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THE STICKY PARTICLE DYNAMICS OF THE 1D PRESSURELESS
EULER-ALIGNMENT SYSTEM AS A GRADIENT FLOW

SONDRE TESDAL GALTUNG

ABSTRACT. We show how the sticky dynamics for the one-dimensional pressureless Euler-alignment
system can be obtained as an L2-gradient flow of a convex functional. This is analogous to the
Lagrangian evolution introduced by Natile and Savaré for the pressureless Euler system, and by
Brenier et al. for the corresponding system with a self-interacting force field.

Our Lagrangian evolution can be seen as the limit of sticky particle Cucker—-Smale dynamics,
similar to the solutions obtained by Leslie and Tan from a corresponding scalar balance law, and
provides us with a uniquely determined distributional solution of the original system in the space of
probability measures with quadratic moments and corresponding square-integrable velocities. More-
over, we show that the gradient flow also provides an entropy solution to the balance law of Leslie
and Tan, and how their results on cluster formation follow naturally from (non-)convexity properties
of the so-called natural velocity of the flow.

1. INTRODUCTION

We consider the one-dimensional pressureless Euler—alignment system for density p; and scalar
velocity v; depending on time ¢ > 0 and position = € R, which reads

(1.1a) Opr + 9z (prvr) = 0,

(1.1b) Bi(prvr) + Ou(prvy) = pe(d * (prvr)) — proe(d * pr).
Here ¢ is a communication protocol appearing in convolutions with the density and momentum, which
we assume to be symmetric, radially nonincreasing and locally integrable, i.e., ¢ € L{ (R). In partic-

ular, ¢ may be weakly singular of order 5 € (0, 1), that is, there exist constants R > 0 and ¢ > 0 such
that

(1.2) o(r) > cr=P forall r € (0, R).

A different facet of the communication protocol concerns its asymptotic behavior. Here ¢ can have a
thin or fat tail, respectively defined by

(1.3) /100 (r)de < 0 or /100 ¢(z) dx = co.

That is, the tail of ¢ is either integrable or not. A thin tail implies that there is only weak or no
communication over larger distances, while a fat tail means there is strong communication.

The Euler-alignment system originates from the theory of collective behavior, see [32] for a com-
prehensive overview of such models. It has been studied under various regularity assumptions, and
one may even consider measure-valued solutions. A formal integration of shows that both the
total mass and momentum are conserved, the latter by virtue of the symmetry of the communication
protocol.

The corresponding particle dynamics, which can be obtained by considering for the empirical
measures

N N
pr=> mis(z—x),  p=y mivid(x — ),
i=1 =1
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where § denotes a Dirac measure, is described by the following system of ordinary differential equations,
N

(1.4) .’i?i = Vs, 1')2‘ = — Z mj¢(xz - a:j)(vi - ’Uj)

for masses {m;}¥,, positions {z;}2, and velocities {v;}}¥, of N particles. This corresponds to the

well-known Cucker—Smale model for swarming [12].

Such alignment models, especially those with Cucker—Smale-type communication protocols, have
been studied intensively in both one and more dimensions, covering both hydrodynamic and particle
systems like and (1.4)), as well as kinetic equations [I1], [28]. Topics of interest include well-
posedness of solutions and critical thresholds for blow-up [33,[9, [4], and asymptotic behavior [17} 15} 19].
An important notion in this context is flocking, that the support of the solutions remain bounded in
time; it has been shown in [16] [33] that fat-tailed protocols lead to flocking for both the particle system
and strong solutions of .

When the communication protocol is too singular, i.e., not locally integrable, concentration of
mass cannot happen [J]; we are interested in this case, which is why we here assume ¢ € L (R).
Moreover, as detailed below, we will study the connection between and through a gradient
flow structure. On this note, we mention recent the works [28, 27] which concern a gradient flow
framework for kinetic alignment systems.

1.1. Reduced systems. Here we give the ideas for how the second-order Euler-alignment system has
been studied through reduction to first-order systems, both in the particle and continuum settings.

Leveraging the fact that we are on the line, the alignment force driving the acceleration in can
be written as an exact derivative, involving the primitive of the communication kernel ¢,

(15) B(x) = / "oy dy.

From our assumptions it follows that this is a continuous and odd function. An extreme case is the
so-called all-to-all communication ¢ = K for some positive constant K > 0, cf. [I], in which case
®(z) = Kz. For future reference, we list some useful properties of ®.

Lemma 1.1. The function ® in (1.5) has the following properties:
(a) It is continuous, nondecreasing and odd, ®(—z) = —P(x).
(b) It is concave and subadditive for x > 0, and so by (i), it is convex and superadditive for x < 0,
O(lz] + [yl) < @(|]) + 2(ly])-

In particular, if ¢ # 0, then ® is a modulus of continuity.
(¢) It is pointwise linearly bounded, i.e.,
(1.6) [@(z)] < @(1) max{1, [z[} < S(1)(1 + |x]).
(d) By (ii) and the (reverse) triangle inequality
12(2)] = [@(y)l| < ([[x] = |yl]) < (= —y])-

Proof. Property (a) follows from the definition and ¢ > 0. Property (b) is a consequence of ¢
being nonincreasing for > 0. Since ¢(z) is nonincreasing for > 0, we furthermore have that ®(x)
is concave and subadditive for z > 0. Observe that for = € [0,1], ®(x) < ®(1) = [|¢[/z1(0,1)- On the
other hand, for x > 1, ®(z) — ®(1) < &(1)(x — 1) since the integrand ¢ is nonincreasing and must be
less than its average ®(1) on [0, 1]. Hence, by symmetry, |®(z)| < ®(1) max{1, |x|}. O

The function ® in (1.5)) plays a central role in several works, e.g., [I7, 20] where one takes advantage
of working on the line in order to reduce the second order system (|1.4)) to a first-order particle system,
and similarly in [2I] where (1.1)) is studied using a scalar balance law.
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1.1.1. The particle case. In the discrete, or particle case, the initial value problem for (1.4]) can be
rewritten as

N
d
& l‘l‘i’;m]@(fﬂl*lﬁ) :0, $1(0) :Lfi, Ul(O) :’L_)i,
which in turn can be integrated to yield the Kuramoto-type equation
N N B
T; + ijq)(l'i — {Ej) =v; + ij(b(.f‘l — ij) =: ;.
j=1 j=1

Observe how in the reduction to a first-order system, v; goes from an initial condition to a parameter
through the quantity v;, known as the natural velocity, cf. [I7]. This is likely in analogy to the corre-
sponding quantity for the original Kuramoto system [I8], which models coupled, nonlinear oscillators
and reads

N
(1.7) éi:wi—%ZSin(Gi—GjL ief{l,...,N}, v>o.
j=1

Here 6; is the phase of the i*? oscillator, while the constant w; is often called its natural frequency. There
is an extensive literature on the Kuramoto model, where one has studied equilibria and phenomena
like phase-locking and synchronization, as well as extensions to kinetic models like the Kuramoto—
Sakaguchi equation [23]; we will merely refer to the aforementioned recent work and the references
therein. It was observed in [34] that has a gradient flow structure; however, the corresponding
energy functional is not convex. Applying this idea to the reduction of the Cucker—Smale system, it
can be seen as a gradient flow for the scalar potential

A —— N B
(18) 32 Y e [ ey = Y mid

j=1k=1 0 j=1
and the study of clustering in [I'7, [I5] [38] shows that the corresponding trajectories are well-defined
between collisions. In their analysis, the trajectories are allowed to cross, and the natural velocities
{¥i}X| provide an ordering of the asymptotic trajectories. However, Leslie and Tan [22] argue that
this crossing of trajectories is not well-suited for hydrodynamic limits of the particle system, and so
they advocate for a different point of view, which we describe next.

1.1.2. An associated scalar balance law. Returning to the continuum setting, we introduce the quantity
(1.9) P = vy + D x py,

which can be seen as the continuum version of the discrete conserved variable from the previous section.
Then one can formally rewrite as

(1.10a) Opr + Oz (prve) =0,

(1.10b) Ot(pe)e) + Oz (pedevy) = 0.

Based on the above system and drawing inspiration from [7], Leslie and Tan [2I] derive an associated
scalar balance law for M; = ps((—o0, z]),

where the flux function A depends only on the initial data. The initial density p is assumed to be a
compactly supported probability measure, i.e., p € Z.(R), while the initial velocity o is essentially
bounded with respect to p, i.e., v € L>®(R, p). After establishing existence and uniqueness of entropy
solutions of in the sense of Kruzkov, they show, using the BV-calculus of Vol'pert [36], that
these solutions provide distributional solutions of exhibiting “sticky dynamics”. Furthermore,
with this framework they study clustering for the Euler-alignment system in [22], and show that
the global clustering behavior can be deduced from the initial data through the flux function A.
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1.2. The aim of this paper. Before stating the aim and main results of this paper, we present the
motivation for our study.

1.2.1. Gradient flows and entropy solutions for pressureless Fuler systems. Pressureless Euler systems
similar to have previously been studied using gradient flows in Hilbert spaces. Suppose p; is a
probability measure for ¢ > 0, denoted p; € £(R), and that v; is such that the momentum vp; is
a Radon measure, denoted vip; € 4 (R). In particular, we are interested in probability measures p;
with finite second moment and velocities vy which are square-integrable with respect to p;. That is,
pi € P(R) and vy € L*(R, p), meaning

/|z|2dpt < oo and /|Ut|2dpt < 00.
R R

Then it turns out that %25(R) is isometric to the convex cone .# C L?(0, 1) of nondecreasing functions.
That is, any p; € P(R) can be associated with an X; € ¢, and vice versa.

This framework was used by Natile and Savaré to study the pressureless Euler system [24], corre-
sponding to with ¢ = 0. The idea is to use a similar reduction to a first-order system to see the
initial (natural) velocity as the gradient of a linear functional. To ensure that solutions remain in J¢,
this functional is augmented with the indicator function I 5, which in turn replaces the gradient with
a set-valued subdifferential. The convexity of the functional makes the subdifferential a maximally
monotone operator. Hence, by the theory of Brézis [§], there is a unique solution X;, with velocity
V4, evolving according to the minimal element of the subdifferential. This gives rise to a distributional
solution of the original system which turns out to be globally sticky, that is, mass that clusters will
remain clustered. In particular, they recover results of [7] obtained with a conservation law-approach.

In what can be seen as an extension of the above framework, called the Lagrangian evolution,
Brenier et al. [6] study the pressureless Euler system with a self-interacting force field f[p;] driving the
momentum equation. Under certain assumptions on f, the resulting force can be seen as a Lipschitz
perturbation of the subdifferential in [24], which is still covered by the results of Brézis, i.e., [8]
Theoreme 3.17, Remarque 3.14]. A specific case covered by their theory is the Euler—Poisson system,
which is also shown to have globally sticky solutions in the case of an attractive force. Note that this
form of differential inclusion can be framed as an evolution variational inequality, and both [24] and
[6] make use of additional results from [31], see also [30], to have better estimates for the velocity V;.

On a slightly different note, [5] concerns a singular, nonlocal interaction equation, which can be
regarded as a first-order version of the Euler—Poisson system. For this equation one can also formulate
L2-gradient flow solutions, as well as, in the spirit of [7], entropy solutions of an associated conservation
law. The authors prove that these notions of solution are in fact equivalent, by means of passing to
a limit in particle approximations. Based on an observation relating the minimal evolution of the
gradient flow and the Oleinik E condition for conservation laws, [I0] extended the equivalence from
[B] to pressureless Euler systems with appropriate forcing terms f. Specifically, one finds that the
solutions of Euler—Poisson obtained in [6] using gradient flows and solutions obtained from entropy
solutions of a conservation law in [25] are equivalent. We also mention the work [3], where [5] and [21]
inspired the use of a balance law to study the mean-field limit of a second-order particle system for
opinion dynamics.

1.2.2. Aim and main results. We mentioned before how sticky solutions of can be obtained from
entropy solutions of the balance law for initial data (p,v) € Z.(R) x L*>(R, p). Considering the
aforementioned equivalences between gradient flows and entropy solutions, it is then tempting to follow
[24, 6] in extending to (p,v) € P2(R) x L%(R, p) by formulating an associated gradient flow solution.
However, there are some apparent obstacles. For one, is not covered directly by the theory in [6],
as the forcing term is of the form f[ps,v;] rather than f[p;]. Moreover, in [2I] they allow for weakly
singular ¢, for which the corresponding alignment force cannot be seen as a Lipschitz perturbation of
the subdifferential in [24].

We take a different approach to overcome this problem, regarding instead the alignment force as
part of the subdifferential. Indeed, unlike for the Kuramoto model, the functional is in fact



THE STICKY DYNAMICS OF THE 1D EULER-ALIGNMENT SYSTEM AS A GRADIENT FLOW 5

convex and its L2-version can then be augmented with the indicator function I to form a convex
functional.

Yet another indication that the framework of L2-gradient flows is suitable for the problem at hand
is found in [22]. There the authors use the flux function A from (L.11]), which can be regarded as the
primitive of the L?-version of the natural velocities, and its lower convex envelope A** to predict the
clustering behavior of the sticky solutions. The suggestion comes from a relation in [24] which connects
the projection of a function onto the convex cone £ and the lower convex envelope of its primitive.
In this sense, A** encodes the projection of the natural velocity onto this cone.

With this in mind, we seek the following type of solutions to the Euler-alignment system.

Definition 1.2 (Distributional solutions of the Euler-alignment system). The pair (p¢, vt) € P3(R) x
L2(R, py) is a distributional solution of the initial value problem for the Euler-alignment system if it
satisfies (1.1]) in the distributional sense, and for initial values (p,v) we have

(1.12) t£%1+ pr=p in P5(R) and tg%l+ vipr = 0p  in M (R).

The paper is organized as follows. Section [2] provides a motivation of the gradient flow solution
for the particle case. Some auxiliary results on optimal transport and convex analysis are presented
in Section leading to the associated Lagrangian solutions in Section Section [5| details how
the Lagrangian solution yields a solution of the original Euler-alignment system, as well as for the
associated balance law. Finally, in Section [6] we show how the Lagrangian solutions can be used to
derive the clustering properties of the sticky solutions. The main results are

o Thereis a Lagrangian, or L?-gradient flow, solution concept associated with the Euler-alignment
system , see Theorem |4.6

e This Lagrangian solution can be realized as the limit of particle solutions, cf. Theorem
from which we deduce that it is globally sticky and features projection formulas and a semi-

group property, see Corollary .17
e The globally sticky Lagrangian solution gives rise to a distributional solution of (1.1) and an

entropy solution of (1.11)), both uniquely defined, see Theorems and
e We can deduce asymptotic clustering properties from the Lagrangian solution, see Theorem

0.2

We emphasize that the techniques we use are inherently one-dimensional in nature, and so these ideas
are not directly applicable in higher dimensions.

2. MOTIVATION IN PARTICLE CASE
We will follow [6] in first motivating the L2-gradient flow using the particle system.

2.1. Deriving the particle dynamics. We denote z = (21,...,2x) € RN, v = (v1,...,vy) € RY
and m = (mq,...,my) € Rf , wWhere Rf denotes the elements of RV with strictly positive entries.
Let us introduce the auxiliary functions

N N
(21)  Wilt) =) + Y m®(mi(t) — x;(), W=+ Y m®(z —a;), i€ {l,...,N},
Jj=1 j=1

which we collect in vectors ¥ = v + ®} (x) and ¥ = v + ® (&). Then the particle dynamics (1.4)
can be rephrased as the following system of differential equations,

N
(22) jci:ii—ij@(xi—xj), .Z‘i(O):.fi, iE{l,...,N}.
j=1

We do not want trajectories of this system to cross, and so we require the particles to retain their
initial ordering. To this end we introduce the closed, convex cone

(2.3) KN::{xERN:x1§x2§-~-§xN},



6 SONDRE TESDAL GALTUNG

and assume our initial data belongs to this cone, that is, & € K~. Note that for £ € K and m € Rf
we can define the m-weighted Euclidean p-norm

N 1/p
(2.4) [®]lm.p = (Z milfﬂil”) v zllm,ee = ll2]loo-
i=1

For p = 2 we can define an associated m-weighted inner product

N
<ya x>m = Z miY; s,
i=1

and for convenience we write ||-||lm = ||*||m,2-

2.1.1. Short-time existence and uniqueness of solutions. We note that the right-hand side of is
a continuous function in z;, and so existence of solutions & in C*([0,00); RY) is guaranteed. On the
other hand, we cannot expect Lipschitz-continuity of the right-hand side, e.g., if ¢ is weakly singular
in the sense of . However, owing to the monotonicity of ®},, we can obtain uniqueness anyway, at
least until particles meet, i.e., when x hits the boundary 0K given by

(2.5) OKN = {x e KV: Q, # 0}, Qp = {jrz; =2j41,j €{1,...,N - 1}}.

Let us specify what is meant by monotonicity here. For x,y € RY we compute

N N
(@ = Y. (@) = P @) = D mils = 90) D[Rl — ) — Dy — )

N N
1
=3 SO mimgl(as — ;) — (i — y))[@(x; — x;) — B(ys — y;)] > 0,
i=1 j=1
where the second equality follows from ® being odd, and the final inequality from ® being nonde-
creasing. Hence, this monotonicity yields a one-sided Lipschitz condition, and we can show a stability
estimate. For i € {1,2}, let x;(¢) be a solution of (2.2)) with initial data (x;(0),v;(0)) = (2, v:) so
that one has ¥, = v; + ®,,(Z;). Then we have
d1
dt 2
which implies

@1 — @2ll7, = (T1 — @2, 81 — B2)m < (1 — T2, Py — Po)m < |1 — T2|m|[thy — Polm,

d _ _
Sl = @3l < 151 = Pallm,
and in turn ~ ~
[@1(2) = @2(t)[|m < [|@1(5) — @2(5)|lm + (& = 5)[[th1 — Pallm.

Suppose we start with distinct initial particles, i.e., Z; < Zo < --- < Ty, meaning Z € int(K"), the
interior of K¥. Then we have a unique solution x(t) € KV at least for a short time, until z(t) € oK.
To ensure that the solution remains in KV after particles meet, we will in the following provide a
well-defined procedure for resolving the dynamics in this case.

2.1.2. Collision dynamics and the differential inclusion. For € K, the tangent cone to KV at x,
cf. [2| Definition 6.38], is defined as the following closure,
(2.6) T,KY = cl{d(y —x): y € KV, 9 > 0}.

This is the cone in which the velocity of a should belong for « to remain within K, and in our setting

is equivalent to

T,KY = {v e RV: vj < wjqq forall j € Qg},
where we recall ), from . In particular, we see that if Q, = 0, i.e., € int(K"), then T, KV = RY.
Assume a subset of particles J;(t) C {1,..., N} collides at time ¢, where we define

Ti(t) =A{7: z;(t) = (1)}, ix(t) = min J;(t), i*(t) = max J;(t).
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Furthermore we assume the completely inelastic collision rule
(2.7) v(t+) = PTm(t>KNv(t—)
leading to
D jeq ) Miv;(t—)
Zje]i(t) m;
which is natural in the sense that it conserves momentum. Now, as noted in [2I], by continuity of
the trajectory = (t) and the continuity of ® it follows that 1;(t—) — v;(t—) = ¥;(t—) — v;(t—) for all
J € Ji(t). This in turn leads to

)

D jeqi Mivi(t-) B djeqi®) mji;
2 jei() M 2 jei() M
where the final identity comes from ;(t) being constant between collisions by virtue of (2.2)). For
convenience we take the velocities v;(t), and then consequently also v;(t), to be right-continuous
functions of ¢. Afterwards and until the next collision, the clustered particle will only be affected by
particles not belonging to the cluster. Indeed, for k € J;(t) we have
N
be(t) =~ Y myo(a(t) — (1) (ok(t) — (1))

j=1

z; () ETi(t)

(2.8) P (t+) =

or, since ®(0) =0, B
i Vi
EjE.Z-(t) mj

Moreover, amassed particles will not break apart again, since every particle in labeled by J;(¢) moves
with the same velocity. As pointed out in [6], this sticky evolution can equivalently be defined by
relabeling the amassed particles as a single new particle with mass given by the sum of the previous
masses. At every collision, the number of particles in the system would then decrease from the initial
N. Recalling (2.8)), the collision dynamics can therefore be seen as a projection of the initial vector 1)
of natural velocities onto the tangent cone of x(t). That is,

(2.9) Y(t+) = Pry wnblt—) = Pr., wnip.

From this we see how the collision, or clustering, dynamics only depends on 1), as expected from the
particle dynamics in [22]. From the above arguments, we have the following result.

Lemma 2.1. Let (Z,9) € int(KN) x RN and define 1 € RY as in (2.1)). Then, for t > 0 there is a
uniquely defined, globally sticky solution (x(t), v(t)) € KN x Ty KN of satisfying (x(0),v(0)) =
().

i (t) + Y my®(w(t) — (1) =
j=1

Following [0, Section 1.2], we then argue that the instantaneous force that changes the velocity on
impact at € K" should belong to the normal coneﬂ NLK¥. Then we can incorporate the collision
dynamics in (|1.4)) by rephrasing it as the second-order differential inclusion

(2.10) & = vy, v + N KV 5 — i mjip(x; — x;)(v; — vj).
g

or equivalently, using 7

(2.11) &=, ¥+ NKN 3 0.

1A cone very similar to KV, and its polar cone, is treated in 2l Exercise 6.16].
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As observed in [24], if x: [0,00) — K¥ satisfies a global stickiness condition, there is a monotonicity
property for the normal cones, namely

Ny KN C Npy KN for all s < t.
Then, for &: [0,00) — RY satisfying £(t) € Ny K", e.g., —(t) in (2.11)), we obtain

t
/ &(r)dr € NyyKN  for all s < t.
S

Combining the above with a formal integration of the second equation of then yields
Y(t) + Noy KN 3 9,

which we in turn rephrase as the first-order differential inclusion

(2.12) &+ @), (z) + N KN 5 9.

This relation lays the foundation for our study of the problem in the continuum case.

2.1.3. The barycentric lemma. Consider again a subset of particles J;(t) colliding at time ¢; their
velocities must necessarily satisfy

Vi, (1) (t=) = Vi, ()41 (E=) = -+ 2 0 )—1(E=) > vie 0y (E-),
or else they would not have collided in the first place. However, by the continuity of the trajectories
x; and the continuity of ® we also have

Vi) (t=) = i, y11(E=) = -+ = Yy y—1(t=) = Piey (T—)-
Combining the above chain of inequalities with the collision dynamics (2.7]), we obtain

(.13) Epmi mats(to) o Biegn Mititn) Do mitslo)
Z (k m;j ZjEJi(t) mj Z?:i*(t) m;
and, relying once more on ;(t ) being constant between collisions, we can write this as
(2.14) Z (t) m; < (t+) = Zje]i(t) m;; < Z?:i*(t) mﬂpj.
Z; (1? 2 jei(t) M Z?:i*(t) m;

This is the barycentric lemma used in [7] for the case ¢ = 0, and which was shown in [2I] to still hold
in our current case. It turns out that the barycentric lemma is a particular, in fact, particle case of the
Oleinik E condition [26] for the flux function A from the balance law (1.11]). We return to this matter
in Section [5

3. AUXILIARY RESULTS

In order to define Lagrangian, or L?-gradient flow, solutions for the Euler-alignment system, we will
need some auxiliary results which play a central role in [24] [6].

3.1. Some results from optimal transport. Consider a probability measure p € £(R), for which
we define its right-continuous cumulative distribution function

(3.1) M,(xz) = p((—o0,z]), zeR.

Then 0,M, = p in Z'(R), i.e., in the distributional sense. We can then define its right-continuous
monotone rearrangement, or generalized inverse [37], through

(3.2) X, =inf{z: M,(z) >m}, meqQ,

where  := (0,1). We denote the restriction of the one-dimensional Lebesgue measure £ to Q by
m = L], such that we have the push-forward relations

(3.3) X, pm = p, / o(z) dp(z) = /Q (X, (m)) dm
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for any Borel function ¢: R — [0, 00].
The p-Wasserstein distance, or Kantorovich—Rubinstein metric, between two measures is defined as

(3.4) WE(p1, p2) = min{/ |z — y[P do(z,y): 0 € P(R x R), wlyo= Pi}:
RxR

where @’ is the projection on the i coordinate, i.e., @'(x1,22) = ;. In one dimension, the unique
optimal coupling of measures can be explicitly found using the monotone rearrangement. Indeed, by
the Hoeffding—Frechét theorem [35, Theorem 2.18] the optimal coupling is given by

(3'5) 0= Xphpz#m’ XPhpz = (XP17XP2)'

A direct consequence of this is the identity

1/p
Wp(plva) = </Q|Xp1 - sz|p dw) = ”Xpl - XPQ||LT’(Q)~

That is, the p-Wasserstein distance of two probability measures equals the LP-distance of their mono-
tone rearrangements. Let us then for p € [1,00) introduce the space
(3.6) Ty = {(p,0): p € Pp(R),v € LP(R, p)},

for which we can define a semidistance U, as follows,

(3.7) U;’J((Plﬂh), (p2,v2)) = /

(@) —v2(y)P do(z,y) = [lvr 0 X1 —v2 0 X2||I£p(g),

RxR
where the final identity again follows from (3.5)). In turn, we can define a metric D, through
(38) Dg((ph ’U1)7 (p2> U2)) = W;g)(ph P2) + Ug((pla ’1}1)7 (PQ; ’UQ))7

so that (.7, D,) is a metric, but not complete, space, see [24, Proposition 2.1].

3.2. Some results from convex analysis. Let f: 2" — R U {400} be an extended real-valued
function for some set 2. Its effective domain, or just domain, dom(f) is the set of points where f is
finite, i.e.,
dom(f) ={z e Z: f(x) < 4oo}.

If dom(f) # 0, then f is called proper. Throughout the paper we will consider the real-valued Hilbert
space L?(Q), where we write (-,-) = (-,-)p2(q) for its associated inner product and, sometimes for
brevity, ||-|| = ||| z2(q) for its norm.

The metric projection onto a nonempty, closed, convex subset % of a Hilbert space is a well-defined
Lipschitz map Pg: L%(Q) — ¢, and for all X € L?(Q) it is characterized by
(3.9) Y=PyX <= Ye¥, (X-Y,Z-Y)<O0foral Ze¢%,
see, e.g., [2l Theorem 3.16] or [29, Proposition 1.37]. Denoting by %° the element of minimal norm in
a closed and convex set ¢ C L?(12), is equivalent to

IX = Yllza) = min[|X = Z|jr2@) <= ¥ = (X - ©)°.

Let us now consider what can be seen as a generalization of K from , namely

(3.10) K ={X € L*(Q): X is nondecreasing and right-continuous},

which is a closed, convex cone in L?(2). The indicator function I of J# is then given by
0, Xex,

+oo, X ¢ .X%.

Since the set % is convex, I is a convex functional.
For a given proper and convex functional F on L?(Q), its subdifferential at X € L*(Q) is defined
as the set

(3.11) Ly (X) = {

OF(X) = {Y cL*(Q): F(2) - F(X) > QY(Z -X),VZ¢€ LQ(Q)}
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For X € ¢, the subdifferential 0I5 (X) coincides with the normal cone Nx.# of ¢ at X, which can
be defined as

(3.12) Nx A = {WELZ(Q): /W(Y—X)dmﬁOVYE%/}.
Q

Comparing and we find the following equivalence. For any X,Y € L?(Q) we have
(3.13) Y=PyX << X-Y €0lx(Y).

The tangent cone Tx % of # at X € J can then be defined similarly to the particle case as
(3.14) TxH =c{d(Y —X): Y e #,9 >0}.

Alternatively, it can be characterized as the as the polar cone of the normal cone, that is,
(3.15) T = {U € 12(Q): / U (m)W (m)dm < 0 VW e NX%}.
Q

It is convenient to introduce the following set, generalizing Q2 in (2.5)),
(3.16) Qx = {m € Q: X is constant in a neighborhood of m},

which can be thought of as the set of “concentrated mass” for p € Z(R) corresponding to X, = X.
Note that this set can be written as a countable union of disjoint intervals, Qx = U;(c;, 5;). Then we
may equivalently characterize the tangent cone as follows, cf. [6, Lemma 2.4],

(3.17) Tx# = {U € L*(Q): U is nondecreasing on each maximal interval (a, 3) C Qx }.

The following characterization of Nx.# can be found in [6, Lemma 2.3] and builds upon [24]
Theorem 3.9].

Lemma 3.1 (Characterization of the normal cone Nx.#"). Let X € # and W € L*(2) be given, and
write

(3.18) Ew(m) = / W(w)dw for all m € [0, 1].
0
Then W € Nx 2 if and only if 2w € Nx, where Nx is the convexr cone defined as
Nx ={E€C([0,1]): E>0 in [0,1] and E=0 in [0,1] \ Qx}.
In particular, for every X1, Xo € £ we have

(3.19) Ox, CQx, = Nx, & C Nx, 7.
Based on we introduce the closed subspace # C L?(2) given by
(3.20) Hx = {U € L*(): U is constant on each interval (m;,m,) C Qx},
for which we have the implications
(3.21) Qx, C Qx, = Hkx, C H#x,, X1, X0 e
and

Uei#yxy «<— +U eTx.x.
We can define the projection of f € L?(Q) onto the subspace (3.20) as

(3.22) P f= faﬁ f(w)dw = B—% ff f(w)dw, m € (a, ) a maximal interval of Qx,
' s f, for a.e. me Q\ Qx.

From [0, Lemma 2.6] we have

(3.23) XexX, UeTxH = Py U—-UE€ NxH

The characterization (3.17) of the tangent cone Tx % leads us to consider the closed, convex cone
defined by

(3.24) Hap) = {X € L*((or, B)): X is nondecreasing and right-continuous}
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for (o, ) C (0,1), such that #{o 1) = #. In [24, Theorem 3.1], a characterization of the projection of
f € L?(Q2) onto ¥ is given in terms of the right-derivative of its primitive’s lower convex envelope on
Q2 = (0,1). We recall that the lower convex envelope F(;7 ;) of a function F' € C([a, 8], R) is defined as

(3.25) Fiyg(m) =supla+bm:a,b R, a+bw < F(w) Vw € [, 8]}, m € [a,f]

This is the greatest bounded, (lower semi-)continuous and convex function G satisfying G < F' in

[a, B]; hence it is left- and right-differentiable for every m € (o, 8), and its right-derivative %F ** s
nondecreasing and right-continuous. We note that the notation involving #* alludes to the fact that
the lower convex envelope in this case coincides with the biconjugate, or twice the Legendre—Fenchel
transform, of F'. However, there is nothing in the proof of [24] Theorem 3.1] which relies on the domain
being (0, 1); hence, with the appropriate changes we have the following result.

Proposition 3.2 (Projection on J#(, ). Let f € L*((ev, 8)) for (a,3) C (0,1) and let F(m) =
[ f(w)dw. Then

d+
(3.26) P % ﬁ)f F(**”B),
where F(**ﬁ) 18 the lower convex envelope in . Moreover, for any convex, lower semi-continuous
function p: R — (—o0,+00] and f,g € LQ((oz,,B)) we have

B 8
/ (Pt f = Piting) dm < / o(f —g)dm
« [e3

In particular, Py, . is a contraction in every space LP((a, B)), p € [1,00].

A useful auxiliary result for proving the above result is [24, Lemma 3.2], which below is appropriately
modified to match our setting.

Lemma 3.3. For any f € L*((o,8)) and F € C([o, B],R) as defined in Proposition A Fy g 18

continuous on [, 8], locally Lipschitz on («a, 8), and coincides with F for m = «, (. If moreover
feL=((e, B)), then F and F(] 5 are Lipschitz-continuous on [a, 3].

As a consequence of the above results, for any f € L?(Q2) we can consider its restriction to (a, 3) C Q,
namely f| ) € L?((a, 8)), and slightly abusing notation we will still denote this by f. Hence, when
we write Py, , f € L?((av, 8)), we mean the projection of flia,p) on #(q p) from . Then, if we
identify " = J#(o,1) and F** = F(*E)fl) in the above, we recover the original results.

Now, combining the characterization , and Proposition we see that for X € # and
f € L?(2), the projection of f on Tx.# can be written as

(3.27) Pry f = P s fs m € (a,8) a maximal interval of Qx,
/s for a.e. me Q\ Qx.
Let us write F(m fo w)dw, Fa,5 = F(a) + [ f(w)dw and let Fir s ) be the lower convex

envelope of F(aﬁ), as in , such that F(**B) < Fla,p)- Then it follows from and Lemma
that

B
HmmW)—ﬂmmW)ZEﬁmW)—EﬁmEOZ/TPXmemm
Consequently, since Qx = U;(«y, §;), it follows from (3.27)) that

F( 5(m), m € (o, B) a maximal interval of {2x,

F(m) > /0 Pryow fdw = {F(m), m € [0,1] \ Qx.

In particular, recalling (3.22)), we find

LPmeZAmeNmZAR%ﬂW:AfML
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That is, although the projections onto the convex cones J¢, Tx # and 5 are contractions in the
L?(Q)-norm, they do not change the average of the function being projected. Such considerations will
turn out useful when studying clustering properties in Section [6}

Remark 3.4. Let € be a closed, convex subset of L2(Q) and X € L?((0,T); L*(2)) such that X (t) € €
for a.e. t € (0,T). Then Jensen’s inequality yields

T T
(3.28) ][ X(t)dt € ¢, and / X(t)dt € € if € is a cone.
0 0

4. LAGRANGIAN SOLUTIONS OF THE EULER-ALIGNMENT SYSTEM

We recall the assumption p € Z2(R), for which we use equations (3.1) and (3.2)) to define the
following monotone rearrangement X € L*(Q) satisfying Xum = p. Further recalling v € L*(R, p) as
well as 9y defined in (1.9)), we introduce the quantities V' € L?(Q) and ¥ := ¥[X, V], where

(4.1) VX, V=V +/ (X — X(w))dw =V + ®x*p(X), where Xpm = p.
Q

Then it also follows, recall (1.6]), that ¥ € L?(Q2). Mimicking the arguments in the particle case, we
arrive at a first-order differential inclusion corresponding to (2.12]),

We will always use the isometry between % C L?*(2) and %5(R) to have X;zm = p;. The relation
(4.2) provides us with an associated “prescribed” velocity
(4.3) UXy] =0 — / P(X; — Xi(w)) dw € L),

Q

such that U[X] = V. Observe that U[X,] is the velocity X; € # would have if 91 » (X;) = {0}, i.e.,
Tx,# = L*(Q); that is, in absence of mass concentration.
The next result ensures that strong convergence of X in L?(Q) yields strong convergence of ®* p(X).

Lemma 4.1 (Uniform continuity of ® * p). Assume X; € & and p; € P2(R) with p; = X;pm for
i € {1,2}. Then there exists a modulus of continuity we, depending only on ®, such that

[(@ % p1) 0 X1 = (@ % p2) © X5 12(0) < wa(l| X1 — Xal[L2(02)),
or equivalently, using the semidistance Us and the Kantorovich—Rubinstein metric Wy ,
Uz((p1, @ * p1), (p2, ® * p2)) < wa(Wa(p1, p2))-
Proof. We will make use of the following estimate; let x1, 2 € R, then for p € Z(R) we find

(@ % p) (12) — (@ % p) (1) s/ "o — y) de|dp(y)

R
<[/ ¢>(x“”2>dw dp(y)w('“_m),
Rl Sy 2 2

where the second inequality follows from ¢ being radially decreasing. Now we estimate
[(® % p1) 0 X1 — (@ % p2) 0 Xo| 720y < 2(11 + I2)

x

(4.4)

where
L= [[(@xp1)o Xy — (Pxpa) o Xollfagqy,  L2=[[(@%p1) 0 X1 — (P *p1) 0 Xall72(q),
Then, from (4.4)), the concavity of ® and Jensen’s inequality we obtain

I </Q</Q|‘I>(Xz(m)—X1(w))—‘1>(Xz(m)—X2(W))|dW>2dm

§/Q(2/Q<I><|X1(w);X2(w)|)dw)Qdm§4<I>(;||X1—X2||L1(Q)) .
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On the other hand, defining Q_ = {m € Q: |X; — X3| <2} and Q4 = Q\ Q_, the same inequalities
together with (1.6]) yield

L < 4/Q<I><;|X1(m) —Xg(m)|>2dm
<a0(1) [ @(G1x000) - Xo(m]) dm 4 [ + oL X2<m>|)2dm

1 2
< 4@(1)@(2||X1 - X2||L1(Q)> + (@M X1 — Xallz2())

Since m(Q2) = 1, we have || X||z1(q) < | X[ z2(q), and the result follows from collecting all the bounds,
1 1
(05 p2) o X = (@5 p2) 0 XalFgy < 88 (max{ 1, 15 = Xallaoy | )2 510 - Kloo)

2
+ (@D X1 — XallL20)) "
O

4.1. The associated functional and gradient flow structure. Next we will see how (4.2)) can be
regarded as a gradient flow for a certain convex and lower semi-continuous functional. Based on the
gradient flow structure in the particle case, cf. (1.8)), we are led to consider the following functional

_ 1 _
(4.5) V(X)=Ws(X) — (¥, X) = 5/ Wa(X(m) — X(w))dwdm — / U(m)X (m)dm,
QxQ Q
where Wy is the primitive of the odd function ® from (1.5) satisfying Wg(0) = 0, i.e., the even function

(46) Walo) = [ () dy

This function is also convex on the whole of R due to ®(x) being nondecreasing. We observe that We
is a proper functional for X € L?(Q), as it can be bounded with the pointwise linear bound (1.6). The
second term of V is linear in X, and hence bounded by Cauchy—Schwarz and ¥ € L?(£2). We conclude
that V is a proper functional with dom(V) = L?(2). One can check that the Géateaux derivative
VxV(X) of V is exactly the negative of the right-hand side in (4.2)), that is, —U[X] from (4.3)), owing
to the oddness of ®. That is,

ViWo(X) = B 5 p(X),  VxV(X) = d«p(X) - & = —U[X].
We would like to show that V(X) is convex in X € 2. To this end, for Yp,Y7 € ¢ and ¢ € (0,1) we
introduce the convex combination Yy := (1 — 9)Yy + 9Y;. Our goal is then to show

V(Yy) < (1 )V(¥e) + 9V (V).
The second term of (4.5)) is already linear in X, and so we turn to the first term. Observe next that
we can write the argument of the inner integrand as
Yo(m) = Yy(w) = (1 = 9)[Yo(m) — Yo(w)] + I[Y1(m) — Y1 (w)].

Then it follows directly from the convexity of Wg in that also the first term of is convex in
X € ', and we conclude that the entire functional V(X)) is convex in X € .

Now, since V(X)) is convex for X € % and has Gateaux derivative VxV(X) = —U[X], it follows
from [29, Proposition 3.20] that its subdifferential then reduces to a single element.

Proposition 4.2. For X € %, the subdifferential OV(X) of V defined in (4.5)) consists of a single
element. In particular, we have OV(X) = {=U[X]} for U[X] defined in (4.3)).

In order to ensure that our flow remains in the cone J£, we have to consider a modified version of
the functional V), namely

(4.7) V(X) =V(X)+ Ly (X),
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where we recall the indicator function I from (3.11)). We would like to show that this is convex for
X € L?(Q); that is, considering again the convex combination Yy from before, now with Yy, Y; € L?(Q),
we want to show

(4.8) V(Yy) < (1 —9)V(Yy) +9V(Y1).

Suppose either of Yy, Y7 does not lie in the cone J£; then according to and , the right-hand
side of is infinite, and the inequality is trivially satisfied. It remains to consider the case when
both Yy and Y7 belong to J# . In this case the indicator function vanishes due to the convexity of ¢,
such that V reduces to V, which is the case we treated before. Moreover, since V is continuous and
J is closed, the functional V is lower semi-continuous. We have therefore proved the following result,
which will be useful for establishing existence and uniqueness of solutions to .

Proposition 4.3. The functional V in ([4.7)) is convez and lower semi-continuous in L?((2).

Like in the proof of [5, Theorem 2.13], we will make use of that the subdifferential 0V = (V+1 4 ) is
additive in this case. Indeed, since V is proper, lower semi-continuous and convex, as well as bounded on
the whole domain of dom(I ) = %, this follows from the Moreau-Rockafellar theorem [29, Theorem
3.30], see also the the proof of [29, Proposition 3.61].

Proposition 4.4. For X € J, the subdifferential OV(X) of V in ([4.7) can be written as

OV(X)=0I,(X)-U[X]=0Ly(X)— ¥+ / O(X — X(w)) dw.
Q

Now we will provide the definition of an L2-gradient flow solution associated with the functional
(4.7), cf. [5, Definition 2.11]. This will justify the differential inclusion (4.2]) for the Euler-alignment
system.

Definition 4.5 (L*-gradient flow). An absolutely continuous curve X;: [0,00) — L*(Q) is an L*
gradient flow for the functional V in (4.7)) if it satisfies the differential inclusion

(4.9) —X; € V(X)) = —U[X4] + 0Ly (X;) forae. t>0.

Observe that (4.9) is exactly (4.2), which was derived heuristically from the particle case in Section

4.2. Lagrangian solutions. Since L?((2) is a Hilbert space, we will, like the works [24} 6, [5], rely
on the theory of [§] to establish existence and uniqueness of a solution X, evolving according to the
minimal element of the subdifferential 9V(X;). This element is sometimes called the principal section,
and we denote it by 9°V(X;). The subdifferential 9V is a maximally monotone operator, cf. [8, Exemple
2.3.4], and we can apply [8, Theoreme 3.1] to deduce existence and uniqueness of such solutions to
. In fact, since V is proper, lower semi-continuous and convex we can directly apply [8, Theoreme
3.2] to obtain the following result.

Theorem 4.6 (Lagrangian solution). Let X € % and V € L*(Q), such that ¥ = V[X,V] given by
(4.1). Then there exists a unique gradient flow solution X;: [0,00) — J£ in the sense of Definition
4.5 with initial data X which evolves according to the minimal selection of OV, that is,

—X, € °V(X,) for a.e. t > 0.
We will call this solution the Lagrangian solution associated with the Fuler-alignment system.

From the same theory, the Lagrangian solution in Theorem enjoys many useful properties, and
following [6, Theorem 3.5], we list some of them here.

Corollary 4.7 (Properties of the Lagrangian solution). Let X; be the Lagrangian solution from The-
orem with corresponding prescribed velocity U[X,] as defined in (4.3). Then it follows:

(a) The right-derivative %Xt =V, exists for all t > 0.
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(b) The velocity V; is the minimal element of the subdifferential, that is,
(4.10) Vi = (U[X] - 0Lx (X4))°.

In particular, (4.2)) holds true for all t > 0 if we replace X, with V;.
(¢) The velocity V; is the projection of U[X}] on the tangent cone Tx, X :

(4.11) Vi = PTthU[Xt], U, =V + P xp(Xy) = PTM%\TJ for all t > 0.
(d) Continuity of the velocity: t — Vi is right-continuous for all t > 0, in particular
(4.12) lim V; =V ifand only if V € Tg. 7 .
t—0+

Moreover, the map t — ||Vi| 12(q) is nondecreasing, and so there is an at most countable set
of times T C (0,00) where it is discontinuous. Then t — Xy is continuously differentiable in
(0,00) \ T. Defining pr = Xpzm € P5(R), there exists a unique map vi € L*(R, pt) such that

(4.13) X, =V, = Poe, U[Xy] = vy 0 Xy € Hx, for everyt € (0,00) \ T.
(e) Dissipation identity:
dt ‘ . t
(@) V) = —WVilka fort >0, implying V(X)) = VX = [ Vs dr

(f) Stability estimates: Let (X7, Vi) be Lagrangian solutions of ([4.2) with respective initial data
(X%, V), such that ¥* = U[X* V?|. Then we have

(4.15) 1X8 = X2lr2 () < I1Xs = X2l z2g) + (¢ = )T = ¥ 2o

for s <t, as well as

(4.16)
2

T
| =V at < c(ZmX‘n + V) + ¢T||W||>> (1% = X2 2y + VTN~ 91200y,
i=1

for some constant C > 0 independent of T and the initial data.

Proof. Properties (a), (b) and the right-continuity of V; are consequences of [8, Theoreme 3.1], while
(e) follows from [8, Theoreme 3.2].

By property (b), V; is the L?-projection of the zero function onto the closed, convex subset U[X;] —
0@ (X¢), and so by it follows that (V,U —V — &) > 0 for all £ € 01 (X;). Furthermore, since
U[X:] — V; belongs to the cone 014 (Xy), it follows that both 0 and 2(U[X;] — V}) belong to 01 (X;);
hence by the previous inequality U[X;] — V; L V;. On the other hand, by property (a) and it is
clear that V; € Tk, # . Then it follows from the characterization that V; = Pry, »U [X¢]. Since
O « py(Xy) € Hk,, it is clear from that Pry, o (U[Xy]) = Py, ¥ — @ % p(Xy).

The stability estimates (f) follow from instead considering from the point of view of the proper,
convex and lower semi-continuous functional Wg (X) = Wa(X) + Ly (X), and that is equivalent
to X; + OWa(X;) > U. Then follows from [8, Lemme 3.1]. On the other hand, is a
consequence of [31, Theorem 2]; in their notation, our setting translates to the Hilbert triple V = H =
V' = L?(Q) and quantities w(uo, f) = | X||r2@) + |V 12(0) and 1 s 0.7y = TH\TIH%Q(Q). a

Remark 4.8 (The initial velocity). Corollary allows us to have V € T # \ #%, and still have
the right-derivative V; — V as t — 0+; this would then mean that the initial concentrated mass has
different initial velocities. However, if our aim is to study with initial data p and v € L?(R, p),
this does not make much sense, as the natural choice of V would be 50 X € #%.

Remark 4.9 (Energy dissipation). We will not directly make use of the energy dissipation relation
(4.14) in this study, but merely point out that energy dissipation plays a role in a recent study of a
kinetic Cucker—Smale model |27, Section 3].
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We can think of picking the minimal element in the set U[X;] — 0Ly (X;), cf. (4.10), as finding the
velocity V; closest to the prescribed velocity U[X;] which still allows X; to remain in J#". Note that
in we have, in analogy with the discrete quantity () from Section 2| introduced W, which
satisfies the corresponding continuum version of the discrete relation . That is, it is the projection
of the natural velocity ¥ on the tangent cone T, % .

If the relation V; € %, in were to hold for all times, this is one of the hallmarks of the
so-called sticky Lagrangian solutions, and we recall their definition [6, Definition 3.7] next.

Definition 4.10 (Sticky Lagrangian solutions). A Lagrangian solution is called sticky if
(4.17) for any s <t we have Qx, C Qx,.

Because of the implications (3.19) and (3.21)), any sticky Lagrangian solution satisfies the mono-
tonicity condition

(4.18) Ol y(Xs) C Oy (Xy), Hx, C Hx, for any s <t.
Another property of sticky solutions which will prove useful below is the following,
(4.19) ¢ e 8I%(Xt) = nyxsf S 61%(Xt).

To prove this we will use the characterization from Lemma Let = be the corresponding primitive
of &, then we know that Z(m) = 0 for m € Q\ Qx,, and Z(m) > 0 for m € Qx,. By ([{.13),
P sz, will only modify § in Qx, C §2x,, so let us consider a maximal interval (as, 8s) C Qx, which is
necessarily contained in a maximal interval (o, ;) C Qx,. On (as, Bs), the projection will replace &
with its average value over this interval, which means that the corresponding primitive of Pz, _§ on
this interval will be Z(a) + =5 (2(8s) — E(ews)) = 0, while on the rest of (ay, 5;) its value is Z(m).
Hence, the primitive of P ¢ also belongs to .4%,, meaning holds.

Sticky Lagrangian solutions satisfy additional properties, and analogous to [6, Proposition 3.8] we
showcase some of these below.

Proposition 4.11 (Projection formulas for sticky Lagrangian solutions). Let X;: [0,00) — J# be a
sticky Lagrangian solution of (4.2)) in the sense of Definition|f.10. Then

(4.20) Vi € #x,, and so also U, € H%,, for allt > 0.
Furthermore, for 0 < s <t, X; and V; satisfy
(4.21) Vs =W € 0Ly (Xy) = Vi = Pup, Vs,
t
(4.22) X, =Py (Xs +(t—9)Ts — / D« p.(X;) dr).
S
In particular, we have the formulas
(4.23) Vi = Por, UlXi] = Pop W — @ pi(Xy), and so also Wy = Py U,
- t - - t
(4.24) X = P%<X+/ U[Xs]ds) = P%(X+t\11/ @*pS(XS)ds>.
0 0

Proof. The inclusion follows from the right-continuity of V; and in Corollary together
with the monotonicity property . The identity (4.23) follows from applying the projection to
with X; replaced with V;. As a consequence of and we then have Uy = Pp U,.
On the other hand, Pz, ¥y = ¥, since ¥, is already constant where X is constant. Then, from
it follows that ¥ — U, € 01 ¢ (X;), and applying P sz, to the left-hand side we obtain W, — W;, which
means that follows from ; this also implies W; = Py, Vs, since 0Ly (X;) C z%”)é‘t

We then note that for 0 < s < r <t we have

U, — P x pr(Xr) -V,=¥,-V, € 81%()(1”) - 61%(Xt)a
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and integrating this expression we obtain, cf. Remark
t
(t—s)¥, — / D x p (X, )dr + X5 — Xy € 01 (Xy).

Then (4.22)) is a consequence of (3.13)), while ([4.24)) follows from s = 0 and ¥, = . O

Remark 4.12 (Semigroup property). From (4.21)) and (4.22)) we see that the sticky Lagrangian solution
is a semigroup S;: (X, V) — (X, ¥;). Furthermore, since V = ¥ — & x p(X), p, = X;pm, and
Vi = Wy — @ pi(Xy), this shows that also Si: (X, V) — (Xy, V;) is a semigroup.

Remark 4.13 (Reduction to pressureless Euler). In the case ¢ = 0 we have ® = 0 and ¥ = V, thereby
recovering the projection formulas in [24] Theorem 2.6] for the pressureless Euler system.

Observe that %(Xt, h—X¢) € Tx, # and is uniformly bounded for any for any 0 < h < t, hence it has
a subsequence converging weakly to =V’ € Tx, % by the definition and the cone being weakly
closed. Then, by the characterization , any such weak limit must be nonincreasing on connected
components of {2x,, which is analogous to the monotonicity relation leading to the barycentric lemma

(2.13)) in the particle case.

4.3. Sticky particle solutions. Since the dynamics derived in [2] is based on sticky particles, and
both [24] and [6] use limits of particle solutions to deduce sticky behavior, we will do the same here.
Let us recall the motivation of the particle solutions from Section in particular we had m € Rf .
For convenience, following [6], we introduce the set MV defined as

N
MY = {mERi\_]: Zmi—l}.

i=1

For m € MY we can define a partition of [0,1) through the quantities
(4.25) Op =0, 0;:=Y my, ie€{l,...,N}
j=1

Let us denote by xa the characteristic function of a subset A C [0,1]. Then we can define the
finite-dimensional Hilbert space

N
(4.26) Ao, = {X = ZmiX[Oi_lﬁi): (x1,...,zN) =T € RN} c L*(Q)
i=1
and its convex cone
N
(4.27) Hon, = {X = Z.’L’iX[gi_l,gi)Z (x1,...,ZN) =T € KN} cH CL*Q).
i=1

For X~ € %, defined through = € KV and m € M¥, we can introduce the empirical measure pZ
and its cumulative distribution MY,

N N N
p:]rv = Zmi(slﬁ MN(x) = ZmZH(x - xl) = Ze’bX[$7,I7+1)(x)7
i=1 i=1 i=1
where H(z) is the right-continuous Heaviside function. Then we know from before that MY is the

generalized inverse of X*V. Moreover, we see that convolution of ® with p2 yields exactly the “discrete
convolution” @7, from Section

N N 0,
(@ ™) () Ezj S0 — ) Z/aqw XV (w))d /Q<I>< XV (w)d
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Remark 4.14. Let x,y € K~ and respectively define X,Y € %, for m € M" and the empirical
measures pg, py € Z(R). Then we have the following identities

Wbz, py) = IX = YllLe@ = 2 = Yllm.p,
that is, we recover the m-weighted Euclidean p-norm from ([2.4)).

Next we want to formulate the particle dynamics from Section [J] using the above framework. For a
given m € MY, suppose XV € #;, and V¥ € #~. We may without loss of generality assume the
initial particles to be separate, i.e., € int(K"); otherwise, we could reduce and relabel the particles.
Then we may take © € RY, since Tz K" = R, and we define

N

d+
(4.28) sz 0i_1.0 EXtN =V =) uit)xp, .00

i=1
Recalling (2.1)), we compute

N N N
TN = WXV VN = VN 4 (@5 p")(XY) =D 0+ Y my (@ — ) | Xpo,_r00) = D biXio,_1.6,)
- —

i=1 j=

and

Mz

U] =9 = (@ )(X[Y) = )| — Zmy 2i(t) = x(1)) | X16:-1.60)

=1

If we now let X}V satisfy
XY =0 =Y — (@) )(X)Y), Xg =XV,

this corresponds exactly to the particle evolution (2.2]) for the coefficients of the step functions (4.28)),
which by Lemma is uniquely determined with our inelastic collision rules. Here we have by con-
struction V¥ = V& € Ay x. Since there are N discontinuities in the initial X, i.e., N particles, there

can at most be NV —1 collisions. Hence there will be a set of strictly increasing collision times {tk}N o

where for convenience we have included ¢y = 0 and ¢x~41 = +00, so that N* < N — 1 is the number
of actual collisions. If we now consider ¢ € [t, tx+1), by construction we have the relations

Sy =Hyn,  Vi+@xp) (X)) =V +@xp) (X)) = ¥ =0,
t i

At the time of collisions {¢}_,, by the continuous trajectory of = and inelastic collision rule (2.7) for
v, we have

XN (tet) = XN (tr—), VN (ti+) = P%XN“]C)VN(tk_) = WV(tp+) = P%’XNM)‘I’N(%—)-
Note that we Will occasionally write X7 (t,+) rather than XtJZ 1, etc., to avoid cluttered subscripts.
Now, since ([#.17) and (4.18) hold by construction, it follows that U} = P, N U It remains to show
that this stlcky evolutlon is in fact a Lagrangian solution of the dlfferentlal inclusion , and the
proof is similar to those of [24, Theorem 4.2] and [6l, Theorem 5.2].

Proposition 4.15. Let (2,0, m) € int(KY) x RN x MY, and let (XN, VN) € Ay, x H4p, be the corre-
sponding step functions defined through (4.25)—(4.27). Then the corresponding sticky particle solution
XN is a sticky Lagrangian solution of ([&.2)). In particular, it satisfies the relations of Proposition|4.11]

Proof. From construction it is clear that the monotonicity property (4.17) is satisfied. We will prove
by induction on the collision times that X} satisfies (#.2)), which by right-continuity is equivalent to

(4.29) UXN -V =0V — oV c oL, (X}).
Consider ¢ € [0,%1), then by construction #xx = Hx~. Therefore, VN = UX}N], or ¥V = ¥V
leading to 0 € 01 (X}V), which is true.
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Assume next that (4.2) is satisfied for ¢ € [tx_1,), and let us consider ¢ € [ti,tx+1) instead. By
construction we have #yny = %th\;i’ VN (t+) = P(;thN VN (te—), UV (tp+) = P(#XtN UN(t),—) and by
hypothesis -

UXN ()] = VN (ti—) = N — UV (t—) € 0Ly (X))).
On the other hand, —V¥(t,—) € Ty~.#, and also —UV(t,—) € T'x~ 2, which by (3.23) yields
th e
UN(tp—) — U] € 0Ly (X])). Now, since OLy (Xy,) is a cone, we add the previous equations together,
use U} = U] and the monotonicity (4.18) to deduce that (4.29) holds. O

4.3.1. The globally sticky evolution. We now return to the Lagrangian solution from Theorem [£.6] and
as in [24 Lemma 5.1], see also [0, Remarks 5.3, 5.4], we want to use the sticky particle evolution
above to show that it is globally sticky in the sense of Definition |4.10} To this end we will use
the fact that functions of the form are dense in L?(f2), and so there are sequences {N,,} and
(X, U, M) € KV x RN7 x M such that the corresponding (X ¥+, V=) converge strongly to (X, V)
in L2(€2). For ease of notation we will then use the superscript n rather than N,, in the corresponding
quantities. The strong convergence and Lemma then shows that also U[X™ V"] converges strongly
to W[X, V]. On the other hand, assuming only weak convergence for the velocity, we have

X" = X, V" =~ Vin L*(Q) = V[X", V"] = ¥U[X,V]in L*(Q).
Then we have the following result.

Theorem 4.16. Let (X{', V") € K X Hp, where V/" := %Xt”, be sticky particle solutions of (4.2),
as defined in Proposz'tion for which X,, and V;, respectively converge to X and V in L*(Q). Then:

(a) X' converges to X; in L?(2) uniformly in each compact interval, where X; is Lipschitz curve
with values in .

(b) The Lipschitz curve Xy is a sticky Lagrangian solution of , in particular Xy and Vy = %Xt
satisfy the properties of Corollary[{.7 and Proposition [{-11]

(c) V;* converges strongly to Vi, in L*(0,T; L*(2)) for every T > 0.

(d) For any weak accumulation point V' of V", we have Py V' = V. Similarly, for ¥' =
V! + &% p(Xy) we have Pog, U = W,

(e) Let T C (0,00) be the countable set of discontinuities for t — ||Vi||2(q). Then Vi* — V; and
U — U, in L2(Q) for every t € [0,00) \ T.

Proof. Property (a) follows from the stability estimate ; indeed, on every compact time interval
X7 is a Cauchy sequence in the closed cone .#  C L?(Q2). Furthermore, by property (d) of Corollary
X" has Lipschitz-constant bounded by [|[V"||12(q). From the uniform convergence on each compact and
the strong convergence V™ — V it follows that the limit function X, has Lipschitz-constant bounded
by VL2

Property (b): That X, is a Lagrangian solution follows from stability results for gradient flows in
Hilbert spaces; indeed, by assumption it is a weak solution in the sense of [8 Definition 3.1]. That it
is a Lagrangian solution according to Deﬁnition i.e., a strong solution in the sense of [8, Definition
3.1], follows from [8, Proposition 3.2] and X; being absolutely continuous on each compact due to (a).
That X, is sticky follows from that X is sticky and the stability estimate ({.15)), cf. [6, Remark 5.4].
Indeed, from the strong convergence X" — X it follows that Q¢ C Qx,. By uniqueness, we obtain
the same solution (X;,V;) by taking (X, V) = (X,,V;) for 0 < s < t. and evolve this to time ¢ — s;
then by the same argument Qx_  C Qx,.

Property (c) follows directly from the stability estimate .

Property (d): Let np be an arbitrary subsequence such that V;"* — V’ in L2?(2). Since the
subdifferential of V(X) is maximally monotone, its graph is also strongly-weakly closed, meaning we
can pass to the limit in V;* € U[X]'] — OI¢(X]") to obtain V' € U[X;] — 0L (X;). Recalling that
Ol »(X) C %, we can project the previous relation to find Py, V! = Pup, U[X;]. Since X; is a
sticky solution it then follows from that Pz, V' =V,. / l
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Property (e): Let ¢t € (0,00) \ T, and let ng, V' be as in the previous point. From the strong
convergence in point (c), there exists a dense set S C (0, 00) we can extract a further subsequence, not
relabeled, such that V™ (s) — V(s) for every s € S. In particular, for s € S such that s < ¢t we have

V'l 22(0) < limsup||V;™ || L2(q) < limsup||V*[|2q) = [|[VsllL2(0)-
k— o0 k—oco
Since t is a point of continuity, we may approach it from below to obtain
IV'll2) < IVill2) < NUIXG] = €lle2), V€ € OLp (Xy).
Then, as V; is the unique minimal element of U[X;] — 01 (X}), it follows that V' =V} and
limsup|| V" || L2() < IVillL2(q),
k—o0

which in turn gives the strong convergence of V;"* to V;. Furthermore, since the subsequence was
arbitrary, it follows that the whole sequence V,* converges strongly to V;. O

Corollary 4.17. Let X € # and V € #%. The corresponding Lagrangian solution X; of Theorem
[£- is globally sticky. In particular, the results of Proposition[{.11] apply to X; and its velocity Vi from
Corollary . Furthermore, the identity Vi = vy o Xy from (4.13|) holds for all t > 0.

Proof. Since step functions are dense in L?(), we can approximate X, V with X™ V" which converge
strongly in L?(Q2), and apply Theorem O

Remark 4.18 (Projection formulas). The attractive Euler—Poisson system, obtained by replacing the
velocity-alignment forcing term in (L.1b) with the Poisson force —%(sgn#*p;)p; for a > 0, also has
sticky Lagrangian solutions. Its corresponding projection formula, cf. [6, Example 6.9], is

X, = PX()_(—l—ﬂ_/—%tQ(Zm—l)),

which for @ = 0 reduces to the formula for the pressureless Euler system from [24] mentioned in
Remark This projection is particularly simple in that the expression being projected can be
computed independently of the intermediate values X for 0 < s < ¢; indeed, it is uniquely determined
by the initial data. This differs from the projection formula , which is more similar to the
projection formula in [6, Proposition 3.8] for a more general sticking force term f[p;] with Lagrangian
representation F[X;]. This aligns with the observation in [22] that one cannot take the (free-flow)
particle trajectories of [I5], which evolve according to the natural velocities 1; and allow for crossings,
and project these to recover the sticky particle trajectories.

5. FROM GRADIENT FLOWS TO OTHER SOLUTIONS

In this section we will use the sticky Lagrangian solution established in the previous section to
obtain solutions for other equations. Naturally, in the spirit of [24] [6], we will return to the original
Euler-alignment system and show that the Lagrangian solution provides us with a distributional
solution according to Definition [[.2]

On the other hand, another main objective of this study is to show that the sticky particle dynamics
obtained in [21] by means of the scalar balance law can be realized from a gradient flow point-of-
view. To this end, following the ideas of [10], we will see how this balance law can be formally derived
from a scalar conservation law, where the flux function is the primitive of the prescribed velocity U[X}]
in . More importantly, we show that the Lagrangian solution also provides us with an entropy

solution of (|1.11)).

5.1. A distributional solution of the Euler-alignment system. Now we return to the Euler-
alignment system, recalling the (non-complete) metric space (2, D) from (3.6)), (3.8), and propose
the following result.
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Theorem 5.1. Suppose (p,v) € Fa. Define X according to [3.2), i.e., p = Xym, and V = v 0 X.
Then the Lagrangian solution of Theorem provides us with a distributional solution (pg,v) € J

of (1.1)) in the sense of Deﬁnition with py and vy given by Comllaries and . In particular,
since the Lagrangian solution is globally sticky, Si: (p, D) — (pt, v¢) s a semigroup in the metric space

(T2, D).

Proof. By Corollary there is v; € LQ(R, pt) such that V; = v, 0 Xy for all ¢t > 0. In turn, we
can define ¢, € L3(R, p;) as in (1.9). We start by showing that (p;,1;) is a distributional solution of
(1.10]), and proceed as in the proof of [6, Theorem 3.5]. Given ¢ € C°([0,T] x R) we use (3.3)) to write

/Ooo /l%[at@(t, x)%(t, JJ) + a;z:@(t, x)vt(t, $)¢t(t’ Jj)] dpt(l') dt
- /000 /Q[atw(t, Xi(m)) + Ozo(t, Xo(m)) Vo (m)] W, (m) dm dt

/Om/gz{igo(t,Xt(m))] (m) dm dt = / / (t, X, (m % (m) dmdt = 0,

where we have used ¥ — W, € 0l (X;) C j‘fxﬁ Therefore, the “momentum” equation is
satisfied in distributions. A similar, even more straightforward, argument shows that the continuity
equation , which coincides with , is satisfied. Next, as in the proof of |21, Theorem 6.3],
we will make use of that holds distributionally to show that the momentum equation
holds in distributions. Indeed, we have

B (prve) + 0u(pevy) = Ou(prthr) + Ou(prveths) — B (pie(® % pr)) — B (prve (P pr))
—(® % pt)[0spt + Oz (prve)] — pt[0c(P * pi) + v 0 (P * py)]
= pe(¢ * (prvr)) — prve(¢ * pr)-

It remains to verify the initial conditions (1.12)). The first limit follows from the relation p; = Xypm
and the strong limit X; — X in L?(Q2). For the second limit we need to show that

Jim [ plaue)dp(a) = [ o@)ite)dple) for every ¢ € Cu(R),

where Cy,(R) is the space of continuous, bounded functions. However, this follows from V =00 X €
Hy CTxH, Vi = v 0X;y and (4.12). The semigroup property is a consequence of the semigroup
property of the sticky Lagrangian solution, cf. Remark O

5.2. An entropy solution of the scalar balance law. Let us now see how our notion of gradient
flow solutions relate to the entropy solutions studied by Leslie and Tan [21].

5.2.1. Recovering the balance law. As noticed in [10], a Lagrangian solution (X, V;) satisfies a conser-
vation law of the form

(5.1) B: M, + 9,U(t, M) = 0,

where the flux function U(t,m) is the primitive of the prescribed velocity U; satisfying Uy — V; €
OI ¢ (X¢). Define the primitive of U[X] from

/UXt dw—/0(on dw—// (X (w) — X, (7)) din dw =t A(m) — S[X,](m),

where

(5.2) A(m) ;:/ B (w) dw
0
corresponds to the flux function A in (1.11)), as defined in [21]. The second term evaluated at m = M;(x)

can be written as My(0)
S[Xt Mt / / Xt dpt( )d
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Applying the Vol'pert BV -chain rule, see [10, Lemma 4.2], and the fact that X;(M;(x)) = z for ps-a.e.
x, with p; = 0, M;, we obtain

02 S[X¢](My(x)) = (/R d(z —y) dpt(y)>6th = (D * p;)0, My

Combining the above with and rearranging the source term 9,5[X;|(M;) we obtain exactly the
balance law (L.II). Note that in [2I] they work with a shifted flux function A: [~3, 1] — R, where
the lower integral limit in is —1/2, since they instead work with the primitive M, = M, — % The
reason for this, in a sense, more symmetric choice of primitive is to justify the relation ® % p, = ¢ * M,
for their compactly supported p;. We will see below that under our assumptions, ® * p; is a continuous
and linearly bounded function, meaning (® * p;)p; is a well-defined measure. Hence we prefer to work

with this quantity as it is.

5.2.2. Entropy solutions, the Rankine—Hugoniot and Oleinik E conditions. Let n: [0,1] — R be a
Lipschitz and convex function, and suppose ¢: [0,1] — R satisfies ¢ = ' A’. Then (7, q) is called an
entropy-entropy flux pair, and the entropy inequality associated with the balance law (1.11)) is

Definition 5.2. A function M;: [0, T]xR — [0, 1] is an entropy solution to ([1.11]) if it is nondecreasing,
and satisfies ([5.3)) in the weak sense for every entropy-entropy flux pair.

By an approximation argument, one can equivalently require that the inequality holds with the
Kruzkov entropy-entropy flux pair
m

(5.4) m(m) =m—k|,  qe(m) = sgn(m — k)(A(m) — A(k)) = /k sgn(w — k)P (w) dw

for k in a dense subset of R, see [I4], Section 3]. We can then, as in [21], derive the Rankine—Hugoniot
and Oleinik E conditions. Assume M, takes the values M, and M,  on respectively the left- and
right-hand sides of a shock curve {(z,t): = o(t)} with shock velocity &(¢). Then leads to the
inequality

(6(t) + @ pe(o(t)) [[In(M)]] = [[q(My)]].
For the choice (n,q) = (Id, A), shows that the above inequality holds as an identity, yielding the
Rankine-Hugoniot condition along the shock curve,

A(M") — A(M)

M- M7
On the other hand, the Kruzkov entropy-entropy flux pair (5.4]) yields the Olemmik E condition, cf. [26],
[13, Section 8.4],

+ _ _ —
W < 5(t) + B % prlo(t)) < ‘W

Observe that such a shock would correspond to a maximal interval (M, , M;") C Qx, for the corre-
sponding Lagrangian solution X;, such that (X;(m), Vi(m)) = (a(t),5(t)) for m € (M, , M;"). From
this point of view, the Rankine-Hugoniot condition expresses exactly the identity Wy = P s, ¥
for these m. Furthermore, by the characterization in Lemma the Oleinik E condition l is
equivalent to W — W; € 91, (X;) for the same m. Then, in analogy with how W; = P, V¥ can be
deduced from ¥ — U, € 91 (X;), can be deduced from . We may also recall the inequality
coming from the barycentric lemma in the particle setting; this is exactly for the piecewise
linear interpolation of A with interpolation points given by (4.25)), cf. [21] Section 4], [10, Section 6].

(5-5) G(t) + @ * pe(o(t)) =

(5.6) . ke (M7, M.
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5.2.3. Verifying the entropy admissibility. As mentioned in the introduction, in [2I] the initial data
is assumed to be (p,7) € Z.(R) x L=(R,p). In particular, this ensures that the flux function A
is Lipschitz. Moreover, since the solution (p;,v;) retains these properties, ® % p; remains a bounded,
continuous function for all ¢ € [0, T]. In turn, the source term (®x*p;)p; remains a well-defined measure
for these times, and the distributional formulation of the balance law makes sense.

We now show that the balance law, in particular the source term, also makes sense for our solution
(pt,ve) € F. By the pointwise linear bound on @ in Lemmawe have

#p(0)] < [ [0 pldpta) < @(1)(1 +lal+ [ |y|dp<y>),

which shows that the map f[p]: Z2(R) — # (R) given by f[p] = (®x*p)p is pointwise linearly bounded,
cf. [6, Definition 6.1]. Moreover, by Lemma we even have that f[p] is uniformly continuous in the
sense of [6 Definition 6.2]. In particular, the source term in is well-defined, and its distributional
formulation makes sense.

Theorem 5.3. Suppose (p,0) € T, so that p = v+ ® * p € L*(R,p). Define M(x) = p((—o0,z])
and the fluz function A. Let My be the generalized inverse of the corresponding Lagrangian solution
X and recall p; = Xypm. Then M, is an entropy solution of the scalar balance law (1.11)) with initial
value M.

Proof. The initial data is clear from M being the generalized inverse of Xy = X. The fact that M,
satisfies (1.11)) in the weak sense follows from that (p¢,v;) satisfies the continuity equation (1.1a)) and
integration by parts, using once more

YoX —tpo0Xy =V, € 0Ly(Xy) C HL.

In fact, for this part we only use that ¥ — W, € jf)é , equivalent to the Rankine-Hugoniot condition.
On the other hand, to show that the entropy inequality holds, we need ¥ — U, € 9l (X;),
equivalent to the Oleinik E condition.

Let M(z) = p((—o0, z]) for some p € P5(R), such that the distributional derivative 9, M = p. Then
for f € HY(R), the distributional derivative of fo M € BV (R) is 0, f(M) = fi,p for an f;, € L*(R, p)
given by the BV-chain rule, cf. [10, Lemma 4.2]. Following [10, Section 5], for a.e. m € € we have

n}ch(Xt) = P, (sgn(m — k)), AL (Xy) = Poe, ¥ = ¥y, and q;€7M(Xt) = Pupy, (sgn(m — k)V). Let
0 <9 e C(0,T] x R) be a smooth test function with compact support; we use this to show that
(5.3) holds by integrating by parts and using the push-forward relation (3.3). That is, using that M;

is a weak solution, we compute

/0 (/R[nk(Mt)BW(t’ @) + (M) 0zp(t, )] dz + /R p(t, )0 ar (Mi) (P * py) dpt) dt
T
— 7/0 /Rsﬁ(t,x) (@ ar () — 1 ag () Ay (8, )| dpy dt
T
= _/0 /QQO(t,Xt)[Q;c,M(Xt) _n;c,M(Xt)AGW(Xt)] dm dt

/T/ga(t,Xt)sgn(mk)[\Il\Ilt] dmdt > 0,
o Ja

where the final inequality follows from (3.15). Indeed, since ¢ > 0 it follows from (3.17)) that
o(t, Xt)sgn(m — k) € Tx,# for any time ¢ > 0 and k € R. O

Possible uniqueness of entropy solutions. In [2I] the authors extend the Kruzkov doubling-of-variables
argument to account for the additional source term, thereby proving that entropy solutions for the
balance law with initial data (p,7) € Z.(R) x L>*(R, p) are unique, relying on the fact that the
measure remains compactly supported, and that v is essentially bounded, meaning the flux function
is Lipschitz.
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In our case, the solutions belong to the space 2, and the flux function is continuous, but not
Lipschitz. However, uniqueness of entropy solutions has been proved in [14] for conservation laws with
the type of flux function we have here. This suggests that the same may be true for balance laws
of the form , most likely with some requirements for the source term. However, we deem the
investigation of this possibility to be outside the scope of our current study.

6. CLUSTERING FORMATION FOR STICKY DYNAMICS

In their follow-up paper [22], the authors of [21] derive results on the finite- and infinite-time
clustering of their sticky-particle solutions of . Here clusters refer to the connected components,
or maximal intervals, of Qx,. Their analysis is based on the flux function A for the balance law
and its lower convex envelope A**. It is perhaps not surprising that the flux function A, which encodes
the continuum natural velocity ¥, determines the clustering behavior of the Euler-alignment system;
in [17] it is shown that for the Cucker—-Smale particle dynamics and initial positions & € KV, there
can be finite-time collisions only if the natural velocities are not ordered, i.e., ¥ ¢ K", where we recall
(2.1) and . In our continuum case, recalling P, VU = %A** from Proposition we observe
that any deviation of A from A** means that W is not nondecreasing in this region, hence ¥ ¢ %,
the convex cone from . Indeed, what is called the supercritical region X_ in [22], which for our
definition of A becomes

Y_={meQ: A(m)> A" (m)},
is exactly where finite-time clustering happens. Similarly, their subcritical region ¥, is for us
Y, ={m€0,1): A is not linear on any interval [m,m’)},
while the critical region ¥ becomes
Yo = {U[m’,m"): A** is linear and equal to A on [m',m”)}.

Since A** is convex, %A** exists for every m € 2 and is a nondecreasing, right-continuous function.
Therefore, its range ran(%A**) defines an ordering on €2, dividing it into sets of nonincreasing averaged
natural velocities. Suppose m € Q, and write ¢ = P_yW¥(m) € ran(%A**). Then we write L(m) =
(P W)~1(3), that is, L(m) is the preimage of ¥. This set then turns out to be analogous to the set
L(m) defined in [22], where it for m ¢ 3 is defined as the maximal half-open interval containing m on

which A** is linear, and {m} otherwise. Figure [I| provides an illustration of these subsets for a generic
flux function A. As shown in [22], the sets L(m) play a central role in the asymptotic behavior.

6.1. Auxiliary estimates. From the characterization in Lemma [3.I] we know that an element ¢ €
OI (X) can only be nonzero in Qx. Then for a.e. m € )\ Qx,, the differential inclusion will be
a differential equation since X;(m) = U[X;](m). In fact, by (@11)), the Lagrangian solution satisfies
the following differential equation for all ¢ > 0,

a+

(61) EXt = PTXt%\TJ - / (I)(Xt - Xt(OJ)) dw.
Q

Since our solutions are globally sticky, we have Pry W = Pz ¥, and by (3.17) and (4.17)
H CTx,H CTx, A for0<s<t.
In particular, since Xg = X and Vy = V € %, X; initially evolves according to the continuum version
of (2.2). Consider [oy, 8;) C Q for i = 1,2, where 81 < aq such that the intervals do not overlap. Then
we introduce the averaged quantities
) Bi ) Bi _
(6.2) Y = Xi(w) dw, I ::][ Pry, ¥ (w) dw,

Qi k3
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m
—— E pa )
L(m/) L(m//) L(m///)

FIGURE 1. A flux function A and its lower convex envelope A**. The non-singleton
subgroups L(m) are shown together with the regions ¥, ¥y and ¥_.

where Y,! < Y2 follows from X; € 2#. Then we can derive the following inequalities from (6.1,

(6.3a) C(lit (Y2-Y")>TI7-T; - 2@(;(1@2 — Y})),
(6.3b) ‘it (Y2 -Y!') <17 -T).

The inequality (6.3b)) follows easily from X; € £ and ® being a nondecreasing function. Indeed, we
have J; > 0, where

J= fﬁ [ #xim) = i) dwam — f 5 JRETDES BRI

In order to derive (6.3a]), we estimate .J; from above as in (4.4]),

L L rian
][ﬁz][ﬁl /Xt(m) ( ()-ZFXt(m)) dy din dm
) ][52][61 (Xt - X (1 ))dmdm<2q><Y;Y>a

where the first inequality follows from ¢(x) = ¢(|x|) being radially nondecreasing, and the second
inequality is a consequence of ®(z) being concave for x > 0 and Jensen’s inequality. Observe that the
inequalities still holds if we replace one or both of the averaged quantities with X; in a point.

Although I'? —T'} in depends on time, we will use their relation with A and A** to appropriately
bound them with time-independent quantities, so that the following result, comparable with [22]
Lemma 3.4], is applicable.
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Lemma 6.1. Suppose X;: [0,00) — #, with Y} and Tt for i € {1,2} as in (6.2). We consider the
following cases:
L IfT? =T} > 20 > 0, then there is n > 0 depending on ® and o such that

Yf -Y!> min{Yo2 — Y01 + ot, 77} > min{YO2 — YOI,Jt,n}.
I. IfT? —T} < —0 <0, then there exists some time 7, 7 < (Y& — Yy)/o, such that Y2 =Y}

Proof. Case I: Let 7 > 0 be such that 2®(1|z|) < o whenever |z| < 5, which is always possible, cf.
Lemma In particular, if ® is invertible, we can choose = 2@*1(%(7). Now, either Y2 —Y,! > n, or
Y2 — Y} < n. In the latter case, the right-hand side of (6.3al) is greater than or equal to o. Therefore,

we may integrate the leftmost inequality of (6.3a]) to obtain the result.
6.3b)

Case II: This follows from integration of (6.3b 0

6.2. Clustering from the Lagrangian solutions. Note that ¥_, like Qx,, is an open set in €,
and so can be written as a countable union of disjoint open intervals. Let us consider one such
maximal interval (m_,my) C X_. Note that if Qg NX_ # @, then any maximal interval (o, 8) C Q%
intersecting (m_, m4) must necessarily be contained in (m_,my). If not, « < my < 8, say, we have

A(my) = A(m—) _ A(my) — A(m)
my —m-— my —m

, m_ <m<myg,

by definition of ¥_, and in particular this holds for m € (a,m.). However, since ¥ € .#%, its slope
must be constant on («, 3), and so the previous inequality implies A**(m,) = A(my) > A(B) >
A**(5), such that
m4y —m—

This contradicts A** being convex, cf. [22] Lemma 2.2].
m_ < 8. This means that if m’ < m” and L(m’) # L(m’
also the content of [22] Lemma 3.5].

Based on our Lagrangian solutions, we now present a result corresponding to [22], Theorem 1.7],
where steps of our proof are very much inspired by theirs.

B) —

p—
A Slmllar argument holds for the case a <
"), we must have X (m') < X (m/’), which is

Theorem 6.2. Suppose m’,m” € Q. If Py U (m') < P ¥ (m"), then there is a time-independent
constant ¢ > 0 such that Xy,(m"”) — Xy (m’) > ¢ > 0 for all t > 0. Furthermore, we have the following
cases for m € 1.
1. If m € X, there is no finite- or infinite-time clustering at m.
II. If m € X_, there is a finite-time cluster at m for sufficiently large t > 0.
ITI. (i) Suppose fol %dm = oo, including the case ¢ = 0. If [m',m”) > m is a finite-time
cluster, then either m € Xy and [m',m") is an initial cluster, or m € ¥_ and [m’,m"") C
[m_,my), where (m_, my) is a connected component of X_. No other finite-time clusters
are possible.
(ii) Suppose ¢ is not identically zero. If m ¢ ¥4 and {X( tw € L(m } is bounded, there is
an infinite-time cluster at m, given by L(m).
(i) Suppose in the previous case (ii) that fol ﬁ dz < oco. Then L(m) is a finite-time cluster.

Proof. Case I is a direct consequence of the first part of the theorem, which we prove next. Consider
m” € Q and write " = P W¥(m”). Then L(m”) may be a singleton {m”} or an interval [m”,m/]),
and we write m” = min L(m"). For any m’ € Q with ¢’ = P_¥(m’) < 9" we must then have
L(m') # L(m") and X (m’) < X(m'). Assume for the case of contradiction that X;(m”) = X;(m’)
for some m’ < m” | and let t = 7 be the first time this happens. For ¢ € [0,7), L(m") can then only
collide with mass to its right, and since A(m” ) = A**(m” ), A** is increasing and A > A**, it follows
that Pog, U(m”) > Py W(m”) =" in this time interval.
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Now consider the interval [m’,m/") and introduce the averaged quantities
m” m’
Y, = Xt(w) dw, Iy :][ Pﬂxt\I}(UJ) dw,
m/ m’
such that Y, = X (m”). Let us write m/ = sup L(m'), where if L(m') = {m'} we have m/ = m/,
otherwise m’ < m/,. Initially, Py W = ¥ and we compute

o A(m',) — Am') + Am?) — A(m',) _ A (mly) — A (') + A" (m!) — A (m,)

\P(w) dw = 1

—_— b
m m/ m’ —m’

m
where A**(m/_ ) — A**(m’) and A**(m”) — A**(m!_) may be zero, but not simultaneously. When
nonzero, we have A (m! ) = A (m!) = (m!. —m/)Y" and A**(m” ) — A*(m/ ) = (m” — mﬁr)zﬁ, where
Y € (¢',9") is the average slope of A** on (m/_,m”). In any case, we find that I'y < +’, and this
remains an upper bound for I'; whenever mass within [m/_,m” ) collides, since the projection P e,
can only make the extremal values of W less extreme. Furthermore, for t € [0,7), [m/_,m” ) can only
interact with mass to its left; since A** is increasing, A(m’ ) = A**(m’) and A > A**, collision with
mass to the left of L(m’) can only decrease Py, W on [m/,m”). Then, since ¢ < ¢ it follows from
case II of Lemmathat X, (m”) > Y! which contradicts our assumption. In particular, mass labels
belonging to distinct L(m) can never collide. If L(m) = {m}, then P, ¥(m) = ¥(m). Otherwise, if
L(m) = [m—,m4), then for any my,ms € (m_,m4)

miy

m _ my _ my _
/ Py, V(w) dw < / Posy, V(w) dw = / U(w)dw = Pyr¥(m) < / Py, ¥(w) dw.
mao — — m_—
Following the proof of case I in Lemmal[6.1] we find that the time-independent constant ¢ can be chosen
as ¢ = min{ X (m”) — X(m'),n} for some n > 0 depending on 3" — )’ > 0.
Case II: Consider m € (m_,my ), where (m_,my) C ¥_ is a maximal interval. Now, consider any
my,my € (m_,my) where X(my) < X(ms). We will prove that the mass centers
ma m
v = Xi(w) dw, Y} = Xi(w) dw
m_ ma
must coincide in finite time, which necessarily means that X;(m) and X;(ms) must as well. As long
as X¢(m1) < Xi(mg), by definition of ¥_, we must have
m - A — A(m_ A — A(m_
r! :]l P B(w)dw> min A= Almo) g Alme) = Alm-)

m1<m<ms m—m_ m4y —m—

and

ry :][m+ P%’thi’(w) dw < max M T2 < A(my) — A(m_).

ms m1<m<ms my —m my —m_
The result then follows from case II of Lemma [6.1]

Case III: (i): From before we know that mass labels belonging to different L(m) will never cluster, so
without loss of generality we consider L(m) # {m} with the associated value 1) = P_»¥(m). We note
that L(m) may contain segments belonging to both ¥g and ¥_. If m € ¥ _, we write C(m) = [m4,m_),
where (m_,m4) C ¥_ is the maximal interval containing m. Alternatively, if m € ¥y and there is
an initial cluster at m, we denote this cluster by C(m). Otherwise, C(m) = {m}. We consider
m/,m"” € L(m) with m" < m” and C(m') # C(m"), and aim to show that these sets cannot cluster
in finite time. We write m” = minC(m”) and m/, = supC(m’). Following the same arguments
as in the first part of the proof, we deduce that Pz, W(m”) > ¢; similarly, if C(m’) # {m/} then

fgi Pz, U(w) dw < 1, otherwise P, W(m') = 1p. Writing V; = Jﬁr:;; Xi(w) dw if C'(m') # {m'} and
Y; = X (m') otherwise, we define I(t) = X¢(m” ) —Y;. Observe that X;(m”) —Y; < Xy(m'") — Xy (m/),
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so I(t) gives a lower bound on their distance, and we have 1(0) > 0. From (6.3a) it follows that
%l(t) > —2®(I(t)/2), which we integrate to obtain

/Z(O) dr .,
w @3 T

From our assumption, {(t) can only become zero in infinite time.
(ii): Conmsider m € Q with L(m) = [m_,my) and P W(m) = 1, where we necessarily have
A(my) = A**(my). Since m — X;(m) is nondecreasing and X (w) is bounded for w € L(m), both

_l>im +X(m) = X(m_) and _l)im X(m) = X(m4—) are finite. From before we know that it is
w—m_ w—mg —

only possible for X;(m_) to collide with mass to its right, leading to the inequality Pz ¥(m_) >
P T(m_) = 1.

On the other hand, for any m’ € L(m), the set [m/,m4) can only collide with mass to its left,
leading to

my B my ~
][ Py, ¥(w) dw S][ Py ¥ (w)dw = 9.
We then use (6.3b]) to deduce that for ¢ > 0 we have

my my

/ Xt (w) dw — X¢(m-) S][/ X(w)dw — X(m_).

Letting m’ tend to m we find that X;(m,—) — X;(m_) < X(m,—)— X(m_). Then, by the oddness
and subadditivity of ® from Lemma we estimate

B p(Xmm) — (X)) > [ [ ) - Xi(w) + B(X(w) = Xelm-))] d

> (my —m_)®(Xi(my—) — Xe(m-_)).
This leads to
d+
(6.4) 7 Ke(me =) = Xe(m-)) < —(my —m_)@(X(my—) = Xi(m-)),
and since we assumed ¢ not to be identically zero, it follows that ®(x) > 0 for z > 0. This means that
I(t) = X¢(my—) — X¢(m_) must decrease over time, and we integrate to find

1) gy
(6.5) /l(t) o) > (my —m_)t.

Here the right-hand side is increasing, and so it follows that tlim I(t)y=0.
— 00

(iii): Applying our additional assumption in (6.5) we obtain an upper bound on the time it takes
to achieve [(t) = 0. O

Assumptions on ¢. Comparing Theorem to [22, Theorem 1.7], there are some slight differences in
the assumptions for case III. The assumption of bounded ¢, i.e., ¢(x) < ¢(0) for some ¢(0) > 0 is
covered by (i). Indeed, then ®(z) < ¢(0)x for = > 0, the reciprocal of ® is not integrable at the origin,
and one finds the estimate I(t) > 1(0)e=?(9?,

In the subcase (ii) they make use of the bounded support of their measure, ensuring that the image
of L(m) through X;: & — R can be made arbitrarily small. For the same reasons, we assume that
X (w) is bounded for w € L(m), so that we start with a finite interval. To get the lower bound, they
assume a heavy tail, f1°° ¢(x) dx = oo, which implies global communication ¢(x) > 0. Under this
assumption, we could combine it with ®(x) > ¢(z)z to find ®(I(t)) > ¢(1(0))I(¢). In turn this leads to
1(t) < 1(0)e=(m+=m-)eWO)t which is similar to their bound.

In subcase (iii), the assumption of weakly singular ¢, cf. , is covered by the integrability of
the reciprocal of ® at the origin. Moreover, with the global communication assumption one has that
l(t) < —(my —m_)p(R)I(t) as long as I(t) > R. Then, when I(t) < R, one follows [22] in using
to show finite-time clustering.
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6.3. Tails and flocking of subgroups. Case III of Theorem featured some assumptions on the
singularity of ¢ at the origin, through whether or not the reciprocal of ® is integrable at the origin.
Here we saw that the mass contained in a non-singleton L(m) exhibits a kind of “local flocking”, in
the sense that the diameter of X;(L(m)) = {Xi(w): w € L(m)} cannot increase. Moreover, if ¢ is
nonsingular there is no finite-time clustering except for existing clusters or supercritical regions. On
the other hand, if ¢ is weakly singular, mass in L(m) will cluster in finite time.

In Theorem we have seen that the continuum natural velocity ¥, through its projection on the
convex cone £, partitions {2 into subgroups L(m) of mass which remain uniformly separated. Let us
see how the tail conditions in affect the “flocking” of two distinct subgroups L(m’) and L(m")
with ¢/ = P ¥(m') < Py ¥(m”) =¢". Aswe have seen in the proof of Theorem|[6.2] the dynamics of
the Euler-alignment system is determined by a competition between the difference in natural velocities
" — ', which drives L(m') and L(m”) apart, and the strength of the communication ® which tends
to align them.

First, suppose ¢ is integrable on R, i.e., has a thin tail. Then ®(z) is bounded and we have
Tlgréo 20(x) = ||¢||L:. In particular, we see that the communication is not strong enough to prohibit

the subgroups from drifting apart if the difference in natural velocities is large. Indeed, suppose
c =" = —|¢|lrr > 0, and let I(t) be the distance between the centers of mass for the two
subgroups. Then it follows from that I(t) > 1(0) +ct, i.e., the distance increases linearly in time.

On the other hand, if ¢ is not integrable, i.e., has a fat tail, then wl;rgo ®(x) = co. In particular,

it is invertible for any « € R. Then it follows that ® always can become large enough to balance
" —4'. Indeed, suppose for simplicity that X (L(m’)) and X (L(m')) are bounded, and write m’_ =
min L(m') < sup L(m”) = m/[. Then, writing I(t) = X;(m/ —) — X;(m’_) and following the derivation

of (6.4)), we find

+

i—tl(t) <" =" — (ml —m)D((1)).

In particular, we see that if I(t) > ®~((¢" —¢')/(m!. —m’)), the distance I(t) between the outer
edges of L(m') and L(m") must decrease to this threshold or less. On the other hand, from (6.3a]) we
see that there is a corresponding lower threshold for the distance between L(m') and L(m”) given by

2071 ((v" —4")/2).
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