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STABILIZATION OF LINEAR PORT-HAMILTONIAN DESCRIPTOR
SYSTEMS VIA OUTPUT FEEDBACK

DELIN CHU* AND VOLKER MEHRMANNT

Abstract. The structure preserving stabilization of (possibly non-regular) linear port-Hamiltonian
descriptor (pHDAE) systems by output feedback is discussed. While for general descriptor systems
the characterization when there exist output feedbacks that lead to an asymptotically stable closed
loop system is a very hard and partially open problem, for systems in pHDAE representation this
problem can be completely solved. Necessary and sufficient conditions are presented that guarantee
that there exist a proportional output feedback such that the resulting closed-loop port-Hamiltonian
descriptor system is (robustly) asymptotically stable. For this it is also necessary that the output
feedback also makes the problem regular and of index at most one. A complete characterization
when this is possible is presented as well.
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1. Introduction. In this paper we study proportional output feedback controls
to make a descriptor system, often called differential-algebraic system (DAE) asymp-
totically stable. Consider a general descriptor systems of the form

Ei = Ax+ Bu, x(ty) = xo
y = Cz+ Du, (1.1)

with E,A € Ct™, B € C4™", C € CP™ D € C™™. Here CP™ denotes the complex
pXn matrices, u is the input, y is the output and x is the generalized state (descriptor)
vector, and & denotes the time derivative.

We formulate our results for complex systems but the results hold analogously for
systems with real coefficients. In the following, the real part of a complex number z
is denote by R(z) and we denote that a Hermitian matrix M is positive semidefinite
(positive definite) by M >0 (M > 0).

In our analysis and in the construction of feedbacks, we need to perform system
transformations of the system. For general descriptor systems, these are changes of
bases ¢ = T'Z, u = V4, y = Yy and multiplications of the state equation by S, where
the matrices S, T, V.Y are invertible.

For the matrix pencil AE' — A associated with general descriptor systems of the
form () one has the following classical result [16].

THEOREM 1.1. Let E, A € C*". Then there exist nonsingular matrices S € C**
and T € C™"™ such that

S(AE — A)T = diag(Le,, ..., Le,, L,

o

--;jp);rw/\/’o'l?"'?'/\/’o's)? (1'2)

pLo”

T A
L TN

where the block entries have the following properties:
(i) Ewvery entry L, is a bidiagonal block of size €; x (¢; + 1), €; € No, of the form

1 0 0 1
1 0 0 1
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(ii) Every entry E;j is a bidiagonal block of size (n; +1) x n;, n; € No, of the
form

1 o0
0 1

(iii) Ewvery entry J;;.j is a Jordan block of size p; X pj, p; € N, X\;j € C, of the form

1 PV

-1
1 Aj
(iv) Every entry N, is a nilpotent block of size 05 x 0;, 05 € N, of the form

0 1 1

1 -
0 1
The Kronecker canonical form is unique up to permutation of the blocks.

For real matrices there exists a real Kronecker canonical form which is obtained
under real transformation matrices S, T. Here, the blocks jp);j with nonreal \; are in
real Jordan canonical form instead, but the other blocks are as in the complex case.

A value Ao € C is called a (finite) eigenvalue of AE — A if rank(AE — A) <
maxqec rank(aF — A). Furthermore, A\g = oo is said to be an eigenvalue of AE — A if
zero is an eigenvalue of AA — E. The size of the largest block Ny, is called the index
v of the pencil AE — A, where, by convention, v = 0 if F is invertible. The matrix
pencil AE — A is called regular if £ = n and det(M\E — A) # 0 for some )\ € C,
otherwise it is called singular. For a given input u, an initial condition x( is called
consistent if the initail value problem has at least one classical solution.

When descriptor systems are generated in an automated modularized modeling
framework such as e.g. [I5], then the resulting system typically is an over- or under-
determined (singular) system. For such singular systems, existence and uniqueness of
the solutions for a given control input and given consistent initial values x(to) = xo
only be guaranteed except if F, A are square and the pencil A\E — A is regular. If
this is not the case then a regularization or reformulation is necessary, see [10, 23].
In control design this is often done via state or output feedback, see e.g. [9l [I3].
Feedback design is also used classically to make the system (robustly) asymptotically
stable [22, [37]. However, to do this with output feedback is a difficult and partially
open problem even if E = I, the identity matrix, see e.g. 8] [34].

Note that the definition of stability and asymptotic stability is not defined in a
uniform way in the literature. Some authors just require that the finite eigenvalues
of \E — A are in the (open) left half plane, some require that the pencil AE — A is
furthermore regular and of index at most one, since otherwise arbitrary small pertur-
bations make the system unstable, see [14] 24} [29] for detailed discussions, which also

2



include the robustness question when the pencil AE — A is close to singular or high
index.

In this paper we address the problem of determining output feedback controls
u = Fy with I € C"™P? that make the closed loop system regular and of index at most
one, i.e. uniquely solvable for consistent initial conditions, and also (robustly) asymp-
totically stable. We study this problem for the important class of port-Hamiltonian
descriptor system representations that are introduced in the next subsection.

1.1. Port-Hamiltonian descriptor systems. In this subsection we introduce
the framework of port-Hamiltonian descriptor systems.
DEFINITION 1.2. A linear time-invariant descriptor system of the form

Ei = (J—R)Qz+ (B - P)u,
y = (B+P)"Qz+ (S~ N)u, (1.3)

with E,Q € C", JJR € C*, B,P c C'™, § = SH N = —NH ¢ C™™ is called
port-Hamiltonian differential-algebraic (pHDAE) system with quadratic nonnegative
Hamiltonian

1
H(x) := 5§)ft(g;HQHE:z:) >0 (1.4)
if the following properties are satisfied:
(i) 0 < QHE = FHQ € C*" and 0 = R(QH (J — JH)Q);
(#) the dissipation matrix

Q"RQ Q"P

W =
PHQ S

€ Crmin+m (1.5)

is positive semidefinite, i.e., W = WH > 0.

The class of pHDAE systems provides a unified and natural modeling framework
for the simulation and control of almost all classes of real world physical systems, see
[5L 21, 128, B0, 29] 35, B6] for detailed discussions and a multitude of applications. The
great success of modeling with pHDAE systems is mainly due to its many important
properties.

Key properties of pHDAES, see e.g. [29], are the invariance of the class under
power-conserving interconnection, which allows modularized automated modeling, the
invariance under Galerkin projection which makes them ideal for discretization and
model reduction, and in particular the encoding of properties like energy dissipation,
stability and passivity in the algebraic structure of the coefficients of the equations.
The class of pHDAE systems also provides an ideal framework for robust and physi-
cally interpretable control design. This follows, in particular, from the power balance
equation and the resulting dissipation inequality, see e.g. [28].

THEOREM 1.3. Consider a pHDAE system of the form ([L3)). Then for any input
u(t) the power balance equation

H
o) == [0 w 20w @ute) (16)

holds along any solution x(t). In particular, the dissipation inequality

1

%@@D—H@mDSAQWMﬂWM%dT (17)
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holds.

In physical space, one can view pHDAE systems as modeling the interaction of
three types of energies by encoding these in the structure of the coefficients. The stored
energy is presented by the nonnegative Hamiltonian H(z), the dissipated energy by

H
the nonnegative quadratic form D(z,u) = B] W [z] and the supplied energy by

S(y,u) = R(y"u).

While for general descriptor systems it is computationally difficult to analyze
whether a system is (robustly) asymptotically stable, see e.g. [Tl [37], in the pHDAE
modeling framework, using Theorem [[3] easily allows to analyze when a pHDAE
system is stable (asymptotically stable). It is well known [25] that if @ has full
column rank, then the pHDAE systems of the form ([Z3)) are stable (but not necessarily
asymptotically stable) in the sense that all finite eigenvalues are in the closed left half
plane and those on the imaginary axis are semisimple. Furthermore, it is shown in [25]
that the index of a pHDAE system can be at most ¥ = 2 and in [20] the singularity is
characterized by a common nullspace property. Furthermore, if the system is in the
pHDAE representation, it is only needed to check the semidefiniteness of E¥@Q and
W, which can be done accurately and with perturbation bounds via the calculation
of Cholesky decompositions, see e.g. [19].

There also exist structure preserving versions of the Kronecker canonical form,
see [1},[6], where in order to preserve the structure and in particular the different types
of energy H, D, S, we require the transformations to satisfy S = TH and Y = V1,
see [ [30]. We will discuss such condensed forms in Section 21

1.2. Simplified pHDAE reformulation. It has been addressed in [29] how
one can reformulate a general linear pHDAE system to one with £ = n and @ = I and
how to remove the feedthrough term, so that Du = (S — N)u = 0. In the following
we will briefly recall this reformulation which would always be the first step of a
regularization procedure.

If in (C3) @ has full column rank then the state equation can be multiplied with
Q" from the left, yielding the system

Q" Ei = Q"(J - R)Qu + Q" (B — Py,
y=(B+P)Qx+ (S~ N)u.
Then setting E = QUE, J = Q7JQ, R = Q"RQ, B = QY B, and P = QY P, the
transformed system
Ei = (J — R)z + (G — P)u,
y=(G+P)Pz+(S—N)u
is again a pHDAE system, but now has @ =1, and hence E = EH > 0. If Q is not
of full column rank then a subsystem of this form can be obtained by performing a
singular value decomposition of () and then considering only the subsystem associated
with the invertible part, see [29] for details.
One can also always remove the feedthrough term by extending the state space.

Since the Hermitian part of D is semidefinite, one can construct, see [I], a unitary
matrix Up, such that

0 O
4

D=Up [Dl O] vl



with D nonsingular and the Hermitian part of D; is positive semi-definite. Setting,
with analogous partitioning,

(B-P)Up=[Bi-P, Bo—P)], Ulu= [Zi] R B] ,
the system can be written as
Ei=(J—-R)x+ (B1 — P1)ur + (B2 — P)us, (1.8a)
y1 = (B + P1)"a + Dy, (1.8b)
y2 = (By + Po)"a. (1.8¢)

Since R > 0 we have P, = 0. Introducing xo = Diuj + Ple we obtain the extended

system
E 0 T . J—R 0 x Bl—Pl Bg
Y A e e o R R

w=let 1)),

yo = Bilz.

By this extension the Hamiltonian A and the dissipated energy D have not changed,
they are just formulated in different variables and the added variables do not change
the values of H and D. Clearly also the supplied energy S stays the same. By

multiplying the state equation with the nonsingular matrix {I P

0 T } from the left we
obtain the extended pHDAE system

Bi— (- R)i + Bu,
y=DB"z,

with extended state & = [z, 2] and coefficients

5 _ [E 0} i_[7+ % (mDr P — (AT P —P Dy 1
00 Dy P! —3(D1" = D7)
- (B B 5 . o~
B = | O},P_O,D—O,
s _ [R=3(PDTPE (DT P 0 |
i 0 3(Drt+ D)

In the following we therefore assume that we have a pHDAE system of the form

Ei = (J—- R)x+ Bu,
y = Bz, (1.9)

with E,JJR € C*", B e C»™ E = FEY >0, R=RH >0, J = —JH, with
the quadratic Hamiltonian H(x) = %xH Ez > 0 and the dissipation matrix W =
[ g 8 > 0. We also assume, without loss of generality, that B has full column

rank by restricting, if necessary, u,y to an appropriate subspace.
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1.3. Problem statements. For general unstructured descriptors systems it has
been studied extensively, see e.g. [9l 10, [1T], 12, B1l B2, B3], how to modify system
properties like regularity or the eigenstructure of the system via different types of
feedback. But such general feedback approaches do not necessarily preserve the pH-
DAE structure. For pHDAE systems the natural feedback classes are proportional
output feedbacks, since then the symmetry structure of the coefficients is preserved
and it is sufficient if the feedback preserves the nonnegativity of the energy functions
H and D. We therefore discuss proportional output feedback of the form

u(t) = (Fs = Fa)y(t) + ()

where Fg = —F! éf andFy = F}! are such that the resulting closed loop system

=-
—~
~
~—

(J + BFsBY — (R+ BFyB™))z(t) + Bu(t),
y(t) = BTa(1),

has desired properties. In particular, we study the following three problems:

Problem 1 (Regularization of pHDAE system ([L9) by proportional output feed-
back): Determine matrices Fg = —Fg, Fy = F}_}I such that the pair (F, J+BF¢BH —
(R+ BFy B™)) is regular, and R+ BFy B > 0, i.e., the resulting closed-loop system
is a regular pHDAE system.

Problem 2 (Regularization and index reduction of pHDAE system (9] by pro-
portional output feedback): Determine matrices Fg = —Fgl ,Fu = FH such that
the pair (E,J + BFsB — (R + BFygBf)) is regular, of index at most one, and
R+ BFyBH >0, i.e., the resulting closed-loop system is a regular pHDAE system
of index at most one.

Problem 3. (Stabilization of pHDAE system (L9) by proportional output feed-
back): Determine matrices Fg = —Fg, Fy = F}_}I such that the pair (F, J+BF¢BH —
(R + BFy B™)) is regular, of index at most one, has all its finite eigenvalues in the
open left half complex plane, and

R+ BFyBY >0,

i.e., the resulting closed-loop system is a regular pHDAE system of index at most one
and has all its finite eigenvalues in the open left half complex plane.

In some applications it is also possible to use derivative output feedback u = Ky
to perform regularization, index reduction and stabilization. The results that we
present also extend to this case, see Appendix B.

All the constructions and conditions that we present are derived via structured
condensed forms that we present in the next section. For completeness we also present
coordinate free versions of the results for which we denote a full column rank matrix
with its columns spanning the right nullspace of a matrix M by S (M) and with its
columns spanning the left nullspace of M by Too (M), respectively.

2. Condensed forms. The basis for the construction of regularizing feedbacks is
the computation of condensed forms. In order to be able to construct the regularizing
feedbacks in a numerically stable way we use unitary transformations. The following
form is a modification of the condensed form presented in [6].
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LEMMA 2.1.

Ui BV

U(J—-RU

where

Ji6

k
ran [ Jog

and, furthermore,

Ero
Eao
Bz}
B3}

m — ns3 ns
[0 B2
B2 Baa
0 0
0 0
L0 0
ni
[ Ju — Rn
—Ji5 — Rt}
—Ji} — Ri}
—Jii — R}
—J{f — R}
_J{é

Ei3 By 0
L3 E24 Bs
Es3 E3x 0
Ezﬁ FEyy 0

, UMEU =

n2
Ji2 — Ri2
Jo2 — Ra2
—Jas — R3s
—Jo4 — R3}
—J3t — Ri%

26

B2
1 Ba
Bss

0

ni no ns N4
n1 | B Ei2 Eiz Eu
ne | Efy FEas Fas Fa
ns | EfL ER FEs Es
na | EY, EE EI Eu
ns 0 0 0 0
ne 0 0 0 0
ns n4
Jiz — Ri3 Jia — Ria
Joz — Ra3 Joa — Ras
J33 — Rs3 J34 — R34
—JE — RY, Ju— Rua

H H
_J35 - R35

0

0

=n1 + N2 + N3 + Ny,

H H
—Jas — Ris

Eq > 0.

Consider a pHDAE system of the form (I9). Then there exist
unitary matrices U and V' such that

ns MNe
0 0
0 0
0 0
0 0|’
0 0
0 0
ns ne
Jis — Ris Jis
Jos — Ras  Jae
Jss —Rzs 0
Juis —Rss O
Jss — Rss 0
0 0

} = ny + ng, rank(Bay) = ng, rank(Bs2) = ng, rank(Js5 — Rs5) = ns,

(2.2)

(2.3)

Proof. A constructive proof that can be directly implemented as a numerical
method is presented in Appendix A. 0O
If one allows nonunitary transformations in Lemma 2], then one can reduce the
condensed form further.
COROLLARY 2.2. Consider a pHDAFE system of the form (I.9). Then there exist
nonsingular matrices S, T, and a unitary matriz V such that

SBV

S(J—R)T

ni
n2
n3
ez
ns
ne

ni
n2
ns
g
ns
ne

m — nsg ns
0 0
Bsq 0
0 0
0 0
0 0
ni n2
A A
Ay Agp
Az Asp
Ay Agp

0 0
| —Afy —Af

, SET =
ns Ty
A1z Aw
Agz  Any
Az Az
Ayz Ay

0 0
0 0

n n2
ny E11 0
no 0 E22
Ty 0 0
ns 0 0
ne 0 0
ns Ne
0 Alﬁ
0 A
0 0
0 0 |’
A55 0
0 0

ns
Eqs3
Eos
Ess3
0
0
0

Nng N5 Ng
0 0 0
0 0 0
0 0 0
Ew 0 0
0 0 0
0 0 0
(2.4)



where SB = THB,

rank [ G ] =ny +n2, rank(Ba1)=mng, rank(Bs2)=ng, rank(Ass)=ns,

Ao
(2.5)
and

Eyn 0 Ei
FEi11 >0, Fyq >0, 0 Foy  FEos > 0. (26)
E{é Eg FEs3

Proof. The proof follows by block Gaussian elimination in 21)). O

Using Corollary 2.2l we immediately obtain the following coordinate-free descrip-
tions of the dimensions in the condensed form (ZT]).

COROLLARY 2.3. Consider a pHDAEFE system of the form ([L3) in the condensed
form (24). Then the following statements hold.

(a)
ni+ns = rank| E B | —rank(B),

ny+mnyg = rank(TO{;I((J—R)SOO([ BEH }))[ E B ),

rank(Ei3) = rank(72 (B)ES<(TH([ E B ])(J - R)) — na.
(b)
rank[ E. J—R B |=n (2.7)
if and only if
ne = ny -+ na. (2.8)
(¢c) rank(Ey3) = ny if and only if
rank(TH (B)ES(TH([ E B ])(J—R))) =rank [ E B | —rank(B). (2.9)

Proof. The proof follows by direct calculation. 0O
The condensed forms in this section form the basis for the solution of problems
1-3 in the following section.

3. Regularization and stabilization via proportional output feedback.
In this section we characterize the solutions of Problems 1.-3. The characterizations
of the solution to the first two problems have similar conditions as in the unstructured
case.

THEOREM 3.1. Consider a pHDAFE system (L.4). Then Problem 1. is solvable if
and only if (2.7) holds.

Proof. Suppose that there exist matrices Fg = —Fgl and Fy = F}! such that
(E,J + BFsBY” — (R+ BFyBf) is regular. Then we have

det(sE — (J + BFsB” — (R + BFyB™))) #0, for some s € C,

which together with the condensed form (2.4)) gives the condition (Z8]), which, together
with Corollary 23] yields condition (Z.7). Hence, necessity follows.
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To show the sufficiency, let condition (Z7)) and thus equivalently (Z8]) holds. Let
Fyy € C™3%"3 bhe such that Fys > 0 and that Ass — B32F22B3% is nonsingular. Then
with

_ _ 0 0 H
Fg =0, FH_V{O F22]V,

we have that (E,J + BFsBY — (R + BFyBf) is regular and R+ BFyB® >0. 0O
If we further require that the index of the closed loop system pencil is reduced to
one then we have the following result.
THEOREM 3.2. Consider a pHDAE system of the form (L.9). Then Problem 2.
is solvable if and only if

rank [ E (J—R)Sx(E) B |=n. (3.1)

Proof. Let F = Fs — Fy, with Fg = —Féf and Fyg = F}_}I be such that (E,J —
R+ BFB*) is regular and of index at most one. Then condition (Z7) holds and

Ewnw 0 Eis
rank 0 EQQ Egg = I‘ank(Egg). (32)
ER EIL Es

Note that condition ([B2) is equivalent to
Epp =0, Ez3 =0, En = EisERZ By, (3:3)

where E?'fg is the Moore-Penrose inverse of Fs3.

A direct calculation yields that the conditions (7)) and (B3] imply condition
BI). Hence, the necessity follows.

To show the sufficiency, take

Fs =0, FH_V{O 0 ]VH,

with Fho > 0, and Tolg(Egg)(Agg — B32F22B3%)800 (Egg) nonsingular. Then the pair
(E33, Ag3 — B3aFao BEL) is regular and of index at most one. Because condition (B))
implies conditions (1) and (B3)), we have that R + BFgB® > 0 and the pair
(E,J + BFsBY — (R + BFyB™)) is regular and of index at most one. O

After a pHDAE system of the form (L)) has been regularized and made of index
at most one, the next task is to design a propotional output feedback so that the
resulting closed-loop system is asymptotically stable, i.e. all its finite eigenvalues have
negative real part. While this a very hard and partially unsolved problem for general
descriptor systems, for pHDAE systems the solution is surprisingly simple.

We need the following two lemmas.

LEMMA 3.3. Consider E,J, R € C™"™ with E>0, J=—-JY, R >0, and

ni UP) ni UP) ni ni
ny | B B ny |Ryp 0 ny | Juu o Ji2
E = s R = s J = ’
no [Ellg Egg] no |: 0 0 ] no |:—J1]_£ Jgg]

where Ry1 > 0. Then the following statements hold.
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i) J — R is nonsingular if and only if

Jig |
rank[ o ] = no.

ii) The pair (E,J — R) has all its finite eigenvalues in the open left half complex
plane if and only if for all purely imaginary s € C

Ji2g —sE2 |
rank [ Tg — $Eny ] = na. (3.4)

Proof. The proof of i) is trivial.

ii) If the pair (E,J — R) has all its finite eigenvalues in the open left half plane,
then obviously (34)) holds for all purely imaginary s € C.

Conversely, let ([3.4) hold for all purely imaginary s € C. It follows from i) that
(E,J — R) is regular. Next, let s9 € C be any finite eigenvalue of (E,.J — R), and let
T = 2 € C™ (partitioned analogously) be a corresponding eigenvector normalized

such that 2 Ex = 1. Then we have

Jii — R Jie2 e Ein Ero . (3.5)
—JH Jaa 0 ER  FEy ’ '
and hence,
so = IH{EH By ]3:
Eg FEoo
 ml| Ju—Ru Ji2 _ _H | Ju Ji2
= { —Jﬁ( Jon T =—x; Riiz1 +x —Jf% Jon x,

which gives
%(So) = —CC{IRlldfl S 0.
We show that z1 # 0. If we had x; = 0, then sq is purely imaginary, xo # 0 and

J12 — soE12
=0.
[ Joo — soEa2 } 2

Ji2 — soE12
Jag — so B2
contradiction. Hence, z; # 0 and R(sg) = —z Ry12; < 0. Therefore, (E,J — R) has
all its finite eigenvalues in the open left half complex plane. 0O

LEMMA 3.4. Gwen J,R,R € C*" with J = —J", R=R" >0 and R = R" > 0.
If J — R is nonsingular, then J — (R + R) 18 nonsingular.

Proof. Suppose this were not the case, then for some vector x # 0 we have
(J — (R + R))z = 0, which implies Jz = 0 and (R + R)z = 0 and then Rz = 0 which
is a contradiction. O

We now present necessary and sufficient solvability conditions for Problem 3.

THEOREM 3.5. Consider a pHDAE system of the form (I.9). Then Problem 3.
is solvable if and only if the condition (31)) holds and for all purely imaginary s € C

This and the condition that rank [ } = no yields that xo = 0 which is a

rank[ J—R—sE B |=n. (3.6)
10



Proof. The necessity is obvious since the condition [B1I) follows by Theorem B2
and that condition (3.6]) holds for all purely imaginary s € C is well-known from the
unstructured case, see e.g. [9].

To prove the sufficiency, let U be a unitary matrix such that

ni1 no ns
ny | 0 ny | Ri1 Rig 0
UPB=mny | By|, UPRU=ny |RE, Ry 0 |,
ns 0 ns 0 0 0
where
rank(Bg) =ny, Ry1 > 0.
Set
ny UP) ns ni n2 ns
ny | Jin Ji2 Jis ny | B11 FEip Eig
UHJU = N2 _Jl% J22 J23 y UHEU = N2 Eg E22 E23
ng | —JB —JE Js ny | Eff Eif Es

Let Fg =0 and Fyg = FI{,{ be such that
rank(R + BFyB") =rank| R B |, R+ BFB" >0,

ie.,

Ry
R}

Ry

0.
Roo + BQFHBf >

Then it follows from Lemma B3 and the fact that ([B:6]) holds for all purely imaginary

s that the pair (E,J — (R + BFy B)) has all its finite eigenvalues in the open left
half complex plane.

Next, let U € C™" be unitary such that

I T2 T3 T T2 T3
... N Eu 0 0 N ! 1:%11 15312 0
UPEU=m | 0 0 0|, U"(R+BFgBY")U=mn |RIL, Ry 0],
T3 0 0 O T3 0 0 0
E11>0, R22>0.
Set
1 T2 T3
o on | Ju Jiz i . T | B
UHJU = To —{{12’ J2~2 {23 s UHB = T2 BEZ
T3 —Jg _J2I-§ J33 T3 B3
Note that

rank(R + BFgB") =rank[ R B | =rank|[ R+ BFyBY B ],
11



and thus
B; = 0.
Additionally, condition (B.1) implies that

rank[ /23 ] =rank [ —JH T3 | =73,

J33

Joz — Rap Jas
—JB Jss

the pair (E,J — (R + BFyBM)) is regular and of index at most one. [

After the characterization of the existence of output feedbacks that make the
pHDAE system regular and of index at most one as well as asymptotically stable an
important question is to use the feedbacks in such a way that the resulting closed
loo system is robustly regular, of index at most one and asymptotically stable. In
order to do this one needs efficiently computable characterizations what the distance
to the nearest non-regular pHDAE, higher index pHDAE are [17, 20, 26], respectively
the distance to instability [2, [I8| [I7] are. Furthermore, it is necessary to analyze
how the pHDAE structure can be exploited, and how to compute robust pHDAE
representations, see [3, 27]. This topic is currently under investigation.

and hence by Lemma B3] we have that [ is nonsingular. Therefore,

4. Concluding Remarks. In this paper, new characterizations have been de-
rived for the regularization, index reduction and stabilization of port-Hamiltonian
descriptor systems (9] by proportional output feedback while preserving the port-
Hamiltonian structure. Future work will include the development and implementation
of numerical methods for optimal robust output feedback stabilization.

REFERENCES

[1] F. Achleitner, A. Arnold, and V. Mehrmann. Hypocoercivity and controllability in linear semi-
dissipative ODEs and DAEs. ZAMM Z. Angew. Math. Mech., 103:€202100171, 2021.

[2] N. Aliyev, V. Mehrmann, and E. Mengi. Computation of stability radii for large-scale dissipative
Hamiltonian systems. Adv. Comput. Math., 46(6):1-28, 2020.

[3] D. Bankmann, V. Mehrmann, Y. Nesterov, and P. Van Dooren. Computation of the analytic
center of the solution set of the linear matrix inequality arising in continuous- and discrete-
time passivity analysis. Vietnam J. Math., 48:633—-660, 2020.

[4] C. Beattie, V. Mehrmann, and H. Xu. Port-Hamiltonian realizations of linear time invariant
systems. ArXiv e-print 2201.05355, 2022.

[5] C. Beattie, V. Mehrmann, H. Xu, and H. Zwart. Port-Hamiltonian descriptor systems. Math.
Control Signals Systems, 30(17):1-27, 2018.

[6] C. A. Beattie, S. Gugercin, and V. Mehrmann. Structure-preserving interpolatory model reduc-
tion for port-Hamiltonian differential-algebraic systems. In C. Beattie, P. Benner, M. Em-
bree, S. Gugercin, and S. Lefteriu, editors, Realization and Model Reduction of Dynamical
Systems, pages 235—254. Springer, Cham, 2022.

(7] P. Benner, R. Byers, V. Mehrmann, and H. Xu. Numerical computation of deflating subspaces
of skew-Hamiltonian/Hamiltonian pencils. SIAM J. Matriz Anal. Appl., 24(1):165-190,
2002.

[8] L. Brivadis, J.-P. Gauthier, L. Sacchelli, and U. Serres. New perspectives on output feedback
stabilization at an unobservable target. ESAIM: Control, Optimisation and Calculus of
Variations, 27:102, 2021.

9] A.Bunse-Gerstner, R. Byers, V. Mehrmann, and N. K. Nichols. Feedback design for regularizing

descriptor systems. Linear Algebra Appl., 299(1-3):119-151, 1999.

. L. Campbell, P. Kunkel, and V. Mehrmann. Regularization of linear and nonlinear descrip-
tor systems. In L. T. Biegler, S. L. Campbell, and V. Mehrmann, editors, Control and
Optimization with Differential-Algebraic Constraints, number 23 in Advances in Design
and Control, pages 17-36. Society for Industrial and Applied Mathematics, 2012.

12

[10]

wn2



[11] D. Chu, H.C. Chan, and D.W.C. Ho. Regularization of singular systems by derivative and
proportional output feedback. SIAM J. Matriz Anal. Appl., 19(1):21-38, 1998.

(12] D. Chu and D.W.C. Ho. Necessary and sufficient conditions for the output feedback regular-
ization of descriptor systems. IEEE Trans. Automat. Control, 44(2):405-412, 1999.

[13] D. Chu, V. Mehrmann, and N. K. Nichols. Minimum norm regularization of descriptor systems
by mixed output feedback. Linear Algebra Appl., 296(1-3):39-77, 1999.

(14] N.H. Du, V. H. Linh, and V. Mehrmann. Robust stability of differential-algebraic equations. In
Surveys in Differential-Algebraic Equations. I, pages 63-95. Springer-Verlag, Berlin, 2013.

[15] P. Fritzon. Principles of Object-Oriented Modeling and Simulation with Modelica 2.1. Wiley-
IEEE Press, 2003.

(16] F. R. Gantmacher. The Theory of Matrices, volume 2. Chelsea, New York, 1959.

[17] N. Gillis, V. Mehrmann, and P. Sharma. Computing the nearest stable matrix pairs. Numer.
Lin. Alg. Appl., 25(5):€2153, 2018.

(18] N. Gillis and P. Sharma. On computing the distance to stability for matrices using linear
dissipative Hamiltonian systems. Automatica, 85:113-121, 2017.

[19] G. H. Golub and C. F. Van Loan. Matriz Computations. Johns Hopkins Studies in the
Mathematical Sciences. Johns Hopkins University Press, Baltimore, MD, third edition,
1996.

[20] N. Guglielmi and V. Mehrmann. Computation of the nearest structured matrix

triplet with common null space. Electron. Trans. Numer. Anal., 55:508-531, 2022.
http://arxiv.org/abs/2109.05737.

[21] B. Jacob and H. Zwart. Linear port-Hamiltonian systems on infinite-dimensional spaces, vol-
ume 223 of Operator Theory: Advances and Applications. Birkh&user, Basel, 2012.

[22] T. Kailath. Linear Systems, volume 156. Prentice-Hall Englewood Cliffs, N.J, 1980.

(23] P. Kunkel and V. Mehrmann. Differential-Algebraic Equations. Analysis and Numerical Solu-
tion. European Mathematical Society, Ziirich, 2006.

[24] V. H. Linh and V. Mehrmann. Lyapunov, Bohl and Sacker-Sell spectral intervals for differential-
algebraic equations. J. Dyn. Differ. Equations, 21(1):153-194, 2009.

[25] C. Mehl, V. Mehrmann, and M. Wojtylak. Linear algebra properties of dissipative Hamiltonian
descriptor systems. SIAM J. Matriz Anal. Appl., 39(3):1489-1519, 2018.

[26] C. Mehl, V. Mehrmann, and M. Wojtylak. Distance problems for dissipative Hamiltonian
systems and related matrix polynomials. Linear Algebra Appl., 623:335—-366, 2021.

[27] V. Mehrmann and P. Van Dooren. Optimal robustness of port-Hamiltonian systems. SIAM J.
Matriz Anal. Appl., 41(1):134-151, 2020.

(28] V. Mehrmann and R. Morandin. Structure-preserving discretization for port-Hamiltonian de-

scriptor systems. In 58th IEEE Conference on Decision and Control (CDC), Nice, France,
pages 6863-6868, 2019.

[29] V. Mehrmann and B. Unger. Control of port-Hamiltonian differential-algebraic systems and
applications. Acta Numerica, pages 395-515, 2023.

[30] V. Mehrmann and A.J. van der Schaft. Differential-algebraic systems with dissipative Hamil-
tonian structure. Math. Control Signals Systems, pages 1-44, 2023.

[31] N.K. Nichols and D. Chu. Regularization of descriptor systems. Numerical Algebra, Matriz
Theory, Differential-Algebraic Equations and Control Theory: Festschrift in Honor of
Volker Mehrmann, pages 415-433, 2015.

[32] K. Ozcaldiran and F.L. Lewis. On the regularizability of singular systems. IEEE Trans.
Automat. Control, 35(10):1156-1160, 1990.

[33] M. Shayman and Z. Zhou. Feedback control and classification of generalized linear systems.
IEEE Trans. Automat. Control, 32(6):483-494, 1987.

[34] V.L. Syrmos, C.T. Abdallah, P. Dorato, and K. Grigoriadis. Static output feedback—a survey.
Automatica, 33(2):125-137, 1997.

[35] A. van der Schaft and D. Jeltsema. Port-Hamiltonian systems theory: An introductory
overview. Foundations and Trends in Systems and Control, 1(2-3):173-378, 2014.

[36] A.J. van der Schaft and V. Mehrmann. Linear port-Hamiltonian DAE systems revisited. Sys-
tems Control Lett., 177:105564, 2023.

[37] K. Zhou, J. C. Doyle, and K. Glover. Robust and Optimal Control. Prentice-Hall, Upper Saddle
River, NJ, 1995.

Appendix A. Constructive proof of Lemma [2.71 In this proof, we use QR
decompositions and singular value decompositions, see [19] to determine the men-
tioned unitary matrices.
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Step 1. Determine a unitary matrix U; such that

Hp _ M1 By
upp= {0 ]

where rank(B;) = p; and set

H1 n—p1
(1) (1)
K1 E E
U'EU, = (e g |
n—pf1 (E12 ) E5
and
H1 n— p1
1 1 1 1
T B o o 1]
n—p1 —(le )H - (R12 )H Jao” — Royy

where Eéé) > (0 since E > 0.
Step 2. Determine a unitary matrix Us such that

f2 M= = e

Hp(Dgr _ M2 Eoo 0
G S {0 0 }
where Fs > 0 and set
2 n— {1 — M2
2 2 2 2
Ul - R, = v T s ]
n— 1 — M2 —(J23 )H - (st )H Jy3' — Ry

Step 3. Determine a unitary matrix Us such that

2 2 ns [Js— Rs
U3}I(J3(>3) - R§>3)) = ng |: 0 :| ’
where rank(jg — Rg) =ns. Set
ns ne ns ne
UHJ(2)U ns |: Js5 Jég) ] U R(Q)UH ns |: Rs5 Ré%) ]
3= 3 3) |» 3 = 3 3) |-
P g [ g B s LR Ry
Then
ns Ng
ns Js5 — Rss J _ RY
Us' (55 — Ri)Us = [ 5 NI
L 2 ne _(Jéﬁ))H - (RéG))H Jéa) - Réﬁ)
ns Ng
_ n5 | Js5 — Rss Jég) - Ré?é)
o ne 0 0 ’
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Note that R >0 and J = —J#, so, RY) >0, J$2) = —(JE)H, and thus,

3 3 3 3
RY =JP =0, RY =0 JP=0.
Define
~ I I
o[ ]l e
then
/fl /AJQ ns  Ng
w1 | Ba 1 EE Ein 0 0
TH o _ M2 0 T H oy M2 E12 E22 0 0
UlB_n5 0| UlEUl_m, 0 0 0 0]
ng 0 ng 0 0 0 0
M1 M2 ns Ne
M1 Jgh— R}}q Jig =Rz Jis— Rz Jia— Rus
5o pe | —Jip— Ry Jog — Roa Joz — Rog Jaa — Roy
Ui(J - R)U; = o N 2 2
W R =0 R I RE - Ris 0
ng —Jﬁ — Rﬁ —Jﬁ — Ré{l 0 0
where

rank(By) = p1, rank(Jss — Rss) = ns,

In addition, using R > 0, we also have that

Ris =0,

Roy =0,

rank(Egg) = ps.

Step 4. Construct unitary matrices Uy and V' such that

E FE
UH { v Lo ]U
Y LB Ex *
ni
B n
H 1 N2
vl [ ’ ]v_ng
Ty
where
J16
k
ran |:J26
and

ny N9 ns Ny

Eyw Eiz Eiz3 Ey

Bl Es Ex FEo

Ef EX Fs3 FEs |’

Eff Eji Eji Eu
ns Ne
Bio . ni | Jie
Bao UH Jia | _n2 | Ja
B3y |’ 4 Jou ns3 0
0 Ty 0

rank [ Eff Ef, E¥ Eu | =ny,
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which, together with E > 0, yields F44 > 0. Moreover,

EE Eiz Ei3 Ewa 0 B .

E E E E. B B E E B

| iz Eoaz Eaz Eo Bxn DB _ k| En B B

US| ESOER Bss Bs 0 B R I o/ R
Eﬁ Eﬁ E:ﬁ Ey 0O 0

= W1+ p2 =n1+ng+ng+ ng.

Then
U -
oo ]
and V are the transformation matrices to the form (2.I).

Appendix B. The results in this paper can be generalized to the case that one
includes also derivative feedback. We present the extensions in this appendix.

THEOREM 4.1. Consider a pHDAE system of the form (I.9). There exists a
derivative feedback matriz K such that the pair (E + BKBY,J — R) is regular and
E + BKB >0 if and only if [27) holds.

Proof. Suppose there exists matrix K such that (E + BKB¥,.J — R) is regular.
Then it follows that

det(s(F + BKB") — (J — R)) #0, for some s € C,

which together with the condensed form ([24) gives condition (Z8)), i.e. by equivalence
also condition (27) holds. Hence, necessity is shown.

To show sufficiency, let Koo € C"3*™3 be such that Koo > 0 and E33+332K22.B:g >
0. Taking

_v| 0 0 H
K—V[O Kﬂ]v :

it follows from (1)) (or equivalently from (Z38)) that (E + BK B J — R) is regular
and E + BKBH > 0. Hence, the sufficiency is proved. 0O

We can also combine Theorems B.1] and (.11

THEOREM 4.2. Consider a pHDAE system of the form ([I.4). There exist feedback
matrices K, Fg = —F§I and Fg = Fg such that the pair (E—i—BKBH7 J+BF¢BH —
(R+ BFgB™f) is reqular and E + BKBY >0, R+ BFy B >0 if and only if (Z7)
holds. Moreover, if condition (2.7) holds, then for any integer r satisfying

rank [ E B | —rank(B) <r <rank|[ E B ], (4.1)

there exist matrices K and Fryp = F}_}I and F's = 0 such that (E+BKBH, J+BFsBH —
(R + BFyBf)) is regular, and

rank(E + BKB")=r, E+BKB" >0, R+ BFyB” >0.

Proof. Suppose that there exist matrices K, Fg = —F éf , and Fy = FH such that
(E+ BKBf J+ BFsB" — (R + BFyBY) is regular. Then

det(sE — (J + BFsB” — (R + BFygB"))) #0, for some s € C,
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from which we obtain condition ([Z8]), and equivalently (Z77). Hence, the necessity is
shown.

By Corollary 23] conditions (Z71) and (1) are equivalent to the conditions (2.8])
and

ny+ng <1 <np+ng+n3+ny,

respectively. Since E1; > 0, rank(Ba1) = no, rank(Bss) = ng and E > 0, there exists

. | K Ko
a matrix K = [ Kl% Ko such that
Eq 0 FEi3 0 0 0 0 =
0 FEo FEsz |+ | Bar 0 K| By 0 >0,
En 0 Eis 0 0 o o 1"
rank( 0 E22 E23 + le 0 K le 0 ) =7 —"N4.
Eff EL Fs3 0 Bz 0 Bz

Let F55 > 0 be such that
TH (B33 + B3aKo22B35)(Ass — BsaFao Bi3)Soo(Ess + B32 Koz B3h)
is nonsingular and set

0 0

_ H _
K=VKVH, FH—V[O A,

}VH, Fg =0.

We then have
rank(E + BKB¥)=r, E+BKB" >0, R+ BFyB" >0,

and (E + BKBH,J+ BFsB" — (R + BFyB™)) is regular. 0O

The corresponding results to achieve an index at most one are as follows.

THEOREM 4.3. Consider a pHDAE system of the form (L3). There exists a
matriz K such that the pair (E+ BK B J — R) is regular and of index at most one,
and E + BKBH >0 if and only if conditions (2.7) and (Z3) hold.

Proof. By Lemma 23] conditions ([27) and ([29]) are equivalent to

ng = n1 +ne, rank(Ei3) =n;.
If the pair (E + BK B, J — R) is regular and of index at most one for some K, then
with

Kiu K -
=VIKV,
[ Ko Koo }

we have condition (27) and

Ell 0 E13
rank 0 Fos + leKuBﬁ Fos + leKlzB:g = rank(Fs3 + B32K22B3g).
BE  EX 4 B3y Ko BY  Eszs + B3aKoaoBih
(4.2)
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It is obvious that (2] implies
E11 = E13(Es3 + Bsa K22 Bi)) T EfL,

which together with Eyq > 0 gives rank(E3) = ny, i.e., condition (ZI)) holds. Hence,
the necessity is shown.

To show the sufficiency, note that Fqq > 0, rank(F13) = ni, and Bss is nonsin-
gular, so there exists Koo = Kg such that

Es3 + B3a K92 BiL > 0,
and

By Eq3
EfL Es3+ B3a Koy B,

rank } = rank(Fs3 + Bsszngg) =ns.

Additionally, since Boj is of full row rank, there exist K11, Ko such that
Es + By K11BJ] =0, Ess+ Ba1K12Bj), = 0.

Taking

Ky K H
K=V VH,
[ Kﬁ Koo ]

we have that
E+ BKBY >0,

and (E + BKBY J — R) is regular and of index at most one. [0

THEOREM 4.4. Consider a pHDAFE system of the form (I.9). There exist matrices
K, Fg = —Féf, and Fy = F such that the pair (E+ BKBf J+ BFsB” — (R +
BFHBH) is reqular and of index at most one, and E+BKBH > 0, R+BFyB” >0
if and only if conditions (2.7) and (Z9) hold. Moreover, under conditions (2.7) and
(Z3), for a given integer r, there exist matrices K, Fs = —Fi and Fg = Fi such
that

E+BKBY >0, R+ BFyB" >0,

(E+BKBH (J+BFsB")—(R+ BFyBY)) is reqular, (E+BK B (J+BFsBH)—
(R + BFyBf)) has index at most one and rank(E + BK BH) = r if and only if

rank [ £ B | —rank(B) <1 < rank(Tg((J—R)soo([ BEH }))[ E B]). (4.3)

Proof. For any K and F with

Kun K2 | m { Fii Fip ] H
K=V Ve, F=V Ve, 4.4

[ Ko Koo } Fay1 Fao (44)
it follows from direct calculation that (E + BKB¥,J — R + BFB*) is regular and
of index at most one if and only if condition (Z7) holds,

Ell 0 E13
rank 0 Fos + leKuBﬁ Fos + leKlzB:g = rank(Fs3 + B32K22B3g)7
Eff  EJi+ BiiKnBj  FEss+ By Koy B
(4.5)
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and (E33 + B3aK2aBIL, Ass + B3aFaaBI1) is regular and of index at most one. Ob-

viously, (43 implies rank(E13) = nq, i.e., condition (2.9) holds. Hence, necessity
follows.

The sufficiency follows from the sufficiency of Theorem [£3] with Fs = 0 and
Fy =0.

To study the possible rank of E + BKB for any K and F of the form (&)
with (E + BK B, J — R+ BF BH) being regular and of index at most one, we obtain

Eq 0 Eis3
ni+ns < rank | 0 Eyp+ BnKiBjl Ess+ By KioBj) | +rank(Ey)
Efy  E+ B§iKo1 Bl  Fs3+ B3y Koy Bl
= rank(E + BKBY)
= rank(Es3 + B3aK2oBiL) + rank(Ey)
< N3+ ng,

which together with Lemma 2.3 gives condition (£3)).

Let r be any integer satisfying the condition ([@3]). We can assume without loss
of generality that

ni ns —ni

ny  n3—ng 1

Ei3 = [Eg) 0 |, Bs= Z; o {Béz) Bzé) }7
where

rank(E%)) =ny, rank(Béé)) =ny, rank(Bg)) =n3—ni.
Set

nq ng — nq ni ng —ny
po ) e
ng —mny | (Es3) B3 ng —ny | Az Az

Let K11, Kip, K8, K and K3 be such that

E22 + BQlKllBQI—{ - 0, E23 —+ B21K12B§§ = O7
1 1) -1 1 1 101 2 1) (2 4
E§3) + B§2)K§2)(B§2))H = (E§3))HE111E§3)7 Eéz) + Béz)K§2)(B§2))H =0,

4 4) (4 4 A O
E§3) + Béz)Kéz) (Béz))H = [ ] )

0 0

and

1 2
| .
(K22 )H K22

where A € CO—m—n)x(r=m=n) A 0. Furthermore, let F{) € Clmtns+na=r)x (nytntna—r)
satisfy that
4 4 4) (4 4 *
F2(2) >0, A§,3) _Béz)Féz)(Béz))H - { * X } ’

19



where ¥ € Cm1tnstna—r)x(nmtnstna—r) is nonsingular. Take

0 0
0 F

K1 Ko

K=V
{Kﬁ Koo

}VH, FH—V[ }VH, Fg=0.

We then have that
rank(E + BKB¥)=r, E+BKB" >0, R+ BFyB" >0,

and the pair (E + BKBH J — (R + BFyB™)) is regular and of index at most one.
a

The following corollary characterizes the case that the rank of £ + BKBH is
maximized.

COROLLARY 4.5. Consider a pHDAE system of the form (IL.49). There exists a
matriz K such that

E+ BKBY >0,
the pair (E + BKBH J — R) is regular and of index at most one and

rank(E + BKBY) = rank | E B |= max rank(E+ BKB™),

KeCmxm
if and only if
E
rank | E (J—R)Soo({ gl ]) B ] =n (4.6)

Proof. By the sufficiency proof of Theorem 3] there exists a matrix K such that
E + BKBf >0, the pair (E + BKB,J — R) is regular and of index at most one
and

rank(E + BKBY) =rank[ E B | = max rank(E + BKBY)
Ke(Canwn

if and only if conditions (Z7) and (29) hold, and
n3—|—n4:rank[ FE B },
and thus, if and only if
ng =ny +no =0,

or equivalently, condition (8] holds. [

We can also combine regularization, index reduction and stabilization via propor-
tional and derivative output feedback.

THEOREM 4.6. Consider a pHDAE system of the form (IL.4). There exist feedback
matrices K, Fg = —Fgl, Fyg = F}_}I such that the pair (E + BKBH" J + BFsBH —
(R + BFyB™)) is reqular, of index at most one, has all its finite eigenvalues in the
open left half complex plane, and

E+BKB" >0, R+ BFyB" > (4.7)

if and only if conditions (2.7), (2Z3), and (34) for all purely imaginary s, hold.
Moreover, under these conditions for a given integer r, there exist matrices K, Fg =

20



—F and Fy = FH such that the pair (E+ BK B, (J+ BFsB") — (R+ BFyB))
is reqular, of index at most one, has all its finite eigenvalues in the open left half

complex plane, [{.7) holds, and
rank(E + BKBH) = r

if and only if (£-3) holds.
Proof. The necessity of conditions ([27), (Z9) and @3] follow from Theorem 7]

and the condition (0] is a standard condition in linear control [22].

For the sufficiency, for any integer 7 satisfying @3), let K = K and Fyg > 0
be chosen as in the sufficiency proof of Theorem HA4l i.e., such that the pair (F +
BKBY J — (R+ BFyB™)) is regular and of index at most one,

E+BKB" >0, R+ BFygB” >0, rank(E+ BKB™)=r.
Let FH > 0 be such that
rank(R + B(Fy + Fy)B") =rank | R+ BFyBY B |=rank| R B ].
Note that for all purely imaginary s we have that
rank [ J — (R+ BFyB”) —s(E+BKB") B |=rank| J-R—-sE B |=n,
and it follows from the sufficiency proof of Theorem that the pair
(E+ BKBY J - B(Fy + Fy)BY)

has all its finite eigenvalues in the open left half complex plane. Furthermore,

R+ B(Fy + Fy)B" = R+ BFy B + BFy B >0,
and

To(E + BKB") = S (E + BKBY),

and by Lemma B3] it follows that

TH(E + BKBY)(J — (R+ B(Fy + Fy)B"))S.(E + BKBH)
=T7H(FE+BKB")(J - (R+ BFyB"))S..(E + BKB™)
~TH(E + BKB")(BFy B")S+(E + BKB")

is nonsingular. Therefore, the pair (E + BKBY | .J — B(Fy + Fy)BY) is of index at
most one. 0O

REMARK 1. Consider the condensed form (24]). Then for K =V [ K Ko } vH

K g Koo
the closed loop system (E + BK B, J — R) has all its finite eigenvalues in the open
left half complex plane if and only if the pair

Es3 + B3a Koo B, 0 ] [A33 A34})
0 Eu |7 Asz Aua

has all its finite eigenvalues in the open left half complex plane. So, the stabilization
of the pHDAE system (L)) by only derivative output feedback cannot be achieved in
general.
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