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THE ¢, DOUBLE-BUBBLE PROBLEM IN THREE DIMENSIONS

MANUEL FRIEDRICH, WOJCIECH GORNY, AND ULISSE STEFANELLI

ABSTRACT. We characterize the unique minimizer of the three-dimensional double-bubble prob-
lem with respect to the ¢;-norm for volume ratios between 1/2 and 2.

1. INTRODUCTION

The double-bubble problem consists in determining the optimal pair of sets of given volumes
minimizing the total surface. In the classical Euclidean setting, optimal configurations are pairs
of regions enclosed by three spherical caps, meeting at a 27/3 angle. This was first proved in the
planar case in [11], then extended in [15] to three dimensions, and finally to all dimensions in [22].
Besides the Euclidean case, double-bubble problems have been considered in a variety of different
settings, including hyperbolic spaces [4, 6, 7, 18], hyperbolic surfaces [2] and cones [16, 20], the
three-dimensional torus [3, 5], the Gaufl space [4, 19], and the anisotropic Grushin plane [12].

This note is concerned with the three-dimensional double-bubble problem for the £;-norm. Given
v € R?, we denote by |v|; its /1-norm
[v]1 = [v1]| + [va| + |vs]

(we will later use the same notation for the £1-norm of vectors in R?). For any H2-rectifiable subset
F C R3, we denote the corresponding /;-surface by

01 (F) :/ lvp | dH2,
F

where vr denotes the measure-theoretical normal to F and H"™ stands for the n-dimensional Haus-
dorff measure. We consider sets of finite perimeter G C R? [1] and use the fact that their so-called
reduced boundary 0*G is a H2-rectifiable set. To each configuration (A, B) consisting of two three-
dimensional sets of finite perimeter, we associate the energy

E(A,B) :=41(0"A) + £,(0"B) — 1(0*AN 0" B).

This corresponds to the ¢;-surface of the set AU B together with the ¢;-interface between the sets
A and B. In the following, we let the volumes V4 = £3(A) and Vp = L3(A) be fixed, where
L™ denotes the n-dimensional Lebesgue measure. Our main assumption is that the ratio Vz/Vj
belongs to [1/2,2].

The double-bubble problem hence corresponds to
min {E(A,B) : A, B C R? of finite perimeter, AN B =0, L*(A) =Va, L3(B) = VB}. (1.1)

Our main result reads as follows.

Theorem 1.1 (Characterization of the minimizer). Letting Vg/Va € [1/2,2], the unique minimizer
of the double-bubble problem (1.1) are two cuboids sharing a square face. Up to translation and
axis-preserving isometries, the minimizer can be specified as

Va
(2(Va + V) /3)*/3

o (2(Va +V53)/3)2/3} % |0, (2(Va + V) /3)/?]

A=~ 0] x [0, (v + V) 3)7%),

2

B =
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The minimal energy is given by

E(A,B) = (3@)2/3 - 4(2) 1/3) (Va + V)23

FIGURE 1. The unique minimizer of the double-bubble problem (1.1).

The minimality of the configuration in Theorem 1.1 for this specific volume-ratio range has
already been conjectured by WECHT, BARBER, & TICE [23]. In fact, by reducing the problem to
cuboids, the optimality of (A, B) from Theorem 1.1 easily follows. Our aim here is to provide a
proof of this conjecture, starting from the most general setting of disjoint sets of finite perimeter.
Note that, for volume ratios r smaller than 1/2 or bigger than 2, the configuration in Figure 1
can be easily proved to be not optimal and the occurrence of different optimal configurations is
conjectured [23].

In the planar case, the characterization of optimal double-bubble configurations with respect to
the ¢;-norm in R? is already well-known. The emergence of three different minimizers, depending
on the volume ratio, has been discussed by MORGAN, FRENCH, & GREENLEAF [21]. A new proof
of these results, based on different tools, has been recently presented by DUNCAN, O’DWYER,
& PROCACCIA [8]. The reach of the theory has been extended to the general setting of finite
perimeter sets and to arbitrary interaction intensity in [14]. The continuous problem in R? is
naturally connected with its discrete analogue on the Z2-lattice, which has also been studied
[9, 13]. We further refer to [10] for an analogous problem in the hexagonal norm.

To our knowledge, our result is the first rigorous one for the ¢; double-bubble problem in three
dimensions. In fact, our arguments build on the available understanding of the planar case by
means of a slicing argument. We slice the minimizing configuration with respect to a specific axis
direction and we bound the 3D energy F in terms of an integral of the planar energies of the slices.
Moving from the knowledge of the exact value of the 2D minimal energy, see Proposition 2.2, this
slicing approach allows us to obtain an estimate of the minimal 3D energy FE, see Proposition 2.3.
This eventually turns out to completely characterize optimal configurations.

The remainder of the paper is devoted to proving Theorem 1.1. In particular, the proof of
Theorem 1.1 is given in Section 2, based on a few technical lemmas. These lemmas are then
proved in Section 3.

2. PROOF OF THE MAIN RESULT

As mentioned in the Introduction, the core step of the proof of Theorem 1.1 is that of estimating
from below the minimal value of the energy E by taking advantage of the characterization of
minimizers in the planar case. We hence start by recalling the 2D result in Subsection 2.1. We
then collect some notation and present a crucial optimal bound in Subsection 2.2. After stating
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some technical lemmas in Subsection 2.3, the actual proof of Theorem 1.1 is given in Subsection 2.4.
Eventually, the technical lemmas from Subsection 2.3 are proved in Section 3.

2.1. The planar case. Let us start by recalling the 2D result. Given a planar finite perimeter
set Fhp C R?, we denote by O5pFop C R? its planar reduced boundary, and by v = (v1,vs)
the corresponding (measure-theoretic) planar outer unit normal. For all H!-rectifiable subsets
» C 05 Fop, we denote by

t20(0) = / (] + [ie]) dH?
©

its length with respect to the ¢;-norm in the plane.

We indicate the minimal energy of a planar double bubble with regions of fixed areas a, b > 0
as

EQD(a7 b) := min {ELQD(a;DAQD) + 6172D(65DB2D) — 6172D(8§DA2D n 8§DB2D) :
Asp, Bap C R? of finite perimeter with
Asp N Bap = 0, £2(Asp) = a, L2(Bsp) = b}. (2.1)

Define now the value

_[4(v2-1)
N NN

The main result in the planar case is the following [9, 14].

2
) ~ 0.1872957155. (2.2)

Proposition 2.1 (Characterization of the planar minimizer). Up to translations and axis-preserving
isometries, the configurations (Aap, Bap) realizing the minimum in (2.1) are given by

o Casea/be[1/2,1]

2(a+D)

A2D = [—G/C, 0] X [O,C], BQD = [0) b/C} X [O,C} with ¢ = 3 )

and corresponding energy Eap(a,b) = 2v/6va + b;
e Casea/be [r.,1/2]
Asp = [—a/c,0] x [0,¢] + (0,)), Bap =[0,Vb]> with ¢=+2a

for some X € [0,vb — ¢|, and corresponding energy Eyp(a,b) = 2v/2a + 4v/b;
e Case a/b e (0,7.]

Asp =[0,va]?, Bap =[0,Va+0b*\ Aap,
with corresponding energy Fap(a,b) = 4va + b+ 2+/a.

An illustration of the three types of minimizers of the planar double-bubble problem is given in
Figure 2.

Type I Type I1 Type III

FIGURE 2. Minimizers for the planar double-bubble problem (2.1).
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2.2. Notation and optimal lower bound. We start by introducing some notation used through-
out the rest of the paper.

At first, let us consider the specific geometry of Figure 1. It consists of the union of two cuboids
sharing a square face. Indicating by M the area of such a shared face, the cuboids have a square
cross section of sidelength v/M and have heigth V4 /M and Vi /M, respectively. Within this specific
class of configurations, one can identify the minimal value of the energy by simply computing

4V + VB))
vM
Indeed, such configuration features seven faces: three squares with area M and four rectangular
faces with sidelengths /M and (V4 + Vig)/M.
Let now (A, B) be a pair of disjoint sets of finite perimeter in R3, not necessarily being cuboids,
satisfying

Buin := min (3M (2.3)
M

>0

VB
= —c [1/2,2].
ri= g2 € (122

Choose a plane spanned by two coordinate directions, and denote the area of the orthogonal
projection of A U B onto the plane by m, as well as the area of the projection of the two sets A
and B by m4 and mp, respectively. We further set

p= matms _ (2.4)
m

The value p describes the size of the overlap of the projections of A and B onto the chosen plane.
Up to redefining the axes, in the following we assume that such plane is given by R? x {0}, so that
the projection occurs in the z direction.

We consider horizontal slices R? x {t} and set
a(t) = L2(AN(R* x {t})), b(t)=L*(BN(R*x{t})).
Fubini’s Theorem ensures that
VA:/Ra(t) dt, VB :/Rb(t) dt. (2.5)
Let To = {t: ra(t) = b(t) > 0}, Ta = {t: ra(t) > b(t)} and T = {t: ra(t) < b(t)}. For
convenience, we define

UA/TA(a(t)JFb(t))dta Us /TB(a(t)wLb(t))dt, Uo /To(a(t)er(t))dt.

Clearly, Vo + Vg =Ux + Up + Up. For t € Ty, we set a(t) = b(t)/a(t) € [0,r) and for t € Tg, we
set B(t) = a(t)/b(t) € [0,1/r). Since rL3(A) = rVa = Vg = L3(B), we have by the definition of Ty

. / a(t) dt = / b(#) dt
TaUTB TaUTs
and therefore

/ a(t)(r — a(t)) dt = / (ra(t) — b(t)) dt = / (1) — ra@)dt = [ @)1 —raE)dt. (2.6)
Ta Ta TB

0z
These definitions allow us to restate the result in the planar case from Proposition 2.1 as follows.

Proposition 2.2 (Minimal planar energy). Recall the definition of r. in formula (2.2) and define
the function f: [0,00) = R by

T 4422z
=(4+2,/—— 2
f(x) ( + x + 1)X[0,T*] + \/ﬁ X(T*71/2 + fX(l/Q 1]
forxz €10,1] and by f(x) = f(1/x) for x > 1. Then, for t € T4 we have

Esp(a =+a(t) +b(t)f(a
Esp(a = +/a(t) +b(t)f(B
Esp(alt), = 2V6\/a(t) + bt

fort € Tp we have

and for t € Ty we have
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Along the proof of Theorem 1.1, we make use of the explicit values of the minimal energy in the
planar case in order to estimate E by considering horizontal slices with respect to a well-chosen
coordinate direction. We assume that the parameter p given by (2.4) describing the overlap between
projections of the two sets A and B in the z direction satisfies p < 1/3. In fact, Lemma 2.5 shows
that this is not restrictive, up to possibly relabeling the axes. The core of the proof of Theorem
1.1 consists in the following claim.

Proposition 2.3 (Optimal lower bound). Let (A, B) be any configuration of disjoint sets with
finite perimeter, with rL3(A) = rVa = Vg = L3(B) for r € [1/2,2]. Suppose that p < 1/3. Then,

4+/6 2v/6
L(UA + UB) + 7\/7
VA +2py/m vm

Moreover, the equality in (2.7) is attained if and only if L*(Ta) = LY(Tz) = 0 and a(t) +b(t) = m
fort € To \ N, where N is a set of negligible L*-measure.

E(A,B)> (2+pm+ Up. (2.7)

Moving from the optimal lower bound (2.7), the proof of Theorem 1.1 follows by proving that
the configuration in Figure 1 is the only one (up to translations and axis-preserving isometries)
realizing the equality case. This in particular follows by checking that actually p = 0 for the
minimizer, so that the two sets A and B have disjoint projections.

Proposition 2.3 is proved in Subsection 2.4 below. As a preparation, in the next subsection we
state some auxiliary results whose proofs are postponed to Section 3.

2.3. Statements of auxiliary results. First, we will state a slicing result for the double-bubble
energy. To this end, we will assume that the vertical direction corresponds to the last coordinate.
Letting G C R? be any set of finite perimeter, we indicate by G; = G N (R? x {t}) the horizontal
slice at level ¢ in the z direction and denote by 73G the orthogonal projection of G on R? x {0}.

Lemma 2.4 (Slicing lemma). Suppose that A and B are disjoint bounded sets of finite perimeter.
Then,

E(A,B) > / Fan(a(t), b(t)) dt + 2H2 (3 AU s B) + H2(ms A (w3 B).

Let us state a result showing that the assumption p < 1/3 is not restrictive, up to relabeling
the axes. Indeed, we have the following.

Lemma 2.5 (Upper bound on p). Suppose that (A, B) is an optimal configuration. Then, we can
pick a coordinate direction such that p < 1/3, with p defined in (2.4) on the basis of the projections
m, ma, and mp along that coordinate direction.

The last technical lemma concerns the properties of some auxiliary functions depending on the
function f defined in Proposition 2.2. We separated it from the proof of the main result in order
to simplify the argument, as this algebraic calculation simply follows from the very definition of f.

Lemma 2.6 (Functions ¢y and ¢%). Suppose that

2 1+2
+p>—|—p

ma > 3 m 3 m>mpg, (2.8)
where p € [0,1/3]. Define
p@=rte(— S0
A e —a\min{ym, /0 + a)ma}t  VE+Zpym/’

59 = 15 (

f(B8) 46 ) (2.9)
min{y/m, /(1 + Bymp} VA+2pym/ '

Then, we have

(a) min (gj(a)) = g(0) <0, (b)  min gp(B) = g(0) > 0.
a€l0,r] Bel0,1]
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2.4. Proof of Theorem 1.1. Moving from the discussion in the beginning of Section 2, the
first step in the proof of Theorem 1.1 is to show that inequality (2.7) holds for all admissible
configurations (A, B). Therefore, we first prove Proposition 2.3. Recall that the proofs of the
auxiliary Lemmas 2.4-2.6 are postponed to Section 3.

Proof of Proposition 2.3. Step 1. By Lemma 2.4 and the definition of the projections m and p, a
first lower bound for the energy of a configuration (A4, B) is given by

E(ALB)> (24 phm+ [ Eapla(t).b(0)dt.
R
We now use the expression for Fap(a(t),b(t)) from Proposition 2.2 to get

E(A,B) > (2+pm+LWf
/Wf dt+/ 2v6+/a(t) + b(t) dt. (2.10)
T To

By definition, we have a(t) + b(t) < m for all t € R. We first estimate the last addend in (2.10) by

2v/6 _2V6
/TO 2v/6+/a(t) + b(t) dt > A ﬁ(a(t) + b(t)) dt = ﬁUm (2.11)

with strict inequality if and only if a(t) + b(t) < m on a subset of Ty with positive £!-measure.

Now, we estimate the second addend in (2.10). We again use that a(t) + b(t) < m for all t € R,
this time together with
a(t) +b(t) < (1+a(t))ma fort e Ty,

to get

(2.12)

/\/ )+ b(0) f(a dt>/ (alt) + b(t))
Ta Ta

with strict inequality if and only if
a(t) + b(t) < min{m, (1 + a(t))ma}

on a subset of T4 with positive £'-measure. One can verify that the function f(z)/v/1+x is
increasing on the interval [0,2/4/3 — 1] and decreasing on the interval [2/v/3 — 1,1/2]. Therefore,
the minimum is exactly attained in 0 or 1, and one can check that its values at 0 and 1/2 are

equal, namely v
1/2
fl0)=4= 7‘)1( /1)/2.

Moreover, we have f(x) = 2v/6 for 1/2 < x < 2. Therefore,

/\/ )50 f (a dt>/(()+b()) {2\[ 1 }dt, (2.13)
Ta Ta

fla(t) Ny
min{y/m, /(1 -+ a())ma}

Vi i

with strict inequality if m4 < 2m/3 and a(t)+b(t) < m on a subset of T4 with positive £!-measure.
In fact, if m < ((1 + «(t))ma, we have strict inequality already in (2.12), and if m > ((1 + a(t))ma,
we have strict inequality between the right-hand sides of (2.12) and (2.13) since m4 < 2m/3 implies
b= M

- 2V6

mln{ \/W

We similarly estimate the third addend in (2.10): since a(t) + b(t) < m for all t € R and
a(t) +b(t) < (1+6(t))mp forte Tg,

we have
/ Vva(t) +b(t) f(B(¢)) dt >/ (a(t) +0(t))
Ts TB

so in particular

/ Jalt) b0 (8 dt>/ (a(t)+b(t))min{m, 1 }dt, (2.15)
Te Ts

(2.14)

J(5®) "
min{y/m, /(1 -+ B(0)ms}

NN
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with strict inequality if mp < 2m/3 and a(t)+b(t) < m on a subset of T with positive £L'-measure.
We collect these estimates and deduce from (2.10) that

(a(t) + b(t)) min { 26 1 } dt (2.16)

E(A,B)Z(2+p)m—|—/ ﬁ’\/ﬁ

Ta
W6 4 } 26

+/7_B(a(t)+b(t))min{\/7n,\/nTB dtJfﬁUo-

To simplify a later argument in Step 2 below, we rewrite the above inequality in an equivalent
form. Let us introduce the notation

p=vV6y/1+p/2—6

4/6 2+/6
7\/>(UA + UB) + i
VA +2pym vm
where U corresponds to the last two terms in the right-hand side of (2.7). By adding and sub-
tracting %(a(t) + b(t)) to both integrals, and recalling that integration of a(t) + b(t) over

Nzes T
Ta recovers Uy (and similarly for B), we can write inequality (2.16) as

E(A,B)> (2+p)m+ /T \/%;%% min {py/ma, /4 + 2pv/m — V/6ma } dt (2.17)

4(a(t) + b(t)) . ~
+/TB mm\/@rnln{p%,\/4+2pm—\/6m3}dt+U.

and

U = UO7

Step 2. In order to proceed with the proof of (2.7), we shall check that the integrals on the
right-hand side of (2.17) are not negative. We separately consider the following mutually exclusive
alternatives:

(1) At least one of the sets 74 and Tp has zero measure. Then, using (2.6) we get that both
Ta and Tp have zero measure, and (2.7) follows. Moreover, the inequality is strict if and only if
a(t) + b(t) < m on a subset of Ty of positive £L'-measure, see (2.11).

(2) Both sets T4, Tp have positive measure and

VA +2py/m >+6my  and /4 +2pv/m > /6mp. (2.18)

The inequality (2.7) follows from (2.17) since the integrands are positive. Furthermore, the in-
equality is strict whenever p > 0. If p = 0, given that m4 < 2m/3 and mp < 2m/3, the separate
estimates for 7o, T4 and Tp which are given in inequalities (2.11), (2.13), and (2.15) respectively,
imply that the inequality is strict whenever a(t) + b(t) < m on a subset of 7o U 74 U Tp with
positive £!-measure. Since in this case we have m = m + mp, equality in (2.7) shows a(t) = ma
and b(t) = mp for a.e. t. In view of (2.5), this gives r = Vg /V4 = mp/ma. Thus, ra(t) = b(t) for
a.e. t, which implies £!(T4) = £!(7Tg) = 0, and we are back in case (1).

(3) Both sets T4, Tp have positive measure and condition (2.18) fails, i.e., we have

VA4 2pv/m < V6ma or /44 2pv/m < 6mp,

which we rewrite as

2
max{ma,mp} > %m (2.19)

The rest of the proof (including Step 3) concerns this case. Recall the definition of the functions
g’ and ¢ in Lemma 2.6. Using these definitions, we can rewrite estimate (2.12) as

4V6

/TA a(t) + b(t) f(a(t)) dt = /TA =@ WTWUA’
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and similarly we can rewrite (2.14) as

. 4v/6
/T af RSB0 [ b )k U,

By plugging this into (2.10), and using (2.11) for the last addend, we get

a(t)(r — a(t))ga(t) dt + / b(t)(1 = rB(t)gp(t) dt + U.

E(A,B)> (2 er)er/ -

Ta

Step 3. From now on, we assume without restriction that m4 > mpg. Hence, mp = (14+p)m—ma,
and by (2.19) we get mp < #m. From Lemma 2.6 we have

(i) ge?&ifl/r) g5(B) = g5(0) >0, (i) arél[gﬁ)(—gﬁ(a)) = —g4(0) >0,

and thus

Anf g(6(t) — sup (—gi(a(t)) = g5(0) + g4 (0).
€7 tETa

As ¢%(0) < 0 for each r, we get by monotonicity in r that

4 8 12/6
inf g5 (B8(t)) — sup (—gi(a(t) > g% (0) + ¢%/*(0) = + — .
80 05 (B(0)) = sup (~ga(t) = g} *(0) + 9°0) = i+ 2 - B
By the definition of p, we have mp = m(1 + p) — m4, and thus
1 4 8 12/6
inf g5(6(t)) — —gla(t)) > — — . 2.20
Jnf 580 = sup (0hel) 2 (=t T~ v) W)
We minimize the sum of the first two addends in terms of m4/m € [0,1] and get
1 4(142%3)%2  12V6
inf ¢g5(6(t)) — —gh(a(t)) > — — . 2.21
Juf 95(5(0) = sup (=g (a(1)) 2 m( N =) (2.21)

Optimizing with respect to p € [0,1/3] we conclude
co = inf ¢gx(B(¢)) > sup (—gh(a(t))) =: 1.
teTB t€Ta

Then, denoting the value of the integrals in (2.6) by U, using that r—a > 0on 74 and 1 —r8 > 0
on Tp we get from Step 2 that

E(A,B) > (2+p)m+/ a(t)(r—a(t))gil(t)dt—l—/ b(t)(l—rﬂ(t))g%(t)dt—i—ﬁ

Ta TB
— 24 pym— /T at)(r — alt))(~g (1)) dt + /T b(E)(L — rB(E) gl (1) dt + T
>(2+pm+c /T b(t)(1 —rB(t))dt — /T a(t)(r — a(t))dt + U

= (24 p)m+ (ca — 1)U+ U.

Recall that the term U is exactly the one appearing in (2.7). Therefore, whenever U, > 0, the
inequality in (2.7) is strict. Hence, in the case of equality, we have U, = 0, but by the definition of
U, this implies that £!(7T4) = £1(75) = 0, and we are back to case (1) from Step 2 above. This
concludes the proof. a

Having established Proposition 2.3, we can proceed to the proof of Theorem 1.1.

Proof of Theorem 1.1. AsUs +Up + Uy =V4 + Vg and p > 0, we use (2.7) in order to estimate

L 46

VA+2pym
where an equality is possible only if p = 0. Then, by the change of variables M = (2 + p)m/3, and
optimizing with respect to all possible values M > 0 and p € [0,1/3], we find E(A, B) > Ewnin (see
(2.3)) with equality only if £}(7T4) = £1(75) = 0 and a(t) + b(t) = m for t € To \ N. Optimizing

E(A,B)> (2+pm (Va+Vg),
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with respect to M in (2.3) indeed gives the minimal energy given in Theorem 1.1. Moreover, we
observe that this energy is attained by the configuration indicated in Theorem 1.1.

We can characterize ground states uniquely as follows: the above argument shows that any
minimizer necessarily has Uy = Ug = 0, Uy = V4 + Vg, and p = 0. This yields that the projection
of A and B must have empty intersection and each slice with ¢ € 7y \ N has the same geometry.
By the planar double-bubble result of Proposition 2.1, this geometry is then given by two specific
rectangles joined at one face, namely the configuration from Theorem 1.1. O

3. PROOFS OF THE AUXILIARY RESULTS

3.1. Proof of Lemma 2.4. Let us recall a classical slicing result for rectifiable sets, see for instance
[17, Section 18.3]. Suppose that F' C R? is a rectifiable set with H?(F) < +oco. Recall that F} is
the horizontal slice of the set F' at level ¢ in direction x3, i.e.,

Fy = FN{(x1,22,1) : (x1,22) € R?}.
In a similar fashion, we let
F(171~,CE2) =FnN {(«fl,IQ,y) 'y € R}v

and get that HO(F(#1:*2)) is finite for almost every (x;,25). For every Borel function g: R® —
[—00, 0] with g > 0 or g € L}(R?) we have

/Fg\/deQ:/R/thdHldt, (3.1)

where vg denotes the unit normal to F', as well as

/ lvp - es| dH? = / ’HO(F(‘”I’IQ)) d(z1, z2). (3.2)
F R2

We are now ready to prove the slicing Lemma 2.4.

Proof of Lemma 2.4. Let G := AU B and F := 0* AU 0*B. We split the ¢1-perimeter of F' into a
‘vertical’ and ‘horizontal’ part. To be exact, we write

E(A,B>=/F\uF|1dH2=L<\u;|1+|<uF>3\>dH2,

where we denote x = (z/,x3) with 2/ € R2. Recall that we use the notation | - |; to denote the
{1-norm of a vector both in two and three dimensions. The ‘vertical’ part and the ‘horizontal’” part
is given by the integration of |vi|1 = |(vp)1| + |(vF)2| and |(vF)s| over F, respectively. To this
end, we introduce the function

__ )|+ [(vr)e|

g 1-— (Z/F : 63)2
We use (3.1) with g = g on F' (and 0 otherwise) and get

[ el = [ o=t apaw = [ [ goca— [ o
F F RJF, R

1
1—(vF-e3)?
a.e. t € R we have Fy = (0*A U 0*B);, the value ¢ (F;) corresponds to the double-bubble energy
of the configuration (A, B;), and consequently we get

0 (Fy) > EQD(a(t) b(t)),

because the areas of A; and By are a(t) and b(t), respectively. Therefore,

/|1/F|1c1’H2 /EQD b(t))dt. (3.3)

On the other hand, the ‘horizontal’ term can be estimated in terms of the area of the largest
horizontal slice. By (3.2) we get

/l(VF)3|dH2=/ HO(F@m2)) d(zy, a).
a R2

where in the last step we used the fact that [ZANS R? is a unit normal to F. Since for
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For 7—[2 a.e. (z1,22) € (m3AUmB) \ (m3A N w3B) we have HO((0*G)*1:#2)) > 2. and for H>-a.e.
(x1,22) € (m3A N 73B) we have HO((0*G)(®1:72)) > 3. This shows

/ |(vp)s| dH? = / O(FEve2)) d(ay, 20) > 2HA (m3 AU 3 B) + H2(n3AN T3 B). (3.4)

Combining (3.3) and (3.4) concludes the proof. O

3.2. Proof of Lemma 2.5. Denote by (mq,ms,m3) the areas of projections of AU B on all
coordinate directions, by (mi',m4', m4') the areas of projections of A, and by (m#,m& m¥%) the
areas of projections of B. Then, for i = 1,2,3 let p; = (m{ +m¥P)/m; — 1 and suppose by
contradiction that p; > 1/3 for all 4.

Letting F' = 0* AU 9* B, by arguing as in the proof of inequality (3.4) we get

E(A,B):/|1/F|1d7-l2 Z/|VF )i| dH? >Z (2H?*(m;AUmB) + H*(mANm;B)),

=1
where 7; denotes the orthogonal projection on the plane with normal vector e;. Then, we get

E(A, B) >Z2mz—i—plmz >Z2mz+ —m;) = Zmz

i=1 i=1

Now, if we let @ = (my + ma + m3)/3, we have

7 3
>§Zmi:7m

But this is the double-bubble energy of the followmg configuration (A B ): the set AU B is a cube
with area of each side equal to 7, both sets A and B are cuboids, and the interface between them
is a square of area ™ which is parallel to one of the sides of the original cube. The placement of the
interface is such that the volume ratio is preserved. By the isoperimetric inequality for the ¢1-norm,
the volume of AU B is greater or equal to the volume of AU B. Thus, since E(A,B) > E(A, B),
the original configuration (A, B) was not optimal: a contradiction.

3.3. Proof of Lemma 2.6. We start by observing that ¢ (0) < 0 and ¢5(0) > 0. In fact, using
that ma/m > (24 p)/3 (see assumption (2.8)), we get

4v/6 4 4v/6 43
Vit \/mA/m VIT2p VZHp
all p € [0,1/3] which shows that ¢7,(0) < 0 since f(0) = 4. In a similar fashion, g% (0) > 0 follows

from
4 4/6 43 4/6

_ > _
Vmp/m VA2 T VT+2p A+ 2p
for all p € [0,1/3], where we used mp/m < (1 + 2p)/3, see (2.8).

>0

The main part of the proof consists now in checking that ¢’y and ¢ attain their minima at 0.
The proof is structured as follows. In Step 1 we first show that the problem can be reduced to the
cases r = 1/2 and r = 1. In Step 2 we introduce several auxiliary functions and use their specific
properties to prove the statement. The proof of these properties is then given in Steps 3-8.

Step 1. Let us reduce the problem to specific values of r: we claim that it suffices to show

(i) mingepo,1 g4 () = g4(0),
(i) mingeo/2 95" (@) = gy *(0),
(iii) mingep.o g (8) = g (0).

We assume for the moment that the conditions (i)—(iii) hold, and show the statement of Lemma 2.6.
For simplicity, we use the abbreviation

/(@) 46
min{y/m, /(LT 0)g)  VET Zpv/m

’U(xay) =
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We start by proving (a) of Lemma 2.6. As ¢, (0) < 0, it is not restrictive to consider only a € [0, 7]
with ¢ (o) < 0. Suppose first that » > 1. We write

11+ a ll-al+a 1l -a

o) = g v(ama) = vlema) = Ly —agh(e)

rl— *l1-«
If o € [0,1], we have 0 < +=% < 1. This, along with the above relation and (i), implies that

0> ga(a) > g4(0),

and consequently
T 1 T
gala) 2 ;9,14(0) = g(0).
If instead 1 < o < r < 2, by Proposition 2.2 and assumption (2.8) we have

. 1+a/2/6 4v/6
o) = (T~ ) 2

Thus, the minimum of ¢, is attained at o = 0 with g7 (0) < 0.
On the other hand, if 1/2 < r < 1, we first write

- 11+« 1%—a1+0z 1%—04 1/2
gA(Oé)Z;1_%0(%7%):;1_%%_av(%mA):;@gA ()

If a € ]0,1/2], we have 0 < }/_2;/? < 1/2. This, together with the above relation and (ii), shows

0> g5%(a) > ¢*(0),

and then also
r 1 1/2 _or
gala) = 5,94 (0) = g24(0).
If instead 1/2 < o < r < 1, by Proposition 2.2 and assumption (2.8) we have
r(a)_1+a(2\/6_ 4\/6 )>0
Jald) = Jm VAt Zpym) =

and thus the minimum of ¢’} is attained at a = 0 with ¢7 (0) < 0.

r—o

Let us now come to the proof of (b) of Lemma 2.6. We first write

_ 148 1-5 148 1= e
1-7rB 1—r61_gv(ﬂ7m3)71—r6g3
1/2

Recall that g “(0) > 0. Then, for 3 € [0,1/r], by 11_76/; > 1 and g]13/2(6) > 92/2(0) > 0 (see (iii)),
we conclude
r 1/2 r
95(8) > 955”(0) = g (0),

i.e., gi attains its minimum at 8 = 0.

95(B)

v(B,mp) =

(8)-

Step 2. We now proceed with the proof of the properties (i)—(iii). To this end, we define the
auxiliary functions

. Ltz V6 f(x)
hl(m):r—x<m_ 2 )

. L+ V6 flo)
h2(x):1—m(\/@_ 2 )
hr(x)zlﬂ( V6 ym o f(z) )
3 r—z\\/T+L ma2y1+az/’

and

hr(x)_1+x< V6 vm f(w) )
! VI+E  mp2yTta/

S l-rx
Recalling the definition of the function ¢’; in (2.9), we have

—gh(0) = % min(hf (a), ().
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In other words, it is given by h5(«) for o € [0,m/m 4 — 1] and by hf(«a) for a € [m/my —1,r]. In
Steps 3-5 below we show for r = 1/2 or r = 1 that h] is decreasing and h% achieves its maximum on
the interval [0, m/m4 — 1] at 0. This will show that —g¢’y is maximized (and thus ¢’; is minimized)
at 0 for r = 1/2 or r = 1. In a similar fashion, we have

1/2 2 1/2 1/2
95" (8) =~ max(=hy*(8),—hi/*(9)).
In other words, it is given by —h}l/z(ﬁ) for 8 € [0,m/mp — 1] and by —hé/Q(ﬂ) for g € [m/mp —
1,1/r]. In Steps 6-8 below we show that h;/ % s decreasing, so that —hé/ % is increasing, and that

hi/ ? attains its maximum at 0. This is enough to conclude that gg ? is minimized at 0.

Step 3. We first check that hj is decreasing on [0, r]. For later purposes, we derive this property
not only for r = 1/2 and r = 1 but also for » = 2. Recall the value r, defined in (2.2). We will
check separately the cases x € [0,7.], © € [ry,1/2], and = € [1/2,r], where the case x € [1/2,r] is
only necessary for » =1 or r = 2. For « € [0,r,], we have f(z) =4+ 2+/2/(1+ ), so

h;(w):lﬂ(\/é 2 ﬁ)

r—z\\/I+2 = itz
Let Cq = 1{2}/2 —2<+v6—2. Forr = 1/2,1, or 2, we compute the derivative and get

(hr)'(x)*ch(l_Fr) zx+1)—1+2r)x—r
! B 2(x —r)?\/x(x+1)

A direct calculation yields

2011+ r)Va(z+1)—(1+2r)z—r<0
for all z € [0,r,] and r = 1/2,1, or 2, so that h] is decreasing on the interval [0, r,].
Similarly, for = € [r., 1/2], we have f(z) = (4 + 2v2x)/V/1 + x, so
, l+z/ V6 2 V2z
hi(z) = ( == - )
VI+E Vi+tz itz

Denote by Cy = ff = < 6. Forr e {1/2,1,2}, we directly calculate the derivative and get
P

ey 242r)Cov/a(z+1) =2z +2+7) —V2((1 +2r)z + 1)
(h)(e) = 2(x —r)2\/z(z +1)

_ @+ 2r)V6/z(z +1) — 2y/x(xz +2+71) — V2((1 + 2r)z + 1)
N 2(x —r)?y/z(x+ 1)

with equality if and only if = 1/2. Hence, A} is also decreasing on the interval [r,,1/2], and
consequently we have shown that h] is decreasing on the whole interval [0,1/2].

Finally, for z € [1/2,7], we just need to consider the cases = 1 and 7 = 2. We have f(z) = 2/6,

r—

<0

SO

1+2 \/6
hi(z) = — ( _ - 6).
r—x\,/1+ 5
We compute the derivative and get
1vs V6 1+7r
= — — < .
(hy) (x) ( 57 \/6) . 0

Hence, h} is decreasing on [0,7] for r =1/2,1, or 2.

Step 4. Now, we focus on hj. By (2.8), we have m/m4 —1 < 1/2. In this step we show that A% is
maximized on [0,m/m4 — 1] at one of the three points 0, m/ma4 — 1, or r. (and that the latter is
only possible if . < m/my — 1). The values at the three points will then be compared in Step 5.
To this end, we will analyze the monotonicity of h;. More precisely, we check that in the intervals
[0,7.] and [r.,1/2] the function (h})’ changes sign at most once and, if it does, it changes from
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minus to plus (as x increases). This indeed shows that the maximum is attained at 0, m/m4 — 1,
or 7.

Let us come to the details. For z € [0,7,], we have f(x) =44 2/2/(1 + ), so

o e Y2 YW
S VIFE yma itz Jma 1+ '
For r = 1/2 or r = 1, we directly compute the first derivative and get
V6 (1+m>'_ vm (1+x 2 )’_ vm (1+a: NG )/
m r—2x Vma\r—z J1+zx Vmazr—z l+z
V6 l+r  Vm 4+ 2 _Vm r+x
VIFE (r—2)?2  ma (r—2)?(1+x)Y2 ma 2ya(r —x)?
V6 (1+7)— vm r+az+2  m _r—i—x)
VR Vi Ura Vi aya )

(hy)'(x) =

Note that
r4+x+2 r+x

(1+z)1/2 2z
is increasing on [0,r.], and thus (h%)’ can change sign at most once (from negative to positive as
x increases). For x € [r.,1/2], we have f(z) = (4+ 2v/2z)/+/1 + x, and thus
h’“(x)—l_‘_x( V6 ym 2 m \/233)
T g VIFE yma l+ax  fma 14+a/°
For r = 1/2 or r = 1, we calculate the first derivative and obtain
(h) (z) = V6 (1+az)’_ \/ﬁ(1+x 2 )’_ \/7n<1+m \/21:)'
3 _,/1-1-% r—x Jma\r—x 14z Jma\r—z 14z
V6 l+r  Vm 2 m r+x
JIiE G—aP  Yma -oP Vi Vi
6
(2 iy
1+5 Vma ma \/2x

We note that © — —2 — (r + z)/v/2z is increasing on [r., 1/2], i.e., (h})’ can change sign at most
once.

T = —

Step 5. As seen in Step 4, h} attains its maximum on the interval [0,m/m4 — 1] at one of the
points 0, 7., and m/m4 — 1, where . is only possible if r, < m/ma—1. Using f(r,) = %(7+2\@),
we compute explicitly the three values and get

vy V6 Vm
h3(0)_rm 27’\/m7A7

e )71+m( V6o \/M10(7+2ﬂ)>
s VIt Vma AVTEr. )

r—Tx

and

hr<m_1)_ oy V6 _\/ﬁﬂn%—l))
3\ ma T+r— 2\ /T+L  /ma 2\/E
ma

Ay

Ty ( V6 fGrs )
Ltr— /14T 2
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To see that h5(0) > h%(r,) in the case r. < m/ma — 1, it suffices to observe that, for r = 1/2 or
r=1,

(10(7+2ﬂ)m73) Vi (10(7+2\/§)m 2)m

41 T — Ty r/ /ma 41 T — Ty
>\@<1+r*7})><1+r*71> V6 ’
= r—ry 1) " \r—r, r \/W

where in the first inequality we used that m/m4 > r.+1, and the second inequality can be checked
by an elementary computation. In a second step, we now check that the number

6 1 m_ _m_ mo_ 1
h§(0>—h§(m—1> __ Y6 (— ST ) VAL m Mg =1
ma m r 14+r— ma T\/m 1+4+7r— ma 2
is nonnegative. Recall that by assumption (2.8) we have that m/ma € [1,3/2]. We distinguish
two cases depending on whether m/ma — 1 lies in [0, 7] or [r., 1/2]. First, for m/m4 —1 € [0,74],
using the explicit formula for the minimal two-dimensional energy given in Proposition 2.2, we
have

6 (1 Iy Vina ~ 1
hg(O)—hg(m—1>= VG (— Am>—2‘/a + Am(2+ - )
ma VIFZ\r l4r-n ryma o 14T — o
We can look at the above expression as a function of a single parameter m/my, i.e., define
NG (1 T ) 2\/§+ T (2+\/x—1)
VI+5§ VT ’

r 14+7r—=
so that hj(m/ma) = hj5(0) — hi(m/ma — 1). Since 2 < T forz > 1, we get

1 T 2¢/x x Vo —1
hi(x) > Ve[ < - _ W 24 .
r l+r—z r 1+r—=z vV
This function is positive on (1,3/2] and equal to zero at 1 in both cases r = 1/2 and r = 1. Hence,

h5(0) > hj (m - 1).

ma

m

ma

i) =

r 1+r—zx

In the second case, i.e., for m/my — 1 € [rs, 1/2], again using the explicit formula given in Propo-
sition 2.2 we have that h5(0) — h5(m/ma — 1) can be written as

Ve (1 N Lvm a2 e
m r/Ma 1+r—mﬂ [ m_ [ om_ '
A ma mA

m
T 1 +7r— ma
Again, we can look at the above expression as a function of a single parameter m/my4, i.e., we
define

r 1+r—=
so that h3*(m/ma) = h5(0) — h5(m/ma — 1). Since 1 < 1 for z > 1, we find

hg*(m)>¢5<i_ 1+f_x> _2\7{E+1+f—x<\/2§+2(\9/651))'

For r = 1/2 or r = 1, this function is positive on (1,3/2) and equal to zero at 1 and 3/2. Hence,
we have h%(0) > hi(m/m4 — 1), so h§ attains its maximum on the interval [0, m/m4 — 1] at 0.

Step 6. To see that h§/2 is decreasing, it suffices to note that
_1+x( V6 _f(:c))_21+m( V6 ~ f@)
-2\ /T+Z 2 2-z\\/T+Z 2

and to use that h? is decreasing, see Step 3.

hy'* ()
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Step 7. In this step we show that him attains its maximum on [0,m/mp — 1] at one of the
points 0, 7., 1/2, or 2. The values at the three points will then be compared in Step 8. Similarly
to the argument used in Step 4, here the argument relies on the fact that in the intervals [0, 7],
[r«,1/2], and [1/2,2] the function (hi/ 2)’ changes sign at most once (from negative to positive as
x increases). This indeed shows that the maximum is attained at 0, r,, 1/2, or 2. As in Step 4,
we check separately the cases x € [0,7,], z € [ry,1/2], and = € [1/2,2].

For z € [0,7.], we have f(z) = 4+ 2y/2/(1 + z), so
W) - (YO V2w VE
1-3\/1+% mp Vi+z mp l+uz
We directly compute the derivative and get
e L G N )
Virg\=g) T ms =g Vi) T Vs -3 14a
:(2—;10)_2( 6V6  m 2c+8 \/ﬁx+2)'

20+8  x+2
Vitz o
is increasing on [0,7,] and thus (him)’ can change sign at most once. For z € [r.,1/2], we have
f(z) = (4 +2v2x)//1+ z, and thus
71+w( V6 Jm 2 7\/5\/5)
1-3\\/1+Z mpl+a mpl+a/

We directly compute the derivative and get
(h}l/Q)/<x): V6 (1—1—3:)’_ vm (l—i-as 2 )’_ Vm (l—i-x \/%)’
VI+Z\ =3 vmp\l -3 1+ ymp\l—51+z
616 QYmo m \/?(x+2))'

~C- (e v e

We note that

hy' ()

We observe that
V2(z +2)
NG

is increasing on [r., 1/2], i.e., (him)’ can change sign at most once.

= —4 -

Eventually, for z € [1/2,2], we have

:1+x( V6 m \/6)
1-3\/1+5 VvmeVi+a

1/2
hy* (x)
and the derivative reads as

(h?) (@) = (2 - 2)7(

66 B vm z+4 )
VI+E VmpVi+az/
We observe that  — —(x 4+ 4)/+/1 + z is increasing on [1/2,2].
Step 8. In this step, we compare the values of h}l/Q at 0, 7, 1/2, and 2 in order to conclude that
the maximum in [0, m/mp — 1] is indeed at 0.
We recall that f(r,) = 29(7 4+ 21/2) and we compute explicitly
6
P20 = Mo
JITE  ymp
p1/2 1+ 7. ( V6 NGD 10(7+2ﬂ))

() = 1—r/2\/T+2 - Jmp ALVI+r.
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and

hi“(é) :2(\/% —9 \/mi)

As0<p<1/3and mp/m < % (see (2.8)), we note that

6 3
hi?(0) < V6, V3
VI+EZ VIt
This directly shows hi/z (0) > h}l/z(%). To see that h}l/Q(O) > hi/Q (r«), use again the assumption
p <1/3 and (2.8) to see m/mp > %21) > % Therefore, it is elementary to check
(10(7+2\/§) VIt _2) v (10(7+2\/§) VIt _2>\/§> \/6‘( 1+, _1)
41 1—r./2 Jmp ~ 41 1—r./2 1—r./2

S ( 14 r, B 1) V6

o 1- T*/2 \/ 1 + % .
Eventually, we show that hi/ 2(0) > lim SUp,_,o hi/ ?(z), which is a bit more delicate since hi/ % s
not defined at x = 2. Recalling that for 2 € [1/2,2] we have f(x) = 2v/6, it holds

_1+x( \/6 _\/TW \/6)
=3 \/T+5 vmeVIta/

Since x < m/mp — 1 and thus m/mp > 1+ z, we get h}l/Q(x) < 0 with strict inequality for p > 0.

hi'? (x) (3.5)

In particular, for p > 0, we get lim,_,o h1/2(x) = —oo. Now, suppose that p = 0, and recall by
(2.8) that mp/m < 1/3. If mp/m < 1/3, the term on the right-hand side of (3.5) is again negative
for z close to 2 leading to lim,_,o hi/Q () = —oco. If p=0 and mp/m = 1/3 we calculate

12, 1+x( 7\/5\/(7)‘)77

Y by (@) =l 375 (Vo - =) = V6

In this case, we also have hi/z(O) = /6 — 2/3. This shows hi/z(O) > limsup,_, h1/2(aj) and
concludes the proof.
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