of nested solid tori. If T is taken to
be tame (this can always be done by perturbing it to a polyhedral torus) then
all the iterates f*7°(T') are semilocally tame and hence tame. Thus {7}, } satisfies
properties (i) to (iii) listed above. It has the additional crucial property that each
pair (f*+Dno(T), fE70(T)) is homeomorphic to (T, f™°(T)) and so the geometric
indices N(Tj4+1 C T}) are all equal. We will call a basis constructed in this manner
a dynamically generated basis.

Remark 2.4. A toroidal attractor has a neighbourhood basis of solid tori (because
it is toroidal) and a neighbourhood basis of positively invariant sets (because it is
an attractor), but there is in principle no guarantee that it has a basis of neigh-
bourhoods which satisfy simultaneously both conditions; i.e. which are positively
invariant solid tori. We do not know if this is generally true.

We conclude by observing that not every toroidal set can be realized as an
attractor, and characterizing topologically which can is an open problem. For
example, (i) any smooth knot in R? can be realized as a (toroidal) attractor with
stationary dynamics, but (ii) there are toroidal knots which are smooth everywhere
except at a single point and cannot be realized as attractors whatsoever; however
(iii) there are toroidal knots which are nowhere smooth (in fact, they are wild
everywhere in the sense of Geometric Topology) and they can again be realized as
attractors with stationary dynamics. Thus a rather natural geometric gradation
of complexity (smooth everywhere, smooth but at a single point, smooth nowhere)
does not have a consistent dynamical counterpart.

3. PRIME DIVISORS AND THE GEOMETRIC DEGREE

In this section we associate to each toroidal set a collection of prime numbers
(possibly empty or infinite) called its prime divisors. They capture purely topo-
logical information about the self-winding of K. We also associate to each local
homeomorphism between two toroidal sets a rational number called its geometric
degree. This is then particularized to the case of a toroidal attractor of a local
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homeomorphism. Some motivation for the definitions to come can be found in
Section [6

3.1. Prime divisors. Let K be a toroidal set and {T}} a basis for K as described
in Subsection 2.5

Definition 3.1. A prime divisor of K is a prime number p > 2 which divides
N(Tg41 C Ty) for infinitely many k.

By multiplicativity of the geometric index and the primality of p this is equivalent
to requiring that the number N (7T}, C T1) contains arbitrarily large powers of p
as k — 4oo. A yet equivalent condition is that for any fixed ki, the numbers
N(Ty, C Ty, ) should contain arbitrarily large powers of p as k — +o0.

Proposition 3.2. Being a prime divisor is independent of the basis {T}}.

Proof. Let {T}} and {T};} be two bases for K and suppose that p satisfies Definition
for {T}}. We show that it also satisfies the definition for {I}}. Pick k; so that
Ty, € Ty. Now, for a given power p™ of p let k > k; be big enough so that
p"|N (T}, C Ty, ). Finally, pick ¢ so that T, C Ty. Then by multiplicativity of the
geometric index applied to T{ 2 Ty, 2 T} 2 Ty we have N (T} C Ty, )|N(T; C T7).
Thus p"|N(T; C T7) and so N(T; C T1) contains arbitrarily large powers of p as
{ — 400, as was to be shown. (I

The prime divisors of a toroidal set were first defined in [3] in a less elementary
fashion. The definition given here is equivalent.

Example 3.3. (1) Suppose K C R3 is a smooth knot. Picking a closed tubular
neighbourhood T of K and a diffeomorphism (T, K) = (D? x S',0 x S!) it is
straightforward to construct a neighbourhood basis of K which consists of nested,
solid tori such that the geometric index of each consecutive pair is 1. Thus any
smooth knot is a toroidal set with no prime divisors. The same holds for a polygonal
knot taking pl regular neighbourhoods instead of tubular neighbourhoods.

(2) Suppose K is the intersection of a nested family of solid tori {T;} such that
each T;;11 winds monotonically (i.e. without doubling back) n; > 1 times inside
T;. The monotonicity condition ensures that there exists a meridional disk of T;
which intersects T;11 along n; disks (so N(T;11 € T;) < n;) and at each of these
intersections T;41 crosses the meridional disk in the same sense (so m(T;+1 C T;) =
n;). Thus N(T;+1 C T;) = n;, and so the prime divisors of K are exactly those
prime numbers that divide infinitely many of the n,. In particular when n;, = n (as
in the standard embedding of an n—adic solenoid) the prime divisors of K are the
prime divisors of n without multiplicity.

A more interesting example is provided by Whitehead continua.

Example 3.4. Start with an unknotted solid torus 77 and place a thinner one 75 in
its interior along the black curve depicted in the left panel of Figure[I] Then place
an even thinner torus T3 inside T» following the same pattern (by this we mean that
(T3, T3) is homeomorphic to (71, T5)) and so on. This produces a nested sequence of
solid tori {71}, } whose intersection K is a toroidal set called a Whitehead continuum,
an example of which is shown in the right panel of Figure[I] This prescription only
determines the isotopy class of the core of T}y inside T}, so K is far from being
uniquely determined.
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To compute the prime divisors of K notice that N(T+1 C T)) = N(T> C T1) by
construction (and invariance of the geometric index under homeomorphisms). Thus
the prime divisors of K are exactly the prime numbers that divide N (7o C T7). It
is clear from the drawing that N (7> C T7) < 2 since there are obvious meridional
disks of T7 which intersect T5 in exactly two points. In fact one has N(Ty C Ty) =
2; i.e. no meridional disk of T transverse to T5 intersects it in less than two
disks. This seems intuitively reasonable but is not completely trivial to prove. A
quick argument goes as follows. Since the geometric index N(To C T7) and the
homological winding number m(T» C T3) are both given by counting intersections
with a meridional disk, one with a sign and the other without, they must differ in
an even number. But m(7Ty C T}) is clearly zero, so N(T» C T7) must be even and
hence either 0 or 2. The core of T5 is linked with a meridian of T' (in the sense of
knot theory) and therefore it cannot be contained in a ball in T3, so N(To C T7)
must be nonzero, showing that N(75 C T7) = 2 indeed. Thus K has exactly the
prime divisor p = 2.

FIGURE 1. Whitehead’s continuum

3.2. The geometric degree. Let K and K’ be two toroidal sets and f a contin-
uous map such that f(K) = K’ and f is injective on some open neighbourhood U
of K. By invariance of domain this implies that f is a homeomorphism onto the
open set U’ = f(U).

Let {Tx} and {T;} be bases for K and K’ respectively. Notice that for large
enough k the tori Ty, are contained in the domain of f and in fact {f(T})} is also a
basis of K': tameness of f(T},) is ensured by the discussion at the end of Subsection
[2:1) while the invariance of the geometric index under homeomorphisms ensures that
N(f(Ti11) C f(Ti)) = N(Tips € Ty) £0.

Let k be big enough so that T}, is contained in the domain of f and f(Ty) C T}.
We define a rational number by

N(f(Ty) € T7)
N(T, CTh)
The denominator is nonzero because N (T C T7) is the product of the geometric

indices of the consecutive pairs To C T, T3 C Ty, etc. and these are nonzero by
definition of a basis.

(3.1) d:= € Q.

Proposition 3.5. d does not depend on k.

Proof. We provisionally denote d by dj to reflect its dependence on k. Suppose
that the condition f(T}) C Ty holds. Then it also holds with k + 1 instead of k,
and to prove the proposition it suffices to show that dy = dx41. We have

N(f(Tyey1) € T7)
N(Tg41 CTy)

Inserting f(7}) in the numerator and T}, in the denominator using multiplicativity
gives

dpy1 =

N(f(Tit1) €T1) _ N(f(Thya) € f(TR))N(f(Th) € T7)
N(Ty1 € T1) N(Ty+1 CTe)N(T, € T1)

diy1 =
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By the invariance of the geometric index under homeomorphisms N(f(Tx+1) C
f(Tx)) = N(Tx+1 C Tx) and so a cancellation occurs in the expression above,
yielding di+1 = dy. O

We call d the geometric degree of f with respect to the bases {T;} and {7} and
denote it by da(f;{Tk},{T7}). This degree is nonzero. This follows readily from
Proposition below but can also seen directly. If da(f;{Tx},{Z;}) = 0 then
N(f(Ty) CT{) =0 for every k. For every £ we may choose k large enough so that
F(T}) € T}, and then 0 = N(f(T) € T]) = N(f(Ti) € T)N(T; C T/) implies
N(f(Ty) C T)) = 0 since the second factor is nonzero by definition of a basis. But
this implies that there is a ball By, between f(T}) and T, and this being true for
every £ would imply that K’ is cellular, a contradiction.

As with the usual degree, the geometric degree is multiplicative under composi-
tion. Suppose we have three toroidal sets K, K', K" with bases {T}}, {Iy}, {T,,}
and local homeomorphisms f, g that carry K to K’ and K’ to K" respectively.

Proposition 3.6. The geometric degree is multiplicative:
dn(go fi{Te}t AT }) = dn (fi {Tu} AATe})dn (93 {123 AT })-

Proof. Choose £ so that g(7;) C T} and then k so that f(7;) C 7,. Then
(go f)(Tx) C g(T}), so again using the multiplicativity and invariance under home-
omorphisms of the geometric index we have

N((go f)(Th) € TV') = N((g 0 /)(Tk) € 9(T7))N(9(T7) € T7)
= N(f(Tx) € Ty)N(9(T7) € T7)
_ NU(Tw) € TH)
- N1 CT)
= N(f(Tk) € T)dn (g: {Te} AT })-
Dividing through by N (T} C T3) gives

A P =) — (3 (T T (T2 T2)

The left hand side is, by definition, da(g o f;{Tx}, {T.}), proving the desired
equality. O

N(g(Ty) € TY)

Now we particularize to the case when K’ = K i.e. f is a local homeomorphism
which leaves a toroidal set K invariant. Then there is a natural choice of bases for
the geometric degree of f; namely the same basis {T}} of K for its role both as a
source and target space.

Proposition 3.7. Let f be a local homeomorphism which leaves a toroidal set K
invariant. Then da (f; {Tk}, {Tk}) is independent of the basis {T}.

Proof. Let {T}} and {7} be two bases for K. Observe that by multiplicativity of
the geometric degree

dpn (Id; {T7} AT} (1d; {T3 } {T7}) = da (Id; {77} {T7}) = 1
where the last equality is trivial from the definition. Writing f = Id o f o Id, again
by multiplicativity

Ay (f AT} ATe}) = dn (s {T7} ATk D (F: T} ATk D da (A { T3}, {T7})
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and the first and third terms on the right hand side cancel each other by the previous
paragraph. ([

The previous proposition justifies the following definition:

Definition 3.8. If f is a local homeomorphism which leaves a toroidal set K
invariant and {T}} is any basis for K, we call da/(f; {Tx}, {Tk}) € Q the geometric
degree of f (on K) and denote it by das(f; K).

3.3. The case of attractors. We now discuss the case when K is an attractor for
f (and not merely an invariant set as in Proposition . The following theorem
is the main result in this section. It relates a purely topological property of K (its
prime divisors) to the geometric degree of any attracting dynamics on it.

Theorem 3.9. Let K be a toroidal attractor for a local homeomorphism f. Then:

(i) K has only finitely many prime divisors p; (possibly none).
(ii) dna(f; K) is an integer whose prime divisors in the ordinary sense of arith-
metic are exactly those of K (perhaps with multiplicities).

As a consequence da(f; K) > [, pi, and dar(f; K) = 1 if and only if K has no
prime divisors.

Proof. Let T C A(K) be a solid torus neighbourhood of K. Pick r big enough
so that f"(T) C T and set n := N(f"(T) C T). We are free to perform our
computations in any convenient basis, and we choose the basis {T}} generated
from T by using the dynamics; namely {T" 2 f"(T) 2 f*(T) 2 ...}. Thus by
definition Ty11 = f"(T}), starting with Ty := T

(i) By construction each pair Tj11 C T} is homeomorphic to f7(7) C T, and so
N(Tp41 CTg) = N(f"(T) CT) = n for every k. Thus a prime p divides infinitely
many of the N(Ty11 C T}) if and only if it divides n; in other words, the prime
divisors of K are precisely those of n. In particular, if n = 1 then K has no prime
divisors.

(ii) We first compute the geometric degree of f” instead of f. By definition

v N(f(T) €T1)  N(Tp1 CTh)
N(T, C Th) N(T, C Th)
and, since Ty1 C T} by construction of the basis {T}}, we may interpolate a T}
in the numerator and cancel with the denominator to get da(f"; K) = N(Tg41 C
Tk) =n.
By multiplicativity of the geometric degree we must have
n=dy(f" K) = (dn(f; K))".

An elementary argument shows that if an integer (n, which is an integer because it
is a geometric index) has an rth root in Q (namely das(f; K)) then in fact the root is

an integer, so we deduce dy(f; K) € Z. Again using the equality n = (dy(f; K))"
we see that the prime factors of n must be exactly those of das(f; K). O

For later use we record here the following fact established in the proof of Theorem
5.9

Remark 3.10. If T C A(K) is any torus neighbourhood of K and r is such that
f(T) € T, then da(f; K)" = N(f"(T) € T) and the prime divisors of K are
the prime divisors of N(f"(T") C T'). When T is positively invariant this is trivial
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from the definitions, but as mentioned in Remark 2.4 we do not know if a toroidal
attractor always has a positively invariant neighbourhood which is a solid torus.

Example 3.11. (1) A variation on the construction of Example produces
Whitehead continua which are automatically attractors. First fix a pair (T1,7T3)
with the usual pattern. Now observe that there is a homeomorphism f : R — R3
that carries T1 onto T5. This must be the case since both are unknotted solid tori,
but it is also easy to picture such an f. One starts with 77, stretches it along
some direction to obtain an tube shaped like an ellipse, then twists it one whole
turn along its long axis, and finally folds it over. This makes the tube resemble
the pattern shown in Figure[I] It is then just a matter of shrinking the diameter
of the tube and moving it around to make it fit inside 77. This whole procedure
defines an isotopy of R? whose final stage is the required homeomorphism f. Then
setting Ty 1 := f*(T1) one obtains a Whitehead continuum K := Mi>1 T which
is by construction an attractor for f. We emphasize that the choice of f is far from
unique and can very well lead to different Whitehead continua or even to the same
continuum but with essentially different dynamics. For example Garity, Jubran
and Schori ([7], [8], [19]) show how to construct two homeomorphisms f and f’ of
R3 which both fit the framework just described and even have the same attractor
K but have the property that f|x is not transitive whereas f’|x is transitive (and
in fact chaotic in the sense of Devaney).

(2) Whenever a local homeomorphism f has a Whitehead continuum K as an
attractor, its geometric degree must be das(f; K) = 2,4, 8, ... This is a consequence
of Theorem and the fact that K has 2 as its only prime divisor. All possible
powers of 2 can appear: for the specific construction of part (1) one has da(f; K) =
2 (because T} is positively invariant and Remark (1) applies with » = 1), and
then the homeomorphisms f2, f2,... have the same continuum K as an attractor
and have geometric degrees 4,8, ...

3.4. Invariance under continuation. Recall the setup for continuations: U C
R3 is some open set and fy : U — R3 is a family of continuous, injective maps
(hence homeomorphisms onto their image) which depends continuously on a pa-
rameter A € [0,1]. We assume that A — K, is a continuation of attractors for the
fx. We begin by analyzing the local situation:

Proposition 3.12. Let A — K be a continuation of attractors and suppose that
K, is toroidal. Then for A close enough to Ao, the attractor Ky is also toroidal.
Moreover, its prime divisors and the geometric degree of fx at Ky are the same as
those at \g.

Proof. Let N be a trapping region for fy,. Since K, is toroidal, there exists a
(tame) solid torus T'C N which is a neighbourhood of K,. This T is contained in
the region of attraction of K, so there exists an iterate » > 1 such that ff\o (T) C
int T. Finally, pick another trapping region N’ for K, contained in 7. There is an
interval of parameters I C [0, 1] which is a neighbourhood of Ag and such that for
every A € I we still have the conditions (i) fy(N) Cint N, fA(N’) Cint N’ (that
is, N and N’ are still trapping regions), (ii) the continuation K derived from N
and N’ is the same, and (iii) f{(7) C int 7T
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Since N D T D N’, evidently

N AW) 2 (VAT 2 ) W),

k>0 k>0 k>0

—_—— —_———
=K =K,
and so Ky = (>0 f¥(T). The same computation holds with (f})* instead of f¥.
Thus we see that K is a toroidal set; in fact, it has the dynamical basis {(f{)*(T)}.
If we now show that N(f{(T) C T) is independent of A the theorem will follow from
Remark (1).

Let C' := f{ (T). Pick any A € I and define an isotopy of C inside T' by
he + € — T with by == f{ 5, © fy, and t € [0,1]. This isotopy actually
takes place in the interior of T, since h¢(C) = f} ;n_5,)(T) € int T because
Ao+ t(A—Xo) € I for every ¢ € [0,1] and condition (iii) holds on I. Trivially h; can
be extended to an open neighbourhood of C in int T'; the same definition given above
provides the extension. Now a deep result of Edwards and Kirby ([I0, Corollary
1.2, p. 63]) ensures that the isotopy h: extends to an ambient isotopy, that is, there
exists an isotopy Hy : T — T such that hy = Hy|c. Then H; is a homeomorphism
of T" which sends C' = f{ (T') onto hy(C) = f3(T'), and by the invariance of the
geometric index under homeomorphisms we have N(f} (T) CT) = N(f{(T) CT)
as desired. (]

The previous proposition shows in particular that the set {\ € [0,1] : K is toroidal}
is open. In general it need not be closed, so to obtain a global continuation theorem
one needs to place some extra assumption:

Theorem 3.13. Let A — K be a continuation through toroidal sets (i.e. each
K is toroidal). Then all the Ky have the same prime divisors and all the fy have
the same geometric degree at K.

Proof. This is completely straightforward. Since each K is toroidal by assumption,
the previous proposition shows that the prime divisors of K and the degree of f
at K depend on M in a locally constant manner. Since [0, 1] is connected, they
must be constant. (]

4. TOROIDAL ATTRACTORS WITH NO PRIME DIVISORS

Suppose that v C R3 is a smooth knot. We saw earlier (Example (1)) that
is a toroidal set with no prime divisors, and it can be easily realized as an attractor
for homeomorphism (even a C* diffeomorphism) of R3. Thus smooth knots provide
a particularly simple example of toroidal attractors with no prime divisors. In this
section we show that, up to continuation, this is the only model for such attractors:

Theorem 4.1. Let K be a toroidal attractor for a homeomorphism f of all R3.
Then K has no prime divisors if and only if it can be continued through toroidal
attractors to a smooth knot v. Moreover, the dynamics on 7y can be taken to be
stationary.

If f is C* then the continuation can also be made C*.

Remark 4.2. (1) Notice that the dynamical system f is assumed to be a homeomor-
phism of all of R? and not only a local homeomorphism as in the previous sections.
Without this assumption it is easy to see that the theorem is false.
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(2) The use of the geometric index (through the prime divisors of K) instead
of the homological winding number is crucial. To see this consider again Example
The toroidal attractor K has no homological prime divisors but it cannot be
continued to a smooth knot since it has p = 3 as a geometric prime divisor.

Implication (<«=) of Theorem is a direct consequence of Example [3.3](1) and
the invariance of prime divisors under continuation (Theorem . The remaining
of this section is devoted prove the converse implication. We will prove it in the
C® case. The (slightly simpler) argument in the topological case follows essentially
the same steps and we will just make a couple of comments where appropriate.

Recall that a diffeotopy of R? is a C* map G : [0, 1] x R?* — R? such that each
partial map G is a diffeomorphism of R? and Gy = Id. A diffeotopy is supported
on a set U if each G; is the identity outside U. This implies in particular that
G4(U) = U for each t. Diffeotopies can be concatenated; i.e. given two diffeotopies
GM and G® one can first perform GS) for 0 < ¢ < 1/2 and then apply G? to
the end result of the first diffeotopy, namely Ggll ° Ggl) for 1/2 < ¢ < 1. This is
generally not differentiable at ¢ = 1/2 but can be easily smoothed out (see [I8, p.
111)).

We will use diffeotopies to produce C*° continuations as follows. Suppose that
g = go is a diffeomorphism of R? which has an attractor K with a trapping region
N. If G; is a diffeotopy supported on N then [0,1] 5 A — G, o g produces
a continuation of gg, and the condition that G be supported on N implies that
gr(N)=Gro0g(N) C Gx(int N) =int N for every A. Thus N is a trapping region
throughout the whole continuation, and in particular its maximal invariant subset
K is a continuation of K.

The proof of (=) of Theorem requires two auxiliary lemmas. We state them,
then prove the theorem, and finally prove the lemmas. Recall that two solid tori
Ty C int Ty are concentric if Ty \ T3 is homeomorphic (or equivalently diffeomorphic,
if the tori are smooth) to T? x [0, 1]. The first auxiliary lemma states that given two
concentric solid tori in R? we can drag the smaller one via an ambient an ambient
deformation until it matches the bigger one.

Lemma 4.3. Let Ty C int Ty C R3 be two concentric smooth solid tori. There
exists a diffeotopy G of all R® such that:

(i) G¢(Th) C Tp for all t €10,1].

(il) G1(T1) = Tp.
Moreover, G can be taken to be supported on any prescribed neighbourhood U of
T() \ Tl-

The second lemma essentially states that if a diffeomorphism of R? leaves a solid
torus T invariant and is homologically the identity on its boundary, then it can be
deformed to be the identity on 7.

Lemma 4.4. Let T C R? be a differentiable solid torus. Let g : R — R3 be a
diffeomorphism such that g(T) = T and glsor induces the identity in H1(OT;7Z).
Then there exists a diffeotopy G of R3 such that:
(i) G(T) =T for every t € [0,1].
(11) Gl Og|T = IdT
Moreover, G can be taken to be supported on any prescribed neighbourhood U of

T.
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Proof of (=) in Theorem[.1] We assume that K is a toroidal attractor for some
diffeomorphism f : R®> — R? and that K has no prime divisors. We are going
to show that some power of f can be continued to a smooth curve with trivial
dynamics.

Let T be a smooth solid torus in A(K) which is a neighbourhood of K. Choose
a power 7 such that f"(T) C int T. By Remark the prime divisors of K are
the prime divisors of N(f"(T') C T), and so the latter must be 1. Moreover, since
f is defined on all of R3, the tori f"(T) and T are equivalently knotted. A result
of Edwards ([9, Theorem 3, p. 4]) then implies that f"(7T") and T are concentric.

Set go := f?", where the role of the extra factor 2 in the exponent will be clear
shortly. This diffeomorphism will be the starting point of our continuation of the
dynamics. Notice that go(T) C int T. Let T” be a solid differentiable torus which
is a thickening of T' thin enough so that go(7”) C int 7" still.

Let G be the diffeotopy given by Lemma applied to Ty =T, T1 = go(T"), and
U =T'. Then gy := G) o gy defines a continuation of gy such that g;(T) = T and
T’ is a trapping region for each g, because G is supported in T".

Claim. The map ¢1|sr induces the identity in H;(97T;Z).

Proof of claim. The homology group H;(9T;Z) is generated by the homology
classes m and ¢ of a meridian and a longitude of 0T. The element m is uniquely
determined up to sign by the condition that when included in T it becomes zero.
The element ¢ depends on the framing of 7', but one can fix it up to sign by
requiring it to be nullhomologous in R3 \ T (this is called a preferred longitude in
knot theory). Now, since g; is defined not only on 9T but in all of R? and leaves both
T and R3 \ T invariant, (g1]a7)«(m) and (g1]o7)«(£) are again nullhomologous when
included in T and R3 \ T respectively, so (g1]a7)«(m) = £m and (g1|o7)(£) = ££
in Hy(0T;7Z).

Observe that both gy and G, are orientation preserving; the first because it is an
even power of a homeomorphism and the second because it is isotopic to the identity.
Thus ¢; is also orientation preserving, and so are g |r and consequently g1 |sr. This
implies that the determinant of the endomorphism (g1|gr)« of H1(0T;Z) must be
positive. The computation from the previous paragraph shows that in the basis
{m, £} the matrix of (g1|s7). is diagonal with £1 entries; so we conclude that these
must either both be positive or both be negative. Thus to prove that (g1]o7)« = Id
we only need to show that the sign in (g1|a7)«(¢) = £ is actually a +.

Consider the map f"|7 : T — T. It can be regarded as the composition of f"
and the inclusion f"(T") C T, both of which induce isomorphisms in homology: the
first because it is a homeomorphism; the second because f"(T) C T are concentric.
Hence (f"|r)« is an isomorphism of Hy(T;Z) = Z, i.e. multiplication by +1. Since
by definition gy = f?", we have that (go|r)« is the square of (f"|7). so it follows
that (go|7)« = Id in Hy(T;Z). The map Gt o go|r is a homotopy between go|r
and g1|r, and this homotopy takes place in T by condition (i) of Lemma SO
(g91l7)« = (golr)« =1d in H\(T;Z).

We can now show that the sign in (g1]|o7)«(€) = £ is in fact a +. Regarding
this as an equality in H;(T;Z) via the inclusion 0T C T we have (g1|7)«(£) = £,
and since (g1|r). = Id we get £ = £¢. Since ¢ # —{ in H,(T;Z) = Z we conclude
that the sign on the right hand side must be a 4. m

Now we apply Lemma to g1 and U = T’ to obtain a second diffeotopy
G;. Letting A run from 1 to 2 and setting g, := G_1 o g1 we obtain a further
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continuation of g; to some go such that go|r is the identity and again T’ is a
trapping region for each gy.

Since 7" is a trapping region for g, for every A € [0, 2] and its maximal invariant
subset for g is precisely K, the map A — Ky = (.5, 95(7”) defines a continuation
of K through toroidal attractors. The attractor K5 is contained in 7" and contains T
since the latter is compact and invariant under go. The last part of the proof consists
in perturbing the dynamics further by gradually adding a “radial” component on
T’ towards a core v of T. We first describe this idea in the abstract.

Consider the nested triple of solid tori D? x S' C (2D?) x S* C (3D?) x S', where
rD? denotes the closed unit disk of radius 7. Let p be a diffeotopy of the interval
[0, 3] which is supported on [0, 5/2] and such that p;|j.9)(r) = (1—t/2)r. We use this
to define a diffeotopy f; of the solid torus (3D?) xSt by fi(x, s) := (p(||z]))z/||z|, 5)-
The action of f; on any meridional disk (2D?) x {s} is just given by x — (1—t/2)x
so for t € (0,1] it is a radial contraction towards the origin. Hence f; sends (2D?)xS*
into its interior and has the core {0} x S! as an attractor with stationary dynamics.
The same is true of the restriction fi|pzxgi. At the final stage t = 1 we have
f1((2D?) x St) =D? x SL.

Now we copy this abstract construction to our setting. Recall that 77 was ob-
tained by thickening T very slightly. Let 7" be obtained from 7" in the same way
and consider a diffeomorphism h : (T”,T',T) — (3D?,2D? D?) x S!. Then we
set G to be the diffeotopy of T” obtained by copying f; through h; i.e. Gi(x) :=
h=1o f;oh(x). By construction each Gy is the identity on a neighbourhood of 97",
and so we can extend G to a diffeotopy of all R3. This has the following properties:

(i) G¢(T") C T for each t € [0,1] and G1(T") C T.
(ii) G1(T) C T and the restriction Gi|r is conjugate (via h) to a radial con-
traction of D? x St onto its core v := h=1({0} x Sh).

Letting A run from 2 to 3, consider the continuation gy := Gx_2 o g2 of go. We
have g\ (T") C int T” by (i) and the corresponding property for go, so again the map
A — Inv(T") is a continuation of K, through toroidal attractors to the attractor
K3 of g3. We claim that K3 = . To check this first notice that for z € T we
have g3(z) = G1 o g2(x) = G1(z) which belongs to G1(T) C T again, so it follows
inductively that g&|r = G¥|r = (G1|r)* for every k > 0. Thus by (ii) the dynamics
of g3 on T is conjugate (via h) to the dynamics of a radial contraction on D? x S*.
The latter clearly has {0} xS! as an attractor, and so v is an attractor for gz|7. Since
T’ is positively invariant under go and G1(7”7) C T, we have g3(T") C T and so v is
an attractor also for gs|7, so in particular K3 = . Moreover, gs3|, = G1|, = Id|,.

The proof is complete. The full continuation from K to K3 is given by the
(smoothed out) concatenation of the Gs obtained in the succesive steps of the
proof. ([l

Now we prove the auxiliary Lemmas [£.3] and [£:4] The first is an easy exercise in
differential topology and we will only sketch the proof:

Proof of Lemma @ Let C7 C U be a closed collar of 971} inside T7; C' the set
To\ Ty, and Cy C U a closed collar of 9T in R3 \ Ty. (In the topological category
one needs to require that 7 be tame to ensure that this last collar exists). Each
of these sets is diffeomorphic to a 2-torus S times an interval: the first and third
are collars; the second is a product because of the hypothesis that Ty and T; are
concentric. It is then a standard exercise to construct an ambient diffeotopy that is
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the identity outside Cy U C'UCy and stretches C so much that it becomes C; U C,
while shrinking C'UCy appropriately so that they fit in Cy. (Pick a diffeomorphism
b:ChLUCUCy — T? x [—1,2] such that b(Cy) = T? x [-1,0], b(C) = T? x [0, 1]
and b(Cp) = T? x [1,2], so that 9Ty and 9T, correspond to T? x 0 and T? x 1
respectively. Let p: [—1,2] — [—1, 2] be a diffeotopy which is stationary near —1
and 2 and whose final stage sends 0 to 1 and 1 to 3/2. Define a diffeotopy a; of
T? x [—1,2] by ai(x, s) := (z, p¢(s)) and use this to construct a diffeotopy G; of R3
given by Gy(z) =b "t oa, 0b(x) if z € C; UC U Cy and the identity outside). O

For the second lemma we need the following result: any diffeomorphism g : T' —
T of a solid torus T such that glgr = Idar is diffeotopic to the identity Idr; i.e.
there exists a diffeotopy G of T such that G; o g = Idp. This is relatively easy to
prove in the topological case, but in the differentiable category the proof is much
more involved and in fact the result is equivalent to a conjecture of Smale which
was settled by Hatcher in [I7] (for the formulation used here see [I7, (9), p. 606]).

Proof of Lemmal[4.4} Since diffeomorphisms of the 2—torus are classified up to dif-
feotopy by the homomorphism they induce in homology ([11, Theorem 2.5, p. 55]),
it follows from the hypothesis that there exists a diffeotopy G) defined on OT
such that Ggl) o glor = Idgr. That diffeotopy can be extended, by using a collar
of dT in T, to a diffeotopy of all of 7' which we still denote by G). Applying the
result recalled before the proof to Ggl) o g, there is a diffeotopy G@ of T such that
Ggg) o Ggl) o g = Idp. Then the concatenation of G!) and G2 gives a diffeotopy
G of T which carries g|r onto the identity. Using a sufficiently thin collar of T in
R3 \ T one can extend the diffeotopy to all of R? having it be the identity outside
any prescribed neighbourhood of T. (The proof of the lemma in the topological
case requires that one assumes 7T to be tame so that 9T indeed has a collar in
R3\T). O

5. THE ENTROPY OF TOROIDAL ATTRACTORS

The goal of this section is to prove that the geometric degree provides a lower
bound on the entropy of a toroidal attractor. It is here where for the first time we
need the dynamics to be smooth.

Theorem 5.1. Let K be a toroidal attractor for a C*° local diffeomorphism f.
Then h(fl|x) > logdn(f; K).

Coupling the above with the inequality da(f; &) > ][, p; from Theorem
yields h(f|x) > logda(f; K) > log]],p; which is bound from the Intro-
duction. The rest of the argument leading to Theorem was already detailed
there.

The proof of Theorem depends, in turn, on the following result concerning
the entropy of dynamics on a solid torus. For definiteness we denote by V C R3
the solid torus obtained by rotating around the z—axis the disk of radius 1/2 and
center (0,3/2,0) contained in the yz—plane.

Theorem 5.2. Let f : V — V a C>* embedding. Then the entropy of f is bounded
below by h(f) > log N(f(V) C V).

Proof of Theorem [5.1] from Theorem[5.3. Let T C A(K) be a smooth solid torus
neighbourhood of K and r big enough so that f"(7') C T. Counsider the restriction
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flr : T — T, which is a dynamical system on T that still has K as its (global
in T) attractor. This implies that K contains the non-wandering set of f"|7 and
therefore by a result of Bowen (see [5] or [28]) it concentrates all the entropy:
h(f"|x) = h(f"|r). Now observe that Theorem is valid not only for dynamics
on V but on any smooth solid torus. This is a direct consequence of the invariance
of both entropy and the geometric index under conjugation. Thus for f” on the
smooth solid torus T" we may write

h(f"|r) 2 log N(f"(T) € T) = rlogdy (f; K)

where in the last step we have used Remark (1). Finally, a standard property
of entropy ensures that h(f"|x) = rh(f|x) and putting all this together yields

h(flx) > logdn(f; K). O

It remains to prove Theorem The argument proceeds by showing that the
length of a curve in a solid torus is bounded below by its geometric index (Lemma
and then applying an inequality of Yomdin ([31]) which relates volume growth
rate and topological entropy for smooth dynamics. We only need a very particular
case of the inequality, which we describe now.

Given a C* path in V, ¢ : [0,1] — V, its length is given by the usual formula

f(o) = /[ " (1) dt.

Suppose f: V — V is a C* map (not necessarily injective). We consider the
iterates of o under the dynamics generated by f; i.e. the paths f™ o g, and the
exponential growth rate of their lengths

— 1
limn_moﬁ log ¢(f™ o o).

The inequality that we need is the following:

(5.1) mn_,ooﬁlogf(f"oa) < h(f).

We have included a proof of in Appendix This is done both for com-
pleteness and because, while in the general case the proof is very involved, in our
particular setting it becomes fairly accessible while still retaining the essential ideas.

An extremely crude intuition of why might be reasonable is as follows.
Suppose [0, 1] is partitioned into intervals I; so that each portion o(I;) of the curve
is contained in an (n, €)-dynamical ball. This implies that the endpoints of f*oo|,
lie at a distance less than € for & = 0,...,n and, if the curve f* o o|;, does not
oscillate too much, its length will then be of order e. Thus the total length £(f* o0)
will be of the order of ¢ times the number of intervals I;, which in turn is related
to the minimal number of dynamical balls S(n, €) needed to cover V' and therefore
to the entropy h(f). This heuristic idea breaks down if the curve f* o o oscillates
a lot. If it does so confined within a small ball the oscillations will have a large
contribution to the length but not to the entropy. If it oscillates entering and exiting
a dynamical ball a large number of times, then the number of intervals I; might
grossly overestimate S(n,e). The assumption on the smoothness of f provides
control over this phenomenon.

In order to apply we need to bound from below the length of paths in the
solid torus V. This is the content of the following lemma:
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Lemma 5.3. For every regular C*° parametrization v : [0,1] — V of a simple
closed curve, its length (7) is bounded as follows:

t(y) 2 2aN(y S V).

Proof. We shall regard « as a diffeomorphic embedding v : S' — V and denote
its image also by .

Let S C V be the shortest longitude of the solid torus V; namely the circum-
ference in the {z = 0} plane, of radius 1 and centered at the origin. Fix some
orientation on S. We define a mapping h : S' — S which captures just the angu-
lar information in v as follows: h is the composition of (i) the parameterization -,
followed by (ii) the orthogonal projection of R? \ z-axis onto the punctured plane
{z=0}\{(0,0,0)}, followed finally by (iii) the radial retraction of the latter onto
S. Each of these maps is differentiable so h is differentiable as well.

Fix 0 < € < 2m. By Sard’s theorem, the set of critical values of h can be
covered by a family of open arcs ¢; whose lengths add up to less than e. The ¢;
can be taken to be mutually disjoint and finite in number. It is possible that A
has no critical values: this happens precisely when v winds monotonically inside
V', without doubling back. To avoid having to discuss that somewhat trivial case
separately, we then take the family of arcs {c;} to consist of a single arc of length
less than e.

Write ¢4, ..., ¢, for the arcs in the covering with the convention that indices are
taken cyclically (modulo n) as we move along S in the positive orientation and
denote by e} and €? the endpoints of ¢;. Let D} and D? be the radial meridional
disks of V that go through the points e} and e? (that is, Df is the intersection of V/
with the plane that contains the z-axis and the point eg). Figure |2| illustrates the
definitions showing V' viewed from the top.

FIGURE 2. Setup for Lemma |5.3
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Fix any one of the indices ¢ and denote by V; the closed sector of V' comprised
between the disks D? and D}H. Suppose t € St is such that p := ~(¢) belongs to
the interior of the sector V;. Then:

Claim. p lies in an arc of v which is entirely contained in the sector V; and joins
the disks D? and D} ;.

Proof of claim. Define J C S! to be the closure of the connected component of
S"\v~*(U,.,, Di") which contains ¢. Notice that v~*(U,,, Dj*) is closed in S§', so
it is disjoint from int J and contains 9.J. Hence ~y(J) is an arc in V whose interior
is disjoint from (J, ,,, Di"* and whose endpoints are contained in {J, ,,, D;". Since the
arc is connected and contains p, it must be completely contained in the sector V;
and its endpoints must lie in D? U D7, ;. Thus h(J) is an arc in S whose endpoints
are contained in {e?, e}, ;} and which is disjoint from all the ¢;. The latter implies
that h|; has no critical points, and so in particular it cannot map both endpoints
of J onto the same point e} or e}, (otherwise it would reach some local extremum
on J). Hence the endpoints of v(J) indeed lie one in D and the other in D}, ,. W

Now pick a point pp € DZ N+. The following holds:

Claim. pg is an endpoint of an arc of v which is entirely contained in the sector
V; and whose other endpoint is contained in D}, .

Proof of claim. Write py = (o) for some ty € S'. Since 7 is transverse to the
disk D?, there exists a small arc I C S! centered at to such that () intersects
D? precisely at pg and both components of y(I\{to}) lie on different sides of D?.
Since the latter is the common boundary of V; and V;_;, one of the components I
of I\{to} satisfies that v(Ip) is contained in the interior of V;. It only remains to
pick any ¢ € Iy and apply the previous claim to p := ~(¢). B

The two claims above imply that the number of arcs of + in the sector V; is
precisely |D? N 7|, and each of them has a length at least d:t' where di™ is the
angle between D? and D}, ;. Since [D? N~| > N(y C V) by the definition of the
geometric index, the total contribution of these arcs to the length of + is bounded
below by dit'N(y C V). Hence

Uy) 2 N(yCV)) di*' > Ny CV)(2r —¢)
where the last inequality makes use of the fact that ), dﬁ“ > 27 — ¢ by the choice
of the covering {¢;}. Since this is true for every € > 0 the lemma follows. g

The proof of Theorem is now straightforward. Recall that f:V — V is a
C* embedding. Let ¢ be a smooth core of V' (for example its centerline). By the
preceding lemma applied to v = f" oo

U(f"eo) z2rN(f" oo C V) =2xN(f"(V) S V)

where the last equality owes to the definition of the geometric index of a curve and
the fact that f™oo is a core of f™(V'). Observe that for every n > 1 we have (V) C
fmY(V)C...C f(V) CV and so by multiplicativity and invariance under homeo-
morphisms of the geometric index N (f*(V) C V) = [[rZs N(fF+1(V) C f¥(V)) =

PON(f(V) C V) = N(f(V) C V). Therefore £(f" o) > 2xN(f(V) C V)"
and now by inequality

(1) > T log (7 0 0) > log N(F(V) € V).
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as was to be shown.

6. CONCLUDING REMARKS

6.1. The formal similarities between the homological winding number m and the
geometric index N imply that one can obtain “homological” counterparts to the
definitions and results above by replacing N with m throughout. Thus one can de-
fine homological prime divisors ¢; of a toroidal set K, a homological degree d(f; K),
etc. These turn out to be describable in terms of Cech cohomology. One needs to
assume that H'(K;Z) # 0 for the definitions to make sense. Then:
(D1) The homological prime divisors of K correspond to those prime numbers
g which divide every element in H Y(K;Z) in the sense that for every z €
H'(K;Z) there exists y € H'(K;Z) such that z = y+ (2. +y.
(D2) Suppose f is a local homeomorphism which leaves a toroidal set K invariant.
Then the induced homomorphism f* : H'(K;Z) — H'(K;Z) turns out
to be multiplication by the homological degree d(f; K).
A straightforward adaptation of the proof of Theorem yields:

(D3a) When K is an attractor for f, the homological degree d(f; K) is an integer
whose prime divisors are exactly the prime divisors ¢; of K. Moreover,

(D3b) it T C A(K) is a solid torus neighbourhood of K and r is such that f7(T") C
T then the g; are precisely the prime divisors of |m(f"(T) C T)| and the
homological degree d(f; K) satisfies |d(f; K)|" = |m(f"(T) C T)|.

Since [m| < N in general, (D3b) and Remark [3.10]yield the inequality |d(f; K)| <
dy(f; K).

For a CY embedding f : V — V the induced map f. : Hi(V) — Hy(V)
is just multiplication by m(f(V) C V), and so a classical theorem of Manning
([22]) implies that h(f) > |m(f(V) C V)|. This is the homological counterpart to
Theorem where notably the smoothness assumption is not needed. Replacing
N with m in the derivation of Theorem [5.1] from Theorem [(.2] shows that:

(D4) If K is a toroidal attractor for a local homeomorphism and H'(K;Z) # 0

then h(f|c) > log |d(f; K)].

Combining (D3a) and (D4) one has d(f; K) > ][], ¢; and as a consequence the

universal bound

(6.1) h(flx) > log|d(f; K)| > loqui

where f is now a local homeomorphism having a toroidal set K as an attractor.
This is structurally similar to (1.2)) and holds without any smoothness assumptions.

Example 6.1. Let K C R? be the standard embedding of an n—adic solenoid in R?
(see for example [21) §17.1]). This particular embedding is toroidal and its prime
divisors, both geometric and homological, are just the prime divisors p; = ¢; of the
integer n (counted just once). Thus if f is any local homeomorphism having K
as an attractor then h(f|x) > log[]; ¢;- There exists a homeomorphism of R? (in
fact, a C*° diffeomorphism) which realizes the embedded solenoid K as an attractor
with its standard dynamics. These have an entropy log[]; ¢;, and so in this case
the universal bound log[]; ¢; for any attracting dynamics on K is in fact sharp.

In spite of the previous example, the homological approach has several shortcom-
ings. It is not applicable when H'(K;Z) = 0, so for instance it leaves out examples
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as simple as the Whitehead continua described in Example [3:4] Also, Theorem
fails if one replaces (geometric) prime divisors with homological prime divisors.
The consequence of this is that the bound h(f|x) > log]]; ¢; is not sharp even
up to continuation, and so the homological degree is not powerful enough to prove
Theorem The following example provides an illustration of these phenomena.

Example 6.2. Consider a variation of Example [3.11] (1) where Ty and 15 = f(T1)
are still unknotted and the core of f(77) looks like the pattern in the left panel
of Figure (1| but with an extra full winding inside 77. The resulting toroidal set
K can still be realized as an attractor for a C*° diffeomorphism f of R?. Now
m(Ty CTy) =1 and N(Ty C T1) = 3. Therefore:

e K has no homological prime divisors and d(f; K) = 1.
e K has p =3 as a (geometric) prime divisor, and dn(f; K) = 3.

This illustrates that the inequality |d(f; K)| < da(f; K) can be strict. Since f
is C*, according to Theorem [5.1] we have h(f|x) > logdn(f; K) = log3 whereas
the homological bound only says h(f|x) > logd(f; K) =log1 = 0. Notice that K
cannot be continued to a smooth knot through toroidal attractors (because it has
3 as a prime divisor) but the homological bound on the entropy vanishes.

6.2. It is natural to ask whether the bound h(f|x) > logdar(f; K) is valid when
f is just a (local) homeomorphism, without any smoothness assumptions. The
derivation of Theorem from Theorem works equally well in the C° case, so
this boils down to the following:

Question. Let f : V — V be continuous and injective. Is it true that h(f) >
log N(f(V) € V)?

A heuristic argument which might suggest an affirmative answer goes as follows.
Let again o be the centerline of V. After some technical work it can be arranged
that the angular behaviour of f™ o ¢ be piecewise monotone, and then the number
of monotonicity intervals is bounded below by N(f"ooc C V)= N(f(V)C V)" A
classical result of Misiurewicz and Szlenk ([23, Theorem 1, p. 48]) concerning the
entropy of self-maps of S' then suggests that this angular behaviour alone should
contribute log N(f(V) C V) to the entropy of f.

If the answer to the question posed above is affirmative then, since dy(f; K) >
[ L, pi holds generally, one would have the universal bound h(f|x) > log[[, p; for
any local homeomorphism f having K as an attractor. In turn this leads to the
following theorem which improves Theorem from the Introduction in that it
gives a conclusion about K itself, with no continuations involved, and makes no
smoothness assumptions:

Theorem. Let K be a toroidal attractor for a homeomorphism f of R®. Then
either K admits stationary attracting dynamics or every attracting dynamics on K
has an entropy at least log 2.

Proof. If K has a prime divisor then h(f|x) > log2. If K has no prime divisors,
as in the proof of Theorem this implies that K has a basis of concentric solid
tori. Using these one can construct a C° flow which has K as an attractor (see
[3, Theorem B, p. 71]) and is stationary on it. In particular, the time-one map of
such a flow provides a homeomorphism of R which has K as an attractor and is
stationary on it. [
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APPENDIX A.

In this Appendix we relate our topological definition of the geometric index to
the standard piecewise linear (pl) one and show how the properties (P2) and (P3)
from p. [ can be derived from their pl counterparts. Since we will be working
simultaneously with the topological and the piecewise linear geometric indices, we
shall distinguish them notationally with a subscript thus: Ny, and Np.

We recall the pl definition. Let 7" C R3 be a polyhedral solid torus and v C int 7'
a polygonal simple closed curve. We consider all possible polyhedral meridional
disks D of T (which may be very contorted) and count the number of points of
intersection in D N~y. The geometric index of v inside T is defined as

Npi(y € T) :=min{|D N+l : D is a polyhedral meridional disk of T'}.

It should be intuitively clear that this number is finite: since the objects involved
are polyhedral, a slight perturbation of any meridional disk D will always make it
transverse to v and then D N~ will consist of finitely many points.

Now suppose T C Ty is a pair of polyhedral solid tori with 77 contained in the
interior of Ty. Let 71 be a polyhedral core of T7. Then one defines the geometric
index of T} inside Ty as Npi(Th C Tp) := Npi(71 € Tp). This definition is correct
because cores are unique up to isotopy. An equivalent definition which does not
make use of cores and is more directly related to our definition of Ny, is the
following. Consider a meridional disk D of T;). By perturbing it slightly if necessary
we may achieve that it intersects 077 along disjoint simple closed curves ~; which
bound meridional disks E; of Tj. Then N, (71 C Tp) is the smallest possible
number of these curves. The equivalence of this definition and the previous one is
a consequence of [30] Hilfssatz 5, p. 174].

For a polyhedral pair of tori T3 C Ty we now have two definitions of a geometric
index. The following proposition shows that both are equivalent.

Proposition A.1. Suppose Ty C Ty is a pair of polyhedral solid tori. Then
Niop(Th € To) = Npi(Th C T).

Proof. Let p and t be the polyhedral and topological geometric indices of T} inside
Ty, respectively. As mentioned above, there is a pl meridional disk of T which
intersects T; in precisely p meridional disks. This can clearly be made transverse
to T by slightly perturbing its vertices if necessary; hence t < p.

To prove the converse we shall show that any topological meridional disk D of
To which is transverse to T} in the sense of Definition 2.1 can be used to construct a
polyhedral disk which is still transverse to 77 and intersects it in the same number
of meridional disks, thus showing that p < t.

Since T; is polyhedral, the set M := Ty\int T} is a compact 3—manifold whose
boundary is the disjoint union of 0Ty and 07;. Consider D* := D N M, which is a
disk with holes. The boundaries of these holes are simple closed curves 71, ..., 7%
in 0T, which are meridional curves of T3.

By the topological transversality condition in Definition the set D* is semi-
locally tame and hence tame ([4, Theorem 9, p. 157]). Thus there exists a home-
omorphism h of M onto itself which moves points less than any prescribed € and
sends D* to a polyhedral disk with holes. Due to the invariance of the boundary of
a manifold under homeomorphisms, h sends 07y and 97} to themselves. By choos-
ing € sufficiently small, each h(~;) is homotopic to 7; in 97%; in particular each is
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still a meridional curve (non-nullhomotopic in 87} but nullhomotopic in 73 ). Thus
each h(~;) bounds a polyhedral meridional disk E; of T}; these can clearly be taken
to be disjoint by removing their possible intersections. Then h(D*)UE; U...U E
is a polyhedral meridional disk of T, which intersects T} in k disks. [

The analogues of properties (P1) to (P3) in p. |4 were established, in the pl
context, by Schubert. The above proposition then implies that they also hold in
the topological context. We shall argue this for the multiplicativity property, for
example.

Consider three nested solid tori T, C Ty C T, where as usual we take the tori
to be tame. Pick any homeomorphism kg from T onto any polyhedral solid torus
Py. This sends ho(71) onto a topological solid torus inside Tj which is semilocally
tame (it being the image under a local homeomorphism of a tame object). Thus
it is tame; in fact there is a homeomorphism h; : Py — Py which is the identity
outside a neighbourhood of ho(7T7) and sends the latter onto a polyhedral solid
torus P;. Thus the homeomorphism hy o hg sends both Ty and T} onto polyhedral
tori. Applying the same argument once more we obtain a homeomorphism h which
sends the triple (Tg, T1,T2) onto a triple of polyhedral solid tori (Py, Py, P»). By the
invariance of Nyop, under homeomorphisms and the proposition above Niop(T; C
T;) = Nyop(Pj € P;) = Np(P; C P;). Then the pl multiplicativity property
Npi(P2 € By) = Npi(Pa € P1) - Npi(Pr € Ppy) implies directly its topological
counterpart Nyop (T2 C Tp) = Niop(To C T1) - Niop(Th C Tp).

APPENDIX B. YOMDIN’S INEQUALITY

In this Appendix we prove Yomdin’s inequality for our very specific case
of amap f:V — V and exponential growth rates of lengths of curves. We have
followed the papers by Yomdin [31] and Gromov [I5]. Although we will eventually
take f to be C*°, for the proof we work with a fixed degree of smoothness k. Define
M(f) to be the maximum of ||df||o over V, and R(f) as the limit

1 .
R(f) = lim —logmax||df" o,

or in other words the exponential growth rate of M (f"). Notice that M (f"T™) <
M(f™)M(f™) so the sequence log M(f™) is subadditive. Thus R(f) exists and
satisfies R(f) < M(f) < 4o0.

For the sake of brevity we shall denote by EGR a,, the exponential growth rate
of any sequence a,, > 0; i.e. mn%o% log a,,. Now, the topological entropy of f is

bounded as follows:

Theorem B.1. Let f:V — V be of class Ck. For any C* curve o : [0,1] — V
the following inequality holds:

(B.1) ECR ((f" o 0) < h(f) + %R(f).

Notice that R(f) is finite and does not depend on k. Hence when f and o are of
class C* then k can be taken to be arbitrarily large and so the R(f)/k term can
be removed, leading to inequality (5.1)).

Remark B.2. Inequality (B.1) actually holds for arbitrary compact manifolds and
simplices of arbitrary dimension instead of paths, replacing length with the appro-
priate volume. This is the celebrated theorem of Yomdin. Combining this with an
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inequality of Newhouse ([25]) shows that when f is C* its entropy h(f) is in fact
equal to the supremum of the left hand side of (5.1)) over all smooth simplices of
arbitrary dimensions.

Examination of (B.1) under time rescaling (i.e. replacing f with f? for some
fixed ¢ > 1) leads to the observation that it is enough to prove the following a priori
slightly weaker bound:

1
(B.2) EGR ((/" 00) < h(f) + A(K) + 2 M(J)
where A(k) is some number which only depends on k but not on f or 0. This implies
inequality (B.1]) as follows. Fix the path o : [0,1] — V and pick some sequence
ng — +oo such that 1/ng log £(f™ o o) converges to the exponential growth rate
EGR 4(f™ o o). Fix some ¢ > 1 and write ng = mgq + 7 with 0 < rp < g. After
passing to a subsequence we may take all 7, to be equal to some fixed r. Trivially

1 1
o log (™ 00) = Z—:m—kloge«f‘w o (froa))

and taking limits as k — 400 yields
1
EGR ((f" o 0) < ,CGR L((f)™ o (f"00)),

where the exponential growth rate on the right hand side is taken as m — +oo.
Now the weaker inequality (B.2)) applied to the map f? and the path f" oo on the
right hand side yields

n 1 q l q
BGR ((f"00) < <h(f )+ A(K) + 1 log M(/ )).

A standard property of entropy ensures that h(f?) = gh(f). Plugging this above
and letting ¢ — +o00 removes the constant term A(k) and leads to (5.1) by the
definition of R(f).

B.1. Basic strategy of the proof. Ultimately, the entropy is related to the mini-
mum number of dynamical balls needed to cover V. One possible way of estimating
this from below is the following.

Fix some curve o : [0,1] — V and any open covering B. For each member B of
the covering we want to analyze the intersection of (the image of) o with B, which
will generally be a union of curves, and how the length of these grows as we iterate
them with f. Thus we consider the set c=1(B) C [0, 1] which is a disjoint union of
compact intervals (its connected components), and the length of f™ o o|,-1(p) for
each B € B. Obviously as B ranges over the covering B the sets 0~ (B) provide a
covering of [0,1], and so £(f" o 0) < > pcgl(f™ 00l,-1(p)). In particular when B
is a subcover of B(n,¢) with the minimal number of elements, namely S(n,€), we
have

(f"00) < S(n) sup U(f" 0 0ly ()
BeB(n,e)
because the number of summands is S(n,€) and every summand can be overesti-
mated by the supremum of the lengths over the whole cover B(n, ¢) instead of only
the minimal subcover. Taking exponential growth rates on both sides and then
letting € — 0 leads to

(B.3) EGR {(f"oo) <h(f)+HmEGR sup L(f"oo|,-1(py)-
=0 BeB(n,e)
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Comparing this with we see that one needs to show that the second summand
is bounded above by an expression of the form A(k) + M(f)/k. The key to doing
this is an analysis of the set 0~1(B). This is provided by Lemma below. We
introduce a preliminary definition and then state the lemma.

If 7:[0,1] — V is a curve such that all the derivatives of 7 up to order k
have a norm < 1 we shall say that 7 is normalized. If 7 is defined only on a
subinterval J C [0, 1] we reparameterize it by letting 4 : [0,1] — J be the unique
affine bijection which preserves orientation, and say that 7 is normalized if 70 is
normalized. Clearly the length of a normalized curve is bounded above by 1.

Lemma B.3. Let f : V. — V be a C*¥ map. There exist numbers (k) and
eo(f, k) with the following property. For any C* curve o : [0,1] — V and any
(n, €)-dynamical ball B C'V with € < € the set a~1(B) can be covered by at most
(o, €)(u(k)M(f)/*)™ intervals J; such that for each of these the curve f™ ooy, is
normalized.

The notation ¢(o, €) means that ¢ depends only on ¢ and e but not on f or B.
It follows immediately from the lemma that for e < e (f, k)

(" 0 los() € DS 0711 < el ) (M) )"

since each piece f™ ooy, is normalized. The right hand side of the above inequality
is independent of B, and so the supremum of these lengths over B € B(n,¢) has
the same upper bound. Therefore extracting the exponential growth rate one has

, 1
EGR  sup ((f"o0|,-1(p)) <logpu(k) + - log M(f)
BeB(ne) k

whenever € < €y(f, k). In particular the inequality holds in the limit ¢ — 0, so
coupled with (B.3]) we get

EGR (/" o) < A(f) +log (k) + + log M(f)

which is valid for any o : [0,1] — V. With A(k) = log (k) this has the desired
form (B.2)) and therefore proves (B.1]) via time rescaling as explained above.

B.2. The inductive step for Lemma Suppose t € [0, 1] belongs to o~ 1(B)
where B is an (n,e€)-dynamical ball. By definition, there is some z such that
o(t) € B(z,e€), foo(t) € B(f(x),€), etc. up to f"oo(t) € B(f™(z),€). Thus finding
the set 0~ 1(B) can be approached iteratively as follows. For each r let S, C [0,1] be
the set of parameters ¢ such that o(t) € B(z,€), foo(t) € B(f(z),€) ..., up to iterate
r. Clearly the S, form a decreasing sequence of compact sets and o~ (B) = S,,.
Suppose we have already found some .S,.. To find S, 1 one may proceed as follows.
Each S, is a disjoint union of closed intervals (its connected components; maybe
some degenerate). If we write S, = |JJ for that decomposition, one can describe
Sr4+1 by restricting attention to each (f"oo)|; at a time and finding what parameter
values t € J satisfy the additional condition f"™!oo(t) € B(f""!(z),€). In other
words, letting 7 be the curve f" o o]y, which is contained in the ball B(z,€) with
z = f"(x), we need to find the set of parameters ¢t € J such that for(t) € B(f(z),€).
This set might be quite complicated (for instance, it might have infinitely many
connected components) and it will be technically convenient to overestimate it
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slightly; that is, we will actually show that it is contained in a union of closed
intervals which we shall be able to bound in number.

The proof of Lemma thus boils down to a one-step estimate. Much as we
did with the time rescaling earlier on, by taking advantage of a degree of freedom
related to the metric size of the problem we can reduce the one-step estimate to
the convenient case when the derivatives of f of orders 2,...,k are bounded above
by 1 and the radius of the ball B is € = 1. We therefore state the one-step estimate
for a solid torus V) which is just the solid torus V scaled up by a factor A > 1:

Lemma B.4. Let f\ : Vi — Vi be a C* map with ||d®f|lec < 1 for every s =
2,...,k. Let oy : [0,1] — Vi be a C* normalized curve and B C Vy a closed ball
of radius 1 and an arbitrary center. Finally, let S = {t € [0,1] : fx o ox(t) € B}.
Then there exists a family of no more than u(k)M (fx)"* intervals J; such that:

(i) The set S is covered by the J;.
(ii) For each of the J; the curve fy ooy

J; 15 normalized.

Applying this one-step case to each of the curves fy o gy)|s, (after the stan-
dard affine reparametrization) and repeating this inductively as described ear-
lier we obtain that for an (n,1)-dynamical ball the set o~1(B) is covered by
at most (u(k)M(fx)*)™ intervals J; i, ;. such that for each of them the curve
fYooxls,,, ., is normalized.

Proof of Lemma[B-3 from Lemma[BJ) First we scale up all the elements in our
problem by a factor A > 1 to be fixed later. The solid torus V' becomes the solid
torus V) := A -V and the map f is replaced with its conjugate via the rescaling;
ie. fn: VN — Vy given by fa(x) := X- f(x/N). Notice that this rescaling does not
change the first derivatives of f (so M(f) = M(f))) but divides its sth derivatives,
s > 1, by a factor A*~!. Hence by choosing A large enough we can achieve that all
the derivatives of fy of orders 2,3,...,k be bounded above by 1 on V). The cutoff
value Ay of \ at which this happens depends only on the derivatives of f on V. Let
Eo(f, k) = 1/)\0

Now consider an (n, €)-dynamical ball B C V, with € < ¢y. It is straightforward
to see that its scaled up version A - B is just an (n, Ae)-dynamical ball for fy.
Choose A := 1/c as the scaling factor, so that AB is actually an (n,1)-dynamical
ball. Since € < ¢y we have A > Ay and so the derivatives of fy of order 2 < s < k
are all bounded by 1. This sets us under the assumptions of Lemma save
for the normalization of the curve o. This is the origin of the ¢(o,¢€) factor in
the statement of the lemma, as follows. Split [0,1] into N intervals I; of equal
length 1/N. It is then trivial to check that the standard reparameterization oy o1;
satisfies ||[d°0y 0 1¥j]lo0 = A|d°0||l0o/N%. Set c(o,€) 1= max)<s<r(N|d°0||00)”* =
max <<k (e !|d%0||o)*. Clearly by choosing N a ¢(o,€), by which we mean
¢(o, €) rounded up to the closest integer, we have that oy o1; is normalized for all
j. Then an inductive application of Lemma as described before to each piece
ox01; in turn shows that each S; := {t € [0,1] : o 09;(t) € A B} can be covered
by at most (u(k)M(fr)7*)" = (u(k)M(f)"/*)"™ intervals Jji i, i,. Scaling back
down to V one has S; = {t € [0,1] : 0 04;(t) € B}, and so 0~ 1(B) = U; S5 €
Uji, 4, Jjir...in 1s then covered by at most (o, ) (u(k)M(f)"/*)™ intervals. O
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B.3. The one-step estimate. Here we finally prove Lemma[B:4] The basic strat-
egy of the proof consists in replacing f o o with local Taylor approximations Q) of
degree k and solving the problem for these.

The polynomial case. In all the following statements Q : [0,1] — R? is a
polynomial curve of degree k£ which will eventually be a Taylor approximation to
f oo. Any number expressed in the form «(k) is meant to depend only on k and
not on @, A, etc.

(1) Let B’ C V) be a ball of radius 3/2 and set

S"'={tel0,1]:Q(t) € B'}.

Then S’ can be covered by at most aq (k) intervals J; with the property that Q(J;)
is contained in a ball of radius 2.

Proof. B’ is the intersection of an Euclidean ball with the solid torus V). These
can be described by polynomial inequations of degrees 2 and 4 respectively, and so
S’ is described by two polynomial inequalities of degrees 2k and 4k. The set S’ is
therefore a union of intervals (possibly degenerated) whose endpoints are roots of
those polynomials or 0 or 1. Thus S’ consists of at most aq (k) := 6k + 2 connected
components (if all of them are singletons; if all of them are nondegenerate intervals
there can be at most 3k + 1 of these). If a component of S’ is a singleton, we just
enlarge it ever so slightly that its image under @ is contained in the ball of radius
2 concentric with B’.

(2) Assume that the image of ) is contained in a ball of radius 2. Then [0, 1] can
be partitioned into ay(k) intervals J; such that the reparameterized curves @ o ¥;
satisfy the 1/2-normalization condition ||d*(Q o ¢;)||cc < Y2 for s =1,... k.

Proof. A result of Markov (see for example [29]) implies that there exists a
constant c¢(k) such that for every polynomial @ : [0,1] — R3 of degree k one has
1°Qllee < c(k)||Q|loc for s = 1,...,k. Under our assumptions this is bounded
above by 2¢(k). Thus splitting [0, 1] into N = 4¢(k) intervals J; of equal length and
reparameterizing affinely via 1;, each curve Q; := Qow; will satisfy ||d*(Qov;)||cc =
N73d*Qlloc < N7Hd*Q|loo < N"22¢(k) < Y2 for s=1,.... k.

Combining (1) and (2) we get the following:

Lemma B.5. Let Q : [0,1] — R3 be a polynomial curve of degree k. Let B’ be a
ball of radius 3/2 in V. Then the set

S ={te[0,1]: Q) e B'}

can be covered by at most a(k) intervals J; such that Q|j, is Y/2-normalized for
each .

Proof. By (1) the set S’ can be covered by a;(k) intervals J;. For each of these
we consider the reparameterized curve @Q o ;. Its image is contained in a ball of
radius 2 as stated in (1), and so applying (2) to Q o1); the interval [0, 1] can be split
into no more than ay(k) intervals such that (Q o ;) restricted to each of them is
1/2-normalized. O

Taylor approzimations. The basic strategy of the proof of Lemma[B.4] will consist
in partitioning the interval [0, 1] into subintervals and replacing f oo with its Taylor
polynomial of degree k on each of those subintervals. We now make some comments
about these approximations. Recall that we have a C* map fy : V) — V) with
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ld° falloo < 1 for s =2,...,k and also a C¥ normalized curve oy : [0,1] — V). For
notational ease we will henceforth drop the subindex A from all objects except for
V) itself.

(1) The derivatives of order s of f o o can be expressed via the chain rule and,
using the fact that f has derivatives < 1 for orders s > 2 and ¢ has derivatives
< 1 for all orders, we see that for every s =1,...,k one has ||[d*(f o o)| < A(k) +
B(k)M(f) for some constants A(k) and B(k) that depend only on k. Assuming
that M (f) > 1 this can be written as ||d*(f o 0)||c < ¢1(k)M(f) for some constant
c1(k) = A(k) + B(k) which depends only on k. When M (f) < 1 we can just write
it as ||d*(f 0 0)|leo < c1(k), but this case will be somewhat trivial in what follows.

(2) Let J C [0,1] be a closed interval of length § (which one thinks of as being
short). Let to be the midpoint of J and denote by P the Taylor polynomial of
degree k for foo at ty. Starting with the very crude trivial bound ||(f o o)®*)(t) —
(foa)®)(to)|| < 2||(f 0 0)*)|| and integrating it one obtains

X ) 2 00) ™o s
170 ) s = PO < AT loe s < ey ot
for s =0,1,...,k. Suppose that ¢ : [0,1] — J is the standard affine reparameter-
ization, so that ¢/ = §. Clearly (f oo 0¢)®) = §%(f 0 0)®) 09, and so

(BA) [[(foo o) — (Po)) o = 6°[|(f 0 0) |5 — Pl < 261 (k)M (f)5".

Proof of Lemma [B-} We are finally ready to prove the one-step estimate. Let
B C V, be a ball of radius 1 and denote by B’ the closed ball with the same center
as B but radius 3/2. As in the statement of the lemma, set S = {t € [0,1] : foo(¢) €
B}.

Partition [0,1] as the union of N ~ (4c¢1(k)M(f))"/* closed intervals J; of equal
length 6 = 1/N, so that 2c; (k)M (f)6* < 1/2. Denote by P; the Taylor approxima-
tion to (f o 0)|y, as described above and by ; : [0,1] — J; the standard affine
reparametrization. Let us focus on one of the intervals J;. By we have that
[[(fooo;)—(P;o1);)|leo < /2. This ensures that if t € SNJ; then P;(¢) belongs to the
ball B. Therefore SNJ; C {t € J; : P;(t) € B'} = ; '({t €[0,1] : Piot,(t) € B'}).
By Lemmal[B.5|applied to Q; = P;ot); the set {t € [0,1] : P;ot;(t) € B’} can be cov-
ered by at most a(k) intervals Jj; such that (P; o ¢;)|;; is 1/2-normalized. Taking
the preimage of these via 1; produces a family of at most a(k) intervals J;; which
cover SN .J;. Therefore S itself is covered by no more than a(k)N ~ pu(k)M(f)"*
intervals J;;, where p(k) simply absorbs all factors other than M(f).

To conclude the proof it only remains to show that each f o o], is normalized.
Let vy : [0,1] — Ji; and ¥}, : [0,1] — J;; be the standard affine reparameteri-
zations. Observe that the definition of J;; as w;l(J{j) ensures that ¢;; = 1); o ;]
The condition that (F; o ¢;)|;; be 1/2-normalized thus reads [|d*(F; o ¢;;)[| < 1/2
for s=1,...,k. We also have

|d°(f 0 0 0thij) = d*(Piothiy)|| < [|d°(f oo ogps) —d*(Piogy)l| <12

where the first inequality follows because 1j; has a derivative less than 1 and the
second from (B.4)) and the choice of N. Therefore ||d*(f oo ot);;)|| <1 as required.



(1]
2]
(3]

(4]
(5]

(6]
(7]

[20]

(21]

22]

23]

[24]
[25]

[26]
27]

UNIVERSAL BOUNDS ON THE ENTROPY OF TOROIDAL ATTRACTORS 31

REFERENCES

H. Barge and J. J. Sanchez-Gabites. Knots and solenoids that cannot be attractors of self-
homeomorphisms of R3. Int. Math. Res. Not., 13:10373-10407, 2021.

H. Barge and J.J. Sanchez-Gabites. Knotted toroidal sets, attractors and incompressible
surfaces. 2022. Preprint. Provisionally available at https://arxiv.org/abs/2212.14642,

H. Barge and J.J. Sdnchez-Gabites. The geometric index and attractors of homeomorphisms
of R3. Ergod. Theory Dyn. Syst., 43:50-77, 2023.

R. H. Bing. Locally tame sets are tame. Ann. Math. (2), 59(1):145-158, 1954.

R. Bowen. Topological entropy and axiom A. In Global Analysis (Proc. Sympos. Pure Math.,
Vol. X1V, Berkeley, Calif., 1968), pages 23-41. Amer. Math. Soc., Providence, R.I., 1970.
C. Conley. Isolated invariant sets and the Morse indez, volume 38 of CBMS Regional Con-
ference Series in Mathematics. American Mathematical Society, 1978.

R.M. Schori D.J. Garity, I.S. Jubran. A chaotic embedding of the Whitehead continuum.
Houston J. Math., 23(1):33—-44, 1997.

R.M. Schori D.J. Garity, I.S. Jubran. Corrigenda: “A chaotic embedding of the Whitehead
continuum”. Houston J. Math., 23(2):385-390, 1997.

C. H. Edwards. Concentric solid tori in the 3—sphere. Trans. Amer. Math. Soc., 102:1-17,
1962.

R.D. Edwards and R.C. Kirby. Deformations of spaces of imbeddings. Ann. of Math. (2),
93:63-88, 1971.

B. Farb and D. Margalit. A primer on mapping class groups, volume 49 of Princeton Math-
ematical Series. Princeton University Press, Princeton, NJ, 2012.

J. Franks and D. Richeson. Shift equivalence and the Conley index. Trans. Amer. Math. Soc.,
352(7):3305-3322, 2000.

B. M. Garay. Strong cellularity and global asymptotic stability. Fund. Math., 138:147-154,
1991.

M. Grayson and C. Pugh. Critical sets in 3-space. Int. Hautes Etudes Sci. Publ. Math.,
77:5-61, 1993.

M. Gromov. Entropy, homology and semialgebraic geometry. Astérisque, 145-146:225-240,
1987.

B. Glinther and J. Segal. Every attractor of a flow on a manifold has the shape of a finite
polyhedron. Proc. Amer. Math. Soc., 119(1):321-329, 1993.

A.E. Hatcher. A proof of the Smale conjecture, Diff(S3) ~ O(4). Ann. of Math. (2),
117(3):553-607, 1983.

M.W. Hirsch. Differential topology. Graduate Texts in Mathematics, No. 33. Springer-Verlag,
New York-Heidelberg, 1976.

I. Jubran. A chaotic embedding of the Whitehead continuum. PhD thesis, Oregon State
University, 1992. Available online at https://ir.library.oregonstate.edu/downloads/
1z40kwb2f.

H. Kato. Attractors in Euclidean spaces and shift maps on polyhedra. Houston J. Math.,
24:671-680, 1998.

A. Katok and B. Hasselblatt. Introduction to the modern theory of dynamical systems, vol-
ume 54 of Encyclopedia of Mathematics and its Applications. Cambridge University Press,
Cambridge, 1995.

A. Manning. Topological entropy and the first homology group. In Dynamical systems—
Warwick 1974 (Proc. Sympos. Appl. Topology and Dynamical Systems, Univ. Warwick,
Coventry, 1973/197); presented to E. C. Zeeman on his fiftieth birthday), pages 185-190.
Lecture Notes in Math., Vol. 468, 1975.

M. Misiurewicz and W. Szlenk. Entropy of piecewise monotone mappings. Studia Math.,
67(1):45-63, 1980.

E. E. Moise. Geometric topology in dimensions 2 and 3. Springer-Verlag, 1977.

S.E. Newhouse. Entropy and volume. Ergodic Theory Dynam. Systems, 8*(Charles Conley
Memorial Issue):283-299, 1988.

A. Norton and C. Pugh. Critical sets in the plane. Michigan Math. J., 38(3):441-459, 1991.
F. R. Ruiz del Portal and J. J. Sanchez-Gabites. Cech cohomology of attractors of discrete
dynamical systems. J. Diff. Eq., 257(8):2826-2845, 2014.


https://arxiv.org/abs/2212.14642
https://ir.library.oregonstate.edu/downloads/1z40kw52f
https://ir.library.oregonstate.edu/downloads/1z40kw52f

32 P. MONTEALEGRE MACIAS AND J.J. SANCHEZ-GABITES

[28] C. Robinson. Dynamical systems. Stability, symbolic dynamics, and chaos. Studies in Ad-
vanced Mathematics. CRC Press, Boca Raton, FL, 1999.

[29] A.C. Schaeffer and R.J. Duffin. On some inequalities of S. Bernstein and W. Markoff for
derivatives of polynomials. Bull. Amer. Math. Soc., 44(4):289-297, 1938.

[30] H. Schubert. Knoten und Vollringe. Acta Math., 90:131-286, 1953.

[31] Y. Yomdin. Volume growth and entropy. Israel J. Math., 57(3):285-300, 1987.

FAacuLTAD DE CIENCIAS MATEMATICAS, UNIVERSIDAD COMPLUTENSE DE MADRID, 28040 MADRID,
ESPANA
Email address: pemont02@ucm.es

FACULTAD DE CIENCIAS MATEMATICAS, UNIVERSIDAD COMPLUTENSE DE MADRID, 28040 MADRID,
EsPANA
Email address: jajsanch@ucm.es



	1. Introduction
	2. Some background
	2.1. Tame solid tori
	2.2. The geometric index
	2.3. Dynamics
	2.4. Why toroidal sets?
	2.5. Toroidal sets and toroidal attractors

	3. Prime divisors and the geometric degree 
	3.1. Prime divisors
	3.2. The geometric degree
	3.3. The case of attractors
	3.4. Invariance under continuation

	4. Toroidal attractors with no prime divisors
	5. The entropy of toroidal attractors
	6. Concluding remarks
	6.1. 
	6.2. 

	Appendix A. 
	Appendix B. Yomdin's inequality
	B.1. Basic strategy of the proof
	B.2. The inductive step for Lemma B.3
	B.3. The one-step estimate

	References

