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THE GREEN’S FUNCTION OF POLYHARMONIC OPERATORS
WITH DIVERGING COEFFICIENTS: CONSTRUCTION AND
SHARP ASYMPTOTICS.

LORENZO CARLETTI

ABsSTRACT. We show existence, uniqueness and positivity for the Green’s func-
tion of the operator (Ag 4+ a)® in a closed Riemannian manifold (M, g), of
dimension n > 2k, k € N, k > 1, with Laplace-Beltrami operator Ay =
—divy(V:), and where o« > 0. We are interested in the case where « is large
: We prove pointwise estimates with explicit dependence on « for the Green’s
function and its derivatives. We highlight a region of exponential decay for
the Green’s function away from the diagonal, for large a.

1. INTRODUCTION AND STATEMENT OF THE RESULT

Let (M, g) be a smooth connected Riemannian manifold of dimension n, compact
and without boundary. Let £ > 1 be an integer, we assume that n > 2k. Let o > 0
be a fixed real number, we consider the elliptic partial differential operator of order
2k, (A, + a)f in M, where we define A, := —div,(V-) the Laplace-Beltrami
operator. In this article, relying on the method presented by F. Robert in [22],
we construct the Green’s function for (A, + a)* in M. We show uniqueness and
positivity, as well as sharp pointwise asymptotics. The main goal of this paper is
to obtain asymptotics that explicitly depend on a to understand the behavior of
the Green’s function when « is large.

One of the first instances of the construction of a Green’s function for a poly-
harmonic operator is found in [3], where the fundamental solution for (—A)* on a
ball of R™ with Dirichlet-type boundary conditions is computed. This is also the
first example of a positive Green’s function for a poly-harmonic operator. Indeed,
the question of positivity is highly non-trivial for higher order operators, since the
maximum principle no longer holds in general. For instance, see [, [I4] for re-
sults on this matter. Estimates on the Green’s function have also been studied
for polyharmonic problems on the Euclidean space, and sharp bounds from below
and above can be obtained, see for instance [4, [12]. Note that in all the previous
references, the boundary conditions play an important role and, in the estimates,
an explicit dependence on the distance to the boundary is often involved. In the
case of this article, these considerations will not be included since we work on a
closed manifold. It is also worth mentioning that there exists an extensive liter-
ature for the construction of Green’s functions for standard operators of second
order on common domains of R”, in particular in R?, R3. See for instance [5] for
an undergraduate-level textbook on the matter.
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Polyharmonic operators on manifolds have been studied because of their connec-
tions with the so-called prescribed @Q-curvature equations. These equations involve
a special family of conformally invariant operators, called GJMS operators [11],
for which a Green’s function was investigated in [20]. Green’s functions for GJMS
operators have proven fundamental to obtain existence results for the prescribed
Q-curvature equations, we refer to [23] for the conformal Laplacian, see also [19]
and the references therein for higher-order @)-curvature equations. Moreover, the
operator (A, + a)¥ can be seen as a toy-model for the GJMS operator of order 2k,
which, on an Einstein manifold, can be written as a product of k operators of the
form Ay + ¢; (see [6]).

In this paper, we study the operator (A, + o), with a > 0, in M. Our main
motivation to consider these specific operators comes from their importance in the
study of the optimal constant for the critical Sobolev embeddings. We refer to
[I7] in the case k = 1 and [I5] for the biharmonic case k = 2, where the operator
(Ay+a)¥, as a — oo, naturally appears in a contradiction argument. In this work,
we follow the iterative approach of [22], and obtain sharp pointwise estimates that
explicitly depend on «. The present article provides technical results that will be
used in future works. Operators of the form (A, + a)* also naturally appear in
other contexts, see for instance [7, 2I] where concentration phenomena for critical
nonlinear equations are investigated.

For any p > 1 and [ € N, let us define the norms

!

p L m/2 p
Il = 32 a5, ,,,
‘Afju‘ if m = 2i is even,
[VAGul|, if m=2i+1is odd’
the Sobolev space H'P(M) as the closure of C°°(M) in LP(M) with respect to the
norm ||-||,,..,. We write H*(M) for the Hilbert space H*(M) = H"2(M), for k > 1
integer.

Observe that, for a > 0, the operator (A, + a)¥ is coercive, since if a > 1,

k
2
Iy = 3o [ |82 do,
=1

k 2
<30k [ a2l oy = (B + @) )y e
=1

where we write }A;n/zu‘ = { Let us also define

and if o < 1
2
HuHH’C(M) < ﬁ <(Ag + a)ku7u>’;.[fk7’;_[k .
If ¢ € C°° (M), the existence and uniqueness of a solution v € C°°(M) to the linear
equation

(1.1) (Ay+a)u=¢ on M

follows from the coercivity of the operator, and from standard elliptic theory. See for
instance [9] for standard existence and regularity results in the case k = 1, which
can be iterated in the case of our operator. This allows us to define a Green’s
function for this operator.
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Definition 1.1 (Green’s function). Let o > 0, k > 1 and n > 2k, and let (M, g) be
a connected compact Riemannian manifold of dimension n, without boundary, with
Laplace-Beltrami operator A, = —div,(V-). A Green’s function for the operator
(Ay+a)¥ in M is a function G : M x M\ {(x,x) : € M} — R such that, writing
G.(y) := G(x,y) for all z # y in M, we have G, € L'(M) for all z € M, and for
all p € C*°(M) and all z € M,

/ Gz (A, + a)kgo dvg = ().
M

This is equivalent to saying that (A, + a)*G, = &, in the distributional sense on
M, where §, is the Dirac’s delta distribution centered at x € M.

We are interested in explicit a-dependent estimates on the function and its
derivatives, in particular as « gets large. Our main result is the following The-
orem. Note that a closed Riemannian manifold has a positive injectivity radius,
1g > 0.

Theorem 1.1. Let (M, g) be a closed Riemannian manifold, of dimension n > 3,
let k > 1 with n > 2k, and o > 0. The operator (A, + «)¥ in M has a unique
Green’s function Gg,o, which is positive, symmetric, and is in C*° (M x M\ {(z,z) :
x € M}). Moreover, there exists oy > 1 such that we have the following :
e There is a constant C' > 0 such that for all « > agy and all © # y in M
with \/adg(z,y) <1, we have

(1.2) CGy.alr,y) = candg(z,9)™ ™" (1 + nale,y)
with
Vadg(z,y) n=2k+1
[0 (2,y)| < C 1 ady(z,y)*(1+ log vVady(z,y)]) n=2k+2,
ady(z,y)’ n>2k+3

and where ¢y 1 is an explicit positive constant given by 1)) below.
e For all 0 < e < 1, there is a constant Cc > 0 such that for all o > g and
all x,y € M with \Jady(z,y) > 1,

Gyalz,y) <C dy(,y)*" e~ U=Vl @w) if dy (2, y) < ig/2
g,a\ L, Y) = Le e~ (1—e)Vaig /2 ifdg(x,y)Zig/Q.

This Theorem highlights that when d4(x,y) is small in comparison to 1/+/a,
the Green’s function for (A, + «) in M behaves to first order as the Green’s
function for the poly-Laplacian in R™, (—A)¥, up to a remainder term on which we
prove explicit bounds. On the other hand, when d,(z,y) > 1/\/a, we obtain an
exponential decay. In particular, any region of M situated at a fixed distance from
a given point x € M will lie in this regime as a becomes large. Note also that most
of the construction of the Green’s function does not rely on the fact that a > «y.
It is only at o — oo, however, that exponential estimates at finite distance are of
interest.

Green’s function for polyharmonic operators of order 2k in n-dimensional do-
mains or manifolds, with n > 2k, and with bounded coefficients, have been known
to satisfy estimates of the following type: There exists C' > 0 such that

|G(Ia y)| S Cdg(xa y)Qkin
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for all « # y (see [8} Section 4], [22]). Theorem [[Ilimproves these estimates for the
specific polyharmonic operator (A, + a)* in M, as & — oo. A new contribution
of this work is the derivation of estimates on the decay of G4, which are explicit
in the lower-order term’s coefficient. This dependence in « draws parallel to the
well-known behavior of the Helmholtz kernel for the operator —A — A\? in R3 (see
for instance [5]).

The article is structured as follows. In Section 2 we construct a fundamental
solution in R™ for (—A+a)¥, and prove precise estimates using a modified Giraud’s
Lemma which is proved in the Appendix [Al Section [J is devoted to the proof
of Theorem [[LTJ1 Based on the method of Robert [22], we iteratively construct
an approximation of the Green’s function in M preserving the estimates of the
Euclidean case. We then conclude the proof of the Theorem thanks to a self-
improving argument that allows to estimate the remainder term. Moreover, we
show estimates on the derivatives of the Green’s function, in Proposition 3.9 below.

Remark 1.1 (Notational conventions).

(1) We work on a manifold with fixed metric g. In the following, unless specified
otherwise, all constants only depend on (M, g), n, k, they are denoted C,
and their explicit value can vary from line to line, sometimes even in the
same line.

(2) Let f: X xY — R be a function, we will write, for any fixed z € X,
Jz Y — R with fz(y) = f(xvy)

(3) We will write B, (R) for the ball of center x and radius R > 0, either in
M or in the Euclidean space R, without distinction. We also define the
diagonal set Diag := {(z,y) : © = y} either in M or in R™, the ambient
space will always be clear from context.

2. THE GREEN’S FUNCTION FOR (—A + a)* IN R"

In this Section, we prove uniqueness and pointwise bounds for the Green’s func-
tion of the elliptic polyharmonic operator (—A + a)* in the Euclidean space R™.

2.1. Green’s function of the poly-Laplacian in R". We start by gathering

basic results for the fundamental solution of the poly-Laplacian operator (—A)* in

R™. Here, we let A =3"" | 0? be the Laplace operator in the Euclidean space.
Fix an integer £ > 1, and n > 2k, then define

1 n — 2k
2.1 e = r ,
21) ok = ghn/2(f — 1) ( 2 )

where I'(t) is the well-known Gamma function. This constant ¢, is chosen such
that

1

(2.2) a® (z,y) = Cnk——h_2k
|z —y["

is a fundamental solution for the poly-Laplacian operator (—A)* in R", see [8]
Section 2.6]. This means in particular that

(=A)*H® =0 in the weak sense on R™ \ {0}.
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2.2. Construction and uniqueness. Fix a > 0, the purpose this Section is to
show the existence and study the behavior of the Green’s function for (—A +«)¥ in
R™. In particular, we are interested in its dependence on the coefficient o > 0. We
start by observing that the Green’s functions for different values of « are related
by a simple scaling property. Then, we obtain an exact expression for the Green’s
function of the operator —A + 1. In a second step, we will use properties of the
convolutions of distributions to retrieve expressions for the polyharmonic operators
(—=A + a)*, k > 1. Finally, we use a modified version of Giraud’s Lemma, proved
in[A.1] to obtain sharp pointwise bounds on the Green’s function.

Definition 2.1. Fix £ > 1, n > 2k and a > 0, we say that Hék)(x,y) is a
fundamental solution for the polyharmonic operator (—A + a)* in R” if for all
zeR, HY) € LL_(R") and

loc

HP (2,9)(~A + a)*o(y) dy = p(z) for all p € C(R™).
R'Vl

Remark 2.1. It is straightforward to compute that Hl(k)(x,y) is a fundamental
solution for the operator (—A + 1)* in R” if and only if

= H{ (Var, Vay)

is a fundamental solution for the operator (—A + a)* in R™.

(2.3) H® (2,y) := «

With this observation, we only study the Green’s function for (—A + 1)* in a
first step, and then retrieve the general case o > 0 using relation (23]).

Recall the definition of the Bessel function of the second kind of order v > 0,
K, (r), which is singular at the origin, and solution to the second order ordinary
differential equation

2
u”(r) + %u'(r) - (1 + r_2> u(r) =0 on RT\ {0}.

These are well-known functions with explicit behavior (see [I]).

Proposition 2.1. Fix n > 3, then

—2

Hy(,9) 1= 2n) " |2 — 377 Kuca (12 — )
is a fundamental solution for the operator (—A + 1) in R™.

Proof. Start by observing that, thanks to the asymptotics for K, found in [I], we
have the following :

e When |z — y| < 1,

(o) =T (M52 ) ool D (14 o)

1 .
(2.4) = e Tyl (o)
. 0 1 (iCz' — )
gy (@y) = s— o w1 +o(1)

8yi

& |VH [ (z,y) !
xr =

LAY =5

n—1

n
Wn—1 |z =yl

o =y 7" (1 + o(1));




6 LORENZO CARLETTI

e When |z —y| > 1,

2m) "z _n—t -
Hy(wy) = By I ol -yl )
(2.5) i
_@m)” = —25 el -1
Vi @) = B oy 1 offe =)
We now show that
(2.6) (~A+1)H, ,(y) =0  forally+#u.

By the expression of H;, we write r = |z — y| and define
H(r) = Hy(z,y) = (2m) " 3r~"2 Ku_a(r).
2

Using the expression of the Laplacian in spherical coordinates on R", (Z0) re-writes

as
d? n—1d
Now H(r) satisfies this last equation for r > 0, by the definition of the Bessel

function of the second kind K»_» (r). Thus, we conclude that H; solves (2.0 for

all © # y.
For the second part of the proof, take ¢ € C2°(R™), we show that for all x € R”

Hy . (y)(=A+ Dp(y) dy = ¢(z).

Rn
We have
/ (=Ap +¢)H;, dy = lim (—Ap+p)H, , dy
(2.7) " 0/ Bo(8)
= éig% [a(6) + b(6) +¢(8) ],
where

a’(é) = / (_AHl;w + Hl;;ﬂ) ngy =0
Bz (6)°

since Hy,, satisfies (2.6) on R™ \ {x}, and with (2.4),

b(3) = / Hy,dup da(y) ~ 5~ =2§"1 = 0(5),
0B, (5)
(2.8)

T3 n
0=~ [ aHpdo) =TT (5)wnrlo) +ol)
9B (9)
as 0 — 0. Using the expression for the surface area of the sphere, we get

/n(—Aso +)H, dy = ¢(x).

We can conclude that H,(x,y) is a fundamental solution for the operator (—A +1)
on R". il

Remark 2.2. We additionally observe that, for |z —y| < 1, the Green’s function
H, and its gradient are equal to first order to the standard Green’s function for the
Laplacian in R™ and its gradient, respectively. Moreover, H; € C*°(R™ xR\ Diag)
only depends on |z — y|.
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The following result is technical and establishes improved bounds for fundamen-
tal solutions.

Lemma 2.2. Let u € C?*(R" \ {0}) be a function satisfying (—A + 1)*u = 0 on
R™\ {0}, and such that there exist C > 0, p € R, with

2k—n .
()] < C x| zf0<|x|§1'
Cla|fe =l if |z > 1

Then for 1 =0,...2k, there is C; > 0 such that

2|~ 0 < 2] <1

] 1! 2] > 1

|Vlu(x)‘ < {

Proof. Let x # 0 be fixed. Notice that there is C' > 0 such that tPe~t < Ct?*~" for
all ¢ > 1, so that

(2.9) lu(z)| < Clzl*™  Vva#o.

When |z| < 2, define v(y) = u(]z| y) on a ball B (1/2) # 0, and write A = |z|* #£ 0.
We compute

(A +N*o(y) = |2 (A +D*u) (J2]y) =0 Vye B (1/2),

By standard elliptic theory, since A < 4, there is C' > 0 independent of x such that
v e C%(Bﬁ(l/él)), and for all y € B"Tz‘(l/él)

[Viu(y)| < C( [(=A+ )‘)kUHLOO(B% sz Tl ) )
2.10
= =0 _swJu(el2) < - -

sup
2B (1/2) =Bz (1/2) ||z 2]

n—2k < n—2k
||

using (2.9), and since |z| > 1/2 for all z € Bj(1/2). Now,

E
!
[Vie)] = lal' [V'ul (l2]y),
we evaluate inequality (ZI0) at y = 1o € B (1/4) to obtain

C

!
|V“\(w)§|z|n_72k+z izl <2
On the other hand, when |z| > 2, we use elliptic theory for v on a ball B, (1) C

R™ \ By(1). This shows that there is C' > 0 independent of x such that for all
y € By(1/2),

[Viul (y) < C( [(=A+ )\)kUHLmBz(l) + HU”L“’(B,I(I))) <C esgp(l) |27 e,

where this last inequality follows from the assumption on u. Observe that, when
|z > 2, % <y < % and |y| > |z| — 1 for all y € B, (1), so that no matter if p is
positive or negative,

|Viu| (y) < C' 2| e 1ol

Evaluating this inequality at y = = € By,(e) gives the result for |z > 2.
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For the intermediate values 1 < |z| < 2, the two regimes coincide, up to a
constant. The first part of the proof gives

C

But now for [ = 0,...2k, we have C1, Cs independent of x such that, if 1 < |z| < 2,

|x|7(n72k+l) S Cl

Cl S |$|p 6_‘w| S 027

and we conclude. O

Definition 2.2. Fix £ > 1 and n > 2k, we define the space ), of all functions
u € C?(R™ x R™\ Diag) such that the following holds.

e There exists C' > 0 such that |u(z,y)| < C|z — y|_(n_2k)

e For all p > 1, there is C}, > 0 such that for [ =0, ... 2k,

when |z —y| < 1;

[Viu(z,y)| < Cplz —y|™” when |z —y| > 1.

Lemma 2.3. There is a unique fundamental solution of (—A + 1)* in R™ in the
class $Hy,.

Remark 2.3. Note that with this result, the function H; : R™ x R™\ Diag — R
defined in Proposition 2Ilis the unique fundamental solution of the operator —A+1
in R™ in the class ;.

Proof. Let € R, and H, H € $); be two fundamental solutions for (—A + 1)* in
R™. Define f,(y) := H(x,y) — H(x,y). Then f, € C?*(R™\ {z}) with
(1) |fo(y)] < Cla—y[** ™ when |z —y| < 1;
(2) |V'fo| < Cplz—y| 77 for all p, when |z —y| > 1, and for [ = 0,...2k;
(3) f. satisfies (—A + 1)*f, = 0 in the weak sense on R".
We start by proving that the singularity of f, at z is removable. Note that

fo € LP(B,(1)) forall 1 < p < —“. Elliptic theory gives that f, € H?**?(B,(1/2))
and there is C' > 0 independent of = such that

k
1 fellwrmamy < © (Mellzogo,y + 1A+ D el oo, ay)
=C ”fw”Lp(Bz(l)) :

Iterating, and by elliptic theory, we similarly find that f, € H'P(B,(1/2)) for any
[ > 0. By Sobolev embeddings, using a big enough [ in the previous argument, then
fz € C%9(B,(1/4)) for some § > 0. We conclude that f, has no singularity at 0,
and f, € C?*(R") satisfies

(2.11) (~A+1)Ff, =0 on R" in the classical sense.

Using the decay of f, at infinity, we have f, € LP(R") for all p > 1. Fix R > 0,
and take x g a cutoff function supported in B, (R) such that yg = 1 on B,(R/2).
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We compute

k 21
(—A+ D (xafs) =D (; ( fm+0(Z|meRHV2l_mfm!>>

=0 m=1

e (z S 97l \v%—w)

=0 m=1
with (ZI0). Testing this equation against xrf, € C2°(R™), we have by integration
by parts on the left-hand side, for all p > 1 and R > 2,

B S Sy

=0 m=1
<G |z — y|_p dy
By (R)\Bz(R/2)

where the latter follows from the decay of f, at infinity. Now |z —y|™? € L*(R™\
B,(1)) for p > n, and thus the right-hand side vanishes as R — oo provided we
choose a fixed p > n. On the other hand since all the terms in the left-hand side
are positive,

k 2
el < f 52 \(—A)fo] Oy

2
< Tim' AY/2( ’ _
_llRIIl)loréf/n g (Xrfz)| dy=0

by Fatou’s Lemma. Thus f =0 everywhere in R". O

Remark 2.4. With the same strategy of proof as in the previous Lemma [2.3] we
can show the following. The function H)(z,y) defined in @2)) is the unique
fundamental solution for the poly-Laplacian operator (—A)* in R™ in the class of
functions u € C2¥(R™ x R™ \ Diag) such that there exists C' > 0 and

lu(z,y)| < Cle =y ™" Va#y.
Remark 2.5. A fundamental solution h for (—A + 1)¥ is always smooth away from
its singularity: Let h be a distribution that satisfies

(~A+1)*h, =0 weakly on R™ \ {«}.

Now for all  C R” such that = & Q, h satisfies

(~A+1)*h, =0  weakly on Q
and by elliptic theory we can conclude h, € C*°(U) for an open set U CC 2. This
gives in turn h, € C°(R™ \ {z}).

We have everything we need to construct the Green’s function of (—A + a)* in
R™ and describe its exact behavior. Define H; W = H, and for k > 1, iteratively

@12) Ty = B0 ) = | @) ) d
which is well-defined provided 2k + 2 < n, as easily seen by iteratively applying
Giraud’s Lemma (see Lemma [A.1] below).
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Theorem 2.4. Fix k> 1, n > 2k, and o > 0, then

HP (@,y) == o™= H{" (Vaz, vay)
is the unique Green’s function for (—A +a)* in R™ in the class $, defined in[23,

where Hl(k) is as defined in 2I2). Moreover, there exists C' > 0 independent of
a > 0 such that for all © # vy,

Cla—y* " when /alzx —y| <1

Cat™ |z —y| 7 e Valryl when alz —y| > 1

n— Qk

(2.13) H(x, )<{

Finally, the Green’s function is radial, ah (x,y) only depends on |z — y|.

Proof. We begin by showing that Hék) is a fundamental solution for the operator
(—A+a)* in R”. We then get explicit a-dependent estimates for H(gk), and deduce
its uniqueness.

Since n > 2k, Hl(l) is defined for all [ = 1,...%k. We prove the first statement by
induction. First, Hl(l)(x,y) = H,(z,y) is a Green’s function for —A + 1 in R™ as
we showed in Proposition 211 Assume that we have proven that Hl(l)
function for some 1 < < k — 1. Then let p € C°(R™), we have

is a Green’s

(2.14) / H{D () (—A + 1) o(y)dy
_ / n ( [ e, y)dZ) (—A + 1) p(y)dy
= H” (/ HY () (~A+1) [(-A + 1)y (y)dy) dz

H&( )(—A+ 1) p(2)dz
]Rn

= p(x),
where the last line is the induction assumption. Now using ([23)), we obtain that
H(gk)(x,y) =" (k)(\/ax, Vay) is a Green’s function for (—A + a)* in R™.
To prove pointwise estimates on Hl(k) (z,y), we use an exponential version of

the so-called Giraud’s Lemma, whose standard proof can be found in [I0]. We
prove this result in appendix [Alin the generalized setting of a manifold, following

a similar reasoning. With the behavior of Hl(l) in (24), @35), and Lemma [AJ] we
get iteratively for [ =1,.. .k,

Hl(l)(u,v) < {C|u— v|217" when |Ju—v| <1

Clu—v|™"2 "R —fu—vl  when |lu—v| > 1.

We then observe that Hl(k) € 9y using Lemma 23] it is thus the only Green’s
function in this class by Lemma Similarly, by relation (23], we conclude that
H is the unique Green’s function for (—A + a)* in R™ in the class ;. The
previous estimates now become

k—n
e < 8 ey

n(k— 2)+

Cak" |z — y| e~vVele=ul /o |z —y| > 1.
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Finally, this Green’s function inherits its symmetry from fact that H{l) only
depends on |z — y| and that the convolution of two radial functions is itself radial.
O

Note that the exponent W in (ZI3) becomes positive for k > 2.

2.3. Refined asymptotics. We now prove more precise pointwise estimates on
the Green’s function HY” and its derivatives. When Valz — y| is small, we show

that Hék) and its first 2k — 1 derivatives are equal to first order to the standard
Green’s function for the poly-Laplacian in R™ and its derivatives, respectively.

Proposition 2.5. Fizk > 1,n > 2k and o > 0. Then H € C*(R"xR™\ Diag),

where Hék) is defined in Theorem[2.4), and for alll =0, ...2k, there exists C; > 0
independent of « such that for all x # y in R™,

Cp o —y|~ 724D Valz—y[ <1
(k—2)n+k

VG W) < .
‘ ’ Crab* T ts |z —y| 2 e Veleul oz —yl>1.

Proof. The first part HYY € 0 (R™ x R™\ Diag) comes from the Remark 25 The
estimates for [ > 1 are then a direct consequence of Lemma Forl=1,...2k
we have

VHE@)| =a" ot (VH), ) (Vay)

—(n—2k+1)
wen g [ (Valz—yl) " Vale -yl <1
<Cia 2 2 (k—2)n+tk
(Vale—yl) 7 e Vel Valz—y[>1
—(n—2k+1)
T — alr—y| <1
=( | n,:z| . (k—2)n+k \/_| yl = .
oFT T —y|T 2 e Velul alr—y|>1

O

We now prove precise estimates for the behavior of HS, when Valr —y| is
small. To simplify the notation, define

t when n =2k +1
(2.15) n(t) =< t*(1+|logt|) whenn=2k+2, for 0 <t <1.
t2 when n > 2k + 3

Proposition 2.6. Fiz k > 1, n > 2k, a > 0, and let Hék) be the unique Green’s
function in §y, for the operator (—A + a)* in R™. Then, when \/a |z —y| < 1,

H (2,y) = el =y 1+ O(n(vale —y))),
where 1 is defined in ZI0) and ¢y, is the constant in (2Z1).

Remark 2.6. Here and in the following, the notation f(z,y) = O(u(z,y)), for a
positive function u, is used to mean that there is a constant C' > 0, independent of
«, such that for all x,y,

@yl o

u(z,y)
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Proof. We begin by defining R, := o - Hék), where we write Hék) (z,y) =

Cn ke |z — y|** ™™ the Green’s function for (—A)* in R”. Now, we compute

k—1
(=A)*Raw = (=A+ )" HE) — (=A)FH) =3 (7) o* ' (=0) HE)
=0
(2.16) 1
-5 (e ayng)
1=0
in the distributional sense on R™. Let hqo(z,y) := — 5:01 (]f) ak*l(—A)ngf%(y),

straightforward computations with (ZI3]) then show that

R Valz -yl <1

n n(k=2)+k .
okt |3:—y|n 7 g vale—yl Valr—yl > 1.

(2.17) |%@wﬂ§0{
We now claim that, for all y # z,

(2.18) Ru(z,y) = / ha(x, 2) en g |y — z|2k7n dz.
This follows from the fact that first,
|Ra(@, )| < [HP @, y)| + | B @0,9)| < Cla =y Va2,

Moreover, the right-hand side of ([ZI8) defines a function in L} (R™),

loc

Z(z,y) == / hez(2) e ly — z|2k_n dz,

which satisfies (—A)¥Z, = h,.. in the distributional sense on R”. By Remark 24}
we conclude that for all  # y in R™, R, (z,y) = Z(x,y). We now have, by Lemma
[A1] together with (Z.I7), when /o |z —y| < 1,

Colz —y| 22 when 2k +2 <n
|Ra(z,y)| << Ca(l+ |logval|z —y||) when2k+2=n,
Ca? when 2k +1=n
where the constant C' > 0 does not depend on « > 0. Finally, coming back to
H(gk) = Hék) + R, we have the conclusion. O

We obtain similar pointwise estimates for the derivatives of Hék). The next
Corollary shows that the estimates in Proposition can be differentiated.

Corollary 2.7. Fixk > 1, n > 2k, a > 0, and let Hék) the unique Green’s function
in Oy for the operator (—A + o)k in R™. Forl=1,...2k — 1, there exists C; > 0
independent of a such that for all x # y with /alx —y| <1,

9! (Je = oI HE )| < Cule =yl n(vale =),
where 1 is defined in [2.15)).

Proof. With notations from the previous proof of Proposition 2.6, we have

—2k —2k
z—y[" P HE () = e + 17—y Raw(y),
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and thus for [ > 1,

@19) |V (le—oI"* HEW)| = [V (lr 9" R )]

To estimate the derivatives of R, we go back to ([2I8): Since [ < 2k — 1, we can
differentiate under the integral sign, and we obtain

VZRa@(y):/R ha(x,z)vl(y)Hék)(y,z)dz.

By Proposition 2.5, and since [ < 2k, we can use as before Lemma [A ] to estimate
the derivatives of R, , when |z —y| <1/ :

e When n — 2k = 1, we have to consider several cases. For [ = 1 we get

IV Rax(®)] < Ca(l+ [logvalz —y||),
and for 2 <1 <2k —1,

—1
’Vl(y)Raym(y)’ <Calx— y|1 .
e When n — 2k > 2, we obtain for all 1 <1 <2k —1,
—(n—2k—2+1
[l Reel)| < Carar =y 72240,
By ([2I9) and by Leibniz’s formula, we now have, for [ =1,...2k — 1

l
V! (Je =y HEW) [ <C Y o=y [V R ()]
m=0

cvalr —y/t! when n — 2k =1
< Coz|a:—y|27l(1—|—|10g\/a|:17—y||) when n — 2k =2.
Calz -y when n — 2k >3

O

3. EXTENDING THE CONSTRUCTION TO A RIEMANNIAN MANIFOLD

In this Section we construct the Green’s function for (A, + a)* on a manifold
M. We follow the construction from Robert [22]. We prove uniqueness, positivity,
as well as estimates that explicitly depend on «. In the following, we will always
consider (M, g) to be a compact Riemannian manifold without boundary, of dimen-
sion n > 2k and with injectivity radius i, > 0. We write A¢ = —A the standard
Laplacian on R", and A, := —div,(V-) for the Laplace-Beltrami operator in M.
The notation B, (R) will represent a ball of radius R > 0 and center x either in R™
or on the manifold, depending on the context.

Theorem [Tl is proved in several steps. We first define an approximate funda-
mental solution for (A, +a)* in M which is modelled on the Euclidean fundamental
solution of (—A+a)*. Tt satisfies the equation (A, +a)*G, = &, up to error terms.
We then iteratively improve the precision of these terms until we obtain a bounded
error, which is finally controlled in subsection Subsequently, we prove bounds
on the derivatives of the Green’s function of the same kind as Proposition and
Corollary 277 We finish this section with a remark on the mass of the operator
(A, + @)* when the dimension of the manifold n = 2k + 1.

We start with an observation.
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Lemma 3.1. Let o > 0, if G is a Green’s function for the operator (A, + ) in
M, as defined in Definition 11, then it is unique.

Proof. Start by noting that, by the same arguments as in Remark 25 any Green’s
function for (A,+a)¥ is smooth away from its singularity, so that G, € C>(M\{z})
for any x € M.

Let G be another Green’s function for (A, + a)* in M. Take p € C°(M), and
define u € C*° the unique solution to the equation

(Ay+a)u=¢ on M.
We then have, for all z € M,

u() = /M G y)o(y) duy ()
u(z) = /M G, y)ely) dvg(y)

For all z € M, ¢ € C*°(M), we have obtained
| (6o = 6.n) ole) dvy = u(w) = u(w) 0.

Thus, we can conclude that G, (y) = C:'w(y) for almost every y € M, and by

continuity G, (y) = G.(y) on M \ {z}. O
3.1. Step 1: An approximate fundamental solution. We start the proof of
Theorem [[L1] by pulling back the function H(gk) onto the manifold. Fix k > 1,
n > 2k, and let 0 < 79 < 44/2 that will be chosen later. Let x € C*°(R) be a cut-off
function with 0 < x < 1, such that x(¢) =1 on [0,79/2) and x(¢) = 0 on (79, +00).
We define

(3.1) Gal(z,y) = x(dg(z, ) HF (0, exp, ' (y))

for all x # y in M, where H(gk) is defined in Theorem 241 This function only
depends on dg4(z,y).

Assume that « is large enough so that 1/y/a < 79/2. Using Theorem 24 we
obtain

IN

1
(3.2) Ga(:v,y) < n(k—2)+k

X Cdy(,y)" " Vady(x,y)
Cak%dg(x,y)fe_ﬁdg(m’y) Vadg(z,y) > 1 '

In particular, when /ady(z,y) — 0, we have that

A 2k—n
(3.3) Gol(z,y) = cnrdg(x,y) (1+ O(n(\/adg(x,y)))) ,
this function behaves to first order as a Riemannian version of the Green’s function
for the poly-Laplacian (—A)* in R™, where 7 is defined in (ZI5)).
The following Proposition estimates the error term between G, and a true fun-
damental solution in the distributional sense.

Proposition 3.2. Let 7y < i,/2 and let Gy be as defined in @B1). There exist
ao > 1 and C > 0 such that, for all « > oo and x € M, there is lo » € CO(M \{z})
satisfying

(3.4) / (B )4 Gy = (o) + /M o) oo () duy (),
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for all p € C>°(M). The function l,. . is L*(M), has support in B, (1), and
Cdg(w,y)~ "% Vadg(z,y) <1
lla,z(y)] < { ' !

n n(k—2)+k+4
Cal* S dy(w,y) 2 e VANED ady(a,y) > 1
for all x # vy in M.
Proof. We compute (A, + a)¥G..(y) and precisely estimate the error terms. Let

g := exp} g, it is a metric on By(r9) C R™ with bounded geometry since 19 < .
In particular, for f € C%(R"),

(3-5) Agf(u) = Aef(u) + O(lul [V f(u)]) + O(ul* [V f(w)]),

o, y)) HE (0, expy L (y)) is

where u := exp; '(y) € Bo(m). Since Go(x,y) = x(d
h dg(x y) < TO;

supported in By (7p), we can write, when x ;é y wit

Ay Gosely) = Ag (HE()x(lu))

u=expg ' (y)

We observe that (Hékg X(||)) € C°(R™ \ {0}) is supported in By(1p). Now for
u # 0 such that |u| < 79/2, using Proposition 2.5 we have

V! (x(uhH k&(u))\ - \le<’f><u>\

;0

| | n 2]€+l \/a|u|§1
= ne ;’C
ok T |y eValul /alul > 1

for I =0,...2k. Take ag such that 1/,/ag < 79/2, then we have /o |u| > 1 for all
|u| > 70/2, so that

V! (x(uh B ) | < S vy v a )|

n(k—2)+k

<Okt Tt T T e Valul,
We have thus
ju ~ D Valul <1
(3.6) |V (M) ES )| < 0 absr+h 1o “F evall a2 1
0 lul > 710

We now show that, for ¢ € C>°(M),

(3.7) / (Ay + )0 Qo dvy = () + lim 0 (Ay + )Gy dvy.
M =0 J A\ B, (5)

Start by observing that since G, € L' (M),

/ (A + a)* @Gaxdvg = lim (A + o)k Ga;x dv
M 6=0 Jan\ B, (5)

k
1 k\ . k—I l ~
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Integration by parts gives, as in (7)), for I =1,.. .k,

(3.8) / Aé(p Gz dvg = / © Aééa;x dvy
M\B,(8) M\ B, (6) '

-1
+ / ayAlilim(/?Améa;sz
mz::o 0B.5) ! !

-1
- /a (5) Ay 0, AT Gardoy,
m=0 B

where 0, is the covariant derivative along the normal direction to 0B, (d) in M.
Using 3.8), we obtain for I =1,...k, m=0,...1—1,

(3.9)

< Q§mnrEhmam / doy = o(1)

I—1—m m A
/ oA, ! PAT Goyrdoy
9B4(9) OB ()

as 0 — 0. On the other hand, when [ = k and m = k — 1, we compute

(3.10) — / ()0 AL G (y)dog (y)
9B, (5)

— (p(x)/ —8VAZ_1C~¥a;w(y)dag(y) +o(l) asd—0
9B..(5)

since ¢ is C°°(M). Using (B.H) iteratively, we have

[ 0.k Calio, )

9B, (5)

= / 0, (A H W) do + 0 / 52‘v2k-1Hg?3(u)‘da
dBo(6) ' 9Bo(5) ’

2k—3
+0 / 5 }V%—QH;’%(U)} do | +0( > / ‘V’"Hg’fg(u)‘ do
8By (5) =, JoBy(5)
- / -0, (A’g_lHékg(u» do + o(1),
9By ()
as 0 — 0, estimating the terms with (3:6). Here in the right-hand side, 9, is now

the derivative normal to the sphere in the Euclidean space. Using Corollary 27
one has

-0, Ak_lHéf) u do:/ -9, | AF1 Cn.k do + o(1),
/aBow) ( e Haol )) 9By (5) T .

and thus by definition of ¢, ; in (21), we obtain in the end

(3.11) / —0yAF 1 Gopdog =1+ 0(1)  when § — 0.
0B..(5)
Finally, all the remaining terms are estimated with (3.0),

(3.12) < Co*Fmml = o(1)

/ AL 0, AT G g ndoy
9Bo(9)




GREEN’S FUNCTION OF POLYHARMONIC OPERATORS 17

as 0 — 0, when m # k—1, 1 <1 < k. Coming back to (B8], putting together
m (BEII) in (B9), and w1th BI2), we obtain (B:ZI) Note that all the terms

Al Ga .. are integrable by (B8] except for the term A* Ga .z which is only bounded

by dg(z,y)”" when d,(z,y) < 1/\/a.

Write Lo . (y) := (Ay + @) Gau(y) for all x # y, then I, , € CO(M \ {z}) with
support in B, (7o) by the definition of G,,. Now for = # y such that d,(z,y) < 70,
write u := exp, *(y), and compute

(B9 + @) Gasalexp, (1)) = (A5 + @)* (x(u) H (u)
=3 ()a [ () ALHS) () +0<2l22\vm( () H >)\>
=0 m=1

+0 (Jul |[v21 () HE@)|) + 0 (Juf |72 (x(uh HE w >)D],

using again (30 iteratively. By ([B.6]) and since HE is a fundamental solution for
the operator (A¢ + a)® in R", we have when 0 < |u| < 1/y/a,

)

20—2
o (1 [v*= 180 +o< e )N

<O ok <
l

(A, + @) Gon(exp, (u ‘—Zak !

O (Juf [v* 1 (w)])

Similarly, when /o |u| > 1,

k
. 0o n(k=2)tk
(Ag + oz)kGa;x(expz(u))‘ <C g o) oF T4 |~ = e Vel
1=0

We have thus shown that, for = # y,

g @, y)" " ) Vady(z,y) <1

n k—2)n+k+4

(313)  lax(y) <C ak%dg(x,y) 2 e Veds@y)  Jad,(v,y) > 1 -
0 dy(z,y) > 10

In particular, l, , € L'(M) so that [B) becomes
/ (Ay + a)fp Gow dvg = p(z) + / ©laqzdyg
M M
for all ¢ € C>(M). Note that k2L — (k72)++k+4 = 252 50 that the two regimes
in ZI3) are of order 2" when dg(z,y) ~ 1/ O

3.2. Step 2: The induction step. In this step, we define a sequence of functions
to iteratively improve the estimates on the error term.
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Proposition 3.3. There exists N € N, 19 > 0, ag > 1 such that, for all a« > ap,
there is a function G¥ € C°(M x M \ Diag) and for all x € M, a function
Yo,z € CO(M) such that

(3.14) /Mmg + a)F ()Gl ) duy () + /M Yo () () dug(y) = ()

for all o € C°(M). Moreover, both é;z and Yo, are supported in By(NTo), G
satisfies

(3.15) Gi(2,y) = capdy(@,9)™ " (1+ O (n(vad,(x,y))))

for Jady(z,y) <1, and there is a constant C > 0 independent of o > ay such that

Writing pp. i 1= MN —n,

(3.16)  [yaz(y) < Ca Nt (\/adg(xay))pn’k e~ Vads(@y) \/adg(x,y) >1,
0 dy(z,y) > N7

forall x,y € M.

Proof. Fix 19 > 0 such that 79 < iy/(n + 2), and take ag > 1 given by Proposition
We define, for all a > ap and all 2 # y in M,

I‘i(x,y) = _la,m(y)
M) = [ T AT e d) iz
M

By the exponential version of Giraud’s Lemma, Lemma [A2] and by BI3) we see
that, as long as 2¢ < n and ity < 74, we have I, , € L'(M), T, € CO(M x M\
Diag), and

dy(a,y)~ "% Vady(z,y) <1
i n k(nt)td,
Talz,9)| < Ci Qb dy(a,y) 2 eVl @y Jady(,y) > 1
0 dy(z,y) > ity

Now take N = L%J + 1 € N, so that 2N > n. By the choice of 79, we have
N7y < i4/2. Lemma[A2 then shows that I') € C9(M x M) and that

(3.17) ‘I‘g(:v,y)‘

a Ntz Vadg(z,y) <1
<COQ AN dy(z,y) T N e VA @) Jady(z,y) > 1 -
0 dy(z,y) > N7
Let,fori=1,...N —1and z # vy,
(3.18) Gi) = [ The2)Cler) g (o)
M

If & # y are such that \/ad,(z,y) < 1, we again have by Lemma [A.2]

dy(a,y)” T2 when 2k + 2i <n
(3.19) ‘ég(x,y)‘ < Ci 41+ Jlog(v/ady(z,y))| i 2k + 2 = n

o~ B when 2k +2i > n
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While, if \/ady(z,y) > 1, writing for simplicity

(3.20) D= ki(n-‘rli—i—n—S and i = k(n+1)(i+21)—2n+4i

satisfying 2p; — p; = n — 2k — 24, we have
(3.21) }Gl x y)} < CiaPidy(x,y) e Vads(@y)
with G? (z,y) = 0 when d,(z,y) > (i + 1)70.

In some sense, the G¢, are successive error terms in the expression of the Green’s
function. Let us define for all x # y in M,

N-1
(3.22) G(z,y) = Golz,y) + Z Gt (x,y).

i=1
Then we have, for all ¢ € C°(M) and x € M, by Proposition and since
F(ly T - _la,xv

/ (A, + ) o(y) G, ) dvy(y)
M

= [ @+ Caa i,
M
N—-1
’ g /M /M T (2, 2)Ga(2,9) (D + 0) 0 (y) dvg (2) dug (y)

= o)+ /M Lo (9)0(y) duy (9)

N-1

# X [ 1) ([ Gundy 4 s, ) duyo

i=1 /M

= o(z) + /M la,ﬂpdvﬁg /M I (z,2) {@(2)4— /M za,zgpdvg} dvg (2)
-

= so(:v)—/ I} L dug + Z/ I o dvg

+Z/ [ T ) doy ()] et ey

= so(:v)—/ I pdug
M

where we used Fubini twice and the definition of T4
We now let v, (y) := 'Y (z,y), then BI4) follows, and v, . € C°(M) satisfies

(BI6) thanks to BIT). Finally, for v/ady(z,y) < 1, and again by Lemma [A.2] we
have

N1 Ca~1/? if n—2k =1,
Zéfx(z,y) < C(1+|10g\/adg(x,y)|) if n —2k =2,
3.23 -
(3.23) =t Cdgy(z,y) "2 if n— 2k > 3,

= Ca™ dy(z,y)” " n(Vady(z,y)),
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recalling the definition (23] for 1. This means that, with (33]), we still have

G2, y) = capdy(z,y)” "7 (1+ O(n(Vady(z,y))))
when /ady(z,y) < 1. O

3.3. Step 3: Estimates on the remainder term. With Proposition B3] we
have modified the starting function G, to get closer to a real fundamental solution
to the operator (A, + a)¥ in M. The remainder Yo,z is now uniformly bounded in
a by BI6) and continuous in M x M.

Fix o > « given by the Proposition[33] and x € M. We let u, 5 be the unique
solution of

(3.24) (A + ) Up e = Yo weakly in M,

where v, 4 = Fé\{ » as in the proof of Proposition B3l Such u, , exists and is unique
since (A, + ) is coercive for any a > 0, and since v, € CO(M).

Remark 3.1. By standard elliptic theory and Sobolev’s embeddings, we have uq » €
C*=19(M) for all 6 € (0,1), with

(3'25) ”ua,ﬂﬁ”cl(M) <Cla ||'Ya,z||CO(M) < Cla 1=0,...2k—-1

by BI6). The constants Cj, depend on «, but we want pointwise estimates on
Uq,p and its derivatives with an explicit dependence in «, so that [B.25) is not
enough. In particular, in this step, we aim at recovering some exponential decay
for wq z(y), when Jady(z,y) > 1.

Proposition 3.4. Let a > ag given by Proposition[3.3 For a > ag and x € M,
let G%, be as in (B22), and let uq, . € HF(M) be the unique weak solution to (B.24).
Define

(3.26) Gga(@,y) = Go(2,Y) + Ua,u(y)

forallx #y in M. Then Gy is a fundamental solution for the operator (Ag+a)k
in M. Moreover, if f € LY(M) for some q > n/2k, and @ € H*(M) solves
(Ay + @)fa = f in M, then i@ € C°(M) and we have the following representation
formula,

u(r) = /M Gg.alz,2)f(2)dvg(z) for all z € M.

Proof. For the first part, go back to (314). For all ¢ € C°(M),
321 [ (8 + ) 0(0) Gpalen) vy (0

= p(x) — / Yo,z dvg +/ Ua o (Dg + a)kgo dvg
M M

= ()
since uq,, is a weak solution to (B:24). By (810, and since uq , is continuous in
M, we have Gy o, € L'(M) and G, is a fundamental solution for the operator
(Ay+ )k in M.

Now take f € LY(M), ¢ > n/2k and @ € HF(M) satisfying (A, + a)fa = f
weakly in M. Standard elliptic theory gives & € H?¥9(M), and then with Sobolev’s
embeddings we have & € C%?(M) for some 6 € (0,1). Let (f,)m>1 be a sequence of
functions in C*° (M) such that f,, — fin L9, and take u,, € C*° (M) the respective
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solutions to (Ay +a)*i,, = f,,. By elliptic estimates and Sobolev’s embedding, for
any fixed & > 1, (@, )m>1 is a bounded sequence in C%?(M). Then, by compactness
of the inclusion C%?(M) C C°(M) and since the solution is unique, @, — @ in
CY(M) up to a subsequence. Since u,, € C>(M) we have, testing (B27) against

Um s

MWj&%NMMMmM

And, for all 2 € M, @y, (z) =7 a(x). Finally, for all 1 < p < 5, we have
Gy, € LP(M) since G, € LP(M) by BIF) and uq,, € C°(M) C LP(M). Thus,
since fp, — f in LY(M), choosing 1 < p < — such that % + % = 1, Holder’s
inequality implies that

| Goalwafutnyv, = [ Goalo.n) s v,

< HGg,a;wHLp(M) Hfm - fHLq(M)
— 0.

We have thus shown, for all x € M,

@) = [ Gyl f(0) doy (o)
g

Thanks to Proposition B4 and ([3:24)), there is a representation formula for uq
itself, given by

ua,m(y) = /M Gg,oz(yu Z)'ya,m(z) d’l}g(Z)

(3.28) )
— [ G2 sl o)+ [ sl dvg(o),
M M

where G and 7,,, are introduced in Proposition We now use this formula
to self-improve the estimates on u, . We prove exponential decay on uq ,, when
«a > «q is large enough. This is a striking difference with the case of operators with
bounded coefficients.

Proposition 3.5. There exists ag > 1 such that the following holds. For all
0 < e <1, there is a constant C. > 0 such that for all o > ag and all z,y € M,

1 Vadg(z,y) <1
(3.29) [tz (y)] < Cea™ { e=(eVads(@y)  /ad, (z,y) > 1,
em(UmeWVaia/2qy(z,y) > ig/2

where Uqg 4 15 the unique weak solution to ([B.24).

Proof. We define, for all @ > 1 and 0 < ¢ < 1, a function V. , € L'(M x M) as
em (179 Vadg(z,y) <1

(330) W51Q($7y) = e—(l—é‘)\/adg(m,y) \/adq(fﬂ,y) 2 1.
e—(1—e)Vaig/2 dy(m,y) >i4/2

We prove the Proposition by using the representation formula (B28) for g .
The first term is estimated with Lemma [A2] the estimates (3.19), (B21]) and (B3.16)
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give

(3:31) } [ G2 (el (o)

o~ N+ Vadg(z,y) <1
N

<C Zaﬁld (z,y)P e Vads(@y) Vadg(z,y) > 1
i=0

0 dg(z,y) > 2N

where
i o= k(N +4) + k253 and ;= HOADNVERD 4 oy 4 ) —

with N7y < i4/2 and N > n/2, N and 7y are as defined in the proof of Proposition
5. Ol

Fix any 0 < ¢ < 1 and x € M, there is a constant C; > 0 independent of o and
x such that, for o large enough, we can write (331 as

(3.32) ‘/ G (Y, 2)7Va,2(2) dvg(2)

\/adg(xay) S 1
n 2k
<C (I=eads(@v)  /ady(z,y) > 1
dg(z,y) > 21
< C.a el

for all y € M. Note that, by integration by parts and the fact that u, solves (324,
one obtains

/ Uy (2)Ya,(2) dvg(2) = / uy(2) (Ag + a)kuz(z) dvg(2)
M M
(3.33) = /M(Ag + a)Fuy (2) ugp(2) dvg(2)
— [ Aol sl oy 2),
M

We now claim that uq,» = 0(Vs o) in the sense that

For this, define for all «,

ua,w(')

—_— — 0 as a« — oo, when x € M is fixed.
\Ijs,a(fpa )

Loo(M)

Ua,x
Tam = -
7 H\IIE,Q(CCV)

Lee (M)

and let y, € M be such that % = T4 We know Y, . and y, exist since

Ug,zy Yeolz,) are continuous, and ¥, , > 0 in M. Applying [3:28) at the point
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Yo and using B32) and (B33) we now have, for all « large enough,
(3.34)

|uawyo¢|<}/ G (Yors 2) Vo (2) dug (2

)| #| [ v @ o2

n—2k
< Ca N (0 y) + T /Mws,a@,z) ey (2)] dvg(2).

Using the bounds (BI6) on 7, , and Lemma[A3 below, which is a modified version
of the exponential Giraud’s Lemma, we obtain that

(3.35) ‘/M U, o (2, 2)Ya,y. (2) dvg(2)

Going back to (834) and dividing by ¥, ,(z,ya) > 0, we have thus proven that

< C;a_N\I/&a(x, Yo )-

(336) Ta,;v < C&‘a _NTa@’

with N > n/2 by definition of N. Hence, Yo , — 0 for all z € M.
We have thus shown, since M is compact, that there exists agp > 0 and a constant
C. > 0 independent of = such that for all a > «g, =,y € M,

1 Vady(z,y) < 1
(3.37) [Ua,z(y)] < Ce § e~ (ImaWVeds@y)  /ad, (v, y) > 1
e~ (1=e)Vaig/2 dg(z,y) > 1g/2.

We now use this estimate to compute again the second term of ([8.28): Using Lemma

with B31), and with (332)), we finally get

1 Vadg(z,y) <1
|uam(y)| < Osaik e~(Imevads(a.y) \/adg(x,y) >1
e~ (I=aV@ig/2 g (2 ) > i /2,

since —N + ”772’“ < —k, which concludes the proof. O

Remark 3.2. The assumption « > «g, with ag large, is crucial to obtain (337) from
(330), and thus exponential decay for u, , when /ady(z,y) > 1.

Remark 3.3. With our approach, we cannot expect to obtain the exact decay
e~ vVada(@Y) for u, , when y/ady(z,y) > 1. Successive convolutions in the second
term of the representation formula ([B.28) add positive exponents of d4(x,y) that
we cannot get rid of, see Remark[A.2l We are thus forced to reduce the exponential
decay of 1, . to e~(1=5)Vads(=.v)  This is what allows us to obtain (B:35).

3.4. Step 4: End of the proof of Theorem [I.1l We can now proceed to con-
clude the proof of the main Theorem, putting the several pieces together.

Lemma 3.6. Fiz o > ag and let G4 be the Green’s function for the operator
(Ay + @)% in M defined in Proposition [3). Then for all € € (0,1), there exists
C: > 0 such that for all © # y, we have

dy(z,y)~ ") Vady(z,y) <1
(3.38)  |Ggalz,y)l < Cel dy(z,y)” "M emUVadsen)  /ad, (z,y) > 1.
e~ (I=e)vaig/2 dg(x,y) > Z'9/2
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Proof. Fix any 0 < ¢ < 1. First, let 2,y € M be such that dg(z,y) < 1/y/a and
x # y. Going back to the definition of G4, in [B:20), we use (3.2)), (319) and the
fact that u, € C°(M) satisfies (B2H), and we obtain

1Gy.al(@,y)] < Cdy(z,y)~ "2

for all dy(z,y) < 1/y/a.
Now let 1v/a < dg4(z,y) < iy/2. We use (B2) and (B21), there is a constant C;

independent of o, x,y such that
‘éfx ({E, y)‘ < Caaiidg(fﬂ, y)_(n_2k)€7(175)\/adg(m>y)

for i = 0,...N — 1, writing G := G,. Up to taking a slightly smaller 0 < &’ < ¢,
we also have for all y € M

|tz (y)| < Cora ke (1=NVads (@)
< Cewa Bdy(m,y)” "M e (-e)Vads(@y),
using ([B29). We have thus obtained
|Gy.a(z,y)| < Cedy(z,y)” ") e~ (1-)Vads(zy)
Finally, when d(z,y) > i,/2, the estimate follows from (B23J). -

Lemma 3.7. Fiz a > ag and let G4 be the Green’s function for the operator
(Ay +a)¥ in M defined in Proposition[34 Then for all x # y in M, Gy o(x,y) =
Goaly,z).

Proof. Let ¢ € C* (M), define for y € M
W)= [ Goaleu)ee) dog).

Then since G o (-, y) € C°(M \ {y}) N L*(M), h is well-defined. We claim that h
is continuous on M. To prove the latter, fix y € M and take a sequence of points
in M, yn, = y as m — co. Let 0y, := dg(Ym, y), we have

Mom) = [ Gpalem)ele)dog(e)+ Go2s U )2) oy 2).
Bym (6m/2) M\By,;, (§m/2)

On the one hand, by B38), we have
/ G(ym, 2)(2) duy(2) = o(1)
By (5 /2)

as m — o0o. On the other hand, for z € M \ By, (6,,/2), we have dy(z,ym) >
3dg(2,y), so that using B38),
(G (ym, 2)(2)] < Cdy(2,9)™ 7"

By dominated convergence, we conclude that

lim h(ym) = lim Gg@(z,ym)go(z) dvg(z)

- / G (22 )0(2) dvg(2),
M

and h is continuous at y € M.
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Let now g € C°°(M) be the unique solution to (Ay+a)¥g = ¢ on M. Since Gy 4
is the Green’s function for the operator (A, + a)¥ in M, we have, for all z € M,

o(z) = /M Gora(@,9)0(y) dvy ().

Now since h € C°(M), g € C*°(M), one has h — g € L°°(M) and there is a unique
Py € Hk(M) such that

(A, + a@)fpg = h — ¢ in the weak sense on M.
Moreover, elliptic theory gives 1o € H2¥P(M) for all p > 1. By Fubini’s theorem,
and since Gy a;, € L' (M) by Proposition B4] we have
[ ong s atundn, = [ ([ Goatoidoto o)) (8 + vl doy ()
M M \JM
[ ([ Goalean@, + ) vulu) dogt)) (o) doyfa)

— [ dnla)ota) duy(a).
M
Use the definition of g and integrate by parts: Since vy € H?*P(M) for any p > 1,

/ ¢0<pdvg=/ @[Jo(Ag—i—a)kgdUg:/ (Ag—i—a)kwogdvg.
M M M

By definition of vy, we have thus shown in the end that

/(Ag+oz)k1/)0(h—g)dvg:0:/ (h — g)* dv,,
M M

so that h(x) = g(x) for almost every € M, and thus h = g on M by continuity of
h,g. This shows that for all ¢ € C*°(M), and all z € M,

/ (Gya(:4) — Coaly 2)) oly) dug(y) = 0.
M

Since Gy o(x,), Ggal-,x) € L'(M) for all z € M, we deduce that
Gga(z,y) = Ggaly, z)

for almost every y € M, and we conclude with the continuity of G, in M x M \
Diag. O

Proof. (of Theorem [[T)) Recall the definition [3.26) of G ., we have

Ggﬁa(ilf, y) = GZ (Ia y) + uoéyr(y)v

where G was defined in (323), and u, . is the unique solution to B24). It is a
Green’s function for (A, + a)* in M as we proved in Proposition B4} and we have
proved the estimates on G, in Lemma Moreover, when dy(z,y) < 1/y/a,
by Proposition B3, G* (x,y) satisfies (BIH), so that Gy o (z,y) satisfies (I2), since
Uq,q 1S bounded.

Uniqueness was proved in Lemma 3.1l while the symmetry was proved in Lemma
B7 It remains only to show the positivity of the Green’s function.
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Let Hélgt be the Green’s function for the operator A, + « in M as constructed

in Proposition B4 and define for all 2 # y, as in (212),

A G) = [ HED @ H) ) duy()

for £ > 2. This function is well-defined provided that n > 2k, and smooth away
from the diagonal, thanks to Lemma [A:2] The same argument as in (2.I4]) shows

that Héko)[ is a Green’s function for the operator (A, + a)* in M. By Lemma B.11

Héko)t = Gy in M x M\ Diag. Now, recall that Hﬁy is positive by the strong
maximum principle and Hopf Lemma (see [22] Theorem 3.]). Thus, Gy = éko)t is

positive in M x M \ Diag. O

Remark 3.4. Note that the factorized form of (A, + a)* is crucial to obtain posi-
tivity. In general, the question of positivity of for higher-order operators is a hard
problem. We refer to [8] [13] [14] for positivity results for polyharmonic operators on
domains of R™ with specific boundary conditions. The argument that we describe
here for the positivity would work for any polyharmonic operator which is decom-
posed as the product of coercive operators of order 2, such as the GJMS operator
in a Riemannian manifold with Einstein metric (see [6]).

3.5. Control on the derivatives. We are now interested in estimates similar to
([B38) for the derivatives of G, . Let f € C*(M), then the I*} covariant derivative
Vif e (T*M)'is a (1,0)-tensor. Fix x € M, on a neighborhood B, () with 7 < i,
the exponential map at x allows us to define the metric on By(7) C R",

(3.39) g(u) := expl g(u).

Since M is compact, there is a global constant C' > 0 independent of z € M such
that for u € By(1),

|G (u)ij — 0ij] < C Juf? 1<ij<n

W et gt < (st o)« X foriw]) e
m=1

where f := foexp,, and g(u);; are the components of § at v in the exponential
chart.

Proposition 3.8. Let ag > 1 be given by Proposition [T For all 0 < ¢ < 1,
there is a constant Cc > 0 such that for all « > «q, for all x,y € M and for
l=1,...2k—1, we have

B vadg(z,y) <1
|vl’U,oz,1}g (y) < Ca~Ftz { e=(-e)vady(ey) \/adg(x’y) 21.
e—(1—e)Vaigz /2 dg(z,y) > 14/2

Proof. Let us fix x € M and let y € M. We prove the estimates on the derivatives
of uq,; by using elliptic estimates in balls centered at y. Observe that for z €

dg(xvy) - 1/\/a < dg(:E,Z) < dg('rvy) + 1/\/a
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With this realization, and with Proposition 3.5 we obtain

1 Vadg(z,y) <1
[,z (2)] < Cea™ { e=(=aVads@w)  /ad (z,y) > 1
(3.41) o~ (1—e)v/aiy /2 dy(z,y) > iy/2

= C'Ea*k\llsya(x,y)

for all z € B, (1/y/a), where ¥, , is as in ([330). We also have by (3I6) that there
exists a constant C. > 0 independent of z,y and « > «ag such that

(3.42) [Vor,z (2)] < OéaiNJr%\I/s,a(xvy)

for all z € B, (1/y/a).
Set v := \/aexp, ' (z), then if z € By(1/y/a), v € By(1) C R™. For a > ag, we
have 1/y/a < i4, define

5 (1) = exp® a(v/v/a an G,y (V) = Ua,z(expy (v/ V)
Goy(v) = oxpl g(v/v/@)  and {%,z,m = el o)

Observe that Y24 € C°(Bo(1)) since vq,, € CY(M), and that i, € L>(Bo(1)).
We compute, for all v € By(1),
Agtiaz(exp, (v/Va)) = alg, ,lia.qzy(V)

so that 44 4, solves the following equation on By(1),
ak(A!}a,y + 1)kaa)$)y = ;?axwxy'

Using the fact that when @ — 00, o,y — & the Euclidean metric in C72(R™),

loc

(Ag. . +1)F is an elliptic operator with coefficients bounded independently of o >

Ja,y
ao. Elliptic theory gives 14, € C?*719(By(1/2)) for all § € (0,1). There is a
constant C' > 0 that does not depend on «, x,y, such that for l =1,...2k — 1 and
all v € By(1/2) we have

V' i 0,y(0)] < Cllliayll oo 5y 1)) + 10 Aol oy 1))
< Caikqls,a(xv y)a

using (41 and [B42). Note that here the gradient and the norm are taken in
the Euclidean space R™. To get the metric-related quantities we use ([3.40), for all
v € By(1/2), we have

!
‘Vlgua@‘g (expy(v/\/a)) <C Véa’yﬁa%y(v)‘ <C Z a? [V gy e,y (V)]

m=1

< Ca%_kllla,a(xa y)
Taking this inequality at v = 0 € By(1/2), then exp,(0) = y, and we conclude. [

The following Proposition extends Corollary[2.7lto the Riemannian case, showing
that the pointwise decomposition of G in (IL2) can be differentiated formally.

Proposition 3.9. Fizx 0 < ¢ < 1, there exists ag > 1 such that for all o > v,
the derivatives of Gy o have the following estimates. There exists a constant C' > 0
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independent of a such that for all x #y € M, and forl =1,...2k -1, x # vy,

dg(,y) "D Vady(z,y) <1
‘leg,a;z(y)‘q <C dg(zay)_(n_2k+l)ei(17€)\/adg(m’y) \/adg(x,y) >1.
' e (1) Vaig/2 dy(,y) > ig/2

Moreover, for dg(z,y) < 1/\/a with x # y,
V' (4ol )" Cpialw) | < Clly(ar.9)™'n(/ady (2. 3).

where 1 is defined in (215]).

Proof. We estimate the derivative of each term in the expression[3.26/independently.
First, we compute estimates for the derivatives of G,. Fix x € M, and let
u = exp, ' (y), then by the definition @], and (B8], we have for u € By(mo),

V4 Ge| (exp, () <c\vl( () HE )|
(3.43) <OZ ‘Vm( (jul) Haga )N
. Valu <1
SO{;W W a3

using (B40), where g is as in ([B39). By the multiplication by the cutoff, we also
have

ViGauly)| =0 forye M\ Ba(n).
g

In a second step, we use (BI8) and the fact that |Vléa;m|g € LY(M) for | =
1,...2k — 1 thanks to (3:43]), and we obtain

ViG] < [ )] [TCanw)] (o),
! M

fori=1,...N—1. Using Lemmal[A2] we then have, when x # y with v/ady(x,y) <
1

3

dg(z,y)” "2 Ghen 2k +2i — 1 < n
(3.44) ‘Vléfl;m(y)‘ < {1+ |log(v/ady(z,y))| if2k+2i—l=n
g

_ 2k42i-n—1

2 when 2k +2i -1 >n
We also have, when y/ad,(x,y) > 1,

’VZGZ )’ < Coépi“l’%dg(x’y)pief\/ady(zvy)

where p;, p; were defined in (B20). Finally, Vlézm(y)‘ = 0 when dy(z,y) >
g

(i + 1)79, where 7q is as in Proposition There is then a constant C. > 0 such
that for o large enough and all z,y with /adg(z,y) > 1,

(VG )] < Coaidy(a,y) "D 1Rl e
)

fori=1,...N—1,1=1,...2k— 1.
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For the last term w, 4, choose 0 < &’ < e, Proposition [3.8] gives

1 Vad(z,y) <1
(3.45) }Vlua,z(y)}g < Ca ks { o= (=) Vady(z,y) Vadg(z,y) > 1
em(ImEVeial2 dy(z,y) > ig/2

1 Vadg(z,y) <1
< Ca_%dg(gﬁ,y)_(n_%ﬂ) e~(1-e)vads(@y) Vady(z,y) 21
e (melVais/2 g (g y) > iy/2

Putting this together, we obtain for I =1,...2k — 1,

‘leg,ax ’leaz ’ Z ’VIG'L ’ —|—|V Uax )‘q
(3.46) dg(z,y) """ %H) Vadg(z,y) <1
< CQdg(a,y)” " emmaVahen) Jady(z,y) > 1
e—(1—2)V/aig /2 dg(,y) > ig/2

which proves the first part of Proposition 3.9
For the second part of the proof, we use again [3.20)), for dy(x,y) < 1//a we
have

347) |V (dye0)" ™ Ciew)) |

‘V ( x y)"_%éa;m(y)) , +0

($n(vady e, )dy (o))

using (B.44) and [B450). Let F,(y) := dg(z, )"_%G' +(y) for y € By(1/y/«), and
F(b)f— Fy(exp, (u)) = |u"™ 2" é (u) for |u| < 1/y/a. Then, writing § := exp’ g
[V F | (exp, (u) = }vl ’(1—|—(9(|u| )

(’vg ]+o(|u|]vl LR )D—!—O(li’V?~(u)‘>>(1+0(|u|2))
m=1

for all |u| < 1/y/a, using ([B.40). Each term in this sum is estimated using Corollary
27 and we finally obtain in (847) that, when /ady(z,y) <1 and a > ap,

}v ( y)n—%Gg,a?w(y)) }g < On(Vady(w,y))dy(z,y) ™
O

3.6. Mass of the operator in dimension n = 2k + 1. We conclude this paper
by a consideration in the case where n = 2k + 1. When n = 2k + 1, the Green’s
function G4 can be re-written as

Cn.k
Gyalz,y) = =

dg(z,9y)

where ¢, is given by (1)), and p,(y) is a continuous function for all z € M,
as recalled below. It is then standard to define the mass of the operator as the

+ pa(y),
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quantity p(z), see [24] for the conformal Laplacian, and [I§] for the Paneitz-
Branson operator.

Lemma 3.10. There exists ag > 1 and C1,Cy > 0 such that for allx € M, o > «v,
Civa < —pq(z) < Cav/a.

Proof. First, by relation (I.2)) we obtain an upper bound on the absolute value of
the mass : There exists ag > 1 and C' > 0 such that for all z € M, a > a,

Now for the second part, fix ag > 1 given by Theorem[[.Il From the decomposition
(BZ6), one obtains that

N
)] < [Galovn) = 725 4D |G| )]
g\ i=1

so that

Halt) = Galery) - dgc(zky) +0(a™?)

using (B19), (3ZI) and Proposition 35l Now with the definition (BI]), we have for
dg(x,y) < 70/2 given in Proposition B.3]

318 )= (HOO0-2E)[ o),
lul ) lu=exp;(y)
Using the notations of Proposition 2.6] recall that
HP(0,u) = T2 = Ra(0,0),

where R, satisfies (ZI8]),

)

k—1
Ro(0,u) = —/ ok lu— 27" Z akil(—A)ng%(z)dz
R 1=0
for all u # 0. By integration by part, and using Proposition [Z5 we obtain

k—1
(3.49) Ro(0,u) = —cn,kzak*l/ (—A)., (|u—z|_1) H® (2)dz.
=0

Simple calculations show that for [ = 0,...k — 1, there is a constant d, ; > 0
depending only on n, k such that

1
Il _
(—=4) (m) =dnk |u|1+21'
Since H > 0, B49) gives
. 1 k
—RQ(O,U) > Cn,ka/ |’u,—2|2k_1H‘i;3(y) dy

Let 0 € (0,1) whose value will be fixed later. Proposition shows that there
exists a constant C' > 0 independent of «, such that

HP () 2 Cnok (1= Cvale -y
r—y
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for all |z —y| < 1/+/a. Thus,
1 1
_Ra(ouu) 2 é'n,ka‘/ 7,_(1
Bo(s/va) |y — ul* 7" 1yl
)
—(1-460)
s
for all |u| < \2/5_ Finally, fix 6 > 0 small enough so that 1 —§C > %, we obtain that

there exists C' > 0 independent of « such that for all |u| < 2

o
(3.50) —Ra(0,u) > Cv/a.
The continuity of R, follows from elliptic theory, since R, satisfies
(=8)*Rae = ha.a
and hq , € LP(R™) for all p > -5 using ([2.I7), with n — 2 < 2k. This implies the

continuity of 1, (y), since all the terms éfx and g, are also continuous by Lemma
A2l Putting (B48) and (B50) together and evaluating them at u = 0 gives

pz(r) = Ra(0,u)]  +0(a”'?) < —C1va

— Cd)dy

Z &n,ka

for some C; > 0 and for a > . In particular, u,(z) = —o0 as o — oo. O

Note that the terms due to the presence of the metric contribute only in O(a~1/?)
whereas the main contribution leading to the divergence of the mass comes from
the lower-order terms in the operator (—A + a)* on the Euclidean space.

APPENDIX A. GENERALIZED GIRAUD’S LEMMAS

In this Appendix, we compute some convolution estimates that are needed in
the previous Sections to obtain the bounds on the Green’s functions. These are
modified versions of results known as Giraud’s Lemma in the literature (see [2
Proposition 4.12], [16, Lemma 7.5]), proved in [10, p. 150].

Lemma A.1 (Exponential Giraud’s). Let X,Y € CO(R™ x R™ \ Diag). Assume
that there exist 8,y € (0,n], and p,v > —n such that

B-n :
-y Zf r—1Y Sl
DR L e
[z =yl eV if |z —y[>1
y—n ;
x—y if le—y| <1
N R T A
Ix—yl e if e —y[ =1
forall x #y. Let Z(x,y) := [z, X Y(z,y)dz for v #y. Then Z € C°(R™ x
R™\ Diag) and there emstsC’>05uch thatfor allx # vy :
Clo—y/ ™ when S+~ <n
1Z(2,y)] < {C(1+ [logle —yl|)  when B+~ =n
C when [+~ > n.

|Z(a,y)| < Cla -y el
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Moreover, when 8+~ >mn, Z is continuous on the whole R™ x R™.

The following Proposition extends this result on a compact Riemannian manifold
M with injectivity radius i, > 0, and with a scale parameter o > 1.

Lemma A.2. Let (M,g) be a closed Riemannian manifold, and 7,0 > 0 such that
T4+ 0 <iz Let X,Y € CO(M x M \ Diag), such that for all x,y € M, X(z,")
is supported in By (1) and Y (-,y) in By(o). Assume that there exist 3,y € (0,n],
p,q >0 and p,v > —n satisfying

p—p<n-—
(A1) {p ps<n—p

2q—v<n-—vy
and such that, for all x #y, a > 1,

X (2,9)| < dy(z,y)" " if Vadg(z,y) <1
VN aPdy (x,y)PeVeds@Y) if \Jad,(x,y) > 1
|Y(.’IJ y)| < d9($7y>77n Zf \/adg(.f,y) S 1
= atdy(x,y) e Veds W) if \Jadg(z,y) > 1.

Let, for all x # y, Z(x,y) :== [, X(2,2)Y(2,y)dvg(z). Then Z € CO(M x M \
Diag) and, for all x € M, Z(x,-) is supported in By(t + o). There exists ag > 1
and C > 0 such that for all x # y and o > «ag, we have the following :

i If \/adg(xvy) S 17
dy(z,y)? " when S+~ <n

1Z(z,y)] < C (1 + [log(v/ady(z,y))]) when S+~ =n

a~ when B+~ > n.

o If Vadg(z,y) > 1,
|Z(x,y)| < Ca™™ T H555 4y (0, y) T VA @),
Moreover, when 8 +~v >n, Z € CO(M x M).

Since the proofs of these two Lemmas are the same, we only show the second
one. The proof of Lemma [A.1] is identical setting formally 7,0 = oo and a = 1,
and taking the integrals on the Euclidean space.

Proof. Up to choosing g large enough, we can assume that 5/\/a < 7+ 0 < ig4.
For the first part of the proof, let x,y € M with z # y, and assume that
dg(z,y) < 2/y/a. We have

1 1
(A2) |Z(z.y)|<C / _ _
B.(3/va) dg(z,2)" " dg(z,9)" "

dvg(2)

+ X(x,2)Y (2, y) dvg(2)|,

/M\Bz@/\/a)
this comes from fact that for z € B, (3/v/a),
|X (2, 2)] < CaPdy(z,2) e Vos@¥) < Ody(z,2)° ™" when dy(z,2) > 1/va
Y (2,9)| < Caldy(z,y) e Vads @) < Cdy(z,y)"""  when dy(z,y) > 1/
for a constant C' > 0 independent of «a, z,y, z, by (AI).
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Write 7 := dg(z,y) < 2/+y/a, we first claim that

1 1
(A.3) / _ — duy (=)
Bo(3/va) dg(x,2)" P dg(z,y)" 77

dg(x,y)f(nfﬁfv) when f+v<n
< C Q1+ |log(vady(z,y))| when B+~ =n.
e when S+v >n

To prove ([A3), we decompose B,(3/+y/a) in three parts: B,(r/2), B:(3r/2) \
B, (r/2) and B,(3/v/a) \ B;(3r/2). First, when z € B,(r/2), we have dy(y,z) >
r/2, so that
(A.4)

1 1

Ba(r/2) dg(x,2)" P dy(z,y

dvg(z)

. 1
= dvg(z) < Cr? / 3

Ba(r/2) dg(w,2)"
< oprth-n

since r/2 < 1/y/a < ig and f > 0. Similarly, when z € B,(3r/2) \ B,(r/2), we
have dg(x,z) > r/2, so that

1 1
o | S e
B (3r/2)\Bo(r/2) dy(z,2)" " dg(2,9)" "
1
S OTB_H/ B — dl)g (Z)
B, (3r/2)\B. (r/2) dg(y, 2)
< orftrn
since 5r/2 < 5/y/a < iy and v > 0. Finally, when z € B,(3/v/a) \ B;(3r/2), we
have +dy(z,z) < dy(z,y) < 3dy(z, 2), so that
1 1
/ n—p n—-y d'Ug(Z)
Bo(3/va)\Ba(3r/2) dg(2,2)" " dg(z,y)
1
< C/ S dvg
B.(3/v/@)\Ba(3r/2) dg(, 2)
rBEy—n when +v<n

<C{1l+|logy/ar] when S+v=n
__Bty—n
2 when S+v >n

since 3/y/a < i,. This concludes the proof of (A3) when r < 2\/a, realizing that
when §+7 > n, P77 < Ca~ "% in (BZ) and (A5).
We now claim that

B+y—n h -
(4.6) / |X (z,2)| 1Y (2,y)] dvg(2) < C T75+7,n when B4+~ <n |
e ‘ a~ 2  whenfS+y>n

To prove (A6), note that, by assumption on X, Y, the integral in (A.6]) has non-zero
contribution only on the support of X and Y, i.e. on B,(7)NBy(c). Moreover, when

z € M\ B,(3/y/a), we have dy(z,2) > 1/y/a, dg(z,y) > 1/\/a and +dy(z,z) <



34 LORENZO CARLETTI
dg(z,y) < 3dy(x,z), so that

/ X (2, 2)] [V (2,9)] dvg(2)
M\ B (3/+/)

<C aP ey () 2) T e 5V (52) gy (2)
(Ba(T)NBy (0))\Ba (3/ V)

< CaPte /T prrvin=lo=svatg < 0o~ P
3/Ve
where the last inequality follows from (AT]). This concludes the proof of (A6 for
y—n

r < 2//a, realizing that when 3+~ <n, a~ B3 < opBrrn,
Combining (A23]) and ([A26) with (A2), we have proven that, for dg(z,y) < 2/\/a,

Cdy(, y)_(n_'@_w B+v<n
(A.7) |Z(,y)| < { C(1 + [log(vady(x,y)) B+v=n.
Ca~ 537 B+y>n

For the second part of the proof, assume now that dy(x,y) > 2/y/a. Write again
r:=dg(x,y), we split the domain M in the integral that defines Z(z,y) in several
parts: B, (1/v/a), By(1/v/a), Bx(3r/2)\(B.(1/v@)UB,(1/y/a)) and M\ B,(3r/2).
As before, the integral has non-zero contributions only in g := B, (7)N B, (o), and
Qo C By(iy), Qo C By(iy). It is then clear that Z(z,-) is supported in B, (7 + o).
Without loss of generality, we can therefore assume that Qy # @, i.e. we can restrict
to the case where dy(x,y) <o + 7.

For z € B,(1/\/a), we have dy(y,z) > r — 1/\/a and idy(z,y) < dy(y,z) <
Sdy(x,y), so that

< C/ ol dg(y, ngﬁ e~ Vady(2,y) dvy
B.(1/va) dg(z,2)

1
< Coeqr”ef\/ar/ — =5 duy(2)
B, (1/va) dg(, 2)

s
< Cal zp¥eVeor

/ X(x,2)Y (2. y) duy (2)
B.(1/va)

< Ca™ By oty pprvEn—var

since 1/y/a < i4, where the last inequality follows from (A1) and n + p > 0. The
same arguments on By (1/y/«) similarly show that

< Can~ AR pptvtn —Var,

/ X(z,2)Y (z,y) dvg(2)
By (1/Va)

Now for z € B,(3r/2) \ (Bz(1/va)UB,(1/\/a)), we have dg4(z,z) + dg(z,y) >
dg(x,y), so that

(A.8) X(z,2)Y (z,y) dvg(2)

/Bm<3r/2>\(Bm<1/\/E>UBy<1/\/E>)

< Cap+qe_‘/aT/ dg(z,2)’dy(z,y)" dvy(z).
QN B (3r/2)\(Bx(1/Va)UB, (1/Va))
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We claim that

(A.9) dg(z,2) dy(2,y)" dvy(z) < Crrtvin

/nomBm<3r/2>\(Bm<1/ﬁ>UBy<1/¢a>) ‘

for r > 2/y/a. To see this, we decompose the domain of integration in two parts:
B, (r/2)\B;(1/+/a) and QoNB,(3r/2)\(Bx(r/2) U By(1/+/a)). When z € B,(r/2),
we have r/2 < d4(z,y) < 3r/2, so that

/ dg(z,2) dy(2,y)" dvg(z) < CrPtvm,
By (r/2)\Ba(1/Va)
since r/2 < i, and p +n > 0. For analogous reasons, we have
/ dy(,2)’dy(2,y)" dvg(z) < CrPTvtm,
Q0N Bz (3r/2)\(Ba(r/2)UB, (1/Va))

This concludes the proof of (A9). Putting (A8) with (A9), we have proven that,
for r > 2/\/a,

X(x,2)Y (2,y) dvg(2)

/Bx<3r/2>\(Bx<1/¢a>uBy<1/¢a>)
< Can= 54555 pptvtn g—/ar
using (AJ]).
Finally, when z € M \ B,(3r/2), we have as before 1dg(z,2) < dg4(y,2) <
2dy(,z), so that since X (z,-) is supported in By (1),

/ X(2,2)Y (2 ) dug (2)
M\ B, (3r/2)

< C'Oszrq/ dg(z, z)erVe*\/a%dg(z’z) dvg(2)
B (1)\ Bz (3r/2)

< CaPtT(p+v+n,2var)

where I'(4,t) := f;roo s°~1e~%ds is the incomplete Gamma function. Note that this
last integral is non-zero only in the case where r < 27/3. It is easily seen that
['(0,t) ~ %=t as t — oo, so that in the end we have shown that, for r > 2/\/a,

< anfﬁ%JrP;” Tp+u+nef\/ar

/ X (2, 2)Y (2, y) vy (2)
M\ B, (3r/2)
using (AJ)). This concludes the second part of the proof for d,(z,y) > 2/ /a.

Finally, when 1 < y/ad,(z,y) < 2, as before, the two regimes coincide, up to a
constant. The first part of the proof shows that, with (A1),

/ X(z,2)Y(z,y) dvg
M

Moreover, there is a constant C' > 0 independent of «, x,y, such that

n—B—v

<Ca :

n—B—vy _ Bty 4 ptv _ n—B—v
Lo T <o TR dy (0, )T e VAd W) < 0t

We can then conclude, when 1 < \/ady(z,y) < 2 we have

|Z(z,y)| < Ca™™ B4y 4 phv dg($,y)p+y+n6_\/adg(m’y),




36 LORENZO CARLETTI

Regarding the continuity, fix z,y € M with z # y, and take any sequence
((m, Ym))m such that z,, — x, ym — y. Let 0y, = dg(@m, ), Om = dg(Ym, ),
we assume without loss of generality that dg(zm,z) < 2dg(z,y) and dg(Ym,y) <

3dg(x,y) for all m € N. Then we compute -
(A10)  Z(wm, ym) = / X (@, 2)Y (2, yn) g (2)
Bap (6m /2)
+/ X (@, 2)Y (2, Ym) dug(2)
By (9m /2)
X(zm, 2)Y (2, Ym) dvg(2).

+f _
M\ (B, (§m /2)UBy,, (6/2))

On the one hand, when z € By, (6,m/2), we have dy(z,ym) > r/2, writing once
again r = dg(x,y) > 0, so that

/ X (@, 2)Y (2, ym) dvg ()] < CTV_"/ dy(zm,2)" " dvg(z)
Bapy, (6m /2) Bapy, (6m /2)
< 0ty

Similarly, when z € By, (0,/2), we have dy(z,,,2) > 7/2, so that

/ i X (@m,2)Y (2, ym) dvg(2)] < Cr'@_"/ i dg(z,ym)" " dvgy(2)
By, (0m /2) By,, (6m/2)

< o),

On the other hand, when z ¢ (B,, (3,./2) U Ba,,(0,/2)), we have dy(zm,2) >
%dg(x,z) and dg (2, Ym) > %dg(z,y), so that

X (2, 2)| < Cdg(a,2)" ",
Y (2,ym)| < Cdg(z,y)" ™"

By dominated convergence, we obtain

/ X 2)Y (2 ) dvg(2)
MN\(Bgz,, (0m /2)UBy,, (6m/2))

o, / X(z,2)Y(z,y) dvg(2).
M
Coming back to (AI0), we have shown that for all z # y in M,

lim Z(zm,ym) = /M X(z,2)Y(z,y)dvg(z) + 0+ 0 = Z(z,y),

m—r oo

and Z is continuous at (x,y) € M x M \ Diag. Additionally, when 8 + v > n, for
all w € M, and for all 0 < § < 1/y/a, there exists C' > 0 such that for all x,y € M,

/ X(z,2)Y (z,y) dvg(2)| < o Laniuil
B (6)

this holds true even when z = y. We conclude that Z € C°(M x M). O

Remark A.1. The assumption (AT is a compatibility condition. If 2p—p =n— 3,
we know that the two regimes of X are equivalent when d,(z,y) ~ 1//c.
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Remark A.2. Observe that the convolution Z decreases less quickly than either
X and Y at large distances. This is due to the term d,(z,y)”"""™" that comes
from (AR). This term becomes larger than a~ % when dg(x,y) > 1/y/a, which
happens at finite distance as o — 0.

We conclude this Appendix with variant of Lemmal[A-2] which is used in the proof
of Theorem [[LT, where X and Y are allowed to have slightly different exponential
decay.

Lemma A.3. Let ag > 1 and let X,Y € C°(M x M \ Diag) be such that X (x,-)
is supported in By (T), T < ig/2. Suppose that there are p > 0 and p > —n with
2p—p <0, and 0 < € < 1 such that for all x # vy,

1 Vady(z,y) <1
[ X (2,y)| < _
abdy(w,y)’e Vo) Jady(z,y) > 1
| Jady () <1
V(2 y)| < e UmVadlen) - /ady (z,y) > 1
e~ (—elvaig/2 dy(z,y) > i4/2.
Let, for all x,y € M, Z(x,y) := [, X (z,y) dvg(z). There ezists cy > 1 and
C > 0 such that for all z,y € M and @ 2 ao,

()] < Ca? { e (-Vaben)  fady(wy) > 1.
e~ (I—e)Varig /2 dg(:Z?, y) > ig/2

Remark A.3. Classically, the exponential decay of Z exactly matches that of the
least decreasing term Y.

The proof follows the same steps as the proof of Lemma[A2] and we just explain
the modifications.

Proof. Assume first that dg(z,y) < 2/y/a. Arguing as in the proof of Lemma
in the case 8 = v = n, we obtain

|Z(x,y)| < Ca™%.

Assume now that 2/\/a < dg(x,y) < ig/2. We adapt the proof of Lemma
Write r = dy(z,y) and split the domain M in the integral that defines Z(z,y)

between B,(1/y/a), B,(1/ya), and M\ (Ba(1/y/a@) U By(1/y/a))
When z € B, (1//a), we have d4(y, z) > r — 1//a, so that

< Ce(-alVor dvg(2)
By (1/Va)
< Ca~ze (I-e)or,

/ X(z,2)Y (z,y) dvg(2)
B (1/Va)

Now when z € B,(1/+/«), we have

| X (z,2)] < Ce~(1-e)var

)
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since dgy(z,z) > r —1/\/a and p — p/2 < 0. Therefore, we obtain

< 067(175)\/&/ dvg(2)
By(1/va)
< Ca ze (Ime)Vor,

/ X(x, 2)Y (2,9) duy(2)
By(1/y/a)

Finally, when z € M \ (By(1/va)UBy(1/y/a)), we have dy(z, z) +dg(z,y) > r and
dg(x,2) +14/2 > 14/2 > r, so that since X(z,-) is supported in B, (7),

X(z,2)Y (z,y) dvg(2)

(A.11) /
M\(B2 (1/v/&)UB, (1/Va))

< Cozpef(lfs)\/ar/ dy(x, z)Pe=eVada(®:2) qy (2)
Ba(1)\Bx(1/ V@)

< Ca ze (I-evar

since p — p/2 < 0. This concludes the proof for the case 2/\/a < dy(x,y) < i4/2.
For the last case, assume that dy(z,y) > i4/2, and split the domain M in the
integral that defines Z(z,y) in two parts: B,(1/v/a) and M \ B, (1/v/«). When

z € By(1/y/a), we have dg(z,y) > dg(z,y) — 1/\/a > ig/2 — 1/+/a, so that

< Ce—(1-90aig /2 / dv, (=)
B.(1/Va)

< Ca—%e-(1-9Vais/2,

/ X(z,2)Y(z,y) dvg(2)
By (1//a)

On the other hand, when z € M \ B,(1/+/a), we have
dg(2,2) + dg(2,y) = dg(2,y) = ig/2,

so that, as in (A11),

/ X(z,2)Y (z,y) dvg(2)
M\ B (1/v/@)
< Cape—(l—é")\/aig/2/ dg(.’IJ, Z)Pe—a\/adg(m,z) d’l)g (Z)
B (T)\Bg(1/Va)
< Co~ 8 e~ (1-e)Vaig/2
using p — p/2 < 0, which concludes the proof. O
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