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We continue our work [I0] on the following Lotka-Volterra type competition model with nonlocal

LONG-TIME DYNAMICS OF A COMPETITION MODEL WITH
NONLOCAL DIFFUSION AND FREE BOUNDARIES:
CHANCES OF SUCCESSFUL INVASION

YIHONG DU, WENJIE NI AND LINFEI SHI*

ABSTRACT. This is a continuation of our work [I0] to investigate the long-time dynamics of a two
species competition model of Lotka-Volterra type with nonlocal diffusions, where the territory (rep-
resented by the real line R) of a native species with density v(¢, ), is invaded by a competitor with
density u(t, ), via two fronts, x = g(¢) on the left and x = h(t) on the right. So the population range
of u is the evolving interval [g(t), h(t)] and the reaction-diffusion equation for u has two free bound-
aries, with g(¢) decreasing in ¢ and h(t) increasing in t. Let hoo := h(o0) < 00 and gee := g(0c0) > —o0.
In [I0], we obtained detailed descriptions of the long-time dynamics of the model according to whether
hoo — goo 18 00 or finite. In the latter case, we demonstrated in what sense the invader u vanishes in
the long run and v survives the invasion, while in the former case, we obtained a rather satisfactory
description of the long-time asymptotic limits of u(¢, z) and v(¢, ) when the parameter k in the model
is less than 1. In the current paper, we obtain sharp criteria to distinguish the case hoo — goo = 0
from the case hoo — go is finite. Moreover, for the case kK > 1 and u is a weak competitor, we obtain
biologically meaningful conditions that guarantee the vanishing of the invader u, and reveal chances
for u to invade successfully. In particular, we demonstrate that both heo = 00 = —goo and hee = ©
but goo is finite are possible; the latter seems to be the first example for this kind of population
models, with either local or nonlocal diffusion.
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1. INTRODUCTION

diffusion and free boundaries

(1.1)

( h(t)
= dl/ Ji(x —y)u(t,y)dy — diu+u(l —u—kv), t>0, g(t) <z < h(t),
9(t)

v = dg/ Jo(z — y)v(t,y)dy — dov + yv(1 — v — hu), t>0, x€R,
R
u(t,z) =0, t>0, z & (g(t),h(t)),
h(t 00
B (t) = ,u/ Jl(x —y)u(t, z)dydz, t>0,
h(t

®) g(t
:—,u/g(t / (x — y)u(t, z)dydzx, t>0,
h(0) = —g(0) = hp > 0, u(0,z) = up(z), v(0,z) =wvo(x), x€R,

\

where dy,ds, h, k,~, 1u are given positive constants, and the initial functions satisfy

(1.2)

ug € C(R), up(x) =0 for |x| > hg, up(x) > 0 for |z| < hy,
vg € Cp(R), vo(x) >0, vo(x) Z 0 in R,
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where Cy(R) is the space of continuous and bounded functions in R.
We assume that the kernel functions JJ; and Jo satisfy

3): i € Cy(R), Ji(x) = Ji(—z) > 0, Ji(0) > 0, / Ji(x)dz =1 for i = 1,2,
R

Under these assumptions, it is known that system (II]) has a unique solution (u,v,g,h) defined
for all ¢ > 0 (see [3]). Moreover,
Joo = limy_00 g(t) € [—00, —hg) and heo := limy_,o h(t) € (hg, 0]
always exist.
In [I0], the long-time dynamics of (ILI]) are described according to the following two cases:
(@) hoo — goo < 00, (b): hoo — goo = 0.
For case (a), we have proved the following result.

Theorem A. Assume that (J) holds and (u,v, g, h) is the unique solution of ([(LI)). If hoo — goo < 00,
then necessarily

(1.3) di >1—k and )\p(ﬁ(goo,hoo)) <k-1.

moreover

lim [ wu(t,z)dz =0,
t—o00 R
L
(1.4) lim |v(t,x) — 1)|dx = 0 for every L > 0,

t—o00 L

tli)m v(t,z) =1 locally uniformly for x € R\ (goos hoo)-
Whether (4] in Theorem A can be strengthened to

(1.5) tliglo xe[?é?,}i(t)} u(t,z) =0 and tliglo v(t,x) = 1 locally uniformly for z € R

was partially answered in [I0] (see Theorem 1.2 there).
For case (b), we have obtained in [I0] the following conclusion.

Theorem B. Assume that (J) holds and (u,v, g, h) is the unique solution of ([(LI). If hoo — goo = 0
and k < 1, then ho = 00, goo = —00 and

lim (u(t,z),v(t,x)) =

t—o0

{(1, 0 ifh>1,
1k 1-h :

(he> 1mk) - R <1,
where the convergence is locally uniform for x € R.

Let us recall that, in (L3), Ay(L (4. h..)) denotes the principal eigenvalue of the following eigenvalue
problem

(1.6) Mo = Lalgl(x) = dy [ /Q Iz — )e(y)dy — o(@)| ¢ € O,

with © = (goo, hoo). It is well known that, under our assumption (J), for any finite interval Q, (LG
has a unique principal eigenvalue A = A\, (Lq) associated with a positive eigenfunction ¢ (e.g. [I[5112]),
and it has the following properties:

Proposition C. ([2, Proposition 3.4]) Assume that | > 0, and Jy satisfies (J). Then
() Ap(Liaa+n) = Ap(Lioyy) for all a € R,
(ii) Ap(Loyy) s strictly increasing and continuous in I,
(i) Jim Ap(Lp) =0,
(iv) Bm Ay (L)) = —d-

Therefore, for every o € (0,d;), there exists a unique I, > 0 such that
N (L)) = —o-



DYNAMICS OF AN INVADING COMPETITOR 3

We are now ready to describe our results in this paper. Firstly, we examine exactly when Ao, —goo <
00 and hoo — goo = 00, respectively, happens. Then we focus on the situation that u is a weak
competitor (k > 1 > h) and reveal some interesting phenomena; in particular, we will find conditions
for u to invade successfully, with ho, = 00, goo = —00, as well as with ho, = 0o and g finite.

By Theorem A, the fact heo — goo < 0o implies that, fgfzg) u(t, z)dz, the total population of u at
time ¢, converges to 0 as t — 0o, so the invading competitor u vanishes in the long run. We will call
this the vanishing (of u) case.

The indentity hoo — goo = 00 means that the size of the population range of u at time ¢, given by
h(t) — g(t), converges to oo as t — oo, and we will call this the spreading (of u) case. Theorem B
gives a precise description for the population densities u(t,z) and v(t,z) in this case when k < 1.
We will demonstrate below that when k£ > 1, more complicated dynamics may arise (see Theorems

L2 3] 4] and [LA).

To describe the criteria governing spreading and vanishing (of u), we will regard u as a parameter
in certain situations.

Theorem 1.1. Suppose that (J) holds. Then the following conclusions are valid:

(i) If k <1 and d; < 1 — k, then we always have hoo — goo = 0.
(ii)) If k<1, dy >1—k and 2hg > l1_g, then again ho — goo = 00 always holds.
(i) If k < 1, dy > 1 —k and 2hg < l1_g, then there exists p, € [0,00), depending on (ug,vp),
such that heo — goo = 00 exactly when p > py; moreover, s > 0 if 1 < dy and 2hy < Ij.
(iv) If k > 1, then there exists u, € [0,00], depending on (ug,vo,hg), such that hoo — goo = 00
exactly when p > .; moreover, u, € (0,00] when k> 1> h.

The above results indicate that 1 — k serves as a critical diffusion rate for u: If its diffusion rate
dy < 1—k, then successful invasion is guaranteed regardless of the choice of the initial data (ug, vo, ho)
as long as they are admissible, namely satisfying ([L2)); if d; > 1 — k£ > 0, then the size of the initial
population range 2hg becomes crucial and [y_j is a critical value for this initial size, and successful
invasion is guaranteed when 2hg > l;_,. When k < 1, if both the diffusion rate and the size of
the initial population range of u are below their respective critical values, then the value of the
parameter p becomes important, and there exists a critical value j., depending on (ug, vp), such that
the invasion is successful if and only if > py. Similarly, when k& > 1, there exists a critical value
fx, depending on (ug, vo, hg), such that the invasion is successful if and only if p > ..

Next we regard p > 0 as a fixed given constant, and look for biologically meaningful sufficient
conditions guaranteeing vanishing and spreading of u, respectively. We will focus on the weak-strong
competition case with u the weak competitor, namely

k>1>h.

In some of our results, k = 1 is also allowed.

Similar to the corresponding local diffusion model considered in [§] (see Theorem 3.3 there), the
invasion of the weak competitor u will definitely fail if the native species v is already well established
at time ¢t = 0, namely

(1.7) élel[fé vo(z) > 0.

Indeed, following the proof of Theorem 3.3 in [14], one can easily show the following result:
Proposition D. If vy satisfies (L) and k > 1 > h, then hoo — goo < 00, and as t — 00,

u(t,z) — 0 uniformly for x € [g(t), h(t)],
v(t,z) — 1 uniformly for r € R.
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Another situation that the invasion of u always fails is when v has the same dispersal strategy and
the same growth rate to the stronger native species v, as described in the following result.

Theorem 1.2. Ifk>1>h, di=de=d,v=1, J1=Joa=J and
(1.8) / N J(z)dr < oo for some A > 0,
0

then for any (ug,vo) satisfying (L2), hoo — goo < 00 and as t — oo,

u(t,z) — 0 uniformly for x € [g(t), h(t)],
v(t,z) — 1 locally uniformly for x € R.
The assumption ([.8]) guarantees that, in the absence of u, the species v has a finite spreading
speed, which is helpful for our proof, but we believe it is only a technical condition. A kernel function
satisfying (L8] is known as a “thin-tailed” kernel in the literature.

Let use note that Proposition D and Theorem are examples where p, = oo in Theorem [

(iv).
The next result indicates that when k > 1 > h, the native species v never vanishes.

Theorem 1.3. If k > 1> h, then for any (ug,vo) satisfying (L2)), and any L > 0, we have

limy oo u(t,z) =0  uniformly for x € [—L, L],
limy o v(t,x) =1  uniformly for x € [—L, L].

If the native species v is not well established at time ¢t = 0, for example, if vg is compactly supported
(see Remark 1.5 (i) below for other natural choices of vg), we will show that there are indeed chances
for the weak competitor u to invade successfully and establish itself in an increasing band behind the
invasion front which goes to infinity as ¢t — oo. Moreover, the invasion can succeed in both fronts
(i.e., hoo = 00, goo = —00), Or just in one front (hs = 00, goo is finite).

To achieve these, we assume that J; and Jo both have compact support (for technical reasons),
and the dispersal strategy of u makes it a faster spreader than v, in the sense explained in the next
several paragraphs, based on the notion of asymptotic spreading speed described in Proposition E
and in [7].

For a kernel function J satisfying (J) and (L8], consider the Cauchy problem of the logistic
equation

(1.9) /J w(t,y)dy — w] +aw —bw?, t>0, z €R,

w(0,x) = wo(x r € R,

where a,b and d are positive constants, wo(z) > 0 is a continuous function with nonempty compact
support.
It is well known (see, for example, [4[6LI3L15]) that the following results hold for (L9).

Proposition E. The asymptotic spreading speed determined by ([L9)) is given by

= minl <d/ J(x)e dr —d + a) ,
A>0 A R

limt_,oo maX|:c|§(c*—e)t |’LU(75, l‘) - %| = 0,
limy 00 MAX | 4> (ey eyt W(t, ) = 0.

namely, for any small € > 0,
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Moreover, for any c > c*, there exists a monotone function ¢ = ¢. € C1(R), called a traveling wave
of ([LA) with speed ¢, satisfying

0
d/ J(x —y)p(y)dy — dop + cd' + ap —bp? =0, —o0 < x < 00,

—00

¢(—00) =1, ¢(c0) = 0.

Such a traveling wave is unique up to a translation of x, and no such traveling wave exists for speed
c<ch.

Since

we see that

1

(1.10) ¢® > dmin — </ J(a:)e”dm—l) — 00 as d — oo.

A>0 A\ R

For our competition system (L1]), in the absence of u, clearly v satisfies (L9]) with (d, J, a,b,wy) =

(da, J2,7v,7,v0). So the asymptotic spreading speed of v (in the absence of u, and with vy compactly
supported) is

>0

1
(5 := min — <d2/ J2($)€Amd$ —dy + ’7> .
A A R

By [7], in the absence of v, the asymptotic spreading speed of u, denoted by ¢; = ¢1(u), satisfies

. .1 Az
0<ci(p) <Ch, Mh_)n;ocl(u) =(C4 = I§1>1%1X (dl/RJl(x)e dr —dy + 1> )

We will say that u is a faster spreader than v if ¢; > (s, which is guaranteed, for instance, if
Cy > Cy and p is sufficiently large. By (LI0) we see that C > Cy is guaranteed if d; is sufficiently
large when the other parameters are fixed.

Theorem 1.4. Suppose that vy is compactly supported, k > 1 > h, J; and Jo have compact support
and ¢; > Cy. Then one can find initial functions ug for u such that (geo, hoo) = (—00, 00).

Theorem 1.5. In Theorem [17], suppose additionally k(1 —h) > 1, then there exist initial functions
ug such that hoo = 00 and g 1S finite.

Remark 1.6. In Theorems and .3, the following additional results hold:

(i) The assumption that vy has compact support can be replaced by some more natural assump-
tions. For example, if V (t,x) stands for the solution of (L9) with (d,J,a,b) = (da, J2,7,7),
where the initial function wg is compactly supported, then it is easy to check that the conclu-
sions in Theorems and remain valid for any vy satisfying

0 <wo(z) < V(tg,x) for some tg >0 and all x € R.

(ii) The behaviours of the density functions u(t,x) and v(t,x) in Theorems and [LA are de-
scribed in Remarks [31 and [3.2 later in the paper, immediately after the respective proofs of
these theorems.

The rest of the paper is organised as follows. In Section 2, we prove Theorem Section 3 is
devoted to the proof of Theorems[[.4] and The proof of Theorems [[.Tland [[3] are given in Section
4. The final Section 5 is an appendix, where we list several comparison principles used in this paper,
whose proofs are not included, as they are simple variations of existing ones.
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2. PROOF OF THEOREM

It is clear that v(t,z) > 0 for all ¢ > 0 and = € R. Therefore, for fixed to > 0, there exists oy > 0
such that

u(to, z) < agv(to,z) for = € R,

where we have used the assumption u(tg,z) = 0 for all z € R\[g(to), h(to)].
Step 1. We show u(t,z) < agv(t, z) for all t >ty and = € R.
Denote 0(t, x) := agv(t,x). Then (u,v) satisfies

h(t)
ug =d J(x —y)u(t,y)dy — du +u(l —u — kd/ag), t>0, g(t) <x < h(t),
g(t)
Uy = d/ J(x —y)o(t,y)dy — dv + (1 — v/ag — hu), t>0, zeR,
R

Let w := ¥ — u. Then due to h < 1 < k, the function w(t, x) satisfies

h(®) 0 —k k—1
wt:d/ J(x—y)w(t,y)dy—dw—l—w<1—1—a0h+71u>—|—<1—h+ >u2
9(t)

«p Qo @
h(t) 0 1—k
> d/ J(x —y)w(t,y)dy — dw + w <1 ~ 2 %ZO for t >tg, x € [g(t), h(t)].
g(t) @o @o

Clearly w(t,xz) > 0 for z = ¢(t) and h(t), and w(tg,z) > 0 for = € [g(ty), h(to)]. It then follows from
the comparison principle Lemma [5.1] that

w(t,xz) >0, ie., u(t,x) < apuv(t,z) for t >tg, z € R.

Step 2. Estimates of v and v leading to the desired conclusion.
Using the result in Step 1, we see that (u,v) satisfies

50)
up < d/ J(x —y)u(t,y)dy — du+ ull — (1 4+ k/ag)u], t>tg, g(t) <z < h(t),
9(t)

vy > d/ J(z —y)v(t,y)dy — dv + v[1 — (1 + hag)v], t>ty, v €R,
R

This allows us to compare u and v with U , U and V defined below:

° (U, h, §g) is the solution of

. h(t) . . . .
Ut:d/ J(x—y)U(t,y)dy —dU + U[l — (1 + k/ap)U], t>ty, §(t) <z < h(t),
g(t)
A fz(t) o0 R
= [ [ e Oy, t> to,
(2.1) g(t) Jh()
h(t)  ra(t) .
JO=-n [ [ I Uy £ to,
) i S )
Ul(t,r) =0, t>to, v & (g(t),h(t)),
h(to) = h(to), §(to) = g(to), Ulto,x) = u(to,x), g(to) < x < h(to).

e U is the solution of

) Ut:d/ J(x—y)U(t,y)dy —dU + U1l — (1 + k/ap)U], t>tg, x €R,
(2.2 R

Ulto, x) = u(to, ), t>0,z R
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e V' be the solution of
Vi = d/ J(x—y)V(t,y)dy —dV + V[1 — (1 + hag)V], t>ty, z €R,
(2.3) R
V(t(),.’,l') = ’U(t(),.’,l'), r € R.

By [7, Theorem 1.1 and Proposition 1.3], there exist C; > 0 and ¢; = ¢1(p) € (0,C4) such that,
for any small € > 0,

o 9O _ Bl

)

t—oo t—oco 1
, li Ult,z) — ——| =0,
(24) Jm | max UGe) =17 k/aol
li V(t =
1500 |m|§n(16a'1x—e)t Vte) - 1+ hao =

Using suitable versions of the comparison principle we have
u(t,x) <U(t,x), v(t,x) > V(t,z) for t > ty, x € R,

and

ult,z) < U(t,x), [g(t), h()] C [§(t), h(t)] for t > to, € [g(t), h(t)].
Hence, by (24), for C' := (¢; + C1)/2 and all large ¢, say ¢t > t1, we have

1
a8 ) T
vite) 2 7oy

where o0(1) denotes a generic constant satisfying o,(1) — 0 as t — oc.
Case 1: By:=1— ﬁ < 0. In this case, by (2.5), for all large ¢, say t > to > t1,

+oi(1)  for x € [g(t),h(t)] C [-Ct,Ct],

—o0i(1)  for x e [-Ct,Ct],

h(t)

w<d [ = yultydy - dus Pu tor g(0) <o < b,
g(t)

which implies, by comparison with the corresponding ODE, that

u(t,z) < elt=t2)80/2 MAX e (g(t2),h(t2)] Wt2, ) for t >ty and x € [g(t), h(t)].

g

Thus, u(t,z) — 0 as t — oo uniformly for = € [g(t), h(t)], and by the free boundary equation for
B'(t) and the estimate

00 0 00 h(t) poo
Jmax 1= / J(y)ydy = / / J(x —y)dydx > / J(x — y)dydz,
0 —00 J0 g(t) Jh(t)

we obtain, for some constant C' > 0,

t t
ht) = hts) + [ F(s)ds < h(ts) + Cpumms / eols—t2)/2

to to

2CNJmax
| Bol

S0 heo < 00. Similarly we can show g, > —o00. Moreover, using the fact u(t,x) — 0 as t — oo
uniformly for x € [g(t), h(t)], and the comparison principle, it can be easily shown that v(¢,z) — 1
locally uniformly for z € R as t — oo.

So in the case 8y < 0, the desired conclusions hold.

Case 2: 50:1—1/&%20.

In this case we can repeat the method leading to (23] in the following way. Firstly since u(t,z) =0
for = & [g(t), h(t)], we see from (28] that

u(t,z) < [ag + ot(1)]u(t, x) for all large t and z € R,

< h(t2) + < oo for t>t.
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with

S a0+a0h_a _ao(k—1)+a(2)(1—h)
L T+ k 0 ap + k ’

Clearly, a1 < ag. We are now in a position to repeat the earlier argument to obtain an analogue of

23), namely
u(t,x) < 1+k/a +0i(1)  for all large t and z € [g(t), h(t)] C [-Ct, Ct],
v(t,x) > 1+(11 - —o0i(1)  forall large ¢ and x € [—Ct, Ct].
Then, we estimate u and v according to whether 5y (=1 — ﬁ <0or p; >0.

If 51 < 0, then we can deduce the desired conclusions by similar arguments as in Case 1 above.
If 51 > 0, then we analogously define

a1+ a2h ar(k—1)+a2(1—h)

T e

)

and obtain
u(t,z) < [ag + ot(1)]v(t, x) for all large t and z € R.
Following this procedure, we obtain two decreasing sequences {«,,} and {3,,} given by

Am—1 + a?’n—lh k
Qi = ——————————, =1-— m=1,2,...
m Q-1+ k B (1+am_1h)
We claim that there is an integer mg > 2 such that 3,,,—1 > 0 and
k i k—1
Bme =1 — m < 0 or equivalently a;,, < 5

Note that the cases of mg = 0 and mg = 1 have already been considered above. If o, > a, =
(k—1)/h for all m > 1, then

Oém_l + Oégn_lh

Ay — Op—1 = o1+ k — Ompm—1
ook —=1)+a, (1 —h)
N Qm_1 + k
< a*(k‘—l)+a(1—h)<0,
oy + k

which implies a,,, — —o0 as m — oo. This is a contradiction to the assumption «,, > (k — 1)/h.
Hence, there is a finite integer mgy > 2 such that ay,, < (k—1)/h and so S, < 0.

Using B, < 0, we could show Ao, — goo < 00, u(t,x) — 0 as t — oo uniformly for = € [g(t), h(t)],
and v(t,z) — 1 as t — oo locally uniformly for = € R, as in Case 1 above. The proof of Theorem
is now complete. ]

3. PROOF OF THEOREMS [I.4] AND

Proof of Theorem[I.4l Let V (¢, ) denote the solution of (L9 with (d, J, a,b,wy) = (d2, J2,7, 7, vo)-
The comparison principle yields v(¢,z) < V(t,z) for all t > 0 and x € R.
By [7], with
Folw) = u(1 — p— ),
for each small p > 0, there is a monotone function ¢ = ¢, € C'!((—o00,0]) and a constant ¢{ > 0 such
that o
dl/ Ji(z — y)¢(y)dy —dig(z) + 19 (z) + fp(d(2)) =0, —oco <z <0,

—OO

¢(—o0 ) =0,

cf = //+Oo (z — y)o(z)dydz.
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Moreover, ¢/ — ¢; as p — 0. Therefore we can fix p > 0 small so that ¢f > Cs.
Fix small € > 0 so that Cy + ¢ < . By Proposition E in Section 1 here and Lemma 2.2 in [?],
there is Ly > 0 such that

sup v(t,z) < sup V(t,z) < P for all t > 0.
j@]>(Cae)t+Lo j@]>(Cate)t+Lo k

Fix S > 0 such that the support of J; is contained in the interval [—S, S], and fix K satisfying
(1—2¢)cf +(Cy +¢)
2(1 — 2¢)c
Then define, for some large constant L > Ly/(2K — 1),
h(t) == (1 —2e)t + L,

(3.1) 1>K>

and
u(t,z) = (1 = €)p(z — h(t)), t >0, Kh(t) < |z| < h(2),
T (= 99((2K = DA(t) —x), t>0, (2K —DA(t) < |z| < Kh(1).

The choice of K implies

(2K —1)h(t) > (Ca+€)t+ Lo for t >0,
and so kv(t,x) < p for t > 0 and |z| > (2K — 1)h(t). Therefore, if T' > 0 and h(t) > (2K — 1)h(t) for
t € [0,7T], then

( h(t)
up > dl/ Ji(r —y)u(t,y)dy — diu+ fp(u), t€(0,T], z € (2K — 1)h(t), h(1)),
(2K -1)h(t)

3.2 h(t) +o0
S PO / | gt e 1)
@K -1n(t) Jn(t)
ult, (2K — (1) > 0 = u(t, h(t)), te (0,7).

We will show that, with h denoting h(t), for sufficiently large L,

( h
u < dl/( Ji(z = ylu(t,y)dy — diw+ fp(u), ¢>0, z € ((2K —1)h, A)\{Kh},

2K—1)h
(3.3) , h +00
L < u/ / Ji(z — y)u(t, z)dydz, t>0,
@2K-1h Jh
(u(t,h) = u(t,(2K —1)h) =0, t > 0.

Assuming the validity of ([8.3) for the time being, let us see how (ug, hg) can be chosen to obtain
the desired conclusion.

Clearly, if ho > h(0) and ug(x) > u(0,z) for = € [(2K — 1)h(0), h(0)], then due to (3:2), (B3] and
g(t) < —hp <0< (2K — 1)h(t),
u(t,z) >0 =u(t,x) for x = (2K — 1)h(t), t > 0,
we can use the comparison principle to conclude that

h(t) > h(t), u(t,z) > u(t,z) for t >0, = € [(2k — 1)h(t), h(t)].

Hence, h(t) — oo as t — oc.

Similarly, we can show that if hg > h(0) and wup(z) > u(0,—2z) for x € [—-h(0), —(2K — 1)h(0)],
then
Therefore g(t) — —oo as t — oc.

Hence the desired conclusion (goo, hoo) = (—00,00) holds if the initial data (ug, hg) satisfies

ho > h(0), uo(x) = u(0,z) for x| € [(2k — 1)R(0), h(0)].
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To complete the proof, it remains to prove ([3.3]). Clearly, the third equation in ([3.3]) follows directly
from the definition of u. Now, we verify the first two inequalities in ([3.3]). Recalling that J; has
compact support contained in [—S,S], by a direct computation we obtain, for large L and all ¢t > 0,

h

h +oo h +o0
u/ / Ji(x —y)u(t, v)dydx > u/ g(t,x)/ Ji(x —y)dydx
2K-1)hJh Kh h

0

0 +o0 +o0
=u(l —¢€) /(K_l)h QS(x)/O Ji(z —y)dydz = p(l —€) /_OO o(x) /0 Ji(z — y)dydz

—(1— e)er > R().

This showed the validity of the second inequality in (B.3)).
We next varify the first inequality in (B3.3).
Case 1. z € (Kh,h).
In view of the equation satisfied by ¢, we deduce for ¢t > 0 and x € (Kh, h],

w(t,x) = —(1 =€)t (1 —26)¢/(w — h) < —(1 — €)c{¢/(x — h)

h
(=9 |d [ Do =)oty ~ Dy~ did(e ) + flote - 1)
h
—01-0) [ A= ol By — diult. ) + (1= (60 — 1) = A
If x € [Kh+ S, h), then x — y > S when y < Kh, and therefore
h
w(t,x) < A=d / Ji(z —y)u(t,y)dy — diu(t, x) + (1 — €) fp(d(x — b))
Kh

h
<di [ h(e - pulta)dy - dut £,
Kh
where we have used the fact that (1 —€)f,(¢(x —h)) < f,(1 — €)p(z — h)).
For z € (Kh, Kh + S|, we have
h

w(tz) <A=d /Kh_s Ji(x — y)u(t,y)dy — diu(t, ) + f,(u)

Kh
+ / Tz — ) — 6y — b) — ult,)]dy + (1 — ) f, (6 — b)) — f,(w)

Kh—-S

h
—d / Ji(e — yyult,y)dy — diu(t, z) + f,(w)
Kh—S

Kh
+ / Ti(z — )1 — )y — b) — ult,y)]dy — (c — )d*(x — h).
Kh—S

From the fact that ¢(s) -1 — p as s - —o0, we deduce

Kh
/ T — )1 — é(y — b) — u(t,y)]dy — (e — )6 (z — h)

Kh—-S
=o(1) = (e—)(1—p) <0

for large L and all ¢ > 0. Therefore we also have
h

wltr) <dy [ o= gty - diut f(w).

Case 2. z € [(2K — 1)h, Kh].
Note that for each ¢ > 0, the function u(¢, x) is symmetric with respect to x = Kh(t):

H(tv ‘/E) = Q(t 2Kh — :E)
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Thus, for z € [(2K — 1)h, Kh],
h
Ay = dy / Ji(z = y)u(t,y)dy — diu(t, z) + fo(ult,z))
(2K-1)h

h
=d; / Ji(x —y)u(t,2Kh — y)dy — diu(t,2Kh — x) + f,(u(t,2Kh — x))
(2K-1)h

h
=d; / Ji(2Kh — x — y)u(t,y)dy — diu(t,2Kh — x) + f,(u(t,2Kh — x)).
(2K—1)h

Since 2Kh — x € [Kh, h], from the calculations in Case 1, one finds that A; > 0. On the other hand,
a direct computation gives, for « € ((2K — 1)h, Kh),

uy(t,x) = 2K (1 — €)cf (1 — 2€)¢' (2K h(t) — x) < 0.
This immediately gives u,(t,z) < 0 < A;. Therefore, the first inequality in ([B.3) always holds.
The proof of Theorem [[.4] is now complete. O

Remark 3.1. From the proof of Theorem [1.7], we actually know that

lim inft_>oo - > C1,

) < ¢, liminf;_, . 9lt) > —cq,
lim sup;_,

. h
{hm SUD;_yno — 1=

lim inft_>oo min(c2+6)t§‘x‘§(cll>_3e)t 'I,L(t, ZE) > 1-— €,
limy o0 MaX|g|> (Cyey V(E, ) = 0.

Proof of Theorem In this proof, for convenience we will replace the initial population range
[—ho, ho| of u by some general interval [go, ho| not necessarily symmetric about = = 0. Note that such
a non-symmetric case can always be reduced to a symmetric one by a simple shift of the variable
x: if (u(t,x),v(t,z),h(t),g(t)) has the required property with initial range (go, ho) for u, then, with

(a(t,x),o(t,z),h(t),g(t)) == (u(t,x — o), v(t,x — x0), h(t) — zo,g(t) — o)
is a solution with symmetric initial range (—@, @) for u and the desired property. So no
generality is lost by considering a general initial range [go, ho] of w.

Since vg is compactly supported, from the proof of Theorem [[.4] we see that a lower solution can
be constructed on one side of the population range [g(t), h(t)] of u, for example in a subset of [0, h(t)]
to guarantee that ho, = 0o, while there are no specific restrictions imposed on the other side of the
population range of u, namely the side [g(¢),0]. This suggests that it is perhaps possible to choose an
initial function ug(x) which is sufficiently small for < 0 such that g(¢) remains uniformly bounded
for all ¢ while h(t) — oo as t — co. We show below that this is indeed possible.

Step 1. Construction of an upper solution (u,g).

Let o > 1 be a fixed number, and 7' > 0 be a large constant to be specified. Denote t =t + T for
t € R, and define

g=g(t) = ~L+ 0(In f)l_a, t>0

and
M g a Ve
m[:v — (Int)*] + - £>0, z € (Inf)®, +o0),

for some § > 0, M > 0 and large L > 0. Let us recall that Cy is the spreading speed of v in the
absence of u. Clearly, @ is continuous and piecewise linear in x.
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We next show that, with g denoting g(t),

oo k(1—h)—1

up > dy | Ji(z—y)u(t,y)dy—diu — a, t>0, |z € (g,Cat/2)\{(Int)*},

2
3.4 7
(34) ,u/ u(t,x / Ji(z — y)dyde, t >0,
g 00
u(t,g) >0, u(t,z) > t>0, x> Cyt/2.

It is clearly that the two inequalities in the third line of ([B4]) follow directly from the definition of
@. In the following we check the other inequalities in ([B.4)).

(a) We verify the second inequality in (B.4]).

Suppose that the support of J; is contained in the interval [—S, S| for some S > 0. Then for

T> 9,
+oo g g+S g
—u/ U(t,x)/ Ji(z — y)dyda = —u/ U(t,w)/ Ji(z — y)dyda
g —00 g —00
g+S
_ - —pM _
>— t,x)de > —pSult )= ———(— S
> p [ a2 S, +9) = gt (g9
>—ﬂM@+S)>—%Mﬂ£+$
f(nd)>+2L] = #(nb)e
Note that
—/ (a_ )
= ——=—= for t>0
g t(Int) o
Hence, the desired inequality holds if
5> 2uM (L + S)‘
- a—1

(b) We prove the first inequality in (3.4).
A direct calculation gives, for = € [g, (Int)®) and ¢ > 0,

~ M _ M _(Ind)* + a(lnt)*! —2g — 2tg
= #(—29/)—#(37—29)( ) ~( ~) - g g
t[(Int)> — 2g] t[(Int)> — 2g] t[(Int)> — 2g]
Ve Na—1 _ 9= oy=/ o .
> — ﬁ(lnt) +?4(ln15) _2g 2ty > —k(l h) 111 for large T' > 0,
t[(Int)> — 2g] 4
—1

where we have used the fact that 0 > g’ = —M

t(Int)e

For z > (Int)® and ¢ > 0, we have
1—- M/t
025/2 — (ln E)O‘

(D) ME2(Cei/2 — (™) — (1 — M/D)[Ca/2 — af(Inf)*]
Cat/2 — (Ind)™ Ct/2 — (Ind)®

[—at '(Int)* 1] — N%

Uy = t2

k(1—h)—1
>—¥a for large T > 0.

We now estimate the nonlocal diffusion term for such x and ¢, and show that

k(h—1)—1

1 u for all large T > 0.

+o00
(3.5) A:=dy [ Ji(z —y)u(t,y)dy — dya(t,z) <
g
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Since u(t, x) is a linear function of x for x € [g, (Int)®) and for x € ((Int)%, +00), respectively, we
have, for = € [g, (Int)* — S]U[(In#)* + S, Cyt/2) and t > 0,

A= dy / Ji (‘T - y)ﬁ(t7 y)dy - dla(t7 .Z') <d / Ji (‘T - y)ﬁ(t7 y)dy - dla(t7 .Z')
g z—S
z+S
=d / Jl(x - y)[ﬁ(t7 y) + ﬁ(ta 2r — y)]dy - dla(t7 .Z')
z+S
= 2dyu(t, x)/ Ji(x —y)dy — dyu(t,z) = 0.
Hence (B3] holds,
For z € [(Int)* — S, (In#)®) and ¢ > 0, we introduce the linear function (in =)
M

u = =" - 27
= e —ag %)
and obtain, for large T' > 0,
+00 x+S
A=d / (@ = y)at, y)dy — dua(t,z) = dy / | Dla = )ity)dy - dra(t. o)
g T—
z+S z+S
—d / Iz — y)iin (t, y)dy — dra(t, z) + dy /( il = )Ey) ~ (el
x—S Int)o
z+S (Int)*+S N
=d /(1 ; Ji(z —y)u(t,y) — a(t,y)]dy < dl/(l ; Ji(z —y)[u(t,y) — M/t]dy
nt)« nt)«

1— M/{ (Int)>+S B
= ———" —d Ji(x — — (Int)*]d
Cgt/2 _ (hl t)a 1 /(lnf)@ 1(‘T y)[y ( n ) ] Y
L SO _diS
o Cgt/2 - (lnt)a o Cgt
On the other hand, by the definition of u, for large T' > 0, we have
k:(l—h)—la k(1 —h)—1 M

t,x) = — —2g
1 (t,2) T ez
K1—h) -1 M ) o EQ—h)—1
> —— Int)*—-S5-29) > ————M
= I e —og Y 9=z
Thus it is clear that ([B.5]) holds if
32d;S
. > .
(36) M= Era—n =

For z € (Int)*, (Int)* + S) and ¢ > 0, we similarly derive, for large 7' > 0 and linear function (in

1—- M/t . M
UQ :: - ~.,_ ..  ~___ _~7
Cyt/2 — (Int)® t

[z — (In)%] +

x+S
A=d, / Ji(x — y)alt,y)dy — dya(t, z)

z+S (In#)>
=d; / Ji(z —y)ai(t,y)dy — dra(t,z) + dy / Ji(z —y)[u(t,y) — ua(t,y)]dy

S z—S
(In#)™ (Inf)> B

= d1/ . Ji(z —y)lu(t,y) — a2(t, y)ldy < dy /(1 s Ji(z = y)[M/t — ta(t, y)]dy
r— nt)*—
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1—- M/t (In#)*+3 - diS(1—MJt) _ 4diS
=—— - Ji(z —y)[y — (Ini)¥dy < < =
Cat/2 — (Int)™ 1/2 v = wlly = (nf)ldy

ni)« o 025/2 — (lnf)a - Oyt .
Since u(t,x) > M/t for x > (Int)®, we see immediately that ([3.5]) is satisfied provided (@3.6]) holds.
By (X) and our estimates of u; we see immediately that ([B:4]) holds for large T > 0 and M
satisfying (3.0]).
Step 2. We choose (ug, ho, go) to have the desired long-time limit for g(¢) and h(%).
Firstly we fix (T, L, 6, M) such that g(t) and (¢, x) satisfy (34]). So in particular,

w(Ty,z) > 1 for x > %(T—Ft).

Without loss of generality we may assume that 7" has been chosen large enough such that

C
72T>S+1.

We aim to choose (ug, go, ho) such that hs, = co and

{Q(TI) > g(Th), w(Ty,z) < a(Ty,z) for z € [g(Th), min{h(T}), 3 (T + T1)],

(3.7) u(l —u— ko) < =By for ¢ > Ty, @ € [g(t), min{h(t), @(T + t)}].

If these inequalities are proven, then we can use the comparison principle to conclude that

g(t) > g(t), u(t,z) <u(t,z) for t > Ty, = € [g(t), min{h(t), %(T + 1)},

which clearly implies goo > —00.
To complete the proof, it remains to choose (ug, go, ho) such that h, = co and all the inequalities

in (1) hold.

Since lim sup,_, . u(t,2) < 1 uniformly in z, for any given small € > 0, we can find Ty > 0 large
such that

vy > dg/ Ja(z — y)v(t,y)dy — dov +yv(1 —v — h(1 +€)) for t > Ty, = € R.
R
It follows that v(Ty + t,z) > V(t,z) where V is the unique solution of (L9) with (d, J,a,b,wy) =
(do, J2,y[1 — h(1 + €)],7,v(Tp, z)). By Proposition E in Section 1, for any small € > 0,

lim max |V(t,z)—1—h(1+¢)|=0.
100 [2]<(Ca—2)t

Therefore we can find 177 > T} such that

v(t,x) >1—h—¢€ for t>1Ty, |x|§%(T+t).

This clearly implies the validity of the inequality in the second line of (B.7).
Since g(Ty) = —L + W, we may assume that 77 is large enough to also guarantee

g(Tl) < 0.
Since w(T,x) > 0 for x € [g(T1), min{h(17), %(T + T1)}], there exists €; > 0 such that
a(T,z) > e for x € [(T1), min{h(T1), 2 (T + T1)}].

By Proposition E, equation (L.9) with (d, J,a,b) = (di, J1,1,1) has a traveling wave ¢1(x) with speed
C4. Let Ly > 0 be chosen such that

¢1(z) < € := min{eq, ,uS—1T1} for z > Ly.

We then fix f)o > 0 such that
g(T1) — Ci'T + Lo > Ly.
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Let h(t) and u(t,z) be defined as in the proof of Theorem [[4] so that ([B.3]) holds, and note that
(B3) holds for every large L used in the definition of h(t). We recall that

1-— — L f KL, L
h(o) — L, g(oy x) — ( E)QS(:E ) or x 6 [ i ]7
(1—-€)¢o(2K —1)L —z) forze|2K —1)L,KL).
Moreover, (2K — 1)L > %L, where ¢ is defined in the proof of Theorem [l
1

Let Ly > 0 be chosen such that ¢1(z) > 1—¢ for 2 < —L;. We now assume that L in the definition
of h(t) is chosen so large that apart from B3] we also have

L>S(T+1),
(2K - 1)L > Q(Tl) 4+ e STy + S,
(2K — 1)L > Ly + Lo+ C1 Ty + Q(T + ).

Define R X
U(t,x) = ¢1(—x - Clt - Ll), Ll = Ll — (2K — 1)L.
Clearly for z € [(2K — 1)L, L], we have
U0,2) > ¢1(—(2K — 1)L — Ly) = ¢p1(—L1) > 1 — € > u(0,z).

We now fix hy > L, and note that the above estimate for U (0, z) and (2K —1)L > g(T})+e1uST1+S
allow us to choose (ug, go) such that

g0 := g(Th) + ST,
(3.8) uo(x) < U(0,x) for x € [go, ho),
up(z) > u(0,x) for x € [(2K — 1)L, L].

By the proof of Theorem [[4] the third inequality in (B.8]) guarantees that ho, = co. Moreover, we
note that

h(t) >ho>L > %(T-ﬁ-t) fort € [O,Tl].
Since U (t, z) satisfies
Ui = dl/ Ji(x —y)U(t,y)dy —d U+ U1 =U) fort >0, x € R,
R
while
up < dl/ Ji(x —y)u(t,y)dy — diu+u(l —u) for t >0, = € (g(t), h(t)),
R
by the comparison principle and the first inequality in (3.8]) we have
u(t,z) <U(t,x) for t >0, = € (g(t), h(t)).
Hence for ¢ € [0, 73] and « € [g(t), 2 (T +t)], we have
u(t,z) < U(t,x) = ¢ (—x — Cit — L)

<o~ 2T 1) - oL

2
< ¢1(Lo) < é.

In particular, for z € [g(T1), 2(T + T1)], we have
U(Tl,l‘) <é < ’L_L(T1,$).

We now estimate g(74). For t € (0,T1],

C
g(t)+S§go+S:§(T1)+€1uST1+S<1+S<72(T+t),
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and so u(t,z) < € for x € [g(t), g(t) + S]. Tt follows that, for t € (0,T1],

. g(t)  rh(t)
4t = —u / / T — yyult, y)dyde
g

—oo Jg(t)
g(t)  rg)+S
=~ / / Ji(x — y)u(t,y)dydz
—oo Jg(t)
> —uSer.
Therefore
9(Tv) > go — pSéTh = g(T1).
Now all the inequalities in ([B.7)) are satisfied and the proof of the theorem is complete. 0
Remark 3.2. From the above proof of Theorem [L.A we can easily obtain the following estimates:
; h(t) lim inf min u(t,x) >1—c¢
h?isololp— < =00 (Cote)t<z<(cf—3e)t ( ’ ) - '
. h(t) li t,z) =0
htIE)(l)Iolf T 2 C€7 ti)I{.lo ICCIZH(ICa'Q}:-e)t,U( 7x) 9

and for any given positive function £(t) = o(t) as t — oo,
lim max u(t,z) =0,
t=o0 ze[g(t),£(1)]

lim min u(t,z) =1.
t—+00 — (Cy—e)t<z<E(t)

4. GENERAL CRITERIA FOR SPREADING AND VANISHING

In this section, we prove Theorem [Tl which gives sharp conditions for spreading or vanishing to
happen. Theorem will follow from one of the lemmas used to prove Theorem [L.11

The comparison principle infers that if vanishing happens for a particular value g of u, then it
happens also for any u < pg. Similarly, if spreading happens for u = puq, then it also happens for
> -

To emphasize the dependence of the solution (u, v, g, h) on the parameter p, we denote (u,v, g, h) =
(ut, v, gt hH*), and similarly goo = gho and ho, = hho. Define

sup Q¢ if Q¥ £ (),

4.1 QF = >0:ht — gt < .=
(4.1) {n bo = Gt < 00}, pu {0 £ - 0,

Lemma 4.1. The following conclusions hold true:
(i) py = 0 implies hb, — gho = 0o for every p > 0;
(i) ps € (0,00) implies hb — gho < 00 for every u € (0, ps], and hoo — goo = 00 fOr €vEry f > fii;
(iii) pe = 0o implies hb — gho < oo for every p > 0.

Proof. These conclusions follow directly from the definition of ., except that in part (ii), the con-
clusion hoo — goo < 00 for u = p, is derived by a similar discussion as in the proof of |2, Lemma
3.14]. O

Note that part (i) of Theorem [ITl follows directly from Theorem A, while the first half of part (iv)
is a consequence of Lemma [l To complete the proof of Theorem [Tl it remains to consider the
following two cases:

di>1—k>0 and k>1>h.

Lemma 4.2. Suppose dy > 1—k > 0.
(i) If 2hg > 11—k, then u, = 0.
(i) If 2ho < li—, then p, € [0, 00).
(iii) If dy > 1 and 2hg < 11, then ps € (0,00).
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Proof. (i) Arguing indirectly, we suppose that for some p > 0, vanishing happens, namely o, — goo <
oo. Then by (L3)) we obtain A\p(L (g ne)) <k — 1. Since hoo — goo > 2ho > I, by Proposition C
we deduce A\,(Ly.. ho)) >k — 1. This contradiction shows that ho, — geo = 00 always holds.

(ii) It suffices to prove that hs — goo = 00 for all large p. In view of the conclusion (i) above, it is
sufficient to find some ¢y > 0 such that
(4.2) h(to) - g(to) > ll—ky

which is a consequence of [I1, Lemma 3.9]. Indeed, from the equation for u we obtain, for some
positive constant C' > 1 + max,e[_p, po] to(T) + maxgzer kvo(z),

h(t)
ut(t7x) > dl / J1($ - y)U(t,y)dy - dlu - CU, > 07 g(t) <r< h(t)7
9(t)
ult, g(1)) = ult, h(t)) =0, £>0,
h(t) roo
B (t) > ,u/ J1(x — y)u(t, z)dydz, t>0,
g9(t) Jh(t)
h(t)  ro(t)
gt < —,u/ J1(z — y)u(t, x)dydz, t>0,
9(t) J—oo
U(O,ﬂj‘ = Uo $)7 |3§‘| < h07
[ 1(0) = —9(0) = hy

Hence we can use [11, Lemma 3.9] to conclude that for any given to > 0, there exists p; > 0 such
that (£2]) holds for all u > p.

(iii) Suppose d; > 1 and 2hg < ly. Since [ < l;_ by (ii) we have pu, < oo. It remains to
show that hoo — goo < 00 for sufficient small . We will demonstrate this by constructing an upper
solution following the method of [2 Theorem 3.12] and [0, Lemma 4.7]. Since 2hy < [y, we have
A5 = Mp(L(—hg—ehote)) < —1 for small € > 0 satisfying 2hg + 2¢ < [;. Let ¢ = ¢. be a positive
eigenfunction corresponding to \j,. Define, for t > 0, z € [~ho — €, h1 + €],

h(t) == ho +e(1 — e, §(t):= —h(t) and a(t,z) := Me °'¢(x)

with
ho-i—E

5= —X/2>0, M = 55 (/ qS(x)dx)_l > 0.

—hp—e€

Clearly h(t) € [ho, ho + €) C [ho, 1) for t > 0. We next show that for all small u > 0, (i,g,h) is an
upper solution to the problem satisfied by (u, g, h), when v(t,x) is viewed as a known function. If
this is proved, then it follows from the comparison principle, see Lemma (.1l that

[g(t),h(t)] C [g(t), k()] and hence hoo — goo < h(00) — (o) = 2hg + 2,

as desired. )
It remains to prove that (@, g, h) is an upper solution. A simple computation gives

h(t)
i — dy / Tz — yyalt,y)dy + dvalt, z) — a(l — @ — ko)
g(t)
h()+6
> 4 —dy / JTi(z — y)alt,y)dy + dialt,z) — @
—hp—e€
= —du—M\u=0u>0 for t >0, x € (g(t), h(t)).

Recalling that [g(t), h(t)] C (—ho — €, ho + €), we further deduce

h(t) h(t)
/ / Ji(x —y)u(t, z)dydx < u/ u(t,z)de = ,uMe_‘St/ ¢(z)dx
9@ Jh(?) g(t) g(t)
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ho-i—E B
< uMe_‘St/ ¢(x)dz = ede % = B/(t) for t > 0,

—hp—e¢
and by symmetry,
h(t)  rg(t)
—,u/ / Ji(x — y)u(t, z)dydxr > g'(t) for t > 0.
g(t) J—o0

It is clear that @(t, g(t)) > 0 and (¢, h(t)) > 0 for all t > 0, and by appropriately selecting a small
value for p > 0, we can make M as large as we want and hence ensure that ug(z) < @(0,z) for

x € [—hg, ho]. The above calculations indicate that (@, g, h) is an upper solution for (u, g, h), as we
wanted. O

Lemma 4.3. If k > 1> h, then for any (ug,vo) satisfying (L2), and any L > 0, we have

(4.3) {limt_ﬂx, u(t,x) =0  wuniformly for x € [—-L, L],

limy oo v(t,x) =1  uniformly for x € [—L, L].
Moreover, hoo — goo < 00 for all small pp > 0, and hence p, > 0.

Proof. Let u,v be the solution of

ﬂt:dl/Jl(x—y)ﬂ(t,y)dy—dlﬂ—l—ﬂ(l—ﬂ—k‘y), t>0, x €R,
R

v = dz/ Jo(z —y)u(t,y)dy — dev +yo(l —v —ha), t>0, z€R
R
with @(0,x) = up(x) and v(0,x) = vo(x) for z € R. Then from the comparison principle, see Lemma
B2, we obtain
u(t,z) < a(t,z), v(t,x) > v(t,z) for t>0, x€R.

Following a well known iteration argument (see, for example, the proof of Theorem 3.2 in [14]) one
can show that

lim a(t,z) =0, lim v(¢,z) =1 locally uniformly in R.
t—00 t—o00

This clearly implies ([@3]). Moreover, there is ¢; > 0 such that
1+k
v(t,z) > v(t,x) > 2+—/<; for t > t1, x € [—2hg, 2h¢].

Note that kv(t,z) > 1% > 1 for t > ¢; and = € [~2hg, 2hg]. Then, as in Lemma 2 (iii), we could
construct an upper solution for (u,g,h) and show that hs — goo < oo for sufficient small u. The
desired conclusion then follows from the comparison principle. ]

Clearly Theorem [[3] follows directly from Lemma 3], and Theorem [Tl follows from Lemmas [A.T]
and

5. APPENDIX: SOME COMPARISON PRINCIPLES

Let (u,v,g,h) be the solution of (LI)). For 7" > 0, g1,h; € C([0,T]) with g1(t) < hi(t), we will
use the notation

[0,T] x [g1, ] :=={(t,x) : t € [0, T], = € [g1(t), h1 ()]}
Let m € C([0,T] x R) be a bounded function and
F(t,z,s) = s(m(t,x) —s) for s >0, t >0, z € R.

We list below several comparison principles, whose proofs are easily obtained by following the
proof in [2], and are omitted here.
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Lemma 5.1 (Comparison principle 1). Assume that g, h, g, h € C([0,T]) satisfy g(t) < h(t) and
G(t) < h(t); the functions @ € C([0,T] x R)yNC10([0,T] x [g, h]) and u € C([0,T] x R)yNnC1O([0,T] x
lg, h]) are nonnegative and bounded.

(i) (Two sides free boundaries) Suppose § <0< K and g’ <0 < k. If (@, g, h) satisfies

( h(t) ~
Uy > dy / Ji(x —y)u(t,y)dy — dyu + F(t,z,a), (t,z)€ (0,T] x (g,h),
g(t)
u(t,x - t€[0,7], = & (3(t), h(t)),
(51) ) > ,u/ / Ji(x a(t, z)dydez, t e (0,77,
() g(t
x ) < — /g(t / (x —y)u(t, r)dydz, t e (0,77,

and (u, g, h) satisfies (B.I)) with all the inequality signs reversed, and
[9(0), 2(0)] < [5(0), 2 (0)], a(0,2) > u(0,2) for z € [g(0), A(0)],

then
{g(t)@(t)] C [g(t), h()] for t € [0.7],
(t,x) <u(t,z) for t€[0,T], x € [g(t), h(t)].
(ii) (One side free boundary) Suppose § < h, § < 0 < h' and (4,g,h) satisfies (51). If g(t) <
g(t) < h(t) and B'(t) >0 fort e (0,T], and (u,g,h) satisfies

" h(t)
u, < dy /(t) Ji(x —y)u(t,y)dy — diw+ F(t,z,u), (t,z) <€ (0,7 x (g,h),
u(t,z) = 0, te 0,7, z € {g(t), h(t)},
() < / e / " (@ - y)ut, 2)dyde, te (0,7),
e Jne
L 1(0) < B(0), u(0,2) < a(0,2), v € [9(0), h(0)],

then
h(t) < h(t), w(t,z) <u(t,z) for t € [0,T] and = € [g(t), h(t)].

(iii) (One side free boundary) Suppose g < h, g’ <0 < h" and (u,g,h) satisfies GI) with all the
inequality signs reversed. If hy € C([0,T]) satisfies hy(t) < h(t) for t € [0,T], and (4, g, h) satisfies

[e.9]

up > dy ~ Ji(x —y)u(t,y)dy — dya + F(t,z,u), (t,z) € (0,T] x (g,00),

at,z) 2 u(t.a) 20, t€[0,T], = € {g(t)} U [h(t), 00)
gt <—p ” /_OO Ji(z — y)u(t, z)dyde, t € (0,7,

9(0) < g(0), a(0,2) > u(0, ), z € [g(0),00)

then
g(t) <g(t) for t >0, wu(t,z) <u(t,z) for t € [0,7] and x € [g(t), 00).

Lemma 5.2 (Comparison principle 2). Assume that g, h, g, h € C([0,T]) satisfy g(t) < h(t) and

g(t) < h(t), and have the monotone properties g <0, g’ <0, k' >0 and k' > 0. Suppose that
u € C([0,T] x R) N CHO([0,T] x [g,h]), v e C(0,T] x R)ynC°([0,T7] x [g, h]),

and @, v € CYO([0,T] x R) are nonnegative and bounded.
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(i) (Two sides free boundaries) If (u,v, g, h) satisfies

h(t) _
Ut > dl/ Jl(x_y)a(t7y)dy_dla+ﬁ(l_ﬁ_ky)a (tax) S (07T] X (gah)a
q(t)

v, < do /R Jo(x —y)u(t,y)dy — dov +yv(1 —v —hu), (t,x) € (0,T] X R,

(2) U= te[0.7], = ¢ (3(t), h()),
) > /g(t /h(t Ji(z — y)u(t, z)dydx, te (0,7],
ﬂﬂS—uLZanh@—ywmmwma te .1,
”(_L(O,ﬂf) 2 uO(x)v 2(0733) é U0($)7 T € R7

and u(0,x) > 0 for x € R, then the unique solution (u,v,g,h) of ([(LI)) satisfies
l9(8), h(t)]  [g(t), h(t)], t€[0,T],
u(t,z) < a(t,z), v(t,z) <v(t,z), tel0,T], x€R.
If (u,v,g,h) satisfies (B2) with all the inequality signs reversed, then
[g(), a()] C [9(8), h(D)], t € [0,T],
u(t,z) <ult,z), v(t,z) <o(t.z), tel0,T], z€R.

(ii) (Fixed boundaries) Suppose g(t) < h(t), ¢'(t) < 0 < h'(t), and A € C([0,T] x [g,h] is a
nonnegative function. Assume that u,v are nonnegative and satisfy

h(t)
Ut > dl/ Jl(x_y)a(t7y)dy_dla+ﬁ(l_ﬁ_ky)a (t,.’,l') € (OaT] X (gah)y
(5.3) 9

h(t)
Uy §d2/ J2(x_y)Q(t7y)dy—d22+A+’w(1—Q—ha)a (t,.’,l') € (OaT] X (gah)7
g(t)

and u, v are nonnegative and satisfy ([B.3) with all the inequality signs reversed. If

- 6(.0) > o(.0) > 0, te0.1], x € {g(0). h(1))
> u(0,z), v(0,2) > v(0,z), =€ [g(0),n(0)],
then
u(t,z) > u(t,z), v(t,x) >v(t,z) for te[0,T], z € [g(t),h(t)].

We remark that the condition in first inequality of (5.4l can be removed if g and h are constants.
(iii) (Comparison with the Cauchy problem) Let (u,v,g,h) be the solution of (LII). If u,v are
nonnegative and satisfy

Ut > dl/ Jl(x - y)ﬁ(t7y)dy - dlﬁ + ﬁ(l —U— ky)? (t,.’,l') € (OaT] X Ra
R

vy < dp /R Jo(z — y)u(t,y)dy — dov +~yv(l —v — hu), (t,z) € (0,T] xR,

ﬂ(07$) > ’LL(](l‘), 0< 2(0733) < U0($)7 S Ra
then u(t,z) < u(t,z) and v(t,z) > v(t,x) fort € [0,T] and z € R.

Corollary 5.3. The solution u is nondecreasing with respect to u, h and ug, while nonincreasing
with respect to k and vy.
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