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Pole Placement and Feedback Stabilization for

Discrete Linear Ensemble Systems

Xudong Chen*

Abstract

We consider discrete ensembles of linear, scalar control systems with single-inputs.
Assuming that all the individual systems are unstable, we investigate whether there
exist linear feedback control laws that can asymptotically stabilize the ensemble system.
We provide necessary /sufficient conditions for feasibility of pole placement in the left
half plane and for feedback stabilizability of the ensemble systems.

1 Introduction

1.1 Problem formulation

Let X be a Banach sequence space in C. In this paper, X will be either /7, for 1 < p < o0,
or, ¢ the space of convergence sequences, or, ¢y the space of null sequences, i.e., sequences
that converge to 0. We consider discrete ensembles of linear, scalar control systems with
single-inputs:

En(t) = anzn(t) + bpu(t), forneN, (1)

where a := (a,) € £, b:= (b,) € X, z(t) := (z,(¢)) € X, and u(¢) is complex valued and
locally integrable. Let A : X — X be the diagonal operator given by A : (z,) — (anZn).
Then, one can re-write system (IJ) simply as follows:

(t) = Ax(t) + bu(t).

Let X* be the dual of X. A linear feedback control law takes the form wu(t) = ka(t), for
some k € X*. Correspondingly, the feedback system is given by

z(t) = Ty x(t), where Ty := A+ bk. (2)
We have the following definition:

Definition 1.1. System (2 is stable if there exists a constant C > 0 such that for any
initial condition x(0), we have |z(t)||x < Cllz(0)||x. System (@) is asymptotically stable
if it is stable and, moreover, for any initial condition x(0) € X, we have lim;_, z(t) = 0.
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Remark 1.1. The operator T} generates the uniformly continuous semigroup (exp(Tjt)),
for t > 0. The above definition of system stability is closely related to the stability notions
for semigroups (see, e.g., [1, Chapter V]). Specifically, the semigroup (exp(Txt)):>0 is said
to be strongly stable if for any x € X, we have lim;_, || exp(Txt)z||x = 0. Thus, system (2
is asymptotically stable if and only if the associated semigroup (exp(Txt)):>o is bounded
and strongly stable.

Let 3(T%) be the spectrum of Ty. It should be clear that a necessary condition for (2))
to be (asymptotically) stable is that

Y(Ty) C H :={z € C|re(z) <0}. (3)
The two main questions we address in this paper are the following;:
1. Pole placement: Is there a k € X* such that B) can be satisfied?

2. Feedback stabilization: If the answer to the first question is affirmative, then is there a
k € X* such that @) is asymptotically stable?

The ensemble system (II) being discrete is essentially necessary for the above questions
to have positive solutions. To wit, consider, e.g., the following continuum linear ensemble
system (¢, a) = ax(t,a) + u(t), for a € [0,1]. In this case, A : L>=([0,1],R) — L*°([0, 1], R)
is the multiplication operator A : f(z) — af(a), with 3(A) = [0,1], and b is the constant
function 1. Tt is known (see, e.g., |2, §5.2]) that there is no compact operator K such that
(A + K) C H. The above arguments can be generalized, with mild efforts, to the general
case. For other system properties, such as uniform or LP-controllability, of continuum linear
ensemble systems, we refer the reader to [3-7] and references therein. For nonlinear ensemble
systems, we refer the reader to [8-10].

For system (), if there are only finitely many a,,’s with positive real parts, say re(a, ) > 0,
forn=1,...,N, and re(a,) < 0 for all n > N, then the problem of feedback stabilization
is reduced to the finite-dimensional case. Specifically, let A’ := Diag(as,...,an) and V' :=
(b1,...,by). The pair (A’,b') is controllable if and only if the ay,’s, for 1 < n < N, are
pairwise distinct and the b,’s, for 1 < n < N, are nonzero. On one hand, if (A’,d)
is not controllable, then one can show that for any k¥ € X*, (7)) contains a,, for some
n=1,..., N and hence, (B) cannot be satisfied. On the other hand, if (4’, ') is controllable,
then it is well known that there exists a row vector &’ € RY such that the eigenvalues of
(A" + b'k’) can be placed in the interior of H. Then, if we let & € X* be such that
k:x— 25:1 k! x,, then one can show that the feedback system (2) is stable (and is
asymptotically stable if a,, < 0 for all n > N).

In this paper, we take the following assumption:

Assumption 1.1. All the a,’s are positive real numbers.

Although the ensemble system (), with Assumption [T} is simple, the questions of pole
placement and of feedback stabilization are nontrivial. The main results are formulated in
Section §2] where we provide partial solutions to these two questions.

1.2 Literature review

Although feedback stabilization is a central topic in control theory, the literature is very
sparse for ensemble systems. To the best of the author’s knowledge, this paper is the first
work in the literature that addresses feedback stabilizability of infinite ensemble systems.



For relevant works, we first mention [11], where the authors investigated a Riccati based
feedback mechanism for stabilizing a finite ensemble of linear systems. We next mention [12]
where the author proposed a feedback control law for stabilizing a finite ensemble of oscilla-
tors (bilinear control systems). Beyond ensembles of control systems described by ordinary
differential equations, we mention the recent work of Alleaume and Krstic [13], where the
authors addressed the problem of stabilizing an infinite ensemble of hyperbolic partial differ-
ential equations (PDEs). Although the stabilization problems addressed are similar in spirit,
the results and the techniques (generalization of PDE backstepping to infinite ensembles)
used in |13] are different from ours.

Note that the operator T} is a rank-one perturbation of A. Finite rank perturbations of
linear operators have been extensively investigated in the literature. However, to the best
of the author’s knowledge, the does not seem to have solutions to our questions. Perhaps
the closest works to ours are |14, [15], where the authors investigated the spectra of rank-
one perturbations of unbounded self-adjoint operators and the associated pole placement
problem. Specifically, the authors assumed that there is a constant d > 0 such that a,11 —
an, > dforalln €Z, with Z =N or Z =7, and both b and k are free to choose. Under this
assumptions, they showed that {\, | n € T} can be the spectrum of (A + bk) if and only if
> nez |An — an| < 00. Their setting is different from ours and, consequently, the necessary
and/or sufficient conditions for feasibility of pole placement will be different. For example,
we will see in Theorem 2.T] that A is necessarily a compact operator. Moreover, in item 1 of
Theorem 23] we will see that the condition >~ ; a, < oo is not sufficient for the existence
of b € X and/or k € X* such that (A + bk) C H.

Also, as mentioned in Remark [[LT] asymptotic stability of system (2] is closely related
to strong stability of the semigroups (exp(Txt))t>0, which has also been extensively inves-
tigated. See the recent paper [16], the survey paper [17], the book [1], and the references
therein. However, many existing results, such as the Arendt-Batty-Lyubich-Vi (ABLV)
theorem, assume that the semigroup (exp(Txt))i>0 is bounded (which implies that the sys-
tem (2)) is stable). Upon this hypothesis, the ABLV Theorem and its variations provide
sufficient conditions for strong stability of the semi-group. In this paper, we do not make
such an assumption, i.e., we do not assume that system (2)) is stable. But rather, we inves-
tigate when this assumption can be satisfied.

Finally, we mention the problem of simultaneous stabilization, which has been addressed
by Sontag [18], Ghosh [19], Blondel, etc., |20], Tannenbaum [21] and many others. We
point out that simultaneous stabilization is different from ensemble feedback stabilization.
The former deals with the problem of finding a common (or parameter dependent) feedback
gain k such that every individual linear system i, (t) = (A +bsk)x,(t), obtained by closing
its loop with the feedback control law u,(t) = kxz,(t), is asymptotically stable, where o is
the parameter. Note, in particular, that the control inputs u,(t) = ka,(t) for different
individual systems are independent of each other and, correspondingly, all the closed-loop
systems are decoupled. This is in sharp contrast with the setting considered in this paper:
For ensemble feedback stabilization, we will have to use the same feedback control law
u(t) = kx(t) for all individual systems. Necessarily, this common control input integrates
(in a linear way) the information of all the individual systems, and the resulting feedback
ensemble system is coupled through this feedback control law.

1.3 Notation

We gather here key notations used throughout the paper.



Denote by N the set of positive integers and Ny the set of nonnegative integers.

We use © = (z,), for n € N, to denote an infinite sequence. The entries z,’s are
complex numbers. For 1 < p < oo, let ¢ be the space of all sequences x = (x,) such
that 07| |zn|P < co. Let £ be the space of bounded sequences, ¢ C > be the space of
convergent sequences, ¢g C ¢ be the space of sequences that converge to 0, and cog C cg be
the space of eventually zero sequences, i.e., sequences that have only finitely many nonzero
entries. Denote by || - ||» the ¢P-norm for all 1 < p < co. We equip ¢, ¢, and cgp the
£%°-norm.

Let B(X) be the space of all bounded linear operators from X to X. Denote by || - [|5(x)
the operator norm. For a given T' € B(X), let 3(T") be the spectrum of T, P(T) := C\X(T)
be the resolvent set, and R(z,T) := (T — z)~!, for 2 € P(T), be the resolvent of T. A point
o € 3(T) is discrete if it is isolated and if the rank of the corresponding Riesz projector P, :=
— 5= § R(z, T)dz is finite, where T' is a closed rectifiable curve in P(T') enclosing only the
point o. Further, let Y45 (T') be the discrete spectrum of T, and Yess(T') := X(T)\Zaisc(T)
be the essential spectrum of T'.

We use 1 to denote the vector/sequence of all ones or a constant function valued at
1, and I to denote either the identity matrix or the identity operator. Given a finite or
an infinite sequence of complex numbers ay, az, - - -, we let Diag(ay, ag, - --) be the diagonal
matrix or the diagonal operator, with a; the 7ith entry.

2 Main Results

In this section, we present conditions that are necessary/sufficient for feasibility of placing
the poles in the left half plane and for asymptotic stability of the feedback system. We start
with the following result:

Theorem 2.1. Let (ay,) € £*°, with a, > 0 forn € N, and (b,) € X. Suppose that there is
a k€ X* such that @) is satisfied; then, the following hold:

1. (an) € ¢o and, moreover, a, # amy, for n # m;
2. by #0 for alln € N.

For the remainder of the section, we assume that the two items of Theorem 2] are
satisfied. We also assume, without loss of generality, that (a,) is strictly monotonically
decreasing. By item 1 of Theorem 2] A is a compact operator. Since T} is a rank-one
perturbation of A, T} is compact as well. We introduce the following definition:

Definition 2.1. A sequence (\,) € ¢ is feasible if there is a k € X* such that
S(Ty) = { | n € No}, where A :=0. (4)

Let ¢ = {(A\n) € ¢o | An € H}. We provide below a sufficient condition for A € ¢y to
be feasible. Note that if X = cg, then X* = ¢! and if X = ¢? for 1 < p < 0o, then X* = ¢4,
where 1 < ¢ < oo is such that 1/p+ 1/q = 1. In either of these two cases, we can express
k= (k,) € X* as

k:kax:anxn. (5)

n=1



However, if X = ¢>°, then X* contains ¢! as a proper subspace. In particular, not every
k € ¢>°* takes the form (B). For the sufficient condition (Theorem [Z2]) and the consequent
results, we will focus on elements k € X* of type (@).

To this end, for each A € ¢y, we define the sequence k(A\) = (k, (X)) as follows:

o (A) = — (Gn = An) 11 % for n € N. (6)

m=1,m#n
The entries ky())’s are well defined if the infinite products converge for all n € N, which can
be satisfied if both (a,) and (),) belong to ¢*. However, this condition does not guarantee
that k()) is bounded, not to mention being an element of X*, i.e., being such that

EA): (zn) € X — i kn(N)zy, € C,

n=1

is well defined. We will soon provide necessary/sufficient conditions for k(A) € X*. Before
that, we have the following result:

Theorem 2.2. Let A € cg and k(\) be given as in [B). If k(\) € X*, then X is feasible and
) = {An [ n € No}.

The above theorem provides a sufficient condition for feasibility of a given A € cgy, and
enable us to characterize the feasible \’s by investigating under what circumstance k(\) can
belong to X™.

We present below conditions that are either necessary or sufficient for k(A) € X*. A real
sequence (z,), not necessarily bounded, is said to be eventually monotonically decreasing
(resp., eventually monotonically increasing) if there exists an N such that (x,) is monoton-
ically decreasing (resp. monotonically increasing) for n > N.

Theorem 2.3. The following hold:

1. If there exists a d < 2 such that (na,)nen is eventually monotonically increasing,
then, regardless of b € X, there does not exist any A € cy such that k(\) € £>°.

2. If there exists a d > 2 such that (n%a,)nen is eventually monotonically decreasing and
if In(a,/|bn]) = o(n), then for any X\ € cy, with (A, /a,) = o(1), k()\) € ¢1.

We have so far provided necessary/sufficient conditions for feasibility of placing the
poles of the resolvent of T} in H. In fact, if (a,) and (b,) satisfy the condition in item 2 of
Theorem 23] then one can choose a feasible A = (Ay,) such that re(\,) < 0 for all n € N.
However, ) alone, or, the condition that Ygisc(T%) is contained in the interior of H does
not guarantee stability of feedback system (2. Instead, it only implies that if ||z (t)||x is
unbounded as t — 0o, then ||z(t)||x cannot grow exponentially fast.

We present below a sufficient condition for existence of a k € ¢! that renders system (2]
asymptotically stable. Given (a,) and (b,), we introduce two new objects: One is the
sequence m = (m,) defined as follows:

o0

1 m n
mi=2 ] Lt am/n g npen. (7)

1—am/a,’
m=1,m#n m/ n



Note that if k(—a) € £}, then k,(—a) = —a,7n/b,. The other object is an infinite dimen-
sional matrix ® = [¢;;]1<i,j<co, With the ijth entry ¢;; defined as follows:

bii = |bi/bj|
£ 1+ai/aj'

(®)

Note that the diagonal entries of ® have the same value, given by ¢;; = 1/2 for all ¢ € N.
We say that ® spatially exponentially decays if there exist constants C' > 0 and p € (0,1)
such that

¢ij < COpli=il for all 4, € N.

We have the following result:

Theorem 2.4. Let 7 and ® be given as in [@) and [8), respectively. Suppose that m € £>°
and that ® spatially exponentially decays; then, k(—a) € £*. Moreover, the feedback system

(t) = Tiy(-a)x(t), 9)
with X the state-space, satisfies the following:
1. If X =co or if X =P for 1 < p < oo, then system (@) is asymptotically stable.
2. If X =0 of if X = ¢, then system (@) is stable, but not asymptotically stable.

We conclude this section by presenting a sufficient condition for the hypothesis of The-
orem [Z.4] to be satisfied.

Theorem 2.5. Suppose that there exist constants 0 < vy < 11 < o < 1 such that
ani1/an <vo and vy < |bny1/bn| < va;

then, m € £>° and ® spatially exponentially decays.

3 Proofs of the Main Results

In this section, we establish the results presented in Section §2 There are five subsections,
each of which is dedicated to the proof of an individual theorem.

3.1 Proof of Theorem [2.7]

The proof relies on the use of the Weinstein—Aronszajn (W-A) formula, which we recall
below. Let A := P(A) U Xgisc(A). Since T} is a rank-one perturbation of A, we have
Yess(Tk) = Yess(A). Thus, A = P(T) U Xaisc(Tx). For a given k = (k,,) € X*, we define
i : A — Ny as follows:

0 if z € P(Ty),
Y (2) = -
tk(P,) if 2z € Taisc(Tk),

where rk(P,) is the rank of the Riesz operator for z. We also introduce the following
meromorphic function:

hi(2) == 1+ k(A —2)"'b. (10)



The multiplicity function v, : A — Z associated with hy, is defined as follows:

m if z is a zero of hy with order m,
0r(z) := ¢ —m if z is a pole of hj with order m,

0 otherwise.

The following result is known |22, IV-§6]:

Lemma 3.1 (W-A formula). For any k € X*, we have

Y (2) = v(2) + dk(2), forze A.
With the lemma above, we prove Theorem 211

Proof of Theorem[Z1l Let k € X* be such that ¥(T3) C H. We show below that the two
items of the theorem must be satisfied.

Proof of item 1. Let o be an accumulation point of (a,). Then, o € Xes(A). Since
Yess(Th) = Yess(A), we have that o € Yegs (T ). By the hypothesis that X(Ty) C H, it follows
that o can only be 0, which implies that (a,) € ¢o. Consequently, Zgisc(A) = {a, | n € N}
and hence, A = C\{0}. We now show that the a,’s are pairwise distinct. Consider the
meromorphic function hi(z) given in (I0). The poles of hi(z) are contained in the set
{an | n € N}. Moreover, if a,, for some n € N, is a pole of hy(z), its order is 1. Then, by
Lemma 3] and by the hypothesis, we have that

0 =vk(an) =yo(an) + 0r(an) >0, forallneN (11)

where the inequality holds because vo(ay,) > 1 and dx(an) < 1. Thus, for () to hold, we
must have that vyo(a,) = dx(an) = 1, which is true if and only if the algebraic multiplicity
of ay is 1 for all n € N (i.e., the a,’s are pairwise distinct) and each a,, is a pole of hy(2).

Proof of item 2. On one hand, we have that d;(a,) = 1 for all n € N. On the other hand,
given that all the a,’s are pairwise distinct, a,, is a pole of hi(z) only if b,, # 0.
This completes the proof of Theorem 2.1} O

In the sequel, we assume that the two items of Theorem 2Tl are satisfied. Also, without
loss of generality, we assume that (a,,) is strictly monotonically decreasing.

3.2 Proof of Theorem

To establish the theorem, we will first construct a family of eventually zero sequences
k(A\;N), for N € N, converging to k(\) as N — oo, and then use perturbation theory
to show that

Ackermann’s formula: Consider an N-dimensional linear control system with single-input:
' (t) = A'd'(t) + b'u(t), (12)
where A’ and b’ are given by

A" :=Diag(a1, -+ ,ay) and bV := (b1, -+, bn). (13)



Since the a,’s are pairwise distinct and since the b,,’s are nonzero, system ([2)) is control-
lable and hence, pole placement for (I2). Given N complex numbers Aj,..., Ay € C, the
Ackermann’s formula [23] provides an explicit expression for a (unique) row vector k¥’ € CV
such that (A" + V'k’) = {A1,..., An}. The formula is given by

E = —enC(A 1) tq(A), (14)

where ey = (0,...,0,1) € RY is a row vector, C(A",b) := [b/, A’V .- A'N=1V/] is the
controllability matrix associated with (A, V'), and ¢(z) := Hf:’:l(z — Ap) is the monic poly-
nomial with A,’s the roots. The following result must be known, but we include a proof for
completeness of presentation:

Lemma 3.2. The vector k' = (k},...,k}y) in (I4) is given by

N

—An) 1-2n/a
Y :_M 17 Am/Gn —1.....N. 15
i | S = LS (15)

Proof. Let B’ := Diag(b’) and V be the Vandermonde matrix
V= (o] Thzigen.

Then, C(A’,b") can be expressed as C(A’,b') = B'V. We compute below V1. Let p(z) =
2N 4+ Zg;ol ¢, 2" be the characteristic polynomial of A’. Using the coefficients c1,...,cy_1,
we define the matrix:

where the entries below the anti-diagonal are zero. Next, let d,, := Hile mn (@ — @m), for

n=1,...,N,and D := Diag(dy,...,dy). Then, it is known |24, [25] that V~1 = LV T D1
By the Ackermann’s formula (I4]), we have that

K = —enC(A 1) 'q(A') = —ex LV D 'B'"1¢(A") = —=1D' B 'q(A"),

where 1 € RY is a row vector of all ones and the fact that ex LV T = 1 follows directly from
computation. Expression (IH]) is then an immediate consequence of the above equation. O

Note that the expression of k(A) given in () is a straightforward extension of (I3 by
letting N — oo. Thus, Theorem can be viewed as an extension of the Ackermann’s
formula for the case where A is an (infinite dimensional) diagonal operator.

Convergent sequence of feedback gains. Recall that cgp is the space of eventually zero se-
quences. For every N € N, we define an element k(X\; N) € ¢ as follows:

El, if1<n<N,

. (16)
0  otherwise,

kn(A; N) := {

where k!, is given as in (I5). Note that k(A; N) is not obtained by truncating k(A), i.e.,
kn(A\,N) # kp(X) for n =1,..., N. We have the following result:



Proposition 3.3. Suppose that k(\), for A\ € cy, belongs to €1 for some 1 < g < oco; then,

lim [Jk(X; N) — k(A)||ea = 0.
N —o00

Proof. For ease of notation, we use k and k(N) to denote k() and k(A\; N), respectively.
For any € > 0, we exhibit an N, such that

|k(N) — Ekll¢a <€, forall N> N (17)

Since k(\) € ¢4, there is an N’ € N such that

D> [kn]? < et/20t (18)
n=N’'+1
Next, for n < N, we define
1 —an/a,
rn(N) = H - M
N1 1—An/an

By (@A) and (6), we have k,, (N) = r,(N)k,. Since (a,) is strictly monotonically decreasing
and since all the a,’s are positive, we have 0 < 1 — a,,/a, < 1 for m > n. Also, since
re(A,) <0 for n € N, we have |1 — A\, /a,| > 1 for m,n € N. It follows that

|rn(N)| <1, forn <N. (19)

Further, by the hypothesis that limy_, oo kn(N) = ky, we have limy_, oo 7, (N) = 1 for all
n € N. Thus, given the integer N’ that satisfies (I8]), there exists an N” > N’ such that

q
11— rp(N)]9 < 2||€W for all n < N’ and for all N > N". (20)
la

We claim that N, := N” satisfies (IT7). To wit, for any N > N, we have

”k k Héq Z|k _k |q+ Z |kn|q
n=N+1
N’ N [e%S)
:Zlknlqll—Tn(N)lq+ Do kTl =T+ D [Ral?
n=1 n=N’'+1 n=N+1
< — knl? 4 29 kn|?
n=1 n=N’+1

el el
< — [kn|? + 29 <el/24€1/2 =€,
2|1k 1% ; 20+

where we have used (I9) and (20) to establish the first inequality and used (I8)) to establish
the second inequality. This completes the proof. O

With Proposition B3] we prove Theorem



Proof of Theorem [2Z2. For convenience, we still use k& and k(N) to denote k() and k(X\; N),
respectively. By its construction (@) and by the hypothesis of the theorem, we have k € ¢?
for some 1 < ¢ < co. More specifically, we have the following two cases: (1) If X = ¢, or,
X = ¢, or, X = (P, for 1 < p < oo, then k € ¢4 for some 1 < q < oo; (2) If X = ¢}, then
k € £°°. We establish the theorem for these two cases:

Case 1: k € £1 for 1 < q < co. First, note that
[Ty = Tellsx) < [[bllx[|E(N) = Ellea.

It then follows from Proposition that imy oo | Th(nv) — Tkl|B(x) = 0. For each N, let
A'(N) € RV*N and v'(N) € RY be given as in ([[3), k'(N) € RV be given as in (I5), and

T'(N) := A/(N) + Y/ (N)K' (N).

By the definition of k() as in (I8]), each operator Tj(yy is in the block lower triangular
form, with 7"(N) and A”(N) := Diag(an41, @nt2, - - ) the diagonal blocks. By Lemma B.2]
the eigenvalues of T'(N) are Ay, ..., An. It follows that

S(Tiwy) = {An |0 < n < N}U{an | n> N}, (21)

We now use ([ZI) and perturbation theory to show that X(7%) = {\, | n € No}. By
continuity of a finite system of eigenvalues |22, TV-§3], if A € 3qisc(T%), then for sufficiently
large N, Tj(n) has an isolated eigenvalue arbitrarily close to A. Since lim, ;o an = 0,
by I)) it must hold that A = A, for some n. The above arguments imply that X(7}) C
{An | n € No}. Conversely, we claim that every A, belongs to Xgisc(T%). Suppose not,
say An € P(T}); then, by the fact that the resolvent R(z,T), for z € C and T € B(X), is
analytic [22, TV-§3] at (A, Tk), we must have that A, € P(Ty(n)) for sufficiently large N,
which contradicts (2I). This completes the proof for Case 1.

Case 2: k € £>°. In this case, k(N) may not converge, in the /*-sense, to k and hence,
some additional efforts are needed to establish the result. To this end, let & and k(N), for
N € N, be defined as follows:

k= (knbn) and E(N):= (k,(N)by).

Since k € £°° and b € (', we have that k € /', By Proposition [3.3] I%(N) converges, in the
¢-sense, to k. Next, define the operators T : £°° — (> and T(N) : £*° — (>, for N € N, as

T:=A+1k and T(N):= A+ 1k(N).

Then, T(N) converges to T. Note that (I still holds for £(T(N)). Thus, by the same

arguments as used in Case 1, we have X(T') = {\,|n € No}. It now remains to show that

S(Ty) = S(T). )

We first show that X(T%) C (7). Let A # 0 be an eigenvalue of T. We claim that
A # ay, for any n € N. To wit, first note that the meromorphic function hx(z), for z € C\{0},
introduced in (I0) is given by

oo

knbn
hk(z) =1+ Z :
n=1 "

10



By the definition () of k, k,, # 0 for n € N. Since b, # 0, we have that k,b, # 0 for all
n € N. Thus, the poles of hi(z) are a,, for n € N, the orders of which are 1. It follows from
the W-A formula that

'Yk(an) = 'YO(an) + 5k(an) =1-1=0,

which establishes the claim. Now, let v be an eigenvector of T corresponding to A. Entry-
wise we have

anvp + (kv)by, = Avy,, forn €N, (22)
Since A # a, for any n € N, kv # 0. One can thus re-scale v such that kv = 1 and,
correspondingly, v := (b, /(an — A)) € £1. Now, let ¥ := (1/(an — Ay)) € £°. Tt should be
clear that ko = kv. Thus, by 22)), we obtain that

Ay + kD = AU, form €N,

which implies that \ is an eigenvalue of T with ¥ a corresponding eigenvector.

Conversely, let A # 0 be an eigenvalue of T. We show that A\ € X(T}). Since %(T) =
{M | n € Ng}, A # a, for any n € N. Thus, one can use the same arguments to conclude
that & = (1/(a, — \)) is an eigenvector of T' corresponding to A and, consequently, v =
(bn/(an — N)) is an eigenvector of T} corresponding to A. This completes the proof for
Case 2. O

3.3 Proof of Theorem [2.3

Given (ay) and (A\,), we define two sequences («,) and (3,,) as follows:

oo

1 1 —
n = — In|l—a,,/an, d B,:=— In|l— M\, /an|.
a - Z n|l —amn/a,| and B an:ln| /an]

m=1,m#n
It should be clear that
In |k, (N)] = n(Bn — an) + In|a, /by

We establish below relevant properties about the asymptotic behaviors of () and of
(Brn), which will be essential for the proof of Theorem 23l We start by introducing the
function ¢ : (1,00) — R defined as follows:

¢(d) := /1 In(1/24 —1)dz + /100 In(1—1/2z%dz. (23)

0
We need the following result:

Lemma 3.4. The function ((d) is strictly monotonically increasing and satisfies the fol-
lowing properties:

lim ¢((d) =—o0, ((2)=0, and dlim ¢(d)/d=1, (24)

d—1+

Proof. Tt should be clear that {(d) is strictly monotonically increasing. We establish be-
low ([24). We compute the two terms in ([23]). For the first term, we have that

1 1 1
/ In(1/24 —1)dz = —d/ In zdz + / In(1 - z%)dz
0 0 0

oo 1 _md oo
1
_d_mzl/o ?dz_d—zm(mdﬂ). (25)



For the second term, we have that

h —zdz:—oo ! z:—oo;
/1 In(1 —1/2%d mz_:l/l —ad Zm(md—n' (26)

Summing the two terms (25]) and (26), we obtain that

- 1 1 - 1
od) = d_mzzl {m(md-ﬁ-l) * m(md — 1)} :d—2dmZ:1 m2d? — 1

It should be clear that limg_,1+ {(d) = —oo and that limg ,o ((d)/d = 1. It now remains
to show that ¢(2) = 0. We have that

= 2 = 1 1
2)=2-2y ———=2-2 — =0
<) mZ:14m2—1 1[2m—1 2m—|—1] ’

which completes the proof. O
With Lemma B4 we state the following result for («,):
Proposition 3.5. Let ((d), for d > 1, be given in 23). Then, the following hold:

1. If (n%ay,) is eventually monotonically increasing, then limsup o, < ¢(d).
n—oo

2. If (n%ay,) is eventually monotonically decreasing, then lim inf a,, > ¢(d).
n—oo

Next, for (8,,), we have the following result:

Proposition 3.6. If there evists a d > 1 such that a, = 1/n? for all n € N and if
limy, 00 An/an = 0, then lim,_,o B, = 0.

Theorem is now a consequence of Propositions and

Proof of Theorem[Z.3. We establish below the two items of the theorem.

Proof of item 1. Since A € cy, we have |1 4+ A, /a,| > 1 for any n,m € N and hence,

[kn(A)] > |kn(0)] for all n € N. Thus, if k(\) is an element of £>°, then so is k£(0). Conversely,

if k£(0) is not an element of £°° then there does not exist any A € ¢y such that k(X) € £°°.
Let 1 < d < 2 be such that (n%a,,) is eventually monotonically increasing. This, in

particular, implies that 1/a,, = O(n%). Combining this fact with item 1 of Proposition 3.5,

we obtain that

11/kp| = |bne™ Jan| < ||b]|x € Jan| = O (ndeq(d)n> .

Since d < 2, by Lemma [34] we have ((d) < 0 and hence, lim,,_, ndeS(dn = 0. Tt follows
that lim, 0 [kn| = 00, so k(0) & £°°.

Proof of item 2. For convenience, let p,, := |\,|/a,. We introduce the function

1+ ppz

= W, for x S (0, 1) U (1,00)

fn(x) :

12



Then, we have

1+)\m (079 1+pmam Qn,
| /an < [an _ Fon(tmn ).
11— am/an] 1 — am/an]

Let d > 2 and ng € N be such that (n?a,,) is monotonically decreasing for n > ng. Then,
am/an >n%/m? > 1, forn >m > nog,

and
A /G, < nd/md <1, form >n>ng.

Note that f,(z) is monotonically increasing over (0, 1) and is monotonically decreasing over
(1,00). It follows that for any n,m > ng, with n # m, we have

fm(am/an) < fm(”d/md)-

The above arguments then imply that

2a, H 14+ A /an| < 2ay, 10—0[ 11+ pmnd/m?|

[bn] [1—nd/md|

< 27
T amjan] = Jon] (27)

m=1,m#n m=1,m#n

We now show that the right hand side of ([217]) decays exponentially fast as n — oo. First,
by Lemma B4 and by item 2 of Proposition 3.5 we have
1 o0
lim inf — Z In|1 —n?/md| > ¢(d) > 0.

n—oo 1
m=1,m#n

Next, by Proposition B.6] we have
1 o0

. d d| _
nl;rrgoﬁ Z In |1+ ppn®/mc =0.
m=1,m#n

Further, by the hypothesis of the theorem, limy, o0 < In(ay/|by|) = 0. The above arguments
combined imply that limsup < In |k, (A)| < 0. We thus conclude that k() € £*. O
n—oo

For the remainder of the subsection, we establish Propositions and

3.3.1 Proof of Proposition

We establish below the two items of the proposition.

Proof of item 1. Let ng € N be such that (n%a,,) is monotonically increasing for n > ny.
For each n > ng, we define

1 &
Ny 1= QU — — In(a,,/a, —1). 28
o' o an:ln(a /a ) (28)

We claim that lim, e (o, — @y,) = 0. Since (n?a,) is eventually monotonically increasing,

there exists a 6 > 0 such that na,, > § for any n € N and hence,

—Ina, <—-Ind+dlnn, forneN. (29)

13



It follows that for each m = 1,..., ny,

1 1
0< lim —ln(am/an—1)< hm —(Inay, —Ina,) < lim —(lnay, —Ind+dlnn) =0,

n—oo N, ocon n—oo N

where the third inequality follows from (29]). Thus

lim (v, — d,) = % > In(am/an —1) =0. (30)
m=1

n—oo

Now, for a,,, we have that

n—1 e’}

1 1

Ay = " WZ In(am/an, — 1)+ - m;ﬂ In(1— am/an)
nd ma Am n mdam

mzno ! |:md nd :| mzn-i-l n|: md nda :|
n—1 e’}

1 d; d 1 d/,d

Sy 2 t/mt =4 30 (- afme) (31)

m=no m=n

where the inequality follows from the fact that (n%a,,) monotonically increases for n > ng
and the fact that In(x) is a monotonically increasing function. Note that for m <n — 1,

m m/n
In(nd/m? —1) < / In(n?/z¢ — 1)dz = n/ In(1/2% — 1)dz,
m—1 (m—1)/n
and for m > n + 1,
m—+1 (m+1)/n
In(1 — n?/m?) < / In(1 — n?/z%)dx = n/ In(1 —1/2%)dz
m m/n

Using the above two inequalities, we proceed with (B1I]) and have that

(n—1)/n 0o
Gy, < / In(1/z% —1)dz +/ In(1 —1/2%dz < ¢(d), for all n > ny.
(no—1)/n (n+1)/n

Item 1 of the proposition then follows from (B0).

Proof of item 2. Let ng € N be such that (n%a,,) is monotonically decreasing for n > ny.
Further, let n; € N be such that a,,/a,, > 2. For each n > ny, we still let &, be given
as in (28). By the fact that (a,) is monotonically decreasing and the choice of ny, we have
that In(am,/a, —1) >0 for m =1,...,n¢ and for n > ny. Thus,

Qn > Gp, forn >n. (32)

Similar to the arguments used in the proof of item 1, we have that

oo

1 1
- Zn n(am/an, —1) + - m§+lln(1 A/ an)
n—1 0o
> 1 Jfl(?"bd/md—l)—i—l Z In(1 — n¢/m?)
n n
m=ng m=n-+1
1 oo
> / In(1/2% — 1)dz —I—/ In(1—1/2%dz
no/n 1

14



Taking the limit, we obtain that lim inf, o &, > ((d). Item 2 then follows from 32). O

3.3.2 Proof of Proposition

First, note that for A € ¢y, we have |1 — A\, /a,| > 1 for all m,n € N. Thus, 3, > 0 for all
n € N. Next, we introduce the function £ : (1,00) — R defined as follows:

£(d) := / In(1+1/z%dz.
0
Using the same technique as in the proof of Lemma [B4] we can express ((d) as follows:

()t
m=1

Let p, := |A\n|/an. Since lim, o p, = 0, there exists a p > 0 such that p, < p, for
n € N. For any € > 0, let N, be such that p,, < € for all n > N.. Then,

1 o0
< = E
Bn < n 2 In(1+ [Am|/an)

oo

N,

= _ 1
Z In(1 + pam,/an) + - Z In(1 + eanm/an)
m=1 m=Nc+1

IN
S|

Ne

n

1 oo
< ~ody L d/pdy
< —1In(1+4 pn%) + - mE:1ln(1 + en®/m?) (33)

Now, we evaluate the two terms in (B3] in the asymptotic regime. For the first term, we
have

N. _
lim —In(1 + pnd) = 0.

n—oo M

For the second term,

1 oo 1 (e o)
— E In(1+ en?/m?) < = / In(1 + en?/z%)dz
n 0

m=1

n

e%/ In(1 + 1/2%)dz = e7£(d).
0
The above arguments imply that

0 <limsup g, < eiﬁ(d), for any € > 0.

n—oo

We thus conclude that lim,, o 8, = 0. O

3.4 Proof of Theorem [2.4]

The proof takes a few steps. We will first show that k(—a) € ¢* and, hence, Tj(_,) € B(X).
This part is relatively easy. The major efforts of the proof will be in establishing the stability
properties of the feedback system:

#(t) = T(—ayz(t). (34)

15



Specifically, to establish the two items of Theorem 24 we will introduce a new linear
dynamical system, termed the y-system, obtained by a linear transformation of ([B34]). The
y-system and the original system (34]) share the same stability properties. Furthermore, we
will show that the infinitesimal generator associated with the y-system is diagonalizable via
a bounded, invertible operator. We will then use this fact to establish the desired stability
properties of the y-system (more precisely, the diagonalized version of the y-system).

For ease of presentation, but without loss of generality, we assume for the remainder of
the subsection that b,, > 0 for all n € N.

3.4.1 Proof that k(—a) € ¢*

Recall that 7 is defined in (@). By its definition, we have that k,(—a) = —anm, /b, for all
n € N. By the hypothesis of Theorem Z4, 7 € ¢>°. Thus, to prove that k(—a) € ¢!, it
suffices to show that (a, /b,) € 1. Let ® = [¢;;]1<i j<co De given as in ([§). With b, > 0 for
all n € N, we have that

bi/b;
1 —|— ai/aj ’
By the hypothesis of the theorem, ®;; spatially exponentially decays. Let C' > 0 and
w € (0,1) be such that ¢;; < Cpl*=3l. Then, for any i € N, we have

S = i+ Z ¢w<cz;ﬁ itC Z i 1<c =K (35)
j=1 j=1

j=1+1 j=1+1

Gij =

Also, note that

3 _N~ bilby i by —
;éf%‘j—Zl—ka/aJ mz:b a]+az_a1+a/1;b_j (36)

Thus, by ([B3) and (36), we have

[|(an/bp)|ler < K%, for all ¢ € N.

K3

We conclude from above that (a,/by,) € £*. O
Remark 3.1. Similar to ([B3]), we have that for any j € N,
Z@j:Z@ﬁ Z%scz}ﬂ 1+02w<m (37)
=1 i=j7+1 i=j7+1

Thus, all the rows (¢;;)jen and the columns (¢;;)ien of ® are elements of ¢1.

3.4.2 Translation to the y-system
Let Y be the Banach space defined as follows:

For any y = (y,) € Y, we set
lylly = [1(bnyn) [ x-

16



Let B : Y — X be the diagonal operator defined by B : (yn) — (bnyn). Then, the
operator B~ : X — Y that sends (z,) to (z,,/b,), is both the left- and the right-inverse of
B. Let T:Y — Y be given by

T := B™'Tj_o)B.

Further, let k= (kn(—a)/bn), which belongs to Y*. Since ky(—a) = —anm, /by, we have
that k, = —an,m,. Thus, T can be expressed as follows:

T =A+1k.
By the fact that k(—a) € ¢* and by Theorem 22 we have that
Y(Ty(—a)) = {—an | n € No}, where ag := 0.

Using the same arguments as in the proof of Theorem 2.2] (more specifically, the arguments
toward the end of Subsection §3.2), we have that X(T") = X(Tj(_q)). It follows that

S(T) = {~an | n € N} (39)

Now, we introduce the following linear dynamical system, termed the y-system, with Y’
the state-space:

§(t) = Ty(t). (10)
Note that if 2(0) is the initial condition of (34) and if y(0) = B~'x(0), then
y(t) = exp(Tt)y(0) = B~ exp(Ti(-ayt) By(0) = B~ ' (t),
where z(t) is the solution of (34]). It follows that

ly@lly = llz(@)]x-
Thus, system (34 is stable (resp. asymptotically stable) if and only if the y-system is stable
(resp. asymptotically stable).
3.4.3 Diagonalizability of T
Let Y be the Banach space given in ([B8]). We define a linear operator P : Y — Y as follows:
P (yn) amTmIm
o (35 22t

where m = (m,) is given as in (7). We will see soon that P is well defined. In its matrix
representation, P can be viewed as a variation of an infinite-dimensional Cauchy matrix:

iy

a; + a]} 1<i,j<o0

P = |:Pz] = )
where P;; denotes the ¢jth entry of P.

We establish below relevant properties of the operator P. Recall that the constant x > 0
is introduced in (BE): We have shown that the columns and the rows of ® are elements of
£°° and their norms are bounded above by x. We have the following result:

17



Proposition 3.7. For anyy €Y, Py €Y. Moreover, P is bounded and satisfies
I1Pllseyy < &ll7llese.
Proof. Let y' := Py. We show below that

19/ lly < gllwllellylly-

Consider two cases: (1) X = £, ¢, or ¢g and (2) X = /(P for 1 < p < 0.
Case 1: X =£°°, ¢, or cg. In this case, we have that for each i € N,

o0

a;b; >
biyi| = mlﬂjllbjyjl < mllesellylly Y dij < wllwllecelylly
j i)0j

Jj=1 Jj=1

where the last inequality follows from (B5). Thus,
I1y'lly < &llwlleellylly-

This establishes the result for Case 1.
Case 2: X =P for 1 <p < oo. Let 1 < ¢ < oo be such that 1/p+ 1/g = 1. We have that

1 1
iyl < llmlle > dulbsys| < lllle > b3/ - 6177 [bjy] (41)
j=1 j=1

For convenience, let o; := (qﬁij/q)jeN and ; := (¢;J/p|bjyj|)j€N. Note that

1 1
[@illes < k7 and |loifler < K7 [lylly, (42)
and hence, ; € £7 and ; € ¢P. We then proceed with [@I]) and obtain that
1
bigil < llmllelpitdiller < limllee ll@illealliller < w7 flllese [[5]er, (43)

where the second inequality follows from the Holder’s inequality and the third inequality
follows from ([@2). It then follows that

oo
Iy 15 = > lbayil?
=1
oo
P
< ke flmllfe D Nl
i=1

oo oo
ya
<kl 0N sl

i=1 j=1

oo oo
P
< ke llmlBe D byl Y i
j=1 i=1
P
<K xlP llyly

where we have used [@3) and [B7) to establish the first and the last inequality, respectively.
We conclude that .
Iy'lly < &7 |[7lleellylly = sl lylly-

This completes the proof. o
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We next show that the operator P has an inverse, which is itself.
Proposition 3.8. The operator P satisfies P2 = 1.

Proof. Let P; be the jth column of P, viewed as an element of Y, and P," be the ith row
of P, viewed as an element of Y*. We show that

B Pj = bij, (44)

where §;; is the Kronecker delta. To establish (7)), we will first construct P;(N) and @, (N)
for N € N as approximations of P; and @, , respectively, next show that Q.| (N)P;(N) = d;;,
and then prove that P;(N) and @, (N) converge to P; and P;", respectively.

Construction of Pj(N) and Q; (N). For each N € N, we define an eventually zero sequence
m(N) = (7, (N)) as follows:

N Lbam/an
Wn(N) = 2 Hmzl,m;én T—am/an fl1<n< N’
0 ifn >N+ 1.

Note that 7(N) is not obtained by truncating 7. Let P(N) : Y — Y be defined in the same
way as P, but with m; replaced by 7;(N), i.e.,

a;mj(N)

P(N) := {Pij(N) = wta

1<i,j<00 .
Similarly, let P," (N) and Pj(N) be the ith row and the jth column of P(N), respectively.
Further, let

Q; (N) := (Pa(N), -+, Pn(N),0,- ).
In words, @, (N) is an eventually zero sequence such that its first N entries match those of
P."(N) and the remaining entries are all zeros.
Proof that Q] (N)Pj(N) = &;;. Consider the following N x N matrix obtained by truncation
of P(N):

P/(N) = [Pi'(N)]lgi,jSN .

It is known (see, e.g., [26]) that the inverse of a Cauchy matrix is given by

ai—|—aj

)

1<i,j<N ai +aj; 1<i,j<N

and hence,
P?(N)=1. (45)

By construction of P;(N) and Q; (IV), we have that

Q; (N)P;(N) = P[T(N)Pj(N) =y,

where the last equality follows from (45]).

Convergence of P;(N). Note that if N > j, then 7;(N) has the same sign as 7;. Moreover,
|7;(N)| is monotonically increasing in N, and it converges to |m;| as N — oo. Thus,

lim 7;(N)=m;, forallneN.

N—o00
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Now, for each i € N, we have that

aj

|P;i(N) — Pij| = [ (V) — 75| < |mi(N) — m;].

a; + a;
It follows that
Jm [[B5(N) = Flly < [|bllx lim {7 (N) —75] = 0.
00 N—o0

Convergence of Q] (N). Let P, := (P,;/b;)j=1. Note that P, € ¢'; indeed,

~ 1 > K:||7T||Zoo

12l = 3 3= om, < Sl

Let Qi;(N) be the jth entry of Q] (N), and Qs := Qi;(N)/b;. We claim that Q] (N) :=

(Qij(N))jen converges, in the ¢'-sense, to P,'. The arguments for establishing the claim

are similar to those used in the proof of Proposition 3.3l Specifically, for any € > 0, there
exist two positive integers N' < N such that > 7% v, |P;;]/b; < €/2 and

(N
O<1—7TJ( )S ~€T for all j < N” and for all N > N..
j 2|5 e

Also, since 7;(N) and 7; have the same sign for N > j and since |7;(N)| < ||, we have

that
7Tj(N)} 1Pyl 1Byl _ 5

. .= . o
j bj bj

1By = Q)] = [1- for j < N.

The above arguments then imply that for any N > N,

g S-S o]

J=N'+1

€ | P
< +e/2<e€/24€/2=c¢.
215 e Z bj

Thus, limy e [|Q; (N) — P, || = 0 and hence,

. T _
Jim Q] (V)

We conclude that
PP = lim Q] (N)P;(N) = 6i;.

N —oc0

This completes the proof. O

Recall from B9) that Ygise(T) = {—a, | n € N}. Since the a,’s are pairwise distinct,
the algebraic/geometric multiplicity of each —a,, is 1. Let T : Y* — Y™ be the adjoint of
T. The following result characterizes the eigenvectors of T" and of T™:

Proposition 3.9. Let P; and P,' be the jth column and the ith row of P, viewed as elements
of Y and of Y*, respectively. Then, the following hold:
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1. Each P; is an eigenvector of T corresponding to —a;.
2. Each P, is an eigenvector of T* corresponding to —aj.

Proof. We establish below the two items.

Proof of item 1. Let v; € Y be an eigenvector of T = A+ 1k corresponding to —a;. Let v;
be the ith entry of v;. Then, entry-wise, v; satisfies the following:

(a; + a;)vij + kvj =0, forallie N, (46)

which implies that v; oc P;. This establishes item 1. Note that if we replace v; with P;
in ({#6]), then we obtain

)

7 o~ T
0= (ai + a;) Py + kPj = ajm; [1_Za-+a4
i=1 " J

and hence,

S BT 1, foralljeN. (47)

a; a;
i=1 it J

Proof of item 2. Note that for the case X = (°°, elements of Y* may not be represented by
sequences. Thus, for this item, we verify by computation that T*P,) = —a;P,". By (@),
we have that P,'1 = 1 for all i € N. Thus,

- - a?n; ;T
T°P" = P'A+ (P 1)k = (ﬁ)jeN - (ajﬂ—j)jeN = a4 (%JTJ%)JEN = —a; B
This completes the proof. O
The above results then lead to the following:
Corollary 3.10. We have that PTP~' = —A.
Proof. This corollary follows directly from Propositions and O

3.4.4 Proof of the two items of Theorem [2.4]
Let z(t) := Py(t) € Y. By {@0) and by Corollary B.I0, we have that

A1) = —Az(t) (48)

We call {@S8) the z-system, with Y the state space. By Proposition 3.8, P? = I and hence,
y(t) = Pz(t). By Proposition B2, P is a bounded operator. Thus,

lyOlly < IPlsllz@lly  and [[z()lly < [Plsx)lly@)lly-

Consequently, the original system (34]), the y-system, and the z-system all share the same
stability properties. In the sequel, we focus on the z-system.

Proof that the z-system is stable. From (@), we have that

Zn(t) = e "'2,(0), foralln €N, (49)
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which implies that

lz®]ly < 112(0)]]y, forallt>0.
This establishes stability of the z-system (@S]).
Proof of item 1 of Theorem [2] We will now assume that

X=c or X=1/¢  forl<p<oo, (50)

and show that the z-system is asymptotically stable. We do so by showing that for any
e > 0, there exists a time T, such that ||z(¢)|]|y < e for all ¢ > T.. Let z(¢; N) be an
eventually zero sequence defined as follows:

zn(t) if1<n<N,
0 otherwise.

zn(t; N) = {

By (@0), we have that limy_,o0 ||2(0; N) — 2(0)||y = 0. Thus, by {@9), for all n € N, there
exists an N, such that

l2(t; Ne) — z(t) ||y <e€/2, forallt>0. (51)

Now, let T, > 0 be such that

€

EOIE (52)

exp(—an.Te) <

Since (ay) is monotonically decreasing, for fixed ¢ > 0 the sequence (exp(—ant)) is mono-
tonically increasing. Thus, for ¢t > T,

[2(t; Ne)lly < exp(—an,t)[[2(0; Ne)lly < exp(—an,Te)||2(0; Ne)||y- (53)
Combining the above arguments, we obtain that for ¢t > T,

2Oy < 120 Nolly + [12(8) — (& Ny

< exp(—an,To)[[2(0; Ne) [y + €/2
€

< WHZ’(O)HY +e/2=c¢,

where the first inequality follows from (B3] and (5I) and the second inequality follows

from (B2)). This establishes item 1 of Theorem 241

Proof of item 2 of Theorem[2-] We will now assume that X = > or X = ¢, and show that
the z-system is not asymptotically stable. Let z(0) := (1/b,). Note that Bz(0) =1 € X,
so z(0) € Y. By [@J), we have that

bpzn(t) = e ot

For each n € N, the minimum time T}, such that b, z,(t) < e < 1is given by T, = —In€/ay,.
But then, (T,) is not bounded since (a,) converges to 0.
This completes the proof of Theorem 2.4 O
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3.5 Proof of Theorem

For ease of presentation, we again assume that all the b,,’s are positive. We reproduce below
the hypothesis of the theorem:

apt1/an < vy and vy < |bpi1/bn| < va. (54)

Under this hypothesis, we will first show that 7 € ¢°°, and then show that & spatially
exponentially decays.

3.5.1 Proof that 7 €/~

We show that (In |m,|) € £>°. From the definition (@) of m,,

In|m,|=In2+ Z In

m=1,m#n

am/an —l—l'

am/an — 1|

We provide below upper bounds for the addends in the above summation. Consider two
cases: m < n and m > n.

Case 1: m < n. Note that am/a, > 1§~ " > 1 and hence,

1<am/a"+1gyé::+1:1+ 2ngm§1+2yg_m.
am/an —1 = 1] -1 1 -1 1—1
It follows that
i am/an +1 = 7 — 2u
In 222 T« NT g |1 0 70
St S 2 2T e

where the second inequality follows from the fact that In(1 + z) < z, for > 0.

Case 2: m > n. In this case, we have that a,,/a, < """ <1 and

1<1+am/an<1—|—ymn 1+2V$7n.
l—am/an = 1" 1—1
Thus,
1 m n 0 2 m—n
Z In 1+“ [an 3 1n{1+1'/° }
m=n+1 _am/an m=n+1 —
2 = e 20
< v, =
1= m:zn:-i-l ’ (1 - w0)?

Combining the arguments for the two cases, we conclude that for all n € N|

am/an—l—l 1+ am/an 4vg
In|m,| =1n2 In In In2+ ———.
n|7T| n +Z m/an—l mzn;rl 1_Obm/n<n +(1—1/0)2

This completes the proof. O
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3.5.2 Proof that ¢ spatially exponentially decays
Let p := max{vy/v1,v2}. By (B4), we have that u < 1. We show below that
i; < w3l for all i,j € N. (55)

Note that if ¢ = j, then ¢;; = 1/2 < 1, so (BH) is satisfied. For ¢ # j, we consider two cases:
i1 <jandi>j.
Case 1: i < j. We have that

b b gt -
ij = bifb _ bi/by <<@> <@

1+4ai/a; aifa; ~ \n

Case 2: i > j. In this case,

bi/b;

=1t <oy <vy T <t
1+ai/aj< l/J_VQ =H

¢ij

This completes the proof. O

4 Conclusion

We have provided solutions to the problems of pole placement and of feedback stabilization
for a special class of linear ensembles systems (Il whose state spaces are the sequence
spaces X, with X = /P for 1 < p < o0, X = ¢, and X = ¢g. We have established
necessary /sufficient conditions on (a,) and (b,) for existence of an element k € X* such
that the operator Ty, = (A + bk) : X — X has its spectra in the left half plan and for the
feedback system @(t) = Trpx(t) to be (asymptotically) stable. The problems addressed have
natural connections with rank-one perturbations of compact operators and with stability of
uniformly continuous semigroups. Thus, the main results of this paper may be of interest
in operator theory as well.
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