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1. INTRODUCTION

1.1. Background and objective. The quotient &/ of a group & by
its subgroup $ is the set of all $-orbits in &. This simple fact for ab-
stract groups immediately turns into a difficult question if we replace ab-
stract groups with groups with geometric structure, such as algebraic or
analytic groups. Does the question become even more difficult when we
consider those geometric groups in the generalized supersymmetric context,
or namely, supergroups? The authors want to answer that it is not so diffi-
cult as was supposed, not so much more than that for geometric (non-super)
groups. For we can describe the structure of the quotient &/$ for super-
groups in terms of the non-super quotient By /ey, where B, (resp., Hey)
is the geometric (non-super) group naturally associated with the supergroup
& (resp., 9). Indeed, such a description has been given by the authors [12]
Theorem 4.12, Remark 4.13] for affine algebraic supergroups (see also [14],
Sect. 14.2] for non-affine case) and by Hoshi and the authors [5, Theorem
7.3, Remark 7.4 (1)] for analytic supergroups.

A main objective of this paper is to give such a description for formal
supergroups. Those formal supergroups (or resp., formal superschemes)
form a category which is equivalent to the category of super-cocommutative
Hopf superalgebras (resp., super-coalgebras), as is shown in Appendix below.
In the text the results all are presented in terms of such Hopf superalgebras
and super-coalgebras, some of which will be translated into the language of
formal super-objects in the Appendix.

1.2. Main results. Throughout in this paper we work over a fixed base
field k whose characteristic chark is not 2. The unadorned ® denotes the
tensor product over k. Except at the beginning part of the following Sec-
tion 2 we always assume super-coalgebras and Hopf superalgebras to be

super-cocommutative. Compare this situation with that in [12], where the
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authors discussed super-commutative Hopf superalgebras in order to inves-
tigate affine algebraic supergroups; some arguments of the present paper are
in fact dual to those of the cited article.

Let & = Sp*(J) be a formal superscheme; the notation means that it
corresponds to a super-coalgebra J. It is known that J includes the largest
ordinary subcoalgebra, say, J. The formal scheme &., naturally associ-
ated to & is the one corresponding to J, or in notation, B., = Sp*(J).
Suppose that & is a formal supergroup, which means that J is a Hopf su-
peralgebra. Then J is a Hopf subalgebra of J. Let $ = Sp*(K) be a formal
sub-supergroup of &, or equivalently, let K be a Hopf sub-superalgebra of
J. The associated formal group $e, = Sp*(K) is then a formal subgroup
of B¢y, or equivalently, K is a Hopf subalgebra of J. The quotient formal
superscheme & /) corresponds to the quotient super-coalgebra

J/K :=J/IK*

of J by the super-coideal JKT which is generated, as a left super-ideal, by
the augmentation super-ideal K+ of K; or in notation,

& /9 = Sp*(J/K).

The associated formal scheme (&/5))ey is proved to be naturally isomorphic
t0 Boy/Nev (see Corollary 7)), whence we have

(&/9)ev = Sp"(J// K).

Let V3 = P(J); denote the vector space consisting of all odd primitive
elements of J, which is in fact a left J-module under the adjoint J-action.
Similarly we have the left K-module Vx = P(K); consisting of all odd
primitive elements of K, which is seen to be a K-submodule of Vj, so that

we have the quotient K-module Q := Vj/Vk of Vj by Vk. A main result of
ours (Theorem 6] (1)) states that there is an isomprphism

(1.1) J ok ANQ) ~J/K
of super-coalgebras, which turns into
(1.2) JJK @ AQ) ~J/JK,

in many special cases including the case where J is pointed; see Proposition
[44]l Notice that the exterior algebra A(Q) is naturally a Hopf superalgebra
in which every element of Q is odd primitive, and it is regarded naturally as
a left K-module super-coalgebra for (LIl), and simply as a super-coalgebra
for (I2)).

A description of J//K which looks similar to (L2)) is given by [9, Propo-
sition 3.14 (1)] under the assumption that J is irreducible, or namely, the
coradical of J is k1. But, our method of the proof is more conceptual, which
uses the notion of co-free super-coalgebras (see Definition B4l for precise defi-
nition) and proves on the course that J®x A(Q) and J/)/KQ@A(Q) are co-free;
see Proposition L3l and Example 3.8 Furthermore, we obtain from (LI]) the
smoothness criteria (Theorem E8): (1) J/K is smooth if and only if so is
JJ/K, (2) The equivalent conditions are necessarily satisfied if chark = 0.

Throughout we will use Hopf-algebraic techniques; in particular, a key
step to prove (L)) is to show a Maschke-type result such as found in [3]; see
Lemma [l The techniques are so useful that we will work mostly in the
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Hopf-algebra language, not in the group-theoretical one. They also make
it easier to investigate the associated graded object. Indeed, we obtain a
description of the graded coalgebra gr(J//K) associated to J/K; see Theorem
10 (2).

1.3. Organization of the paper. Section 2 is devoted to preliminaries,
which contain basic definitions and results on supersymmetry and Hopf su-
peralgebras. Section 3 discusses co-free super-coalgebras. Section 4 presents
main results and their proofs. Appendix discusses formal superschemes and
supergroups from scratch, and translates some of the results obtained in the
text into the language of those formal super-objects.

2. PRELIMINARIES

2.1. Supersymmetry. A super-vector space is a vector space V = V@ V;
(over k) graded by the order-2 group Zy = {0,1}. It is said to be purely
even (resp., purely odd) if V.=V (resp., V. = V7). The super-vector spaces
V,W,... form a monoidal category,

SMod;. = (SMOd]k, X, ﬂ(),

with respect to the natural tensor product ® over k, and the unit object k
which is supposed to be purely even. This monoidal category is symmetric
with respect to the supersymmetry

(2.1) cV7W:V®Wi>W®V, v®wn—>(—1)‘”“w|w®v,

where v € V and w € W are homogeneous elements with the parities (or
degrees) |v|, |w|, respectively.

Objects, such as (co)algebra, Hopf algebra or Lie algebra, constructed in
SMody are called so as super-(co)algebra, Hopf superalgebra or Lie super-
algebra, with “super” thus attached. Ordinary objects, such as ordinary
(co)algebra, ..., are regarded as purely even super-objects.

If char k = 3, a Lie superalgebra g is required to satisfy

[/U’ [/U’UH = 0’ V€ g1,

in addition to the alternativity and the Jacobi identity formulated in the
super context.

Useful references for algebra and geometry in the supersymmetric context
include Carmeli et al. [I] and Manin [6].

2.2. Super-coalgebras and Hopf superalgebras. In what follows super-
coalgebras are assumed to be super-cocommutative. Accordingly, Hopf su-
peralgebras are so, as well.

For a super-coalgebra J, the structure is denoted by Ay :J = J® J, ey :
J — k, or simply by A,e. The coproduct A is presented so as

A(a) = a(y) & aeg), a€ J

by this variant of the Heynemann-Sweedler notation. The super-cocommutativity
assumption is presented by A = ¢jyo A. In case J is a Hopf superalgebra,
the antipode is denoted by Sy or S.
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A graded coalgebra is a non-negatively graded coalgebta J = D,,~¢ J (n)
which, regarded as a super-coalgebra J = Jy@® J1 with respect to the parity

&b Jn), i=0,
Ji=0"® gm), i=1

n odd
is super-cocommutative. A graded Hopf superalgebra is a graded super-

coalgebra, equipped with a graded-algebra structure, which is a Hopf super-
algebra with respect to the parity as above.

2.3. The exterior algebra. Let V be a purely odd super-vector space.
The exterior algebra A(V) = @,,~, A"(V) on V is a graded algebra, and is

in fact a graded Hopf superalgebra in which every element v € V (= AY(V))
is primitive, A(v) = 1 ® v + v ® 1; this is super-commutative as well as
super-cocommutative.

In what follows, A(V) will be often regarded only as a graded coalgebra
or a super-coalgebra. To give an alternative description of that structure,
first notice that given an integer n > 1, the symmetric group &,, of degree
n acts on the n-fold tensor product VO™ of V, so that the ith fundamental
transposition (i,7 4+ 1) acts as

idS ) @ ey y @idS D),
where 1 <7 < n. We suppose that &,, acts on the right, so that the action
is given explicitly by
(V1 ®V2® -+ @) =8gN(0) Vg(1) ® Vg(2) @ @ Vg ()
where 0 € G, and v; € V, 1 <i < n. Let
(2.2) A™(V) = (VO™)Sn
denote the subspace of V®" consisting of all &,,-invariants. The symmetrizer
(23)  sym, : AM(V) S ANV), oA Avg e Y (1@ @)
occBy,

gives a linear isomorphism; this is to be called the anti-symmetrizer ordi-
narily in the non-super situation. Let A%(V) 1=k (= A°(V)), A}(V) :=V (=
AL(V)), and set
A(V) = A(Vv).
n>0
For n >0 and 0 <7 <n, we let

(2.4) Sin_i s A"(V) = AYV) @ A" (V)

denote the injection restricted from the canonical linear isomorphism V& =
V&i@V®(—i)  The graded-coalgebra structure of A(V) is transferred through
sym,, to A(V) as follows: the coproduct is transferred to A : A(V) —
A(V) ® A(V) defined by

Aa) = Z dim—i(a), aecA"(V), n>0,

0<i<n
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while the counit is to the projection A(V) — A%(V) = k. Here, as for A one
should notice the formula

sym,, (v1 A+ Avp) =

> " sgn(o) sym; (vp(y A Av(y) @ SYmy, (Up(isn) A A Ua()),

where o runs over the (i,n — i)-shuffles, i.e., the permutations such that
o(l)<---<o(i)and o(i + 1) < --- < o(n). We can thus identify so as
(2.5) A(V) = A(V)

as graded coalgebras.

2.4. The associated graded coalgebra. Let J be a super-coalgebra. The
pullback
(2.6) J = A" (Jo ® Jo)

of Jo®Jo (C J®1J) along the coproduct is the largest purely even sub-super-
coalgebra of J; see [9, Sect. 3]. Let F_1J = 0, FyJ = J. For every integer
n >0, let

F,J = Ker(J 22 J907D o (3/7)9(+D)
be the kernel of the composite of the n-iterated coproduct of J with the

natural projection onto (J/.J)®+1). Then J is filtered (see [I5}, Sect. 11.1]),
or more precisely, we have an ascending chain

J:FOJCquHCFQJC"'
of sub-super-coalgebras of J, such that
n>0 0<i<n
The associated graded coalgebra
grl] = @FnJ/Fn,h]]
n>0

is indeed super-cocommutative.

Suppose that J is a Hopf superalgebra. Then J is a purely even Hopf
superalgebra of J, and we have (F,J)(FnJ) C Fyymd, n,m > 0. Moreover,
grJ turns into a graded Hopf superalgebra. The super-vector space

(2.7) PJ)={vellAw)=10v+v®1}

consisting of all primitive elements in J form a Lie superalgebra with respect
to the super-commutator [v,w] = vw — (=1)/"*lwy, where v and w are
homogeneous elements of P(J). Define

(2.8) Vy =P,

the odd component of the Lie superalgebra. This is stable under the right
(resp., left) adjoint J-action

(2.9) v<aa:= S(any)vap) (resp., atv:= amvS(aw))),

where a € J and v € Vj, whence it turns into a right (resp., left) purely odd

J-supermodule. Notice that J is a J-ring, by which we mean an algebra
equipped with an algebra map from J. With an arbitrarily chosen, totally
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ordered basis X = (x))xep of Vg, J is, as a J-ring, generated by X, and
defined by the relations

(2.10) raa = any(Tr<dam)), AT, = =TT+ (TN, 7],
where a € J and A > p in A. Moreover, the linear map

(2.11) ox : J NNV — T

defined by ¢x(a® 1) = a and

dx(a® (xx, A= ANxy,)) =axy - - Tx,,

where n > 0 and Ay < --- < A, in A, is a left J-linear isomorphism of
super-coalgebras; see [0 Theorem 3.6]. In particular, J ® Vj is naturally
included in J,

(2.12) JoVycl.

Remark 2.1. Theorem 10 of [I0] proves a category equivalence between
(super-cocommutative) Hopf superalgebras and dual Harish-Chandra pairs.
We can make ¢ x into a natural isomorphism of Hopf superalgebras, giving to
J®A(Vy) some additional structures that are obtained from the dual Harish-
Chandra pair corresponding to J. But, such a more precise description of J
will not be needed in the sequel.

Keep the notation as above. The category
SMod; = (SMOdJ, X, k)

of right J-supermodules is a monoidal category, which is symmetric with
respect to the supersymmetry (2.1)) due to the cocommutativity of J. The
Hopf superalgebra A(Vj) is in fact a Hopf algebra in SMod; with respect
to the J-action arising from the right adjoint action. The associated smash
product J x A(Vy) is identified with grJ, since the second relation of ([210)
is reduced in grJ to the super-commutativity z z, = —x,x). To be more
precise, V7 is naturally isomorphic to P(gr J);, and the isomorphism together
with the inclusion J = (grJ)(0) < grJ uniquely extend to a canonical
isomorphism

(2.13) Jx A(Vy) — gr]
of graded Hopf superalgebras, which in fact coincides with gr(¢x).

2.5. Quick review of structure of Hopf superalgebras. Let J be a
super-coalgebra. Every simple subcoalgebra of the J, which is regarded as
an ordinary coalgebra, is purely even. The coradical CoradlJ of J is by
definition the (necessarily, direct) sum of all simple subcoalgebras; it is seen
to be included in the J in (2.0]).

Suppose that J is a Hopf superalgebra. We say that J is irreducible if
k1 is a unique simple subcoalgebra, or namely, k1 = CoradJ. It is known
that J includes the largest irreducible Hopf sub-superalgebra denoted by J!.
If chark = 0, J' coincides with the universal envelope U(P(J)) of the Lie
superalgebra P(J) in (Z7). We say that J is pointed if the simple subcoal-
gebras of J are all 1-dimensional; this is the case if k is algebraically closed.
Suppose that J is pointed. Then the group

GJ)={gel|Alg) =g®g, e(g) =1}
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of the grouplike elements, which all are necessarily even for J being over a
field, spans CoradJ. Moreover, J! is stable under the conjugation by G(J)

adg=glag, a€cl', geG(),
and the resulting smash product kG(J) x J! is naturally identified with J.

3. CO-FREE SUPER-COALGEBRAS

Let C be a super-coalgebra; we remark this symbol shall not express the
complex field, which does not appear in this paper. Let V' be a super-vector
space. Due to the super-cocommutativity of C, every left C-super-comodule
structure (or left C-coaction) A : V.— C® V on V can be identified with
a right C-super-comodule structure (or right C-coaction) p : V. — V & C
through

(3.1) A=cycop or ccyoA=p,
and vice versa. Notice that (V) A, p) is then a (C,C)-bi-super-comodule in
the sense

(idc ®p) o A = (A@idc) o p.
Therefore, given a C-super-comodule, we may regard it as any of left, right
and bi-super-comodules, and do not specify which unless it is needed.

Given C-super-comodules V' and W, the cotensor product V UcW is de-
fined by the equalizer diagram

pv Ridw

VOcW —=VaoW VeCeoWw,

idy @Aw
where py (resp., Ay) denotes the right (resp., left) C-coaction on V' (resp.,
W). The left C-coaction on V and the right C-coaction on W give rise to
the same (in the super sense as given by ([B.I)) coaction onto V OcW, with
which we regard V UcW as a C-super-comodule.
We let SMod® denote the category of C-super-comodules; we thus take
“right” for this notation. It is easy to see the following.

Lemma 3.1. SMod® forms a monoidal category,
(SMod®, Og, C)

whose tensor product is given by the cotensor product Uc, and whose unit
object is C. This is in fact symmetric with respect to the supersymmetry

cvwly gy 2V OcW — WOV
restricted to the cotensor products.

Definition 3.2. A super-coalgebra over C or C-super-coalgebra is a pair
(D,w) of a super-coalgebra D and a super-coalgebra map w : D — C.

Giving a C-super-coalgebra is the same as giving a coalgebra in (SI\/IodC, Oc, ©).
To be more precise we have the following.

Lemma 3.3. If (D,w) is a C-super-coalgebra, then D, regarded as a C-
super-comodule with respect to (idp @ w) o Ap : D — D ® C, is a coalgebra
in (SMod®, O, C) whose coproduct is Ap : D — D ® D, regarded to be
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mapping into DUcD, and whose counit is w : D — C. FEvery coalgebra in
the category arises uniquely in this way.

Proof. Given a coalgebra D in the category, its coproduct D — D O¢cD —
D®D composed with the embedding into D®D, and its counit D — C Sk
composed with the counit of C make D into a super-coalgebra. This super-
coalgebra, paired with the counit D — C in the category, is made into a
C-super-coalgebra. This construction is seen to be an inverse procedure of
the construction given in the lemma. O

Let C be a (cocommutative) coalgebra, and let V be a purely odd C-
super-comodule. We emphasize that C' is supposed to be purely even, and
V purely odd.

Definition 3.4. A C-super-coalgebra on V is a pair (D, 7) of a C-super-
coalgebra D and a C-super-colinear map 7 : D — V. The C-super-coalgebras
on V form a category, whose morphisms are C-colinear super-coalgebra maps
compatible with the maps to V. A C-super-coalgebra (D, 7) on V is said
to be co-free if it is a terminal object of the category, or more explicitly,
if given a C-super-coalgebra (E,w) on V, there exists a unique morphism
(E,w) — (D, ) of C-super-coalgebras on V.

Proposition 3.5. There exists uniquely (up to isomorphism) a co-free C'-
super-coalgebra on V.

Proof. The uniqueness is obvious. Let us construct explicitly a desired
(D, ), which is in fact graded, D = @p,~,D(n), as a coalgebra. We write
simply [J for O¢o. Let -

D(0) :=C, D(1):=V.
Let n > 1. Notice that the cotensor product
vir=vQo...0v
of n copies of V is stable under the &,,-action. Define
D(n) := (VIS (= VI N A™(V))

to be the C-sub-comodule consisting of all &,-invariants in V", which
equals V"N A (V) in VO, We let V0 = C (= D(0)), VP! =V (= D(1)).

Let n > 0 and 0 < ¢ < n. We see that the canonical C-super-colinear
isomorphisms V" = vUi O vHe—) restrict to

D(n) — D) O D(n — i),
which we denote by A,;,,_;; cf. (Z4]) in the case where 0 < ¢ < n. Define a
C-super-colinear map A : D — D O D by
Ala) = Z Ajp—i(a), ae€D(n), n>0.
0<i<n

Let ¢ : D — D(0) = C be the projection. Then we see that (D, A,¢) is
a (graded) C-super-coalgebra; cf. the graded-coalgebra structure of A(V)
given in Section
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We wish to prove that this D, paired with the projection 7 : D — D(1) =
V, is co-free. Given a C-super-coalgebra (E,w) on V, let us construct C-
super-colinear maps f, : E — D(n), n > 0. Let

foE—)D(O):C, flE%D(l):V

be the super-coalgebra map equipped to E, and be w, respectively. For
n > 1, define f,, : E — D(n) to be the composite

(3.2) E (B8t pOn @, \/On

where (Ag),—1 denote the (n — 1)-iterated coproduct Ag of E. This com-
posite indeed maps into D(n) (= (VE")%7), since E is super-cocommutative.
Since the coradical Corad E of E is purely even, and is, therefore, killed by
w, it follows that for every a € E, we have f,,(a) = 0 for sufficiently large n.
Thus we can define f : E — D by

fla) = an(a), ac€kE.

n>0

One sees that this f is a unique morphism E — I of C-super-coalgebras
on V. Indeed, it is easy to see that f is compatible with the counits. Let
n > 1. To see that f is compatible with the coproducts, one should use the
formula

Ajp—io fn=(fiOfn-i) o Ag,
where 0 < ¢ < n. For the uniqueness one should use the fact that the

composite
Ay On
D —= DM I vEr = D(n)
coincides with the projection D — D(n). O

We denote the thus constructed, co-free C-super-coalgebra on V by

coF¢ (V).
We emphasize that this is graded so that
(3.3) coFY(V)(0) = C, coFY(V)(1) =V

and the associated map to V is the projection onto the first component. In
addition, the largest purely even sub-super-coalgebra of COFC(V) is C, as is
seen from (Z.6]) and the construction above.

Example 3.6. Let us be in the special case where C is the trivial coalgebra
k spanned by a grouplike element, and V is, therefore, a purely odd super-
vector space. Then we have

(3.4) coF¥(V) = A(V) (= A(V); see(@H)).

Remark 3.7. This fact (3.4)) is essentially shown in the second half of the
proof of [5, Propsition 3.11] by the authors joint with Hoshi, which, however,
contains an error; the composite given on Page 41, line -9, should read

Anfl ®n
C cer I— upr

which indeed maps into A™(Uq)(= A™(Uy)); cf. (B2)).

)
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Example 3.8. Suppose that C is an arbitrary (cocommutative) coalgebra,
and V is co-free, or namely, V = C®W, where W is a purely odd super-vector
space. We see from the construction in the last proof that

(3.5) coFC(C @ W) = C @ A(W).

Notice that (4] and [BX) are identifications of graded coalgebras, as
well. The relevant following observation is simple, but will be used in the
next section.

Remark 3.9. In general, given a graded coalgebra D = @, -,D(n), the
neutral component D(0) is a (cocommutative) coalgebra and the first compo-
nent D(1) is a purely odd D(0)-super-comodule with respect to the relevant
component of the coproduct

Therefore, D, paired with the projection onto the neutral component, is a
D(0)-super-coalgebra, which in turn, paired with the projection onto the
first component, is a ID(0)-super-coalgebra on D(1).

Recall from (B3] that coF(V) is such a graded coalgebra I with the

property
(3.7) D) =C, D(1)=V.

It may be understood, as a C-super-coalgebra on V, to be the one which
arises, as above, from its graded-coalgebra structure with the property (B.7)).
Moreover, it is a terminal object in the category of those graded coalgebras
with that property; morphisms in the category are supposed to be identical
in degrees 0 and 1.

The notion of smooth (cocommutative) coalgebras (see [16, p.1521, lines
5-7], [4, Definition 1.4, Proposition 1.5]) is directly generalized in the super
context as follows.

An inclusion D < [E of super-coalgebras is said to be essential if Corad E C
D; see [11L Sect. 1]. A super-coalgebra D is said to be smooth if every es-
sential inclusion D < E of D into another super-coalgebra I splits. The
condition is equivalent to saying that given an essential inclusion E' — E
of super-coalgebras, every super-coalgebra map E' — D extends to some
super-coalgebra map E — D.

A coalgebra, or a purely even super-coalgebra, is smooth as a coalgebra
(in the sense of [16], [4]) if and only if it is smooth as a super-coalgebra
(in the sense just defined). To see ‘only if’, one should notice that every
super-coalgebra map from a super-coalgebra, say, E to a coalgebra uniquely
factors through the quotient purely even super-coalgebra E/E; (= Eg) of E.

If chark = 0, then every Hopf algebra is smooth, as is well known, and
this fact, combined with the isomorphism given by ¢x in (2Z11]), proves that
every Hopf superalgebra is then smooth; see (the proof of) Theorem 8l (2).

Proposition 3.10. If C is a smooth coalgebra and V is an injective purely
odd C-super-comodule, then coF® (V) is smooth.
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Proof. Write D for COFC(V). We are going to prove that an arbitrarily given
essential inclusion D < [E splits under the assumptions. By the smooth-
ness assumption for C, the projection D — ID(0) = C extends to a super-
coalgebra map E — C, with which we regard E as a C-super-coalgebra. By
the injectivity assumption for V, the projection D — D(1) = V extends to a
C-super-colinear map E — V| which gives rise to a unique C-super-coalgebra
map E — D on V by the co-freeness of . The map must be a retraction of
the inclusion D — E, regarded as a C-super-coalgebra map on V, again by
the co-freeness. O

Remark 3.11. If D is a smooth super-coalgebra, then the largest purely
even sub-super-coalgebra, say, D of D is smooth, as is easily seen using the
fact that every super-coalgebra map from a purely even super-coalgebra to
D maps into D. In particular, if COFC(V) is smooth, then C is; see the
remark preceding Example

4. THE QUOTIENT J//K

Let J be a Hopf superalgebra, and let K be a Hopf sub-superalgebra of
J. Then the left super-ideal JK* of J generated by the augmentation super-
ideal KT = Ker(eg) of K is a super-coideal; see [I7, Proposition 1] or [9,
p.286]. We denote the resulting quotient super-coalgebra of J by

(4.1) JJ/K (= J/IKY).

If K is a normal Hopf sub-superalgebra, or namely, if JKT = K*J (or equiv-
alently, K is stable under the adjoint J-action, see [0, Theorem 3.10 (3)]),
then J//K is a quotient Hopf superalgebra of J, in which case the structure
of J//K is rather clear from the results obtained in [I0, Sect. 3]|. So, in what
follows, main interest of ours will be in the case where K is not normal.

We are going to investigate the structures of this super-coalgebra and of
the associated graded coalgebra gr(J/K); the results will be then applied to
show smoothness criteria for J//K. One will see easily that parallel results
hold for the objects J\K (= J/K*J), gr(J\K) analogously constructed with
the side switched.

Let J and K be the largest purely even Hopf sub-superalgebras of J and
of K (see Section 2.4)), and set

VJ = P(J)l, V]K = P(K)l

as in (28). These are purely odd right (and left) supermodules over J and
over K, respectively; see (29]). For a while we regard these as ordinary
modules, keeping their parity in mind. The natural maps K — J and
Vk — V7 induced from the inclusion K < J are injections, through which
we can regard K as a Hopf subalgebra of J, and Vi as a K-submodule of
Vy.

Define

(4.2) Q:=Vy/Vk.

We let Modg denote the category of right K-modules, which is in fact a
symmetric monoidal category, (Modg,®, K). Since J is a coalgebra in the
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category, we have the category

(4.3) Mod?, (= (Modg)”)

of right J-comodules in Modg. We have the short exact sequence
0—=>Vk—=>V;—=Q—0

in Modg . Tensored with J, this gives rise to the short exact sequence

(4.4) 0=JeVk = JoV;=J@Q—=0

in Mod%, in which K acts diagonally on each tensor product, while J coacts
on the single tensor factor J.

Lemma 4.1. The short exact sequence [E4) in Mod. splits.

Proof. Clearly, the surjection J ® V3 — J ® Q in (&) splits J-colinearly.
Therefore, it splits, as desired, as a morphism in Modf(, as is seen from the
following.
Fact. A surjective morphism p : M — N in Modf( splits if it splits J-
colinearly.

This fact is proved by dualizing the argument proving [3, Theorem 1],
as follows. Since J is projective as a right K-module by [7, Theorem 1.3],
we have a right K-linear map & : J — K such that ¢ = e o & Let
n — n©® @n represent the the J-coaction py : N — N®J on N. By direct
computations we see that the K-action N @ K — N, n ® ¢ — nc splits in
Modf,, having

c:N=N@K, on)=n0SkEn")q)@en?)qy

as a section. To see, for example, that ¢ is J-colinear, we compute the
J-coaction on o(n) so that

pn(o(n)) = D8k (E(n?) ) ® E(nP) 5 @ nWSK(EN®)1))EnP) 4
= nOSk(E(n®) ) ® £(n®) 4y @ WSk (E(n?)2))E (™))
=nO8k(EMP) 1)) ® En®) g @ nM
=o(n9) @ n),

where n(9 @ nM @n(? represents py(n(?) @M (= n® @ A ;(nM)); notice

that the second and the last equalities hold since K and J are cocommuta-

tive. Choose a J-colinear section s : N — M of p. Then the composite
NN K 2% Mo K — M,

where the last arrow indicates the K-action on M, is seen to be a desired
section. 0

By Lemma [£1] we can choose a section v : J® Q — J ® Vj of the natural
surjective morphism J ® Vy — J ® Q in Modﬁ. Notice that it is necessarily
of the form

Y(a®q) = a@q) @ glap) ®q),
wherea € J, ¢ € Q and g = (e;®idq)oy. Recall here that we are discussing
purely odd super-objects.



QUOTIENTS IN SUPER-SYMMETRY 13

In addition, recall from Example 3.8 that J® A(Q) and J ® A(V]) are the
co-free J-super-coalgebras on the purely odd J-super-comodules J ® Q and
J ® Vj, respectively. Then we see that the J-colinear map v between those
J-super-comodules uniquely extends to a graded coalgebra map

F:JANQ) = J @ A(Vy),
such that
3(0) =idy, (1) =~
in degrees 0 and 1, and
i(n)(a & (Q1 JARRRNA Qn)) = a(1) ® (g(a(Q) X Q1) AREENA g(a(n-i-l) X Qn))

in degree n > 2, where a € J and ¢; € Q,1 < i < n. As a super analogue
of [@3) we have the category SMod? of .J-comodules in SMod, which is
indeed a symmetric monoidal category,

(4.5) (SModf., Oy, J),
just as (SMod”, Oy, J) is; see Lemma[3Il Notice that JOA(Q) and JRA(Vy)

are co-free coalgebras in (SMod., [, J) in a generalized sense (defined in
an obvious manner), and 7, arising from the morphism ~ in the category, is
a coalgebra morphism in the category.

Define a morphism in SMod, by

(4.6) T: JRAN) = AV @J, 1Tla®@u)=(ud S(a(l))) ® a(),

where a € J, u € A(Vjy). Here, on the target A(Vy) ® J, K acts and J
coacts on the tensor factor J. We see that 7 is in fact a graded coalgebra
isomorphism with inverse

AV @J = JANV]), u®ar— a) @ (u<1a(2)).

Choosing a totally ordered basis X = (z)xea of Vy, one obtains the opposite-

sided version ¢’y : A(Vy) ® J — J of the ¢x in (ZII]), which is a coalgebra

isomorphism in SMod ;. Define I : J ® A(Q) — J to be the composite
T®AQ) s T @ A(Vy) -5 A(V)) @ T 25 ],

This is a coalgebra morphism in SMod, which sends a®1,(q) to a for every
ae€J.

Proposition 4.2. The right K-linear extension of I'
' (JorQ)eoxkK =T, I'wegz)=T(w)z,

where w € J @ A(Q), z € K, is a coalgebra isomorphism in SModk, which
sends (a ® 15q)) ®k 1k to a for every a € J.

Proof. Clearly, T is a coalgebra morphism in SMody, which sends (a ®
1 /\(Q)) ®K 1x to a for every a € J. To see that it is an isomorphism, we aim

to prove that gr(I'®) is bijective. Notice that

gr(¢y o7) =gr(¢x)oT: J@N(Vy) = grl
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coincides with the canonical isomorphism Jx A(Vy) — grJ in 2I3). Using
the similar isomorphism K x A(Vg) — grK, one sees that gr(I') coincides
with the composite

F®ida (vy) id y®prod

J® A Q) @ A(Vk) J @ A(Vy) @ A(Vk) J @ A(Vy),
where prod : A(Vy) ® A(Vk) — A(Vy) denotes the product in A(Vy).

Regard A(Vk) C A(Vy) as Hopf superalgebras, naturally as in the begin-
ning of Section Clearly, gr(I'%) is a coalgebra morphism in SMod A(Vig)-
Since e®@id vy : J@®A(Vy) = A(V)) is a coalgebra morphism in SMod,v,),
we can regard gr(I'®) as a A(Vj)-coalgebra morphism in SMod (v (in a
sense slightly generalized from Definition B2]), or in other words (see Lemma
B3), as a coalgebra morphism in

\Y
(SMOdQEVHJQ)a |:l/\(V‘]]) ) /\(VJ))’

which is indeed a symmetric monoidal category just as the one in (435l).
Since A(V7)// A(Vk) is naturally isomorphic to A(Q), it follows essentially by
[17, Theorem 1] (see also [9 Proposition 1.1]) that the symmetric monoidal
category above is equivalent to

(SMod" Q. O, q). AQ))
through the functor which assigns to an object M in the former category,
M @) k(= M/M(A(Vk))™),
where one should notice (A(Vk))" = @,,-9 A"(Vk). Therefore, for our aim,
it suffices to prove that
gr(T) @npvi) k= T A(Q) = J @ A(Vy) @) k = T ® A(Q)

is bijective, or is indeed the identity map. One sees that this is a graded
coalgebra endomorphism which is identical clearly in degree 0, and also in
degree 1 by choice of 7. By co-freeness of J ® A(Q) (see Example B.8) it
must be the identity map in view of Remark U

Now, we regard Vg C Vj as left K-modules with respect to the left adjoint
action (see (2.9)), so that Q is a left K-module, and A(Q) is a coalgebra in the
monoidal category gSMod of left K-supermodules. Construct J ®@x A(Q).
This is a graded coalgebra such that

(47) (J@x MQ)(0) = J)K (= J/JKT), (Jox NQ)1) =J ek Q,

whence it is a J// K-super-coalgebra with respect to the projection onto the
neutral component; notice that the associated .J//K-coaction on J ®x Q
(see ([3.4) is the natural one on the tensor factor J. Moreover, we have the
following.

Proposition 4.3. J @k A(Q) is co-free on J @k Q.
This proposition and the following will be proved below together.

Proposition 4.4. Assume one of the following (i)—(iv):
(i) J is pointed (this is satisfied if k is algebraically closed);
(ii) K is finite-dimensional;
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(iii) Vg is stable in Vy under the J-action (this is satisfied if K is normal
inJ);

(iv) (a) K is smooth as a coalgebra (this is satisfied if chark = 0), and
(b) K includes the coradical Corad J of J.

Then there is a JJ| K -colinear isomorphism J @k Q ~ J//K ®@ Q. It extends
to an isomorphism of graded coalgebras

(4.8) J o AQ) ~ JJJK & NQ)

which is the identity map of J//K in degree 0, and is the previous isomor-
phism in degree 1.

Proof of Propositions [{.3 and[{.7} By (@1)) we have a canonical morphism
(4.9) J @ NQ) = coF /5 (J 9k Q)

of graded coalgebras, which is identical in degrees 0 and 1. We wish to show
that this is an isomorphism, which will prove Proposition Replacing
everything with its base extension to the algebraic closure k of k, we may
suppose that k is algebraically closed. Then J is pointed, whence we have

a J//K-colinear and right K-linear isomorphism
(4.10) J~JK ®K

by [7, Theorem 1.3 (4)]. With ® xQ and ®x A(Q) applied, this induces a
J /| K-colinear isomorphism J ®x Q ~ J//K ® Q and an isomorphism such
as ([A8). The morphism (49]) is then identified, through the isomorphisms
just obtained, with a graded coalgebra map

JJK & AQ) — coF"E(J /K ® Q)

which is identical in degrees 0 and 1. By co-freeness of J//K @ A(Q) (see
Example B.8) this must be an isomorphism in view of Remark

Let us turn to Proposition 4.4l The argument above proves it in Cases (i)
and (ii), since we then have an isomorphism such as (£I0) by [7, Theorem
1.3 (4)], again. In Case (iv), as well, we have such an isomorphism. To see
this, assume (iv). By modifying the proof of [8, Theorem 4.1, Lemma 4.2]
into the cocommutative situation, we see that the inclusion K < J has a
right K-linear coalgebra retraction, say, r : J — K, and

J—)J//K@K, ar—>6(1)®r(a(2))

gives a desired isomorphism. Here and below we let a — @ present the
natural projection J — J// K.
Finally, assume (iii). Then Q is naturally a left J-module. We see that

(4.11) JOk Q= JJK®Q, a®kq— aq) ® (a@) >q)

is a .J// K-colinear isomorphism, which indeed has a®q — a1y @k (S(a())>q)
as an inverse; see [I7, p.456, line 6] or [8, Eq. (4)]. An obvious modification
with Q replaced by A(Q) gives an isomorphism such as (£8)). Alternatively,
the isomorphism follows from (4I1]), in virtue of the co-freeness shown by
Proposition and Example O

Remark 4.5. It is known that there exist (cocommutative) Hopf algebras
J D K over a non-algebraically closed field, for which there does not exist
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any isomorphism such as ([LI0), or J is not even free as a left or right
K-module; see [I7), Sect. 5], for example.

Theorem 4.6. We have the following.

(1) There is an isomorphism
J®r ANQ) — J//K
of super-coalgebras, which, restricted to
JJK (= J2r A(Q) and Jox Q(=Jox A(Q)),

1s natural in the sense that it is induced from the natural projection
J — JJ/K restricted to

J and J®@Vj (see [212)).
(2) grK is naturally regarded as a graded Hopf sub-superalgebra of grJ.

The natural projection grJ — gr(J//K) induces an isomorphism
(4.12) grl// gr K = gr(J//K)
of graded coalgebras. These graded coalgebras are naturally isomor-
phic to the co-free J /| K -super-coalgebra J @i A(Q) on J @k Q; see
Proposition [{.3
Proof. (1) Recall from Proposition @2 the isomorphism I' : (J ® A(Q)) ®x
K — J, which has the property, among others, that it sends (a® 1 ANQ)) OK
1k to a for every a € J. With ®xK/K" applied, it induces a desired

isomorphism. To verify the prescribed naturality, one uses the property
above and the fact that the composite

JaVy 1Y, vy g g Product, 1

of the first component 7(1) of the 7 (see ([&6])) with the product in J coincides
with the product map J ® Vy — J, a ® v — av.

(2) We have the following commutative diagram in which the bottom
horizontal arrow indicates the isomorphism just obtained,

(JeAQ) ok K —>F:]K J

®KK/K+l lprojection

J ok NQ) ——— J//K.
This, with gr applied, induces

(J@®AQ)) @k grK — = s grl]

®ngng/(ng)+l :L

J ok ANQ) ———— gr(J//K).

Here one should notice

gr((J @ AQ)) @k K) = (J @ AQ)) @K grK,
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using an isomorphism (gr K =) K®A(Vg) — K analogous to (ZIT). We see
from the horizontal isomorphism at the top, which sends (1;®1 A(Q))® Klgrk
to lg 3, that grK is a graded Hopf sub-superalgebra of grlJ; see also [9]
Remark 3.8]. Moreover, the projection indicated by the vertical arrow on
the RHS induces the isomorphism (4.I2]). The horizontal isomorphism at
the bottom proves the last statement. ]

There is given in [9, Proposition 3.14 (1)] a description of J//K that looks
similar to the one obtained in Theorem (1) above. But the cited result
assumes that J is irreducible, and indeed, the down-to-earth proof given
there is not valid in the present general case. The description of ours gives a
simpler and more natural proof of the following result reproduced from [9].

Corollary 4.7 ([9, Theorem 3.13 (2), (3)]). We have the following.

(1) J//K is naturally isomorphic to the largest purely even sub-super-
coalgebra of J//K.
(2) Q is naturally isomorphic to the purely odd super-vector space

PIJK)={z€ K| Apyx(z) =T®z+20T}
of odd primitive elements of J//K, where 1 = 13mod(JK™).

Proof. (1) Notice from Proposition and the remark preceding Example
BIthat J/K (= J@x A°(Q)) is the largest purely even sub-super-coalgebra
of J®k A(Q). Then the desired result follows from the isomorphism proved
by Theorem 4.5 (1) and its partial naturality on J// K.

(2) Notice that taking P( ) is compatible with base extension. Then by
using the isomorphism (48]) after base extension to the algebraic closure of
k, we see

P(J@x NQ) = K @k Q(=Q).

The desired result follows from the isomorphism proved by Theorem 4.5 (1)
and its partial naturality on J ®x Q (= J @k AYH(Q)). O

As another advantage (from [9]) of our more conceptual treatment that
uses the notion of co-free super-coalgebras, we have the following smoothness
criteria for J//K.

Theorem 4.8. We have the following.

(1) JJ/K is smooth if and only if so is JJ/ K.
(2) JJ/K is smooth if chark = 0.

Proof. (1) By Theorem we may suppose J//K = coF//E(J @k Q). We
claim that the J// K-comodule J®  Q is injective, or equivalently, co-flat; see
[16] Proposition A.2.1]. Indeed, the co-flatness (that is, the right exactness of
the associated co-tensor product functor) follows, since the comodule turns
into the co-free comodule J//K ® Q after base extension to the algebraic
closure of k; see the proof of Proposition 31 The claim, combined with
Proposition B0 and Remark BTl proves the desired result.

(2) By Part 1 it suffices to prove that the coalgebra J//K is smooth in
case chark = 0. In view of [4l Proposition 1.5] we may suppose by base
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extension such as above that k is algebraically closed, in which case J and
K are smash products (see Section 2.1

J:]kGJlXUJ, K:]kGKIXUK,
where we have set
GL=G(L), Gxg=G(K), U;=U(P(L)), Ug=U(PK)).
We see
J|K ~k(G/Gk) @ UL//Uk

as coalgebras. It remains to prove that k(G /Gk) and Up /Ui are both
smooth coalgebras. First, k(G /Gk), being spanned by the grouplike ele-
ments of all right cosets of G, by Gk, is a smooth coalgebra. So is U, //Uk,

since it is a a pointed irreducible coalgebra of Birchkoff-Witt type, or more
explicitly, it is isomorphic to the tensor product

U L // U K =~ ® C by
AEA
of coalgebras C'y, each of which is spanned by the divided power sequence

of infinite length
15, 134 1
1,27)\,§$>\, ix)\a Ty Eng,

in Ur, where (z))xea are arbitrarily chosen elements of P(L) such that they
modulo P(K) form a k-basis of P(L)/P(K). O

APPENDIX A. ON FORMAL SUPERSCHEMES

Let us translate some of the results obtained in the text into the language
of formal superschemes. The authors do not know any literature which
discusses in detail theory of formal schemes over a field such as developed
by [16], in the generalized super context. But, at least basic definitions and
results found in part of [16] are directly generalized as will be seen below.
We continue to suppose chark # 2 and that super-coalgebras and Hopf
superalgebras are super-cocommutative.

A set-valued (resp., group-valued) functor defined on the category SAlg,
of super-commutative superalgebras is called a super k-functor (resp., super
k-group); see [I3 Sect. 3], for example.

Let C be a super-coalgebra (over k). Given an object R € SAlg,, R ® C
is a super-coalgebra over R. Let

Gr(R®C)={ge (R®C) | Alg) =9g®ry, e(g) =1r}

denote the set of all even grouplike elements of R @ C. This is naturally
a group if C is a Hopf superalgebra. One sees that R — Gr(R ® C) gives
rise to a functor, Sp*(C), which is called the formal superscheme or formal
supergroup corresponding to C. The formal superscheme Sp*(C) is said to
be smooth if C is a smooth super-coalgebra. Every formal supergroup is
smooth if chark = 0. See the paragraphs following Remark

The assignment C — Sp*(C) gives rise to a category equivalence from
the category of super-coalgebras (resp., Hopf superalgebras) to that full
subcategory of the category of super k-functors (resp., super k-groups) which
consists of all formal superschemes (resp., formal supergroups). The source
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category has (possibly, infinite) direct products given by the tensor product
®, and the target full subcategory is closed under the direct product. By this
fact on the category of super-coalgebras (resp., formal superschemes) one can
define group objects in the respective categories, which are precisely Hopf
superalgebras (resp., formal supergroups); see [2, Appendix B], for example.

We remark that the category of formal superschemes consists precisely of
those super k-functors X such that X is isomorphic to the inductive limit
associated to some filtered inductive system (X, u,,) of finite affine super-
schemes, where each X, is thus represented by a finite-dimensional super-
commutative superalgebra, say, Ay, and the morphism uy, : Xy — X, for
A < u is supposed to be a closed immersion, or namely, to arise from a
surjective superalgebra map A, — A,. It follows that the category is in-
cluded in the category of sheaves in the fppf topology (faisceaux). Also, a
monomorphism Sp*(C) — Sp*(D) of formal superschemes uniquely arises
from an injective super-coalgebra map C — . Therefore, we may and we
do call Sp*(C) as a formal sub-superscheme (resp., formal sub-supergroup)
of Sp*(D) if C is a sub-super-coalgebra (resp., Hopf sub-superalgebra) of a
super-coalgebra (resp., Hopf superalgebra) D.

Given a super k-functor X, we have a super k-functor, X, defined by

Xev(R) := X(Ry), R €SAlg,.

If X is a formal superscheme or a formal supergroup, so is Xe,. For if X =
Sp*(C), then X, = Sp*(C), where C is the largest purely even sub-super-
coalgebra of C; see (2.0). In this case, X¢, can be regarded as an ordinary
formal scheme or group. In general, every (ordinary) formal scheme, say,
Sp*(D) is regarded as a formal superscheme, with D regarded as a (purely
even) super-coalgebra. It is smooth at the same time as a formal scheme
and as a formal superscheme.

Let & = Sp*(J) be a formal supergroup corresponding to a Hopf superal-
gebra J. As in ([Z8), let Vy = P(J); be the purely odd super-vector space of
odd primitive elements of J. One sees that &, is a formal sub-supergroup
of . The following results from the isomorphism ¢x in (ZI]).

Proposition A.1. We have a Gy -equivariant isomorphism
Gey X SP*(A(V))) ~ &
of formal superschemes.

A group-equivariant object in the category of super-coalgebras is a coalge-
bra in the monoidal category ;SMod (or SMody) of left (or right, according
to the side on which J acts) supermodules. On the other hand, such an
object in the category of formal superschemes is called a left or right formal
&-superscheme. Obviously, those objects in the respective categories are in
a category equivalence. In Proposition [A.T] above, & is regarded as a left
formal &, -superscheme by multiplication.

Retain & = Sp*(J) as above, and let $ = Sp*(K) be a formal sub-
supergroup of &; thus, K is a Hopf sub-superalgebra of J. Then for every
R € SAlgy, H(R) is a subgroup of &(R). It holds that $ is normal, that is,
for every R, $(R) is a normal subgroup of &(R), if and only if K is a normal
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Hopf sub-superalgebra of J. Define
&/% = Sp"(J//K),

where J/K is as in ([@.J); this is a formal supergroup in case §) is normal.
Then we have the co-equalizer diagram

GXxHZG-G/H

in the category of formal superschemes (formal supergroups, in case §) is
normal), where the paired arrows indicate the multiplication and the pro-
jection. Main interest of ours is in the case where §) is not normal in &.

In case & and hence $) are formal groups, the formal superscheme arising
from the quotient formal scheme & /$) coincides with the quotient formal su-
perscheme which one constructs, regarding & and $) as formal supergroups.

Theorem A.2. We have the following.

(1) The morphism Gey — (B/9)ey arising from the quotient & — &/
induces an isomorphism

QSev/f)ev i> (®/ﬁ)ev

of formal schemes.
(2) &/9 is smooth if and only if so is Gey/Nevy -
(3) &/$ is smooth if chark = 0.

Part 1 above is a restatement of Corollary 7] (1), while the rest is that
of Theorem [£.8

Recall Vi = P(J);. Let Vkx = P(K)i, and define Q := Vj/Vk, as in
(£2). The isomorphisms obtained in Proposition and Theorem (1)
are translated as follows.

Theorem A.3. There is an $-equivariant isomorphism

(A1) (Bey X SP*(AQ))) xDev g~ B
of formal superschemes, which induces an isomorphism
(A.2) Gev X7 Sp*(A(Q)) =~ &/9)

of formal superschemes.

In accordance with the fact (see Section []) that A(Q) is a coalgebra in
SModg and in xSMod, we have regarded Sp*(A(Q)) as a right (for (AI])
and left (for (A.2])) formal Hey-superschme, where e, = Sp*(K).

The product x%¢v above is defined in general, as follows. Given a formal
supergroup § = Sp*(F), a right formal §-superscheme X = Sp*(X) and a
left formal F-superscheme ) = Sp*(Y), we define X x¥9) by

X x5 :=Sp*(X®F Y).
This superscheme is characterized by the co-equalizer diagram
EXFXYIEXY = XX5Y

in the category of formal superschemes, where the paired arrows indicate
the right F-action on X and the left F-action on ). In addition, for (A.T]),
notice that X x¥ %) is naturally a right formal 2)-superscheme, in case 2) is
a formal supergroup including § as a formal sub-supergroup.
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Remark A.4. As analogues to Theorem [A.3] above, Proposition 4.8 and
Corollary 4.10 (see also Remark 4.13) of [12] prove results on affine alge-
braic supergroups, for which the situation is more complicated, so that the
analogous isomorphisms hold only locally.
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