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LIOUVILLE THEOREM FOR k—CURVATURE EQUATION
WITH FULLY NONLINEAR BOUNDARY IN HALF SPACE

WEI WEI

ABSTRACT. We obtain the Liouville theorem for constant k-curvature oy (A,)
in R” with constant Bf curvature on OR?, where B} is derived from the
variational functional for oy (4,), and specially represents the boundary
term in the Gauss-Bonnet-Chern formula for k = n/2.

1. INTRODUCTION

The 0;(A,) curvature, particularly the o9(A,) curvature, has achieved sig-
nificant advancements in the past three decades. In [9] Chen found a naturally
matching boundary curvature B; on dM for o4(A,). On locally conformally
flat 2k-manifolds, the Bj curvature on M is the boundary term in the Gauss-
Bonnet-Chern formula:

9 n
/ o1 (A)du, +§1§ Bldo, — 3)2 X(M, 9M).
M oM (3)!
Denote
a1(4) = Z 5( ji jz )A;il‘”Aﬁz‘k
1<iy < <ip<n
and
k—1
(11) BZ = C’(n, kai)aﬂc—i—l,i (Ag, Lg) n Z 2]{Z,
i=0

where A;f is tangential part of A, on boundary, L, is the second fundamental
form of boundary with respect to g, oor_;—1, (AQT, Lg) is the mixed symmetric

functions defined in [9] and C'(n, k,i) = ((ik__]j)_,(lz)]l(_"iiﬁ;fz,'

In [5] Chang-Chen posed the question: Does there exist a metric g, € [g]
satisfying the equation (L2

The author is partially supported by NSFC No. 12201288, BK20220755 and the Alexan-
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" foitmy=c
. = on OM,

where c is a positive constant. The question is so largely open.
Equation (L2) from [5 9] is variational, formulated as:
Filv] = (2k —n) l/ or(Ay)vdu, + Bgvdag} :
n oM

where
Fi = / o, (Ay)dy, +§£ Bldo,.
n oM

On locally conformally flat manifolds, the critical point of functional Fj in
{1 : ;1 € [g],v0l(M,g1) = 1} for n > 2k is equation ([2). For n = 2k,
the variational functional can be found in Proposition 2.3 in [3] and its corre-
sponding equation is (.2).

Currently, the only known outcome of the question of Chang-Chen is the
case about four-dimensional manifolds with umbilic boundary, in which it
is equivalent to investigate the equation with Neumann boundary problem.
Specifically, as pointed by Chen [9], when OM is umbilic and g € T}, Bf =0
if and only if h, = 0. Here the well-known I'}-cone is defined as below:

IF = {gloi(Ay) >0, ,01(A,) > 0}.

Chen [9] proved that on manifolds with umbilic boundary, if Y (M*, dM, [g]) >
0 and [, 02 (Ay) dvg+ ¢, Bidog > 0, then there exists a metric § € [g] such

that o9(§~'A;) is constant and B = 0 on AM.

However, when the boundary is not umbilic, the boundary curvature B
is highly fully nonlinear involving second derivatives and first derivatives on
boundary. The complexity is rare in the literature even for the uniformly
second-order elliptic equation. Consequently, the exploration regarding (L.2))
appears distant and challenging to approach.

To comprehend the nature of the boundary curvature By, we investigate an
alternative equation on manifolds with an umbilic boundary

e wr
L = Co on OM,

where ¢ is a positive constant, and this equation still has variational structure.
This non-vanishing B{ curvature prominently involves second-order deriva-

tives, as evidenced by the following explicit expression for B; on the umbilic
boundary OM:
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g . (n—1)! 2k—1
(14) Bi ’_(n—k)!(2k—1)!!h9

+§ (n—1-3s)! o (AT) 2k —25—1
— (n—Fk n-e el ’

(2 — 25 — 1)

S

where h, is the mean curvature of boundary with respect to g and A;f is
tangential part of A; on boundary.

For simplicity, we denote g, 'Ay, as Ay, and g,;'A] as A} without confu-
sion. We remark that if g € '}, then the linearization of the operator Bf is
actually elliptic, see (2.I)) in Section 2, which is the start point of the whole
paper.

In this paper we will build the Liouville theorem for the equation (3] in
the following:

Theorem 1. Given a positive constant cgy, let g, = uﬁ\dx\z in R} satisfy

(1.5) or(Ag,) =28Ct inR%, g, €Tl
' Bl = ¢ on OR?.
Assume that lim,_,ougexists, where ug(z) = |z[*"u (ﬁ) Then there

exists a positive constant b € Ry and (T',Z,) € R™ such that

(n—2)/2
(1.6) w2, z,) = Vb 5 in R,
1+0|( — (T, )]

x', xy)

where hy, = —%umnu_ﬁ = —2VbZ,, > 0 and A;u = 2l (n—1)x(n—1) Satisfy

B

. (n— s)!

(n—k)(2k —2s — 1)ln

Og (QH(n—l)X (n—l)) [2\/Efn]2k_28_1

s=1

(n—1)! _ op1 nH+1-—Fk
T oiEE SVt =
From the proof, we actually know that lim, .o, is a positive constant.
When Bj* = 0, the boundary condition becomes h,, = 0 and the correspond-
ing Liouville theorem has been established by Li-Li [20], see more general
statement in [20]. As the boundary condition is highly fully nonlinear, to make
the boundary equation transparent and elliptic, we consider the metric with
positive boundary B{* curvature in Flj cone. From geometric aspects, ug is
usually C? continuous to zero. To prove Theorem [, we apply the key Lemma
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MM in [19] to W := —251nwug; on IR} \{0}, where W (a’,0) is superharmonic
on OR"}.

With the above theorem, we have the following theorem.

Theorem 2. Given a positive constant cy, let g, = w%\dx\z in BY satisfy
or(Ay,) =2FCE in B}, g, €Ty,
Bl = cq on OBY.
Then
VB
1+ blx —z]2" 7’
where T € R™, b € RY satisfy By = c.

w=(

The Liouville theorem stands as a fundamental element contributing to the
existence of the Yamabe-type equation and holds a central position within
the field of partial differential equations and geometry. Extensive studies
on Liouville Theorems on R",S™ have been conducted in the context of the
Yamabe-type equation. For the semilinear equation, the Liouville theorem can
be traced back to Obata [24], Gidas-Ni-Nirenberg [I5] and Caffarelli-Gidas-
Spruck [I]. See Li-Zhu [22] and Li-Zhang [23] for the systematic introduction
to the method of moving spheres. For fully nonlinear equation, especially
o, Yamabe equation, Viaclovsky [25] 26] obtained the Liouville theorem under
the additional hypothesis that |z|>~"u(x/|z|?) can be extended to a positive C*
function near x = 0 for 2 < k < n. Concerning k = 2, Chang-Gursky-Yang [§]
utilized Obata’s technique to establish the case for n = 4,5 and higher dimen-
sional case under some additional assumptions. For n = 4, by constructing
a monotone formula with respect to level set of the solution, the author with
Fang and Ma [I4] introduced an alternative approach and proved a Liouville
theorem for some more general oo-type equation, which may not be conformal
invariant. Some general cases for conformally invariant equation including oy
Yamabe operator were established by Li-Li [18, 19] and Li-Lu-Lu [2I]. Also
Chu-Li-Li [12] derived necessary and sufficient conditions for the validity of
Liouville-type theorems in R™.

Compared to Liouville theorem in entire space, the results in half space is
few as the boundary brings new difficulties. In ball Escobar [13] classified the
metric with constant scalar curvature and the constant boundary mean cur-
vature. Concerning the prescribed mean curvature in half space, the Liouville
theorem for constant scalar curvature was established by Li-Zhu [22], Chipot-
Shafrir-Fila [11] and Li-Zhang [23]. And for fully nonlinear cases including oy,
curvature on half space, Li-Li [20] obtained the corresponding Liouville theo-
rem with the constant boundary mean curvature. Case-Wang [1] demonstrated
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an Obata-type theorem for o4(4,) = 0 on S"and B = ¢y on S* = 9S"
under the additional condition supg. b, < (k + 1) infgn h,. They [4] classified
the local minimizers related with o9(A,) and BJ in B}*', when n = 3,4,5.
Furthermore, with Moreira, in [2] they get some non-uniqueness results in dif-
ferent setting. This paper will focus on non-zero oy (A,) curvature and then the
method of moving sphere works with appropriate observations on boundary.

We organize the paper as follows. In Section 2 we provide some facts about
the linearized operator of B{. In Section 3 inspired by Li-Li [20], we prove
Theorem [I] in stronger assumption (3.2) by the method of moving sphere. In
Section 4, due to the super-harmonicity of ﬁ Inup; on the lower dimensional
space, we utilize the key lemma in [19] in lower dimensional space, and obtain
Theorem[Il In Appendix we list some useful lemmas in [23] 19, 20] for reader’s
convenience.

Acknowledge: The author would like to thank Prof. X. Z. Chen and Dr.
Biao Ma for helpful conversations and suggestions. The author also would like
to thank University of Freiburg for the hospitality.

2. PRELIMINARY

In this section we describe the linearization of Bj on OR’, which is an
elliptic operator on boundary depending on the mean curvature of g and the
cone condition. \

In R?, for g, = u»=2gg, then

2

n
— I e— n
hgu——n_2u "2y, on JR],

where u,, = 867“ on IR,

2
-1 _ —(n+2)/(n—2) 72
A, =— —— v
9u Agu pL u
+ 2l ® Vu — 2 i) Vul%g
(n —2)2 (n —2)2 &
and
~1 4T 2 (n42)/(n-2) o2
gAY = - ——u Vu
Ju n—2
omn 2 T
u ATy @ Vi — ———u 27|V gg

TR (n—2)?
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2.1. Linearization of Bj on 0R’. We first study the linearization of B}*.
In [I] Case-Wang showed the conformal linearization of B, which they used
the symbol Hj instead. Our notation is consistent with Chen [9)].

Let g = uﬁgg and g := 7"gg, where ¢ : OR} — R’ is the inclusion map,
and we use V to be the Levi-Civita Connection on OR"Y, a, 8,7 range from
1,---,n—1. Now h, = —ﬁu_ﬁun on OR" | where 0,, is the unit inward
vector on boundary. Now we state the computation of the boundary operator,
which will be frequently used in the following paragraphs.

4
Lemma 3. Assume that go = uj *gr and g1 = ul *gr satisfy B = By' = ¢y.

Then, taking ¥ = uy — uyg,
0=8" -8B
(2.1) = —0apVap + baVo — bpiy, + cp := L),

where by, ¢ depends on uy,ug. Denote u = tu; + (1 — t)ug and g = uﬁg]g,

1 k-1 T
n+2 n—l—s)' 2% — 2_1808("45])
2.2 = n— T —— 2
(22) aas /0 n_at 2; 2k—25—1)"hg OAT, at,
and
2 o
(23) bn = n_ 9 /0 u_mO'k_l(Ag)dt.

(n—1—s)!

Proof. For simplicity, denote C;(n,k, s) = R s T

We know that
0=B" —Bgoz/l 8(89)
k ot

where g = (tu; + (1 — t)uo)ﬁgg.

Define
b* = 2 n—2 AT
n n — u Ok—1 ( 9)
and
. 2 _ni2 Ek :1 2% —2s— 1608(143)
aocﬁ = n_ 2u n—2 Cl 'n, k S)h 81425
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By (I4)), we have

0

— (B¢
oh
=C1(n, k,0)(2k — 1)h2k—2 22
1(71, ) )( ) g ot
k—1 8
+ ; Ci(n, k, s)aas (A;f) hik_%_l
k—1 8h
+ SZ:; Ci(n, k,s)(2k —2s — 1)o; (Ag) h;k_23_2a—;
2 n 2n—2 2 n
— 2% — 1 2k—2 - . -t
Catn, k)2 — i (2t - oy, )
k—1
8 2 n + 2 2n
2%k—2s—1 T —2n
+;Cl(n,k,s)hg 814250-5 (Ag){’n,—Qn—2u n— UQB@D
2 _nt2 2n 2n  _n+2
T h-2" ¢aﬁ_(n—2)2n—2u Ualipl
+ 2n _2Tn2fl7b _l_ 272, _ Qlew
(n — 2)2u au5 7(71 — 2)2u 5ua

2 2n 42 4 _2n_
+ mmu n—2 ‘VU|2(SQQ¢ — mu n—2 (unwn + u,ﬂpﬁ,)éaﬁ}

k-1

2 n 2n—2
k—2s— -0
+;Cl(n,k,s)(2k:—2$—1)as (Ag) hf] 2 2{mn_2u n=2 1,1
2 )

n—1
=t — Ui, — algthap + D bitha + €Y,
a=1

where b}, ¢* depends on uy, ug and % =1 = uy — ug.
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Collecting all the coefficients of 1, the definition of b} can be deduced as
follows.

2 n
Ci(n, k,0)(2k — 1)hZ* (—n - 2u—“)

k—1

2 n
u"n Yy Ci(n,k, s)(2k — 25 — 1o, (Ay ) hF—>2
s=1

n—2

k—1

4 2n 0 — 25—
— e 2)2u n*2unZC’1(n, k, s)—ﬁATB O (A;) 5a5h§k 2s—1
s=1 (€9

—Ci(n, k, 0)(2k — 1)h22 (_ 2 2u—n"2)
—

- - 3 2u—n’12 % Ci(n, k, s)(2k — 2s — 1)o, (Ay ) hot 72572
-
+— QU—ﬁ > Ci(n,k,s = 1)(2k — 25 + 1)o,_y (A7) b
, s=1 ) *
= 2u n—20%_1 (Ag) =—b,
where the first equality holds because —ﬁu_%un = ﬁu‘n%hg and
aA;aaTﬁas (Ag) dop = (N — 5)os—1 (Ag) .
Now we have completed the proof. O

Lemma 4. On 0R", g = uﬁgﬂg, assume that g € T}, and B} has a fized
sign. Then, operator L (21) is elliptic on OR}.

+ T _ 905 (Ag)
By A, € I';, we know that as(Ag) >0from 1 <s<k—1and{ —5%
B axf

is positively defined. The sign of B is consistent with h,, making u, be
negative or positive and keeping the ellipticity of L on boundary.

2.2. Conformally invariant boundary condition. Let z = ¢, \(y) =z +

A (y—z) and then ¢;’A(‘dz|2) = A—4‘dy‘2 For Ju = uﬁ|dz‘27

ly—a|? ~ Jy—at
4 24

* - 4
P ]dz]?) = [uo pua(y)]+= y— o |dy|*
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Now we denote u; »(y) = #u (m + %) and from above, we obtain

@3, A(um\dZI )

* m 5070 (g“
PoaBy) = B = By

4
B z)\ |dy‘2

nTZ dul?
Thus, when BY* = cy, it holds that By /" = ¢,

3. LIOUVILLE THEOREM UNDER THE STRONGER CONDITION

In this section, we would like to prove a Liouville theorem in a stronger
assumption (B.:2]), which also naturally appears in geometry. Some Lemmas in
this section still work without (3.2). In this paper, we use V to be the Levi-
Civita Connection on dR’, a, 3,7 range from 1,--- ,n — 1, which are induced
from gg.

Theorem 5. Let g, = w2 |dz|?* in R} satisfy

(3.1) {%(Agu) =2°Cy inR}, g, €T

Bl = ¢ on OR’.

Assume that
(3.2)

up () = \x|2_"u<#) can be extended to a positive function in C* (@)

Then, u is the form of (1.4).

For simplicity A" := g, 'A,,, By := B{* and &' Bt := 0B} \{x|x, = 0}.

Lemma 6. Assume that u is the solution to (I7). For any fixed ro > 0, when
ly| > ro > 0 and y,, > 0, we have

u(y) > (min w)rg~?y|*",
9' Bt

0

and
liminf w|z|"™* > 0.
T€RY,|z|—+00
Proof. From the assumption, we know that —Awu > 0in R "\B/,and — 5 >0

on 8]1%’1\3:,5. With the fact Aly[*™ = 0 in R’} and a\?yn =0 on 0]1%1\{0},
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by the maximum principle, we have

u(y) > (m1£1 u)r8_2|y|2_" for |y| > ro and y,, > 0.
8/

70

O

For x € OR", A > 0, let u, » denote the reflection of u with respect to By(z),

usA(y) = <‘y i $|)n_2u (x * %) '

By g, € T}, we know that g, , € I} on B—f and O'S(A;Fu A) >0 for 1 <

9os(Ag, ) . . .
s <k-—1and {%} is positively defined. In this paper, hy,
apB
(n—1)x(n—1)

is positive due to B{* > 0 and g, € T’}
For simplicity, we denote uy(y) = uoa(y)-

For z € OR’, define

M) ==sup{p>0]|u» <uin RP\By(z), VO0<A<pu}.

Lemma 7. Assume that u is the solution to (1.3). Then, for any x € OR,
there exists Ao(x) > 0 such that

Uy <u on RE\By(x), V0<\< ().

Proof. Without loss of generality, we assume that x = 0. As u € C', there
exists a positive constant ry such that for 0 < r < ry

d - 2 n— n—
o (r("_Q)/Qu(r, 0)) = n 5 P w4,
n— - 2
(3.3) — (n 5 U + rur) > 0.
For any A satisfying A < |y| < ro,
)\2 2
< < ly| <o,
[y2] = vl
and then, by (B.3])
o >\2 —2)/2 >\2y
il 0) > |2 (2 0)

Therefore, for 0 < A < |y| < 7o,
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(3.9 u) > i = (5 )u (Vy) |

|y] |y[?

mma,B:% U

n—2
Then taking \g = min{( ) o, 7’0} < rg, for 0 < A < Ag and

maxBTu
o
|y| Z To,
Ao\ o\ "2 g2 ming pi
ur(y) < (—") maxu < (—") maxu < o <uly),
ly B, ly B |yl

70

where the last inequality holds due to Lemma o
Combining with (8.4, we know that for 0 < A < )y and y € R\ B,(z),

ux(y) < u(y).

From Lemma [7, we know A(z) > 0 and \(z) < oo.

Lemma 8. Under the assumption of (3.3), we have \(x) < oo for any x €
OR? .

Proof. As u; can be extended to a positive continuous function near zero, we
have

x
lz)*"u | — ) -y as x — 0.
|z ?
And then there exists a positive constant ay, r; such that

g
u(y) < ———
|y |2

Because for any z € R, u(y) > u,,(y) for all X < A\(z) and |y — x| > A, we
have

for |y| > 7.

A (y —
N 2u(x) = lim " ?u 2+ My =) < lim |y — 2" 2u(y) < ay.
Y—00 ly — x|? y—00

Thus,
AMz) < C.
O

Lemma 9. Given the same assumption as Theorem [d, we have that, for all
xr € ORY,

Uy 3y = v in RE\{x}.
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Proof. We argue by a contradiction argument: Without loss of generality, we
take 2 = 0 and ug 5 # v on R7\{0}. We know that uz < u on R \Bj by the
definition of . L

We know o (A"5) = 25CF on RT\B} and B,* = ¢y on 0R"\B;. Letting
w = tu+ (1 — t)uy, we know that u — uj satisfies

0= F(A%) — F(A") = L(u — uz) in BT\By,
0=DB¢—B>=L(u—uy) on OR\ By,

where

L(p = —Aijaijap + 32824,0 + C(LU)(,O,

2 V' e 0o
AU_n—Q/O w "287%(gwA )dt,

and Ly is defined in (2.I)) with up = u; and w; = w in ([2.1)).
Claim 1:
(3.5) u —uy > 0 on R7\B;.

Proof of Claim 1: We argue by the contradiction and assume u — u3(Z) =0
for some T € R\ By. It holds that

L(u—wu;) =0 inR7\Bj,
(3.6)
L(u—wu3) =0 on JR"}\Bs.

Itz e R’}F\B_;\, then by the strong maximum principle, u — u; = 0 near 7, and
furthermore, u = uy on R%, which is contradicted to the assumption. If T is
on boundary, then by Hopf Lemma, 9, (u — uy) > 0 at .

Moreover, at T,

Onp(u —uy) >0, Ou(u—uz) =0, u—u; =0,
and then
0= L(u—uy)
= —0ap0ap(U — u3) + bo0n(u — uy) — by0n(u — uy) + c(u — uy)
< —bp0p(u —uz) <0,

which implies a contradiction. We have proved this claim.
Claim 2:

(3.7) lim |y~ (u(y) —ua(y)) > 0.

yeRT |y|—o0
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Proof of Claim 2: Let x = y/|y|?, we have
n—2 n—2 N -2, (Y2
lyl" " u(y) = uo1(z), |y|" “us(y) = A"""u WE = \N""u ()\ 93) =:v(x).
By @B3), ug; —v > 0 in Bf. We prove that (ug; — v)(0) > 0 by a contra-
A
diction argument and then the Claim 2 will be proved. Otherwise, as ug;(z)

and v(z) satisfy the equation (LH), by (8.2) and Hopf Lemma, we know
. = =2
rgin(uoﬂ—v) = (up1—v)(0) =0, V(ug1—v)(0) =0, V (ug1—2)(0) >0, 0,(ug1—2)(0) > 0.

1

A

Thus, a contradiction follows from
0= L(Uo,l — U)(O)
= —aaﬁaaﬁ(um — ’U) + baﬁa(um — U) — bnan(U(],l — U) + C(UO,I — ’U)
< _bnan(uo,l - U) <0.

We have completed the proof of this claim 2.

As u —uy =0 on 0B5x NRY, by the Hopf Lemma and Claim 1,
(3.8) (u—uy), >0,

where v denotes the unit outer normal to 0B85 NR’.

For any T € 0B; N ORY, taking Q@ = (R%\B;) N By(Z) and o = x,. For
some positive A,

P(u—uz) =Lu—uz) —C(z)(u—u;5) > —A(u —u3), in
and
L(u—uy) = Lu—uy) —c(x)(u—uy) > —A(u —uy), on {o=0}NQ.

By Lemma [I4lin Appendix, we know that %(u —u;\)‘ _ >0, where v denotes

Tr=

the unit outer normal to B85 on JR’}. Thus, we have

(3.9) agy(u —uy) >0 on O0B;NJIRY,

where v denotes the unit outer normal to 0By on JR}.
Therefore, from (B.8)(B.9]), there exists a positive constant b > 0 such that

agy(u—u;\) >b>0 on OB;NRZ,

!This has used the assumption that ug (z) is C? continuous at 0.
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By the continuity of Vu, there exists a B > X such that for A < A < R,
A < |z| < R, we have

8( | > b

ov A . 2
where v is the unit outer normal to dB,. For A < A < R and ) < |y| < R, as

u —uy = 0 on dB,, from above,

(3.10) u(y) —ux(y) > 0.
By [B.7)), we know that there exists a positive constant Cy > 0 such that for
ly| > R and y,, > 0,

Co
u(y) —ux(y) > P

Furthermore, for |y| > R,

Co
u(y) —ux(y) > D

CO 1 < _9 ()\2'3/) In—2 ()\2y) )
= — N —= ) = AN"u | —
ly["=2 |y |y |y[?
1 A2y - A2y
> Cy— N2y (—) + N2y <—) }
ly[=? [ ’ [y[2 [y[2

Co
(3.11) > 2
ly|"2
where the last inequality holds as we takes A close to A. By (B.10) and (3.11),
there exists some small ¢ > 0 such that for A < A\ < XA +¢ and |y| > A, we
have u(y) — ur(y) > 0. It will yield a contradiction to the largest number of
A. Therefore, uy = u in R%\ By and thus uy = u in R%\{0}. O

— (ux — uy)

Proof of Theorem [3. Now by Lemma [I3 in Appendix and Lemma [ we
know that on JR}, there exist a > 0,d > 0 and z{, € IR’} such that

n—2

(3.12) u(@,0) = < a )2 .

d? + |a — x{|?
Let p = (z(, —d) and ¢ = (x, d), and define
4d*(z — p)
|z —pl?

y=' ) =0+ : Baa(q) — R

and
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Now v satisfies

(3 13) Uk(AQU) = QkCﬁ in B2d(q)’
' Bgv = C on 8Bgd(q).
Note that
4d* (z, +d
0<y,=—-d+ |Z(Z—p|2 ) S|z —p|? < 4d(z, +d)
e =2 + (20 — d)? < 4d?
ie. |z —q| < 2d.
On 8B2d( ),
4d*(z — p) , 4d?(z — (f, —d))
pt () +
T A
4d?(2' — xf) 4d*(z, + d)
— (4 = U g A
(%+- P N F
4d?(2' — xf)
= (x6+'—j;ij;$§L»0):=(yﬁ0)

15

Then, ¢(0Bsq(q)) = OR’} where p(z) = p + A:—p) Moreover, when z €

|z—pl?

0Bs4(q), we have y = (3/,0) and

(3.14) o(z) = (__ZEL_)n_zu <p%_§gf£§;;g))

|z —p| |z — pl|?

2d n—2 )
:(V—po uly+0)
() (=)
~ \Jz - a2+ |y — x|?

wo ( 2d )"‘2 1
:aZ
|z —p| ly — p|n—2

n—2

=a 2 (2d)* ™",

where we use (3.12) in the third equality and the last equality holds due to

ly — pl|z — p| = 4d? for 2z € OBoy(q).

Actually, from [BI4) and B{* = ¢y on 0By4(q), we obtain that (Vou,v) is
constant on 0Bsi(q), where v is the unit outer normal vector on 0Bsy(q).
With constant Dirichlet and Neumann boundary on 0Bs4(q), the solution v to
or(A,,) = 2°C* on Byy(q) is radial by the standard moving plane argument.
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Then, by Theorem [I7 in Appendix, we conclude that
n—2
T
v(z) = (L)

1+ b|z —q|?
satisfying (B.13)). Thus, we get the form of (L) by transforming back to u,

which means ,
2d " Ad?(y —
u(?J)I(*) v<p+7(y 2]?)).
ly — pl ly — 1|

4. PROOF OF THEOREM [I]

In this section, we will utilize the beautiful lemma in [I9] to relax the as-
sumption of (8.2)) and complete the proof of Theorem [l
Denote o := lim inf,, g |z|"2u.

x| —=+oo
Lemma 10. We have 0 < a < 400, and
Mx)"?u(z) = a, Vo € IR
Proof. By the definition of \(z),
uyy <u in RT\By(x), VO0<X<A().

For V0 < A < A(x),
n—2 2 _
N 2u(z) = liminf |y|"_2< A ) u <:B + M)

y——+00,y€RT ly — | ly — z|?
< liminf _|y|/" ?u(y) = .
y—>+oo,y€R$

Then A(z)"2u(z) < «a for Vo € 9R". Now we prove \(z)"?u(z) = « for
Vz € R’} by a contradiction argument.

We consider the case o < +00.

Step 1: If there exists a x € OR" such that A(z)" u(z) < «, then

(4.1) liminf_|y[""*(u(y) — w3 (y))
y—+o0,y€RY
N n—2 N ) N
>a— limsup |y[" 2 ( Az) ) u <x+ M)y — ) QI)>
y—)—l—oo,yeR_i |y - $| |y - I|

=a — MNz)" u(r) > 0.
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Step 2: We prove that
We argue by the contradiction argument and without loss of generality,
assume ¢ = 0 and v — ux(ZT) = 0 for some T € R} \Bs. We know o4 (A™) =
28Ck on R?\ By, and B, = ¢y on OR\Bj.
0= F(A") — P(A") = Lu—uy), in RY\Bj,
0= B¢~ B> = L(u— uy) on OR"\B;.

Ifz e ]RCLF\B_;\, then by the strong maximum principle, v — u; = 0 near T and
then u = u; on R” | which is contradicted to ([@I]). If Z is on boundary, then

by Hopf Lemma, 0, (u — uz)| > 0.
At 7, ’
Oap(u—uy) >0, Ou(u—uz) =0, u—uz =0
and then
0= L(u — uy)

= —030a8(U — u3) + 000 (u — u3z) — bpOn(u — uy) + c(u — uy)
< =b,0p(u —uy) <0,
which yields a contradiction. We have proved (£.2).

With (4.1]) and the same argument as the proof of Lemma [, we know that
it will yield a contradiction to the largest number of A\. Thus

Mz)"?u(z) = a.

We now consider o« = 400 in the following.

Step 3: By similar argument as above, it holds that
Ax) = 400, Vz € OR".
Furthermore,
uz )y < uon RY\By(xz) for 0 <\ < +o0.

By Lemma [I6] in Appendix, it holds that w(z’, z,) = u(0,z,) for =, > 0. By
TrAT > 0 on OR", we have the following contradiction:

2 — 2n
ey L
n_2" SR

2(n—1) —2n/(n—2) 2

(n -

0<— w2/ =2 |y )? —

2(72,—1) —on/(n— n
=g " uh < 0 on ORY.
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We have completed the proof of the Lemma. O

Let us recall the essential lemma in [19].

Lemma 11. [Li-Li,Acta Math.2005]For n > 2, u € L} (B7\{0}) is the solu-

loc
tion of Au < 0 in BY\{0} in the distribution sense. Assume that there exists

a € R and p # q € R™ such that
uw(x) > max{a+p-x—906(z),a+q-xz—9(x)}, xeB\{0},
where 6(x) > 0 satisfies lim, o % = 0. Then

liminfu > a.
r—0 B,

For simplicity, we denote uy, := |Jy %uow, where J;, denotes the Jacobian
of 1. Let us complete the proof of Theorem [I] as the following:

Theorem 12. (Theoreml[dl) Assume that u is the solution to (1.3) and lim,_, ug 1 exists.
Then u is (I.8) stated in Theorem [Il.

Proof. Let ¢ (y) = x+ AP gnd 5 = 4 = ¥(y). Note that u, 5, (y) =

ly—a|? ly[?
usp(x)(y) and
1 Az)" 2 N (z)(¥(y) — )
nnl8) = a2 (7 oy e )
We have
(4.3) Ugy(2)0y(0) = gljl_ff(l) U)o (Y)

= Mz)"?u(z).
Denote w(®(y) := U)oy (Y)- Tt satisfies
op (A7) = 2*C*  in R”,
BY = ¢, on OR%\ {5},
Also, w®(0) = A(z)"2u(z) = afor € IR". Meanwhile, u,(y) = M%u(#)
satisfies
op(Av) =2*C* in R,
B, = co on OR}\{0}.

Notice that lim, o uy(y) = o from the definition of a.
From the definition of A(z),

u(y) 2 wyer(y) on RL\Byp(a) fors € OR.
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Thus, uy(2) > Uy@ey(2) fory = g € R\ By(,(z). Furthermore, there exists
§(z) > 0 depending on (), z such that
uy(z) > w™(z) in Bf, \{0}.
As w® is C? near 0 and u, is C? away from 0 in R7\{0}, we know that
uy(2) 2w (z) in B, \{0} = {zf = («',0), '] < 6(x)}\{0},

2
n E—
Taking W := —25Inwuy, from A* € T}, we know that

VIV

and

2 T : T
5 Inuy(z) > — Inw®(z) in Bi,)\{0}-

A[W] = —VUW + VZWV]W — 52']' S F;
It yields that
_ _ W12
—AW + [VW]* = (n — 1)% >0 on JRY,
which is due to TrA[W]T > 0. From above, we know that —AW > 0
in B(ST(I)\{O} for n > 3.

From Lemma [I1], we know that there exists a constant vector '€ R"! such
that B .
Vinw™(0) =1 for Yz € OR?,

otherwise, there exist two points x; and 5 such that V Inw®(0) # V In w®2)(0)
and thus, by Lemma [ and (£3), lm W > ﬁ In o, which is contra-

20, zEIR™
dicted to the fact lim,_,o W = % In a.

Then there exists a constant vector V such that Vw®(0) = V for z € OR" .
For |y| small,

w(y) = A@)" (14 (n = 2)x -y + O(|y*))u (z + M)y + O(|y[*))
— X@)" 21+ (n = 2)z - yu (x + Mx)y) + Oy,
and by Lemma [10] we have
V@ (0) = (n = 2)A(@)"2u(z)z’ + Aa)"Vu(z)
= (n — 2)az’ + oDy () CTu(x)
=V.
Therefore, there exists a constant d such that
n—2
2

- 1
a2yt — g 4 5= 2)alz’|* + d for x € OR™.
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Now

V2 +Ln—2)al22+d -5
/ _ 2
u(SL’ ,O) - < n;Zan/(n_Q) )

n—2

1 2
‘“(\x/—xa|2+d%) ’

where u > 0 and d; is a constant.
For simplicity, take z; = 0. Then

w(0) = ad; "2 = X(0)"2u(0)d; Y

and now d1 X(Q)
(A) (ig)’ where A\ = A\(0) and

Let U)\ o]

— n—2

) )\ n—2 1 3
(0 = o 77) (v/\x/\? +d%)
=u(2',0) for z € ORY}.

p

op(AY) = 2FCk inR?, g, €Ty,
ou(A) = 2CE in R0}, guy € T,
B = co on OR",

B> =c¢ on OR%\{0},
ux(2',0) = u(2’,0) on IR} \{0},
(U —ux > 0 in R% \ Bs.

By the strong maximum principle, we know that u = wuy on R’ and now u
satisfies ([B.2]). Then from Theorem B we get Theorem [II O

Remark 13. As we use Lemma[ITlon OR?; to obtain a contradiction, we need to

know the relationship between  lim W and lim W. If we assume that
2—0, z€0R"} 2—0, 2€RT

lim W< lim W(=-2;Ina), then we can still have the conclusion.
2—0, 2€0RY z—0, ZEM

5. APPENDIX

In this appendix, we prove a corner Hopf Lemma for second order boundary
condition by mimicking the proof of Li-Zhang [23]| and list several lemmas in
Li-Li |20] for reader’s convenience.
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5.1. Corner Hopf Lemma. Let {A;;(2)}nxn and {Cos()}(n—1)xn-1) be two
positive function matrices such that there exist positive constants Aq, Aq, 41,45
such that

A200p < {Captm-1)x(n-1) < A200p-
For any Z € 9B\NORY, taking Q@ = (R7\B)\)NB1(T), 0 = x, and p = |z[*— )%
Let 7i be the unit inward normal vector of the surface {x, = 0} N 0S2. The
proof of the following theorem is almost same as Li-Zhang [23] and we omit it.

Mbij < {Aij nxn < A1y,

Lemma 14. Let u € C?*(Q) be a positive function in Q, u(0) = 0 and there
exists a positive constant A such that

Pu = —Aijuij + BZUZ Z —Au in Q
Lu = —Chp0upt + DyOqu — Cou,, > —Au on {0 =0,p > 0},
where Cy is a positive function and D, are functions. Then
du
5(0) >0,

where V' is the unit normal vector on {o = 0,p = 0} entering {oc =0,p > 0}.

5.2. Useful Lemma. For reader’s convenience, we list some classical Lemmas
in [19, 20} 23].

Lemma 15. [Li-Zhang, J. Anal. Math. 2003 Let f € C* (R"),n > 1,1 > 0.
Suppose that for every x € R", there exists A(z) > 0 such that

e R

ly—a ly —xf?
Then for some a > 0,d > 0,7 € R",

f@):i(m) '

Lemma 16. [Li-Zhang, J. Anal. Math. 2003 Let f € C'(R),n > 2,v > 0.
Assume that

A Y Ny —
(—) / (x n M) <f(y), VA0, z€ORY, [y—a| >\ yERY.
ly — 2] ly — 2]
Then
F(@) = F@',t) = F(0.8), Vo= (a',1) € R
Lemma [[5 and Lemma [I6] can be found in the appendix of [23]. The follow-

ing lemma is about the classification of radial solution, which can be found in
[20] for a more general operator including oy,.
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Theorem 17. [Li-Li, J. Eur. Math. Soc. 2006/ For n > 3, assume that
u € C*(BY) is radially symmetric and satisfies

1
of (A")=1, A"eTl}, u>0 inB.

N
u(fl}') = (TW) mn Bl’

where a > 0,0 > —1 and O'k% ((2b/a®)Lxn) = 1.

Then
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