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THE CARTAN-HELGASON THEOREM FOR SUPERSYMMETRIC
SPACES: SPHERICAL WEIGHTS FOR KAC-MOODY SUPERALGEBRAS

ALEXANDER SHERMAN

ABSTRACT. Let (g,t) be a supersymmetric pair arising from a finite-dimensional, symmetriz-
able Kac-Moody superalgebra g. An important branching problem is to determine the finite-
dimensional highest-weight g-modules which admit a ¢-coinvariant, and thus appear as func-
tions in a corresponding supersymmetric space G//K. This is the super-analogue of the Cartan-
Helgason theorem. We solve this problem via a rank one reduction and an understanding of
reflections in singular roots, which generalize odd reflections in the theory of Kac-Moody su-
peralgebras. An explicit presentation of spherical weights is provided for every pair when g
is indecomposable.

1. INTRODUCTION

Let g be a simple complex Lie algebra, and let £ C g be a symmetric subalgebra, i.e. £ is
the fixed points of an involution on g. The Cartan-Helgason theorem (see [3]) describes which
irreducible g-modules admit a ¢-invariant vector, and thus define functions on a corresponding
symmetric space G/K. As a generalization of the Peter-Weyl theorem, this allows one to
describe the space of polynomial functions on /K, and similarly to describe the L? functions
on G./K., where G, and K, are compact real forms of G and K, respectively.

1.1. Questions in the super-setting. We are interested in the analogous question in the su-
per setting. Let g be a symmetrizable Kac-Moody superalgebra, e.g. g = gl(m|n), osp(m|2n), ...
(We work with gl(m|n) instead of sl(m|n) for simplicity.) Let 6 be an involution on g pre-
serving an invariant form, and giving fixed points ¢ and (—1)-eigenspace p. We call (g,¢) a
supersymmetric pair. Broadly speaking, we are interested in the following very important
branching problem:

Question A: For which finite-dimensional, indecomposable g-modules V do we have
(V)£ 07

Note that by Frobenius reciprocity, this question is directly related to when we can realize
V inside C[G/K] (the algebra of polynomial functions on G/K), where G, K are global forms
of g and . We immediately see a difference between the super setting and the classical
setting in that representations need not be semisimple, forcing us to consider indecomposable
representations.

It is generally thought that a full answer to question A is extremely challenging, if not
hopeless. However, in this text we make progress in answering question A in the case when
V' is simple, and more generally when it is a highest-weight module. We write these questions
more explicitly for later reference.
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Question B: For which finite-dimensional highest-weight g-modules V do we have
(V) # 07

Question C: For which finite-dimensional simple g-modules V' do we have (V*)! # 0?

Questions B and C are of considerable importance in representation theory, and a full
understanding of their answer would yield great insight into the structure of C[G/K].

As already stated, the answer to these questions in the classical situation is given by the
Cartan-Helgason theorem, see [3]. In that case, representations are completely reducible, and
thus one only needs to look at simple modules, making questions A, B, and C equivalent.

1.2. Previously known results. Let a C py be a maximal abelian subspace (a Cartan
subspace). Then we obtain a restricted root system A C a*, and the choices of positive
systems for A are equivalent to choices of simple roots ¥ C A, which we also refer to as a
base.

Given a base X C A, let ny; be the corresponding nilpotent subalgebra, which is generated
by g. for a € 3. Then we assume the Iwasawa decomposition holds, i.e. that g = £ ® a & ny.
Let b be any Borel subalgebra of g containing a @ n; we call b an Iwasawa Borel subalgebra of
g. Let py = ¢(a) @ ny, a parabolic subalgebra which contains any Iwasawa Borel subalgebra
that contains a @ ny. (Here ¢(a) denotes the centralizer of a in g.)

In [1] it was shown that if V' is a b-highest weight module of highest weight A with respect to
an Iwasawa Borel b such that (V*)! # 0, then in fact A\ € a*, and the b-highest weight vector
is actually a px-eigenvector. Further, dim(V*)® < 1. The proof of this result works just like in
the classical setting of the Cartan-Helgason theorem. Since the parabolic py; is determined by
our base Y, we define P;:' C a* to be the X-spherical weights, i.e. those A € a* for which there
exists a highest weight, finite-dimensional g-module V' of highest weight A with respect to px
such that (V*)* £ 0.

In [1] they use a super-generalization of the Harish-Chandra c-function to prove a partial
converse: if A € a* is integral and ‘high enough’ with respect to X, in a sense we do not discuss
here, then in fact A € Pg .

1.3. Main (new) results. We improve on the work in [I] by computing entirely the %-
spherical weights P; with respect to particular bases ¥ for every supersymmetric pair. We
state this more precisely below:

Theorem 1.1. For the following supersymmetic pairs, we determine P; for every base X C A,
thus giving a full answer to question B:

(gl(m|n), gl(r|s) x gl{(m —r|n —s)), (osp(m|2n), osp(r|2n) x osp(m — r|2n)),
(0sp(m|2n), osp(m|2s) x osp(m|2n —2s)), (9(2,1: a),0sp(2[2) x s0(2)),
(ab(1[3),gosp(2[4))  (ag(1]2),0(2,L;a)), (ab(1]3),0(2,1;2) x sl(2)).
For the remaining supersymmetric pairs, which are
(0sp(2m|2n), gl(m[n)),  (gl(m|2n), osp(m|2n)),
(0sp(m|2n), osp(m — r|2n — 2s) x 0sp(r]2s)), (ab(1|3),sl(1]4)),

we compute the spherical weights with respect to certain positive systems. Thus we obtain the

answer to question B for certain positive systems.
2
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See Section 4.1 for tables describing the sets Py explicitly for each pair (g, £).

1.4. Method of computation. Our method of computation is directly inspired by the ideas

of Serganova used in [13] to compute the dominant weights of a Kac-Moody superalgebra g.
Indeed, her result is a special case of the arguments we give in the case of the diagonal pair
(9 x9,9)

The idea is that for any base ¥ C A and any A € a*, we may define a g-module V5 () which is
of highest weight A with respect to ¥ and admits a £-coinvariant (i.e. (Va(\)*)t # 0). Further,
we have that A € P; if and only if Vx()\) is finite-dimensional, i.e. integrable. Checking
integrability must be done on all so-called ‘principal roots’ II C A, which are those that
generate the even part Ag of the root system A. If II C ¥, which happens in certain cases
(e.g. for the ‘standard’ choice of ¥ when (g,€) = (gl(m|2n), osp(m|2n))), then integrability
becomes easy to check, giving a straightforward description of P; .

1.4.1. Singular reflections. In most cases we have II Z ¥, and thus we must reflect ¥ in so-
called singular roots to deal with principal roots not lying in ¥. We say o € A is a singular
root if both o and 2« are not restrictions of even roots of g. Singular roots come in 2 flavours:
isotropic, meaning that («, o) = 0, and non-isotropic, so that (a,a) # 0. If a € X is singular,
we define 7, % to be the base associated to the positive system (A \ {a}) U{—a}. See Lemma
2.20 for an explicit description of r,3.

As we show, if « is singular isotropic, then the reflection in «, which we write as r,, is well
behaved on representations. Namely, we have Vx(\) = V,._s(rq\), where ro A = A if (A, ) =0,
and r, A = A — 2aif (A, ) # 0.

However, trouble occurs if « is singular non-isotropic. In this case g, will be of dimension
(0|12n) for some n € Z>g. Write h, € a* for the coroot of a. Then if A(hq)/2 ¢ {n+1,...,2n},
we have that V() 2V, x(rqA), where the formula for 74\ is given in Lemma 3.17.

However if A(hy)/2 = n+k € {n+1,...,2n}, then V() must contain V(A — 2ka),
implying that it is never simple, and further it is not highest weight with respect to r,2. In
this case we say that A is an a-critical weight. Reflecting a-critical weights to other simple roots
systems becomes a tricky business. Nevertheless, if one performs only one simple reflection in
a singular root, we do have control over what happens: see Lemma 3.20. This allows us to
compute Pg in cases where non-isotropic singular roots appear.

1.5. Consequences for simple spherical modules. As explained, our work has an ad-hoc
element to it when reflecting a-critical weights. This prevents us from computing spherical
weights with respect to arbitrary positive systems in every case. However, if we are interested
in Question C, such issues don’t arise, because if A is a-critical then necessarily V5 () is not
simple. Hence, if V5 () is finite-dimensional and simple, we must have Vx(A) = V. s(roA) for
any a € .

If ¥ is a base, we call A € P; fully reflectable if for any base ¥’ C A, we have Vy(\) =
Vs (Ayy) for some Ay € Pg,.

Conjecture 1.2. Let ¥ C A be a base, and let \ € P; be fully reflectable. Then Vx(A)
is simple if and only if for any base ' C A and any non-isotropic B € X' with m(B) =
—sdim(gg)/2 — sdim gag > 0, we have

Asv(hg)/2 ¢ {m(ﬁ?)) +1,....2m(B)}.
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The numerical conditions in the above conjecture arise from considering the rank one cases,
and studying when two dominant weights will have the same eigenvalue for the Casimir.
We do not prove the necessity of these conditions in the article. The proof for the case of
(0sp(m|2n), osp(m — 1|2n)) is written in [17]. We note that Conjecture 1.2 was shown to hold
under an extra genericity hypothesis on A in Sec. 6.4 of [18].

1.6. Supersymmetric spaces. Our work is part of an ongoing project to improve under-
standing of supersymmetric spaces and their connections to representation theory. Supersym-
metric spaces are homogeneous superspaces of the form G//C, where K is a symmetric subgroup
of the supergroup G. Such spaces are natural in the study of super harmonic analysis, see for
instance [2] and [5]. They also have important connections to interpolation polynomials (see
(8], [9], and [10]), integrable systems (see [12]), and physics (see [22] and [11]).

1.7. Outlook for the queer Kac-Moody setting. We expect our techniques to gener-
alize to the queer Kac-Moody setting (see [20]), which includes the supersymmetric pairs
(q(n),q(r) x g(n —r)). This will be the subject of future work.

1.8. Outline. In Section 2 we develop the necessary facts about restricted root systems we
will use, including about singular reflections. Section 3 studies the modules V5 () and the tools
for checking integrability. Section 4 explicitly describes the sets P; for each supersymmetric
pair and a choice of base X.

1.9. Acknowledgements. We would like to thank Vera Serganova for providing feedback on
an initial version of this article, and for many stimulating discussions. We also thank Shifra
Reif, Siddhartha Sahi, and Hadi Salmasian for many helpful discussions about supersymmetric
pairs and restricted root systems. This project was partially made possible by a SQuaRE
at the American Institute for Mathematics, and we thank AIM for providing a supportive
and mathematically rich environment. The author was partially supported by ARC grant
DP210100251.

2. RESTRICTED ROOT SYSTEMS

In what follows, for a super vector space V we write V' = V5@ V7 for its parity decomposition.
We always work over an algebraically closed field k of characteristic 0.

2.1. Supersymmetric pairs. Let g be a finite-dimensional, symmetrizable Kac-Moody Lie
superalgebra (see [13]). Let 6 be an involution of g which preserves a nondegenerate, invariant
bilinear form (—, —) on g. Write the eigenspace decomposition for 6 as g = €@ p, where £ = g.
Then £ is naturally a subalgebra, and p is a &-module. We call (g, €) a supersymmetric pair.

Set a C pg to be a Cartan subspace, meaning a maximal abelian subspace. It is known
that a is unique to conjugacy by the action of exp(t5) C GL(pg) (see Sec. 26 of [21]). Set
m =t Nc(a) to be the centralizer of a in &.

Assumption (*): We assume that ¢(a) = a & m. By the classical picture (see Sec. 26 of
[21]), we have ¢(a)y = a ® mg. Thus our assumption is equivalent to c¢(a); = my, i.e. ¢(a); C .
By [16], if g is indecomposable then either ¢(a)y C € or ¢(a); C p.

If b is a Cartan subalgebra of g containing a, then by Cor. 26.13 of [21], b is #-stable. We
fix a choice of such a Cartan subalgebra b throughout.
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2.2. Restricted root system. We may consider the action of a on g by the adjoint action.
Writing A C a* \ {0} for the non-zero weights of this action, we have

g:c(a)@@ga:m@a@@ga,
acA aEA

where we have used out assumption (*) for the last equality. We refer to elements of A as
restricted roots, or just roots when the context is clear.

Remark 2.1. Let A C h* denote the root system of g. Then another description of A may be
given as

A ={a|,:ae A} {0}.

The following definition is from Sec. 5 of [16]; we write ZA for the abelian subgroup of a*
generated by A.

Definition 2.2. Let ¢ : ZA — R be a group homomorphism such that ¢(a) # 0 for all & € A.
Then we write A" := {a € A|p(a) > 0}, and call AT C A a choice of positive system of
A C a*.
Definition 2.3. We call a base ¥ C A a linearly independent set in a* such that

A C NS U (-NZ).

In other words, every a € A is either a non-negative or non-positive integral linear combination
of elements of ¥. We call elements of a base simple (restricted) roots.

Definition 2.4. We call the rank of a supersymmetric pair (g, £) the size of any base ¥ C A
of the restricted root system.

Given a base X C A, set A; = NX.

Lemma 2.5. The set A; 1s a positive system. Further, the correspondence ¥ +— A; 18
bijective.
Proof. For ¥ C A a base, define ¢y, : ZA — R by ¢(a) = 1 for o € X, and extend linearly.
Then it is clear that for ¢y the corresponding positive system is A;. The injectivity of the
correspondence X — A; follows from the definition of a base.

For surjectivity, Sec. 5 of [16] explains that we may extend any positive system AT C A to
a choice of positive system for all g with simple roots 3 C h*. Let us call ¥ the projection
of ¥ to a*. Then ¥ will be a base by Prop. 5.7 and Lem. 5.10 of [16], and it is clear that
AT =AY O
2.3. Nilpotent subalgebra ny, and Iwasawa decomposition. Given a base X, we obtain
a nilpotent subalgebra ny, which by definition is

nt = P g

aeAg
Lemma 2.6. For any choice of > we have the Twasawa decomposition g =€t @ a ® n;.

Proof. This follows from our assumption that ¢(a); C ¢ and a standard argument (see Thm. 5.3
of [16]). O

Lemma 2.7. The subalgebra ng is generated by the subspaces g, for a € 2.
5
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Proof. Extending a to a Cartan subalgebra b of g, by Sec. 5 of [16] we may lift ¥ to a base
S C h* such that every element o € S is either fixed by 6, and thus g, C m, or fa # « in
which case a|q € X.
It is clear that the subalgebra generated by g, for @ € ¥ is ¢(a) = m @ a-stable. From the
decomposition
g=n5 @ c(a) ®ng,
the result is now clear. O

Remark 2.8. We have shown that for a base ¥ = {aq,...,ar} € A, we obtain a presentation
of g such that it is generated by c¢(a) = a @& m, gay,---,8as>0—ais---»0—qa,, sSubject to the
relations that each g, is a ¢(a)-module, and

[gai7g—aj] =0 fOI" i 7£ J
Of course there are more relations, but we don’t concern ourselves with this here. We only

mention that g does not contain any ideals which do not intersect h because it is Kac-Moody;

in particular it does not have any ideals contained in ng.

Corollary 2.9. Let « € ¥. Then [ga, 0] = 92a-
Proof. This follows from Lemma 2.7. ]

Corollary 2.10. A set ¥ C A is a base if and only if the following conditions hold:
(1) X is linearly independent;
(2) [8a>9-p] =0 for distinct o, B € 3;
(3) g is generated by c(a) along with the root spaces gq, §—a where a Tuns over the elements
of X.
Proof. Indeed, under the conditions we have A C (NX U (—NYX)), as required. O

2.4. Principal roots. Observe that the involution 6 defines a symmetric pair (gg, ;) with
the same Cartan subspace a, and along with it a restricted root system Ay C A C a*. This
will be a (potentially non-reduced) root system with possibly several irreducible components
(Lem. 26.16, [21]). Suppose that we have a positive system A for (g,£). Then this induces a
positive system Ag = Ad U A, and along with it a base II C Ay.

Definition 2.11. Given a base X of A, we call the base IT C Aar determined by X the principal
roots (of ). We note that while IT depends on ¥, we will surpress this dependence in writing
for reasons that will become clear.

Corollary 2.12. The Lie algebra gy is generated by my, a, and (ga)y, (9—a)g, where o runs
over all principal roots.

Proof. This follows from Corollary 2.10 applied to the pair (gg, ). O

2.5. Properties of restricted roots.

Definition 2.13. For a root o € A, write mq = (m,g5lm, 1), where m,5 = dim(ga)g;
m,1 = dim(ga )7

Lemma 2.14. If a € A, then if ka € A we must have k € {£1,4+2,+1/2}. Further, if 2c is

a root, then Mo, 1 = 0.
6
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Proof. This follows from the classification presented in Section 3.6. O

Definition 2.15. We say a root « is real if the subalgebra generated by gq, g—, contains sl(2).
We say a root is singular if it is not real. Note that if a root « is real then (o, ) # 0, but
the converse need not hold. If « is real, set e(«) to be 0 if 2« is not a root, and otherwise set
e(a) =1.

We clearly have a decomposition A = A, LI Agpg of roots into real and singular roots.

2(04,—)
(@)

Definition 2.16. For a nonisotropic root o € A, set hy := €a

Lemma 2.17. Let a be a real root, and suppose that 3 € A. Then B(hy) € 25V Z.

Proof. If e(a) = 0, then the statement follows from the representation theory of s((2). If e(«) =
1, we see that g_s4,02q will generate a copy of sl(2) by Lemma 2.14, so that
B(haa) = 3B(ha) € Z. This forces B(hy) € 2Z. O

2.6. Rank one sub-pairs. For a € A, set
ga) = (@) + P tna
n€Qxo
Then 6 stabilizes g(«), and we write £(c) for the fixed subalgebra. This will be a supersym-

metric pair of rank 1.

2.7. Reflections in simple roots. Let ¥ be a base, and for a simple root « € 3, define r, >
to be the base of the positive system (Af \ {a}) U {—a}. Note that the latter is indeed a
positive system, as we may define

(2.1) Psala) =€, ¢na(B)=1 for g€ X\ {a}

where € is a small negative number. Then the positive system obtained from ¢y, will be
(AF\ {o}) U{-a}.

Definition 2.18. We call a reflection r, a singular reflection if « is singular.

The following is clear:

Lemma 2.19. Any two bases obtained from one another by a sequence of singular reflections
have the same principal roots.

If v is real, then r,, is simply the usual reflection coming from the baby Weyl group. However,
if « is singular then we show that we can view it as a bijection 7, : ¥ — 7,3, which works as
follows:

Lemma 2.20. Suppose that o € ¥ simple root (singular or real). Then r,% consists of the
roots roa = —a along with o3 for B € ¥\ {a}, with o8 = [ + kqpa, where kop is the
mazximal non-negative integer k such that f + ka € A,

Proof. Indeed, it is clear that with ¢x , as defined in 2.1, the roots —« along with 8 + k,go
for 8 € ¥\ {a} will be both linearly independent and will take the minimum positive values
under ¢y o as required. ]

Remark 2.21. If o € ¥ is singular and 3 € X, then 7,8 =  + kqpga for kop € {0,1,2}.
7
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Lemma 2.22. Any two bases X, %' may be obtained from one another by a sequence of simple
reflections.

Proof. If ¥ # %, then there exists & € ¥ N Ag,. Thus we have |AT o N A | < [Af NAY],
and we may conclude by induction. O

2.8. Equivalent positive systems. We partition the collection of bases into equivalence
classes, declaring that ¥ ~ X' if there exists a sequence of singular reflections 74, , . .., 7q, such
that X' = rq, -+ 74, 2. Note that a given equivalence class S of bases has a well-defined set II
of principal roots by Lemma 2.19.

Lemma 2.23. For all v € 11, there exists some base ¥ for which 11 C A; and either v € X
orvy/2€X.

Proof. We may write ZA = @ & P, Q, P are free Z-modules and ZII C @ is finite index.
Let ¢ : ZII — R be such that ¥(y) = € > 0 is very small and positive, and (v") > 0 for
v €I\ {y}. Define ¢ : ZA — R by extending ¢ to @ via the injectivity of R, and letting ¢
be very large in absolute value on all non-zero projections of elements of A to P. Then base

obtained from ¢ will have the desired properties. ]
The following is entirely analogous to Cor. 4.5 of [13], and follows from the same proof as
Lemma 2.22

Lemma 2.24. If X, Y/ are bases with the same principal roots, then they are equivalent.

Corollary 2.25. Let S be an equivalence class of bases with principal roots I1. Then for every
~ € 11, there exists some base ¥ € S for which either v or /2 is simple.

Proof. This follows immediately from Lemmas 2.23 and 2.24. g

3. SPHERICAL WEIGHTS

In this section, we introduce spherical weights and study their behavior under singular
reflections. At this point we chose to abuse the classification of supersymmetric pairs for g
indecomposable and Kac-Moody, as avoiding it seems rather difficult and lacking sufficient
payoft.

3.1. Y-spherical weights. Let ¥ C A be a choice of simple roots, and consider the parabolic
subalgebra:

py =c(a)Bny =mdad EB Ja-
ozEAJEr

Definition 3.1. Define P; C a* to be the those weights A € a* for which there exists a
highest weight (with respect to py), finite-dimensional g-module V' of highest weight A, such
that (V*)® £ 0. We call elements \ € P;:' the X-spherical weights. Note that P;:' is a submonoid
of a* by Cor. 5.10 of [19].

8
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3.2. Parabolic Verma module. For A\ € a*, consider the one dimensional, purely even ¢(a)-
module
ky = k(vy) on which a acts via A and m acts by 0. Inflate k) to a module over py, and
set

Mx(A) := Indg k.

The following lemma is standard, and follows from Prop. 5.5.4 and Prop. 5.5.8 of Diximier.

Lemma 3.2. There exists a one-dimensional space of €-coinvariants on Mx(\). In partic-
ular, there exists a minimal quotient Vx () of Mx(\) which continues to admit a nonzero
£-coinvariant.

Caution: Vs () need not be irreducible!

Remark 3.3. Note that if V' is a finite-dimensional, indecomposable highest weight g-module
such that (V*)® 2 0, then there exists A € a* such that Vi (\) is a quotient of V. Indeed this
follows from the classical situation, and is shown in [1].

Remark 3.4. Let G be a quasireductive supergroup which is a global form of g and is such
that 6 lifts to an involution of G. Let K C G be a subgroup satisfying (G%)° € K C g%,
where (G%)° denotes the connected component of the identity of GY. Notice that K will also
be quasireductive.

Then we call G/K a supersymmetric space (see [7] for the construction of homogeneous
spaces). Given an Iwasawa Borel subalgebra b, that is, a Borel subalgebra containing a @ n,
we may consider the b-eigenfunctions in k[G/K]. This set will exactly be those A € P for
which Vs () integrates to a representation of the group G and for which Iy acts trivially on the
t-coinvariant on Vx(\). Further, for exactly such A we will have an embedding Vs (A) C k[G/K].

3.3. Properties of the f-coinvariant.

Lemma 3.5. Let vy denote the highest weight vector of Mx()\). Then we have Ut-vy = Mx(\).
Thus:

ME(/\) = k(’[))\> o e - Uy
In particular, if ¢ : Mx(\) — k is a nontrivial €-coinvariant, then o(v) = 0 if and only if
v € tUtv,.

Proof. This follows from the Iwasawa decomposition g = €@ a@®ny, and the fact that adny C
ps. U
Lemma 3.6. If a € A, then Ug(a) - vx = My, (N) as g{a)-modules. Thus the following are
equivalent for a vector v € Ug(a) - vy:

(1) v € Ea)Ut{a)vy;

(2) v € tvy;

(3) the nontrivial ¢-coinvariant on Msx,(X) vanishes on v.

Proof. This follows from Lemma 3.5 applied to both pairs (g, ) and (g{a), €{a)). O
3.4. Integrability.

Definition 3.7. For a € A, we say that a g-module V is a-integrable if both g, and g_,, act
locally nilpotently on V, i.e. if for each v € V there exists N > 0 such that ad(g,)Vv = 0 and
ad(g_o)Vv = 0.

9
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Lemma 3.8. For A € a*, the following are equivalent:
(1) xe P
(2) Vx(A) is finite-dimensional;
(3) for every real root o € A, there exists an N > 0 such that ad(ga)N vy = 0;
(4) for every o € 11, there exists an N > 0 such that ad(g_o)N vy = 0.

Proof. Here we use that Ug is a a-integrable for all « € A. For the last equivalence, we use
Corollary 2.12. O

3.5. Detecting singular subspaces. Recall that for two distinct simple roots o, 5 € 3, we
have

(90, 9-5] = 0.
Thus, if W C Ug(a) v, is a ¢(a)-stable subspace annihilated by g, then we will have nyW = 0
and psW C W, i.e. we obtain a singular subspace with respect to py.
If further we have that the ¢-coinvariant ¢ on My () vanishes on W, then the quotient map
My (N\) — Vx(A) will necessarily vanish on W, and thus on Ug- W = Ut - W, again using the
Iwasawa decomposition.

3.6. Classification of rank one supersymmetric pairs. For the following classification
result, we simply refer to the classification of supersymmetric pairs, which is described in
Sec. 5.2 of [16], and is based off [15].

Lemma 3.9. Suppose that (g, ) is rank one, so that X = {a}. Then up to split factors fized
by 0, we have the following possibilites for (g,€). In the following, o/ denotes a complimentary
abelian subalgebra on which 6 acts by (—1):

(1) « is singular:
(i) (a,a) #0, my = (0]2n) for n > 1, and ma, = (0]0):

g=o0sp(2]2n) x o/, €= o0sp(1]2n);
(ii) (a, ) =0, mqy = (02), and maq = (0|0):
g =gl(1]1) x gl(1]1) x a’, &= gl(1]1);

(2) « is real:
(i) mq = (m —2|2n) for m >3, n > 1, and ma, = (0|0):

g=o0sp(m|2n) x o/, €= o0sp(m — 1|2n);
(ii) mo = (4(n —2)12m) for m > 1, n > 2, and ma, = (3/0), for n > 2:
g =o0sp(m|2n) x a’, €= o0sp(m|2n — 2) x sp(2);

(iii) ma = (2(m —2)|2n) for m > 2, n > 1, and may = (1]0):

g = gl(m|n) x ', €= gl(m —1[n) x gl(1);
(iv) mq = (2]0) and maq = (0[0):

g=sl(2) xsl(2) xa, €=sl(2);

(v) mq = (0|2) and maq = (2|0):

g=o0sp(1]2) x 0sp(1]2) x @/, &= o0sp(1]2).

Corollary 3.10. If (g,%) is any supersymmetric pair, and o € A, then (g(o), €(a)) is isomor-

phic to one of the pairs above after quotienting by split, 0-fized ideals.
10
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3.7. Rank one integrability conditions.

Lemma 3.11. If ¥ is a base and « € X is a real root, then Vs () is a-integrable if and only
if A e P{J;} with respect to the rank one root system determined by (g{a), &(a)).

Proof. This follows immediately from Remark 3.5 and Lemma 3.6. U

Theorem 3.12. Let o € X be a real, simple root. Then a weight \ € a* is a-integrable if and
only if A(ha) € 25(®) - 27~

Proof. Suppose that A is a-integrable, so that Vi, (A) is a finite-dimensional g{a)-module.
Then A will be a spherical weight for the underlying even symmetric pair of rank one, which
by Thm. 3.12 of [6] implies that A(hy) € 25(%) - 2Z,.

For the converse, we use the classification given in Section 3.6 to construct explicit highest
weight representations Vi (\) satisfying A(hq) = 25(® . 2, which is enough because P; is a
monoid.

(1) For (osp(m|2n),0sp(m — 1|2n)) we use the standard representation k™/?".
(2) For (osp(m|2n), osp(m|2n — 2) x sp(2)) we use (S2k™?") /k.
(3) For (gl(m|n), gl(m — 1|n)) we use the adjoint representation.
(4) The diagonal cases (g X g, g) are easy.

0

3.8. Spherical weights for A = A,. or II C Y. In the case A = A,., we have that for all
a € I1, either @ € ¥ or /2 € ¥. Thus in this case we obtain:

Theorem 3.13. Suppose that A,. = A. Then for a base X, we have \ € a* is X-spherical if
and only if for all o € ¥ we have \(hy) € 25(®) . 2Z.

Theorem 3.13 applies to the following pairs:
(gl(m|n), gl(r) x gl(m — r|n)), r <m/2, (osp(m|2n),08p(r|2n) X s0(r)), T < m/2,
(osp(m|2n), osp(m|2n — 2s) x sp(2s)), s <n/2, (ag(1]2),0(2,1;3)).
The following is also clear.

Proposition 3.14. Suppose that 3 is a set of simple roots such that 11 C 3. Then a weight
X € a* is Y-spherical if and only if for all a € II we have A(hy) € 25 . 2Z>¢.

Proposition 3.14 applies to the following pairs for particular choices of base X:

(gl(m|2n),0sp(m|2n)), (0sp(2]2n), osp(1|2r) x osp(1|2n — 2r)).

3.9. Singular reflections of highest weights.

Lemma 3.15. Let a € X be a singular root with (o,a) = 0, and let A € a*. Then
Va(A) 2 Vi s(ra), where o\ € a* is given by the following formula:

TQA:{A—M i () £0
A if (\,a) =0.
11
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Proof. Recall that g{a) = gl(1]|1) x gl(1]1) x a’, up to split factors fixed by €, and the involution
swaps the two factors of gl(1]|1), and is (—1) on a’,. Thus we may write A = (Ao, —Ag, '), where
Ao is a weight of gl(1]|1) and X is a weight of a/. We may similarly write o = (o/, —a/,0)/2,
where o is a root of gl(1|1) with coroot h, . Now we see that

()\,Oé) = )\Q(ha/).

First suppose that (A, «) = 0, which is equivalent to Ag(hy) = 0. Let eq,es be the raising
operators and fi, fo the lowering operators of the two copies of gl(1|1). Thus g_, = k(f1, e2).
Then if we set W := k(fjvy, eqvy), we see that it is m-stable and g,WW = 0. Further, W
is purely odd so that the t-coinvariant vanishes on it. Thus Section 3.5 implies that the
map Mx(\) — Vy(A) factors through the quotient by Ug - W. In particular, g(a) stabilizes
vy € Vx(N). From this we see that V5 () is a quotient of M, _x(A), and so by universality we
have Vs (A) 2V, »(A).

On the other hand, (A, «) # 0 is equivalent to A\g(h,) # 0. In this case we see that
fieavy € My (X) will be of weight A — 2« with respect to a, and will be a p,_s-singular vector.
Thus we obtain a map M,_x(A—2a) — My (\). Surjectivity is easy to check, and so we get an
isomorphism M, s (XA —2a) = M, (A). From this we easily obtain Vxa(A\) =V, n(A —2«). O

We now state what happens in our ‘best-behaved’ case. Note the following proposition is
effectively a generalization of Thm. 10.5 of [13].

Proposition 3.16. Suppose that every singular root a € Nging 1s isotropic. Let I1 C A; be
the set of principal roots and let X\ € a*. Then \ € P;:' if and only if for each v € 11 there
exists some base X' ~ X such that v € X' and the corresponding reflected weight \sy satisfies
)\Z/(h»y) S 25(7) : 2220.

Proof. This follows from Corollary 2.25 and 3.15. g
Proposition 3.16 applies to the following pairs:
(g xg,9), (gllmln),gl(r|s) x gl(m —r[n — s))
3.10. Reflections in nonisotropic, singular roots.

Lemma 3.17. Suppose that o € X is a singular, nonisotropic root of multiplicity (0|2n), and
A€ a.

(1) If AM(ha)/2¢4{0,1,...,n—1,n+1,...,2n}, then Vx(A) 2V, »(\ — 2na);

(2) if k== A ha)/2 € {0,1,...,n — 1} then

VE()\) = VraZ()\ — 2ka);

(3) if Mha)/2 =n+k e {n+1,n+2...,2n}, then V() contains Va(A — 2ka) as a
submodule. In particular, if A € P;:' then \ — 2ka € Pg’.

Proof. Observe that g, will be an irreducible, purely odd, m-module with a symplectic form
w € A?g_,. Thus w" € A?"g_, = APg_,, is non-zero.

In case (1), A will be a typical weight for osp(2]2n) C g(a). Thus w"v) will generate
Myx()N), is of weight A — 2n«, and is annihilated by m and g_,. Hence we obtain a map
M, s (A —2na) — Mx()\), and it is easy to see it is an isomorphism. In this way, we obtain
an isomorphism V5 () 2V, »n(\ — 2na), as desired.

In case (2), we use the computations in Sec. 10 of [17] to see that Ug(a)v, contains a py-

stable subspace W on which the ¢-coinvariant vanishes. Taking the quotient of My () by the
12
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submodule generated by W, we obtain a module M’ for which Ug(a)vy is irreducible, with
lowest weight vector w*vy (again applying computations in [17]). Thus we obtain a surjective
map M, s (A — 2ka) — M’, from which it easily follows that Vs(\) 2V, s (A — 2ka).

Finally, for case (3), the computations of Sec. 10 in [17] once again show that wFuvy is an
m-fixed, p-singular vector on which the £-coinvariant does not vanish. Therefore we get a map
Ve (A — ka) — Vx()), and injectivity is by definition. O

Definition 3.18. Let A € a* and let @ € ¥ be a singular, nonisotropic root. Then we say
that A is an a-critical weight if A(hy)/2 € {n+1,...,2n}.

Definition 3.19. Let A € a*, and let « € ¥ be a simple, singular, non-isotropic root. If X is
not a-critical, then set:

. {A ~AMha)a  if Alha)/2 € {0,...,n— 1};

A —2no otherwise.
In particular, Vx(A) 2V, s (ra)).

Using singular reflections, it is clear that we can understand when a weight A € a* lies in
P; if no reflection of A is critical for simple, singular, non-isotropic root. For weights that
are critical for some singular, nonisotropic a € %, we may use the following to understand
something.

Lemma 3.20. Let o € ¥ be a nonisotropic, singular root, and let 8 be a simple real root of
roX. Then for an a-critical weight X € a*, V() is B-integrable if and only if both V, s (X)
and V. x (A — 2na) are.

Caution: we do not have an isomorphism Vx;(A) = V. n(A).

Proof. Let p,x be the parabolic subalgebra of g containing both psx; and g_,. Let V), be
the finite-dimensional Kac-module over g{a) = o0sp(2|2n) x @’ x (...) of highest weight \. Note
that V) o is indecomposable with composition series 0 — Ly_ok.o — VAo — Ly o — 0, where
L(_) 4 is the corresponding simple module over g(a).

Then we may inflate V) o to po 5. Observe that Vx(A) is a quotient of Indgay2 Via- As a
module over p,, s, it is generated by V;‘a = k{vy,wvy, - ,w2"v>\>. Thus Vs (A) is S-integrable
if and only if each vector w/vy is S-integrable, i.e. (g_B)ijv)\ for N > 0.

However, by Lemma 3.12, this is in turn is equivalent to:

(A —2ja)(hg) € 22 .27~ for all j =0,...,2n.
Since evaluation at hg is a linear function in j, the result is now clear from Lemma 2.17. [

We note that in principal one could use the idea of Lemma 3.20 to try and understand what
happens after performing multiple reflections. However, we don’t see at this moment how to
understand this picture in a simple way in any generality.

4. EXPLICIT COMPUTATIONS OF SPHERICAL WEIGHTS

In the final section, we explicitly describe the sets P; for convenient choices of ¥ when (g, £)
is a supersymmetric pair with g indecomposable. In the problematic cases, i.e. those for which
nonisotropic singular roots are present, we choose X so that all but the last singular reflection

will have critical weights, allowing us to rely on Lemma 3.20.
13
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We stress that we have made choices of seemingly convenient bases . However the tech-
niques we employ have the potential to work for other bases as well. If one is interested in
a description of P; for a X not used here, one may attempt to apply our techniques in their
case. In particular, our technique will work when > has the property that every principal root
either lies in 3 or lies in r,X for some singular root o € X. Such ¥ can often be constructed
by making them consists of as many singular roots as possible.

We begin by working abstractly with restricted root systems, for simplicity.

Ezample 4.1. Let r,s € Z>q, k € k*, and define BCy(r,s) to be the weak generalized root

system with two real components A,. = BC,.LUBCy and singular roots Ay, = W(wgl) +w§2)).
Z(] ) denotes the ith fundamental weight of the jth irreducible component of A,., as in
[14]. The bilinear form is normalized such that (wgl),wgl)) =1 and (w§2),w§2)) = k. Define
Ck(r,s) € BCk(r, s) to be the same as BCy(r, s) but without the short roots.

Let us write v1,...,%,v1, ..., Vs for a basis of the underlying vector space given by mutually
orthogonal short roots, where vq,...,v. € BC, and vy,...,vs € BC,. Then one base ¥ for
BCy(r, s) is given by:

Here w

=2 V=1 — Vry Ve — Viy-- ., Vs—1 — Vs, Vs
A set of principal roots is given by IT = {1 — Y2, ..., Yr—1 — Yoy Yoy V1 — V2, .., Vs—1 — Vs, Vs }.
Therefore we have that {y,} =II\ (IINX).
For Ck(r,s), we may take the same base and principal roots, only we need to multiply v
and ~, by 2. However this minor difference does not affect any of the computations of Pg

below.
Let A = 3 a;7y;+>_ bjv;. Then a necessary condition for A € Py is that A(ha) € 25(%) .27
t J

for all a € 11, i.e.
a; — Qitp1,p, by — bip1,bs € 2Z>0.

To obtain 7, as a simple root, we must apply the simple reflections 7, _,,,...,7y,.—,,. We see
that for k #£ —1:
Ay — kbl
Alhy,—n)/2 = T r

Case I, k = —1: In this case all singular roots are isotropic, so in fact Proposition 3.16
applies. We see that (A\,7, — 1) = a, + b1, which is non-negative, and zero if and only if
ar = by = 0. Thus either b; = 0 for all i and A € P;, Or 7'y, 1y A = A — 27, + 211, meaning we
must have a, > 2. If by = 0 then again it is clear that A € P;7, and otherwise we need a, > 4.
Continuing like this, we learn that

NePE «— a,/2>|{i:b; £ 0}

Case II, £ = —1/2, m,,_,, = (0|2): We have 7; — v; is a non-isotropic singular root.
Observe that A(h.,—,,)/2 = 2a, + by which is an even, non-negative integer. If this quantity
is 0, then b; = 0 for all 4 and a, = 0, so that \ € Pg.

If a, = 0 and b; > 0 then by Lemma 3.17, A € P;:' only if A — 24, + 21 is integrable. But
it is clearly not since the coefficient of 7, would become negative. Thus a, =0 =- by =0, and
for all other values of (a,,b;) we have 2a, + by > 2. Hence there are no critical weights for
v — v1. Because m.,_,, = (0/2), in these cases we will have r, _,, A = X\ — 27, + 21, meaning

we must have a, > 2.
14
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Using inductive reasoning as in the first case, we once again find that:
NEPY > a,/2> |{i:b #0}.

Case III: r = s =1, my,—,, = (0/12), k # —1
Recall that n
ay —
Ahayn) /2 = =

If the above quantity is equal to 0, then we must have a; = kb1, implying that either a; = b1 =0
or ai, by > 0. If the above quantity is equal to 2, then we must have a1 # 2. However if a1 =0
then A\ — 271 + 214 is not dominant, so A can’t be either by Lemma 3.17.

In all other cases, ro A = A — 271 + 211 must be integrable, meaning that a; > 2. Therefore
we obtain that:

Azaﬂl—l—blulePg <~ a1 =0=0b,=0.

4.1. Tables with P; . In Table 1, we describe A and make a choice of base X for each pair.
In Tables 2 and 3 which follow, we explicitly describe P;:' for the given choice of . We use
the presentations of generalized root systems given in Sec. 5.2 of [16].

In the next section we will justify our computations.

15
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TABLE 1.
(9,8) A
by
(9[(”’"‘2"’1)’ 05]3(771‘271)) A(m - 1,7’L - 1)
€1 —€2,...,6m — V1, V1 —V2,...,Vn-1—Vn

Vi i= (02i—1 + 02;)/2

(gl(m|n), gl(r|s) x gl(m —r[n — s))
r<m/2,s <n/2

(B)C—I/Q(Ta s)
YL Y2 Y — V1, 1 _V27"'7V8—1_1/87(2)V8
Vi = (€ — €m—it1)/2, Vi = (6; — Op—it1)/2

(0sp(2m|2n), gl(m|n))

(B)C_1/2(n,m)

01 =025+« 0 — V1,91 = Y25+« + s Ym—1 — Yms (2)Vm
Vi = (€2i-1 + €2i)/2
(0sp(m|2n), osp(r|2s) x osp(m — r|2n — 2s)) BC_y5(r, s)
r<m/2,s<nj/2 €1 — €2y, €60 — V1, V] — Vo, ..., Vs_1 — Vs, Vs

vi = (02i—1 + 02;)/2

(0sp(2r|2n), osp(r|2s) x osp(r|2n — 2s))
0<s<n/2

Ave = D, UGy, Aging = W(w + 0Py uwwV
€ + Vg, —€p + Vs, —Vsg+ €1, —€p—1 + Vs—1,. .-
vi = (021 + 02;)/2

(0sp(2r|4s), 0sp(r]2s) X osp(r|2s))

D(r,s)

VIl —V2,...,Vs —€1,€6] —€2,...,6_1 — €, €61+ €

vi = (021 + 02;)/2

(0sp(27|2n), 0sp(r|2n) x so(r))

Aye = Dy, Asing = Wuwy

€1 —€2,...,€6€_1 — €p,€Ep
(0(2,1;a),08p(2|2) x s0(2)) Cu(1,1)
a— 3,28
(ab(1[3), gosp(2|4)) C_3(1,1)
€/2—0/2,6

(ab(1]3), s1(1]4))

Ao = By L Cq, Asing = W(wgl) + UJ§2))
€2, (61 — €3 — 6)/275

(ab(1]3),0(2,1;2) x sl(2))

Are = B3> Asing = WW3

€2 —€3,€1 — €2, (—€1 + €2 + €3)/2

(ag(1]2),0(2,1;3))

Go

any base
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TABLE 2.

(g,%)

)

(gl(m|2n), 0sp(m|2n))

arer + -+ Amem + bivi + -+ bavy
a; — ai11,b; — biy1 € 2Z>9

(gl(m|n),
gl(r(s) x gl(m —r|n — s))
r<m/2,s<mn/2

ary+ s+ arye + b 4+ by

a; — ai+17a7’7b’i - bi-‘rlabs € 22207 a?“/2 2 ‘{Z : bZ 7é 0}‘

(0sp(2m[2n), gl(m|n))

a1y1 + -+ A Ym + 0101 4 - - 4+ by,

a; — ai+17a77hbi - b’i+1abn € 2Z207 bn/2 2 ’{Z L a; 7é 0}‘

(0sp(m|2n),
osp(r|2s) x osp(m — r|2n — 2s))
r<m/2,s<n/2

arey + -+ apep + by + -+ bovg

a; — ai+17a7’7b’i - bi-‘rlabs € 22207 a?“/2 2 ‘{Z : bZ 7é 0}‘

(0sp(2r(2n),
osp(r|2s) x osp(r|2n — 2s))
0<s<n/2

ar€r + -+ arey + by + -+ - + by
Q; — Qjt1,0r—1 + @p,b; — bip1,bs € 2220.
If s < r then either there exists i = 0, ..., s such that
ap 2 ag 2 -+ 2 Qpog > Qp_sq1 >+ > Ap_gyi =0
and by > by > --- >bi2bi+1:0,
otherwise ay > ag > -+ > ap_g > Qp_gy1 > -+ > |ay|
and by > by >+ >bs_1 > bs > 0.
If s > r then either there exists i = 0,...,r such that
ar>ag>--->a; =0
and by > -+ > bs_pqp1 > bg_pya > > bg_ryi > bs_ppip1 =0,
otherwise a1 > ag > -+ > a,_1 > |a,|
and by > -+ > bs_yqy1 > bs_py2 > >bg >0

(0sp(2r|ds),
osp(r|2s) x osp(r|2s))

ai€1 + -+ ap€p + by + -+ - + b
a; — ai11,b; — biy1,bs € 272>,
ar—1 > ’ar‘7 bs/2 > ’{Z L a; 7é 0}‘

(0sp(27|2n), 0sp(r|2n) x so(r))

ar€1 + -+ ar€p

a; — ajt1 € 2Z>¢, and either a, > 0 or a,_; > |a, — 2n|

17
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TABLE 3. Continuation of Table 2

(9,8) P
(0(2,1;a),08p(2]2) x s0(2)) ac + b3
a,be€2Z>0,b=0=a=0
(ab(1|3), gosp(2]4)) ae + bo
a,b € Z>o and either a =b=0or a > 2
(ab(1]3),sl(1]4)) ajer + azex + bo

a1 — ag € 2Z>q, az,b € Zx>g
either ay =as =b=0o0ra; >0
(ab(1]3),0(2,1;2) x sl(2)) aje1 + ageg + ages
a; — @41 € 2Z>0, a3 € Lx>g

and either az3 = 0 or a1 > as
(ag(1]2),2(2,1;3)) a1wi + aswso
ai,a € 2Z207

w1, w2 the fundamental dominant weights.

4.2. Computations of Pg for supersymmetric pairs. We now justify the computations
presented in the tables above by going through the pairs case by case. We once again remind
that we use the presentations of generalized root systems given in Sec. 5.2 of [10].

(1) (gl(m|2n), 0sp(m|2n)): For the choice of ¥ given we have IT C ¥, so we may apply
Proposition 3.14 to obtain our description.

(2) (gl(m|n),gl(r|s) x gl(m —rin —s)), r < m/2, s < n/2: In this case we obtain the
restricted root system BC_i(r,s) if 7 < n/2 or s < m/2, and otherwise we get
C_1(m/2,n/2). Thus we may apply Case I of Example 4.1 to obtain our description.

(3) (osp(2m|2n), gl(m|n)): After renormalizing the form, we obtain C_;/y(n,m) if m is
even and BC_;/y(n,m) otherwise. Thus we may apply Case I of Example 4.1 to
obtain our description.

(4) (osp(m|2n),0sp(m — r|2n — 2s) x 0sp(r|2s)), r < m/2, s < n/2: We obtain restricted
root system BC_ /5(r, s), so we may apply Case II of Example 4.1.

(5) (osp(2r|2n),08p(r|2s) X 0sp(r|2n — 2s)), 0 < s < n/2: let us be more explicit about
the base we choose. If s < r, we take the base to be

€1 — €2y vny €ps — V1, V1 — €pgil, .. €p] — Vs, Vs L €p.

Thus we would like to independently apply the singular reflections
Ters—v1>Ter_sp1—vzs -+ Ter_1—vss Tep vy i Order to obtain the remaining real roots.

In this case, this tells us that for ¢ = 0,...,s — 1 either a,_s1; = b;11 = 0 or
Ap—st+i > |ar—stit1] and b; > b1, where if i = 0 the condition b; > b;+1 is empty.
Further, either 2a, = bs or a,_1 > |a, — 2| and bs_1 > bs. In other words, either for
some i = 0,...,s we have

a1 2 a2 2+ 2 Apg > Qp_gp] > "+ > Op_gp; =0
18
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and
b1>b2>"'>bi2bi+1:0.
or
apr > ag >+ > pg > Qpogyq > o0 > |ay]
and

by >by > .- >bs_1 >bs >0.
If, on the other hand, s > r, we have base:
VI — V2, Vspq] — €1,€1 — Vst 2y -, €p—1 — Vs, Vs T €.

Thus we would like to independently apply the singular reflections

Ter—vs_rias Tes—vs_pigr -1 Ter_1—ver Tertws- Lhis forces either a; = bs_r4i41 = 0 or
a; > |aj+1] and bs_p4; > bs_piit1. Further, either 2a, = by or a,—1 > |a, — 2|
and bs_1 > bs. Stated more succinctly, we have that either for some ¢ = 1,...,7:

ar>ag>--->a; =0

and
by >by > > bs—r-i—l > bs—r+2 > > bs—r—i—i > bs—r+i+1 =0.
or
alp > ag >+ > Qp_q1 > \ar\
and

bl2b22“‘st—r+1>bs—r+2>"'>bs—1>b320-

(6) (osp(2r|4s), osp(r|2s) x osp(r|2s)): take base y1—2, ..., Vs—1—Vs» Vs —€1,-- - Er—1 L€y
Then we want to apply simple reflections 7, _¢;, 7y, —ep, - - -, Tyy—e,.. Let X =D bjy; +
J

> aje;. Then if by = 2k with & < r — 1, we are forced to have a1 = -+ = a, = 0,
i

and we will have A € P; .
Suppose instead that by = 2k with &k > r — 1. Then

Noi=ry e oo Tyma A= b1yt +bs_17s—1+ (bs—2(r—1) )5+ (a1 +2)e1+ - +(ar—1+2) 6,1 +ar€r.

We see that
N(hy,—e,) = —(bs — 2(r — 1)) — 2a,.
If this quantity is 0, then A\ € P; . Otherwise, the following weight must be integrable:
bivi+ -+ bs_1Ys—1 + (bs — 2r)ys + (a1 + 2)er + -+ - + (ar—1 + 2)ep—1 + (ar + 2)ep,

meaning we need bs > 2r.
(7) (osp(2r|2n),08p(r|2n) x so(r)) with n > 0: in this case we have base €; —€a, ..., €1 —
€r, €,. SO We are missing the principal root €,_1 + ¢, which is obtained by r.,.. Notice
T
that m., = (0[2n). If A = > a;¢;, then \ € P; if and only if a; — a;41 € 2Z>,
i=1
ar—1 > la|, and either a, > 0 or a,_1 > |a, — 2n]|.

(8) (0(2,1;a),08p(2|2) x s0(2)): Here we obtain restricted root system C,(1,1) where non-
isotropic singular roots have mulitplicity (0|2). Thus we may apply Case III of Example
4.1.
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(9) (ab(1]3),gosp(2|4)): C(1,1) deformed: a* has basis €, where (e,¢) = 1/3, (d,¢) = 0,
(6,0) = —1. Then X can be taken as (e — 0)/2,d and II = {¢,d}. We have r._s¥ =
{(6 —€)/2,€}. Then for A\ = ae + bd, we have A € P if and only if a,b € Z and either
a=b=0ora>2.

(10) (ab(13),sl(1[4)): B2LICy, deformed: a* has basis €1, €2, 6 where (€, €;) = 0;;/3, (€;,0) =
0, and (6,0) = —1. Then we may take ¥ to be €a,(€; — €2 — d)/2,0, and we have
II = {61 — €9, 62,5}. Then 7’(51_62_5)/22 is (61 + € — 5)/2, (—61 + e+ 5)/2, €1 — €2.

Now if A = aje1 + ages + b then \ € P; if and only if a,b € Z>q, a1 — ax € 2Z>y,
and either a1 = a9 =b=0or a; > 1.

(11) (ab(1|3),0(2,1;2)): Bz with small orbit: a* has basis €1, €2, €3, where (€;,€;) = d;5/3.
Then for ¥ we may take es — €3, €1 — €2, (—€1 + €2+ €3)/2, and I = {1 — €9, €9 — €3, €3}.
Then we have 7(_¢ 4 c,1ey)/22 18 given by €2 — €3, €3, (€1 — €2 — €3) /2.

Let A = a1e1 + asea + agez € a*. Then a necessary condition that \ € P; is that
ay — ag,az — a3 € 2Z>q, az € Z>g. We see that

A(h(—€1+62+63)/2)/2 = ;(_al +az + a3)'
Thus any weight A = (a + b)e; + aea + bes such that a,b,a — b € 2Z>( will lie in Pg.
Otherwise, we need that a; > as.
(12) (ag(1]2),9(2,1;3)): Go: In this case the restricted root system is just G, and all simple
roots are real. We present a* with basis v, 15, the fundamental weights for Go. Then
for A = a1v1 + asn € a*, we have \ € P; if and only if a1 — ag, as € 2Z>y.
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