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Abstract

In this paper, we develop a multigrid preconditioner to solve Darcy flow in highly hetero-
geneous porous media. The key component of the preconditioner is to construct a sequence of
nested subspaces W, ¢ W,_; c --- ¢ W; = W,. An appropriate spectral problem is defined
in the space of W,_;, then the eigenfunctions of the spectral problems are utilized to form W;.
The preconditioner is applied to solve a positive semidefinite linear system which results from
discretizing the Darcy flow equation with the lowest order Raviart-Thomas spaces and adopting
a trapezoidal quadrature rule. Theoretical analysis and numerical investigations of this precon-
ditioner will be presented. In particular, we will consider several typical highly heterogeneous
permeability fields whose resolutions are up to 1024° and examine the computational perfor-
mance of the preconditioner in several aspects, such as strong scalability, weak scalability, and
robustness against the contrast of the media. We also demonstrate an application of this precon-
ditioner for solving a two-phase flow benchmark problem.
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1. Introduction

Simulating fluid flow in porous media is critical for many practical applications, such as
reservoir simulation, CO, sequestration, nuclear water storage, and underground water contam-
ination. Thanks to the development of reservoir characterization methods, detailed multiscale
geocellular models that may contain billions of grid cells become available. Additionally, some
simulations, such as CO, migration, usually last hundreds of years. As a result, simulating this
phenomenon is prohibitively expensive, and it is necessary to perform some model reduction.
Generally, there are two categories of model reduction approaches. One is to reduce the model’s
size by upscaling [1} 2| 13 4], which is suitable for applications where small details of the flow
can be ignored. Another category is multiscale techniques, including the multiscale finite ele-
ment method [S] and its extensions mixed multiscale finite element method [6} (7], generalized
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multiscale finite element method (GMsFEM) [8 (9} |4], multiscale finite volume method [10, [11]]
and multiscale mortar mixed finite element method [12]]. For most of these methods, the basic
idea is to solve problems in coarse grids with multiscale basis functions that are constructed by
solving carefully defined local problems. These multiscale basis functions are integrated with
important information about geological models; hence the accuracy of cheap coarse-grid simu-
lations can be guaranteed.

Although the aforementioned multiscale approaches have been applied successfully to solve
a wide range of multiscale problems, multiscale solutions can deteriorate with increasing con-
trast in permeability and correlation length [13| [14] in certain scenarios. In cases where highly
accurate fine-scale solutions are required, it is necessary to design an efficient solver to solve the
original fine-scale problems. Direct solvers such as MUMPS [[15]] are more applicable for prob-
lems with multiple sources since these solvers first factorize target operators and then solve linear
systems with forward and back substitutions. However, factorizing large-size matrices requires
a huge amount of memory, and, worse, the parallel efficiency of direct solvers is not satisfied.
Therefore, for large-scale flow simulations which commonly have fixed sources, adopting pre-
conditioned iterative solvers is preferred. Utilizing multiscale coarse spaces is proven to improve
the robustness and efficiency of classical preconditioners, and hence, various novel precondition-
ers [16, [17, [18] 19, 20} 21}, 22| 23], 24, 25| 126, 27, 28], 29| 30} 131}, 32} 133}, 34 35| 136] have been
proposed in past three decades.

Among above mentioned multiscale preconditioners, most of them [[16}[17,[18}[19,120} 21} 22|
23,1241 1250 1261 27,1281 29},130L 135, 137] are developed for handling the elliptic problems in second-
order formulation, therefore one can not easily obtain mass conservative velocity fields which
limits their applications in flow transport problems. In addition, in these works, local spectral
problems are constructed in overlapped subdomains, which implies huge communication that
deteriorates the efficiency of parallel computing. In [31} 32 [37]], multiscale preconditioners are
proposed for solving the saddle system obtained by discretizing the first-order formulation of the
elliptic problem, despite their robustness and fast convergence, the degrees of freedom (DoF)
of the targeted linear systems are still huge. Moreover, one also needs to solve local spectral
problems in overlapped subdomains. To overcome the drawbacks of these multiscale precondi-
tioners, a novel two-grid and two-level multiscale preconditioner is recently developed in [38]
and [36]] where local spectral problems are defined in non-overlapping coarse blocks. In addition,
a velocity elimination technique is adopted to reduce the unknowns of the saddle system without
hurting the generation of a mass-conservative velocity field. Although this novel efficient pre-
conditioner shows robustness and impressive computational performance, it is difficult to scale
up to extreme-scale problems since solving the coarse problems with direct solvers becomes a
bottleneck. A potential remedy is to extend this two-grid/two-level preconditioner to the multi-
grid case which is the main goal of this paper. We will construct a sequence of nested spectral
subspaces W, ¢ Wy € --- € W; = W, and then design a corresponding spectral multigrid
preconditioner. The construction of subspace W; relies on solving spectral problems defined in
local W;_;. We note that similar ideas can be found in [39] |35} 33]] which also aim to solve the
linear system generated by discretizing the second-order formulation of the high-contrast elliptic
problem.

Rich numerical experiments will be presented with several typical highly heterogeneous
models. In particular, we examine the strong and weak scalability performance and robust-
ness of our preconditioner against contrast ratios of media. Moreover, the implementation of
the proposed preconditioner on a two-phase flow benchmark problem is detailed. We want to
mention that multiscale preconditioners are not the unique way to cope with high-contrast flow
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problems, other types of preconditioners can be found in [40, 41} 42l 43144} 145] 146, 14,47, 48]].
Leveraging the convergence theory of inexact two-grid methods, We also provide an analysis of
the condition number of the preconditioned operator.

The remainder of the paper is arranged as follows. Section [2]introduces the basic model of
subsurface flows, the definition of notation, and fine-scale discretization. Section [3|illustrates a
systematic way to construct the coarse space and the preconditioner. An analysis for the proposed
preconditioner is presented in Section ] The numerical results are shown in Section [5] The
application of a two-phase flow problem is described in Section[6] Finally, a conclusion is given.

2. Preliminaries

2.1. The model problem and the discretization
We consider the following elliptic PDE with the unknown pressure field p

—div(KVp) = fin Q (1)
in a bounded Lipschitz domain Q € R4, withd = 2 or 3, subject to a no-flow boundary condition
KVp - n=0ondQ, (2)

where K is the symmetric matrix-valued permeability field that exhibits discontinuity and high
heterogeneity, i.e.,
maXyeo Amax (K(x))

: > 1.
MiNyeQ /lmin(K(x))
In reservoir simulation, the permeability field may not be point-wisely isotropic but commonly
be point-wisely orthotropic, that is,

K(x) = diag («*(x), €’ (x)) or diag («*(x), £’ (x), £(x)),

and we assume the field K belongs to this class throughout the article. Note that we make a
slight abuse of notation for denoting three orthogonal directions by x, y, and z. We emphasize
here that the extension of the forthcoming discretization scheme of Eq. (I) to the full matrix-
valued permeability field is possible, while several delicate constructions are necessary [49]]. The
divergence theorem implies that the source function f must satisfy the so-called compatibility
condition fQ fdx = 0, and an additional restriction fQ pdx = 0 must be imposed to guarantee
the uniqueness of the solution. However, if we incorporate well modeling (see [50} 51]), the
source term f will be coupled with pressure and we will revisit this situation in Section[5} By
introducing the flux variable v = —KVp, we can rewrite Eq. (I) and Eq. () as

K'v+Vp=0inQ,  (Darcy’slaw),
div(v) = fin Q, (mass conservation), 3)
v-n=00n0Q, (no-flow boundary condition).
Note that for Darcy’s law in Eq. (3], we implicitly normalize the viscosity for simplicity.
The mixed formulation (ref. [S2]) of Eq. (EI) is to seek (v, p) € V X W satisfying the following
equations:
fK‘lv -wdx — f diviw)pdx = 0, YweV,
° y @)
—fdiv(v)qu = —ffqu, Vg e W.
Q 3 Q



where the space V is defined as

Vi={v e L(QRY | div(y) € L*(Q) and v - n = 0 on Q},

W= {q e L*(Q) | fqu = o}.
Q

By restricting the trial and test functions to finite-dimensional subspaces V;, ¢ Vand W, c W
associated with a prescribed triangulation 77, of €, the corresponding discrete problem is to find
i, pn) € Vi X Wy, such that

and W is

f K v, - w,dx — f div(wy,)pndx = 0, VYwy, € V,
Q Q
%)
- f div(vy)g, dx = — f fandx, Vg, € W
Q Q

Several well-known families of mixed finite element spaces V), x W), that satisfy the well-known
LBB condition can be utilized (see [53]). We choose the lowest-order Raviart-Thomas element
space for simplicity, whose definition is detailed in [52, [54]). Let {¢,} cct! and {¢:}.r, be the

bases of V; and W, respectively, where 82 is the set of internal edges/faces, and we drop A of
these bases for brevity. Hence, the finite element solution (v;, p;,) can be expressed as

Vp = Z ve@, and p, = Z Pqr~-

6582 T€Th

Then, it is easy to obtain the following algebraic representation of Eq. (3]

M  -BT)\(v 0
s )65 ®
where M is a symmetric, positive definite matrix, v, p and f are column vectors.

2.2. The velocity elimination technique

Preconditioning the saddle point system Eq. (6) directly is not easy, and we may involve
several sophisticated field-splitting procedures. Fortunately, if applying the trapezoidal quadra-
ture rule to compute the integration fQ K~'y, - w, dx on each element, we will obtain a diagonal
velocity mass matrix My, and hence Eq. (€ could be replaced by

%5 b))

Since M, could be inverted straightforwardly and the unknown v in Eq. (6) can be fully elimi-
nated, we boil down to solve a linear system of p as

Ap =1, )

where A := BM;!BT is a symmetric and semi-positive definite matrix. This technique is known
as velocity elimination [55} 156l [57], which could also be interpreted as a cell-centered finite
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difference scheme on Cartesian meshes. Once p is solved, the velocity field could be recovered
by v =M !BTp.

Because the analysis result in SectionE]is based on the aforementioned scheme, we elaborate
on several details of the discretization here. We limit our discussion to a 2D rectangular domain
and structured or Cartesian grids. Let the size of each element be i* x A, the variational form
corresponding to the linear system Eq. (7)) is

62
> Ke[[ph]]e[[q}:ﬂe% = ffqh dx, Vg, € Wy, ®)
xIty Q

0
2397

where |e| is the length of the edge e with taking the value of #* or #”. The two notations «, and
[-]. in Eq. deserve to be addressed: for each internal edge e, [p;]. is the jump of p;, across
e towards the positive x- or y-direction; the value of «, is illustrated in Fig. |1} and the harmonic
average stands out as an important property. If we identify f as a function in W}, the variational
form Eq. (8) enjoys an pure algebraic representation as

3 S s s~ )

i.j

€))

Ki j+1/2

e (Pi,j+1 - pi,j)<61i,j+| - Qi,j) = Zfi,jqz',j,
ij

and note here we cancel out #*h” the area of a fine element on both sides of Eq. (8)). The conser-
vation of mass on the fine element could be derived from Eq. (9) as

hy(vi+l/2,j - Vi—1/2,j) + hx(vi,j+1/2 - Vi,j—l/2) =h'l fi;
with
Pi+1,j — Pi,j Pi,j+1 — Di,j
h oo
This scheme shares similarities with finite-volume methods by treating each fine element as a
control volume and is termed the two-point flux approximation scheme in the literature [58]]. By
normalizing K as

Vielj2,j = —Kitr1/2,j and v jr12 = —Kijr1/2 (10)

K = diag(¥", @) := diag (v"/ (W, & [ (F)?),
we can see that

Kiv1)2,) — 2 Kijr1/2 2

= Kivl)2,j = and =Kiislp = ———,
(h)? e /i, +1/x; () sz 1k, + /&,

i+1,j

which frees Eq. (9) of dimensions of fine elements. This transformation is physically reasonable
because the permeability K is expressed in units of [Length]* while K is dimensionless. We will
utilize this notation in the construction of our preconditioner later.

The main goal of this paper is to develop a spectral multigrid preconditioner for solving

Eq. (7).

3. Multiscale coarse space based multigrid preconditioner

To present the construction of coarse spaces, we first explain the decomposition of the domain
Q. We assume that Q is meshed by £ layers of hierarchical grids that are denoted by 7 with
5
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Figure 1: An illustration of the expression of «.. Depending on the direction, «; ;12 and k;.1/2,; utilize harmonic
averages of different component of the permeability field.

[ € {0,...,L£~—1}. The hierarchy implies that each 71 is a nested refinement of 7@ for
i =1,...,L— 1. Recalling that the finest mesh is 77, = 7© and the resolution of K is tied to
T, We shall treat i as a given physical parameter rather than a variable index in convergence
theories of finite element methods.

In this paper, we focus on a three-grid setting, i.e., £ = 3. For simplicity of notations, we
denote by 7. = T (M the coarse mesh and 7. = 7@ the coarse-coarse mesh. This setting is also
based on the MPI parallel computing architecture: each MPI process handles a coarse-coarse
element in 7. with ghost layers of the width of one fine element, where ghost layers specialize
in inter-process communications; each coarse-coarse element is further partitioned into coarse
elements, and there are no inter-process communications required between them. Figure 2]is an
illustration of hierarchical meshes, where a fine element 7 in 77, a coarse element K. in 7, a
coarse-coarse element K. in 7. and ghost layers are visualized in different colors. We denote
by m. the total number of coarse elements, m,. the total number of coarse-coarse elements, and
n the total number of fine elements (also DoF).

A typical three-grid iteration is demonstrated in Algorithm [T} Although, under several as-
sumptions, three-grid or multigrid methods are proven to be convergent (see, e.g., [60]), we,
however, exploit them in preconditioned iterative solvers as an acceleration technique (ref. [61]).
The matrices M and M, are the smoothers on the fine and coarse grids, respectively. The two re-
striction matrices R, and R.. are crucial ingredients of our preconditioner, and the transposes RJ
and R[, are referred to as prolongation matrices conventionally. Moreover, we have the relations
A. = R.AR! and A.. = R.ARl, = (RecR)A(RR.)T, where A, could be singular, and hence
the pseudoinverse AIC is involved in Algorithm The three-grid method differentiates itself
from the two-grid version by the map r. + €. in Algorithm[I] where the latter considers an exact
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ghost layers

a fine element

° > a coarse element

- — = a coarse-coarse element

Figure 2: An illustration of hierarchical meshes, a fine element 7, a coarse element K., a coarse-coarse element K. and
ghost layers. In MPI-implementations, each K is assigned to a unique process.

inversion as e, = AZ r.. In our previous effort [36] on a two-level overlapping preconditioner, we
emphasize that the coarse solver is a bottleneck for the computing performance to be scaled up.
The aforementioned three-grid method, in some sense, could be viewed as an inexact two-grid
method by defining an operator B_! in the following form

e.=B.'r

= {MgT + M = MITAM! + (1= MITA)RLALRee (1 - Aclv|;1)}rc (1)

as an approximation to Al

Algorithm 1 An iteration in three-grid method (preconditioner).

Require: The operators—A, A, M1, Mz 1 R, and R the right-hand vector—f; an initial

guess—u®
1: Presmoothing: u® « u©® + M~1(f - Au©®) > M is the smoother on the fine grid
2: Restriction: r, « R.(f — Au®) > Restrict the residual onto the coarse space
3: Presmoothing: UEO ) Mgl le > M is the smoother on the coarse grid
4:  Restriction: re. « Rec(re — Acugo)) > Restrict the residual onto the coarse-coarse space
S: Correction: €., « Azc lee > Involve a direct solver on the coarse-coarse grid
6:  Prolongation: u(cl) — Uﬁo) + Rl.ec > Project back into the coarse space
7. Postsmoothing: e, « ugl) + M T(re - Acug)) > Build the map re — e
8: Prolongation: u® —ud 4+ R;r € > Project back into the fine space
9: Postsmoothing: u, « u® + M~T(f — Au®) > The end of the iteration

We then detail the constructions of R, and R.. For any coarse element Ké € 7., we define



Wi(K?!) by restricting W, on K' and solve a local spectral problem:

2
e —~ .
> Ke[[cbh]]e[[qh]]e—h| 'h =2 fK (rK)ygn dx, Vg, € Wa(KD), (12)
xtty t

ecE)(KY)

where 82(1(@) is the set of all internal edges in K, @, is an eigenvector corresponding to the

eigenvalue A and K is the normalized permeability field. Note that the eigenvalues here are all
dimensionless. Compared to [36], we modify the right-hand bilinear form because the perme-
ability field is now assumed to be orthotropic rather than isotropic. After solving the spectral
problem Eq. , we construct the local coarse space W (K.) as span{®;’ | j = 0,...,IL - 1},

where {<D2j }?;01 are the eigenvectors associated with the smallest eigenvalues L.. By identi-
fying W.(K!) as a linear subspace of Wj, the global coarse space W, C W, is formed by
W, = W(KH®- - - @ W.(K*), and n.—the dimension of W.—is determined by n, = I} +-- -+ .
Therefore, we establish a R, € R">" as a restriction matrix from the fine grid to the coarse grid,
where each row of it is the algebraic representation of an eigenvector of Eq. in R".

To perform a further dimension reduction on W,, we propose another spectral problem on

each coarse-coarse element K\, € T:

2 —_— .
> Ke[[wc]]g[@C]]e% =2 fK (rK)¥.0, dx, VO, € We(KL), (13)
x/ty

ec€(Kl)

where E)(K(.) is the set of all internal edges in K., We(K(,) is the restriction of W, on K{ . It
should be addressed that Eq. is defined in the linear space WC(Kéc) rather than W/,(Kéc), and
this fact may be favorable in two aspects: 1) solving Eq. (T3] leads to a smaller algebraic system
and should be much easier compared with the latter, and 2) the eigenvectors of Eq. (I3) compress
the coarse space, while the latter one is irrelevant with W.. Similarly, the local coarse-coarse

lic -
J

A i i1
space W.(K:,) could be created from spanning {‘Pc”j } " which are eigenvectors corresponding

to the smallest /', eigenvalues. Furthermore, by identifying W,.(K'.) as a linear subspace of W,
we can build the coarse-coarse space W, as We(KL) @ - -+ @ W (K<), whose dimension 7,
equals [}, +- - - + %, and thus we achieve a chain of inclusions W, ¢ W, C Wj,. Back to R, we
let each row of R R be the algebraic representation eigenvector ¥, of Eq. in R", and R,
has a shape of n¢. X n..

Note that the smallest eigenvalue of Eqs. (I2)) and (T3) is always zero and the corresponding
eigenfunctions take a constant value. This property implies the kernel space of the left-hand
operator in Eq. is contained in W, and also W,.. Moreover, considering the Raviart-Thomas
spaces on 7. and 7, the pressure parts take a constant value on each element, we can hence
interpret W, and W, as enhancements to classic geometric coarse spaces that are based on nested
grids.

Another important fact that could be observed from Eqs. (IZ) and (T3)) is that the right-hand
operators in algebraic forms are all diagonal matrices. Moreover, if eigenvectors obtained in
Eq. are normalized w.r.t. the right-hand bilinear form and are chosen as the bases of W,
the right-hand operator in the algebraic form of Eq. (I3) is an identity matrix, which reduces a
generalized eigenvalue problem to a standard one. Those properties are thanks to that the right-
hand bilinear forms of Eqs. and are essentially a weighted L? inner-product and our
coarse elements do not overlap with each other. Constructing coarse spaces via solving spectral
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problems is criticized as time-consuming (see [62]), while the proposed spectral problems with
a simple right-hand matrix could be expected to alleviate the difficulty.

4. Analysis

To avoid working on singular systems, we suppose that a part of 9Q in Eq. is imposed
with a Dirichlet boundary condition, which yields a positive definite matrix A in Eq. (7). We
admit there may exist several subtle modifications for the following theoretical augments to be
applied on a positive semidefinite matrix (cf. [36]). Nevertheless, the numerical experiments that
will be presented in the next section support the applicability of the proposed preconditioner on
the original problem Eq. (3).

Algorithm |I|determines an inexact two-grid preconditioner P as

PI_Ti =MT+M!'=MTAM! + (I- M_TA)RJBC_IRCO _ AM_I), (14)
where the definition of B; ! could be referred to Eq. . Accordingly, the exact preconditioner
P, could be defined as

Pl :=MT+ M = MTAM™ + (1= M TARTAT'R(1 - AM™), (15)

and note that B;! in Eq. (14) is replaced by A;! here. Because A is a positive definite matrix now,
we can safely say A. and A, are invertible. The objective of this section is to provide an upper
bound of the condition number of the preconditioned system, that is,

/lmax(P&éA) <C

cond(P;LA) = <
( e ) /lmm(P;-(l}A)

Since the inexact preconditioner is a perturbation of the exact preconditioner, the results in [59]
suggest estimating
-1
cond(PJA) = —/lmaX(PiG A
/lmin(F)TG1 A)
first.

According to [60], we can see that /lmax(P;G1 A) = 1. For a positive define matrix Z, we
take ||v||z = Vv-Zv as the energy norm induced by Z for a compatible vector v. We usually
assume that the smoother M is properly chosen such that M + MT — A is a positive definite matrix.
According to [[62], a direct result of this assumption is that two-grid iterations can converge
without coarse space corrections, although the convergence rate may be poor. Thanks to the
XZ-identity [62]], we could obtain that

1  Iv-Riv?
———— = max min ——=, (16)
Amin(Prd A)  veR"\(0} veeR™e\(0) ||V||f\

where M = MT(M+MT—A)"'M. The special max-min form of Eq. inspires an existence of the
optimal coarse space, which is an eigenspace of the generalized eigenvalue problem Av = AMv.
Nevertheless, due to the facts that M requires an inversion of M + MT — A and the eigenvalue
problem needs to be solved in R”, this optimal coarse space is highly unobtainable.
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For a coarse element Ké € 7., we take A; as the matrix built from the left-hand bilinear form
of Eq. and S' from the right-hand bilinear form, where S; is a diagonal matrix. We have
seen that the coarse grid 7. consists of non-overlapping coarse elements. It is natural to introduce
binary matrices {Ej, ..., E,, } with the relation | = ETE; + - -- + E;, E,, ., where the effect of E; is
restricting the DoF of the domain Q onto the coarse element K{. We have the following relation:

e

Z ETAE <A,

i=1
where A’ < A means that A — A’ is positive semi-definite. This inequality is from taking a
summation of the left-hand parts of Eq. (IZ) w.r.t. all coarse elements, the edges in boundaries
of coarse elements will not be counted. Therefore, we can derive that

MR = > Ev) - AdEw).
i=1

To analyses ||V -RJ V”M’ we inevitably require several assumptions for M. It is known that
A < M via
| — A1/2m—1A1/2 — (l _ AI/ZM—1A1/2>(I _ Al/zM_TAl/z).

However, the target here should be bounded m~by A. A natural thought is to assume A M <
C,A, which gives exactly an estimate of cond(M~'A), where M~'A is a preconditioned operator
using only the smoother as a preconditioner. Recalling the algebraic representation in Eq. (9), by
using a basic inequality, we can show that

— 2 2
Z Ki+1/2,j<61i+1,j - ‘]i,j) + Ki,j+1/2(é]i,j+1 - qi,j)
ij
- 2 2\, ~ 2 2
<2 Z Ki+1/2,j(‘1i+1,j + qi,j) + Ki,j+1/2<‘1i,j+1 + qi,j)
ij
~ =~ = = 2
<2 Z(Ki—l/Z,j +Kiy12,j + Kijj—12 + Ki,j+1/2)6],-,j,
ij
where boundary cases regarding i and j are omitted for brevity. Thanks to harmonic averages,
we can see that
[~ ~ ~ ~ ~y
maX{Ki—1/2,j,Ki+1/2,j, Ki,j—1/2,Ki,j+1/2} < 2(7§fj + I(,»,j)-

Hence, there exists a generic positive constant Cs such that

A S C ) ETSE.
i=1
One may argue that the matrix A here is from discretizing a Dirichlet boundary value problem,
while the analysis presented is for the original problem Eq. (3). Based on the velocity elimination
technique, the matrix A indeed contains an additional term to the original problem. Fortunately,

we can show that this term is a positive diagonal matrix and can also be controlled by Y\7, ETS;E;
(ref. [36]). Then, We can derive that

v = RIvellZ < Cullv = RIvel}; < €€ > (Ewv - ERIV) - SHEw - ERRIVe).
i=1
10



Recalling that each column of R{ is from solving a generalized eigenvalue problem A;jw = AS;w
and E;R] v, belongs to the local eigenspace, we can utilize the interpolation property to obtain

e

me 1
min Z(EiV -ERIV.) - Si(Eiv-ERJv.) = Z /l_(EiV) -Ai(Ev),
i=1

veeRee 4 =1 I

where 4 is the I -st smalleslﬂ eigenvalue. Finally, a lower bound of A, (P;JA) can be achieved
by controlling the minimal value of {/llcl, ey A }
The estimate of cond(P;J A) could be summarized in the following lemma.

Lemma 4.1. Let C, be a positive constant such that M < CuA Cy be min{/lli}
bound

m,
i=

Cl. Then, the

C
cond(P,2A) < max{Cs—*, 1}
C,

holds, where Cs is a generic positive constant.

Y.y

ITG

In [59]], Notay provided two-side bounds of the eigenvalues of P

Theorem 4.2. I[f M + MT — A and A, are positive definite matrices. Inequalities
Amax(PbA) < A (P A) max{ Amax (BT Ao), 1} and
Anin(PrréA) > Anin(Pro A) min{dnin (BT Ac), 1

hold.

Investigating recently developed convergence theories for inexact two-grid preconditioners,
e.g. [60.163], is beyond the scope of the paper. An immediate result of Theorem[4.2]is an estimate

of the condition number of P;A as

max{ Amax (B 'Ac), 1}
min{ Ayin(B5'Ac), 1}

cond(P-'A) < cond(PT_C} A)

ITG

Comparing Eq. (IT)) with Eq. (T3), we realize that B, is an exact two-grid preconditioner for
A.. Hence, two results we mentioned for PT‘GlA can also be applied here, i.e.,

L “Vc - Rgcvcc”%[

Amax(B, 'Ac) =1and ———— = max min ————,
et Te e Amin(BZTA) — VeeRre\[0) viceRre\(0) vl

where |\7|; = MI(M, + MJ —AC)_lMc. Similarly, for a coarse-coarse element Ki, € T, let

A.; and S.; be two matrices of the bilinear form of the left-hand and right-hand of Eq. @])

by choosing normalized eigenvectors of Eq. (T2)) as bases. We have mentioned that each S is

exactly an identity matrix. Meanwhile, we can write an algebraic partition of unity on the coarse

!Using 0-based numbering here.
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grid as | = ECTIEC,] + -+ + El, Ecm., where each E; is a binary matrix. Based on the same
reason for the relation Y,/ ETA;E; < A, it can be shown that

Mec

D ELAEe S Ao
i=1

Noting that m < /lmax(Mz)I, we have

Ive = RIveell: < Amax(Molve - RTvecl}
Mee

= /lmax(M~c) Z Ec,i(Vc - Rgcvcc) : Sc,iEc,i(Vc - Rgcvcc)‘
i=1

Therefore, we can cook up an estimate for Amin(Bc’lAc), which yields the main theorem of this
section.
Theorem 4.3. Let Cy, C, be defined in Lemma the constant C. ) be min{/llic };nc;. IfFM+MT-A,

M. + MI — A, A. and A are all positive definite matrices, then

A7)

ITG

_ C o Aman(Mo)
d(PzIA) < C L,l ,
cond( )_max{ s CCon

where Cs is a generic positive constant.

In Eq. , the constants in the numerator are related to the smoothers M and M., while the
constants in the denominator are determined by dimensions of local coarse and coarse-coarse
spaces. We admit the current form of Theorem [4.3]is far from completeness. For example, the
asymptotic rates of C,; and C,, are not depicted. However, our experiments hint that using a
modestly large number of eigenvectors is adequate to achieve robustness. Therefore, for Theo-
rem we pursue theoretical guidance rather than rigorous analysis.

5. Numerical experiments

In this section, numerical experiments are presented to illustrate the performance of the pro-
posed preconditioner. We consider the unit cube (0, 1)? as the computational domain Q with
uniformly structured meshes, i.e. N X N X N with i* = h¥ = h* = 1/N for all experiments, and n
the total number of DoF also the fine elements is N°. We implement the proposed spectral three-
grid preconditioner in PETSc [64] and leverage DMDA—a module provided by PETSc—for
inter-process communications and data management. As described in Fig. [2| each MPI process
owns a coarse-coarse element also a cuboid subdomain, the number of MPI processes hence
equals n the total number of coarse-coarse elements. Meanwhile, each coarse-coarse element
is divided into sd parts in the x-, y- and z-direction, which defines the coarse grid 7, and deter-
mines the relation n, = sd® X n.. To make the notations more self-explanatory, we take DoF
for the number of fine elements (equals n), proc for the number of MPI processes (equals 7n.c)
in the following tables and figures. For the source term f of the model Eq. (3)), we place 4 long
singular sources at 4 corner points on the x X y-plane and an opposite sign long singular source
at the middle of the x X y-plane, which mimics the well condition in the SPE10 model (ref. [65]]).

12



For smoother M on A, we will apply v times block Jacobi iterations, while the block parti-
tion is from the coarse grid 7. Similarly, for M., we will take v, times block Jacobi iterations
w.r.t. the coarse-coarse grid 7. Therefore, we can fix only the 1 ghost layer for all cases, and by
contrast, we may use different oversampling layers in overlapping domain decomposition meth-
ods (cf. [36]). In the set-up phase, we will perform factorizations for the matrices M, M., and
A.c. Based on our experience, compared to incomplete Cholesky decompositions, full Cholesky
decompositions for M and M, could decrease iteration numbers but lead to a significant increase
in computation time. Therefore, for M and M., only incomplete Cholesky factorizations are uti-
lized, while the full LU factorization of A, is facilitated by an external package SuperLU_DIST
[66].

Solving eigenvalue problems is a crucial ingredient in our method, and we employ SLEPc
[67]]—a companion eigensolver package for PETSc—in the implementation. There are two dif-
ferent strategies in determining dimensions of local coarse and coarse-coarse spaces: (1) use
predefined L. and L. eigenvectors for all coarse and coarse-coarse elements; (2) set eigenvalue
thresholds B, and B.., solve enough candidate eigenvectors and then select eigenvectors whose
corresponding eigenvalues are below B, and B accordingly. The first approach is relatively
easy to implement, while the second is based on Theorem [4.3] The first strategy tends to result
in large dimensions of A, and A, but balances computing loads among all processes perfectly,
while the second is the opposite. We will present a careful comparison of those two strategies
later.

We choose the PETSc GMRES method with default parameters to solve the fine system
Eq. @ with a different relative tolerance 107%, and iteration counts are indicated by iter. The
HPC cluster in which we run the program is interconnected with an InfiniBand network, and each
node is equipped with dual AMD® 7452 CPUs (64 CPU cores in total) and 256 GB of memory.
We will frequently write the elapsed wall time time and iteration count iter of an experiment
in a format of time(iter), where one effective digit is reserved in the unit of seconds for time.
Our codes are hosted on GitHub?l

5.1. Scalability tests

In this subsection, we fix (sd, v, v.) = (7,1, 1) and adopt the first strategy to construct coarse
and coarse-coarse spaces with (L, L..) = (4,4). A domain Q consists of periodically duplicated
cells, and a cell consists of 8 X 8 X 8 fine elements. Hence, a domain contains 32 X 32 x 32 cells if
DoF = 2563, We set an isotropic K as K(x) = «(x)l. The coefficient « takes values from {1, 10°},
and the region of «x(x) = 10° inside a cell is visualized in Fig. We demonstrate a domain
constructed from 4 X 4 x 4 cells in Fig. [3b} and note that all channels are placed with a high
coeflicient (10°) and connected, which is considered as a challenging case for traditional solvers
(see [68]]). Note that from the setting, the dimension of the square matrix A is proc X L., while
for A it is proc x sd® x L., which is 343 times larger. In our previous work [36], we directly
factorized A., which accounts for an unsatisfactory scalability performance. We shall witness
that the three-grid setting improves scalability significantly.

For strong scalability, we set DoF = 5123 and choose proc from {43,5%,63,73,8%}. The
results are shown in the left part of Fig. which contains a graph and a table. A solution
process is divided into “Set-up” and “Solve” phases that are colored differently. Recall that “Set-
up” contains solving eigenvalue problems and factorizing matrices. Because we only involve a

2https:// github.com/Laphet/PreMixFEM.git
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Set-up 45.9 16.1 7.3 4.5 2.6 Set-up 6.4 7.5 7.3 7.6 9.3
50.8 41.8 20.5 6.0 5.4 8.2 14.9 20.5 22.4 22.2
Per iteration 1.13 0.64 0.36 0.11 0.16 Per iteration 0.22 0.38 0.36 0.39 0.39
[ Total [ 967 57.8 27.8 10.5 8.0 [ Total [ 146 22.3 27.8 29.9 315

()

Figure 3: (a) The periodic cell configuration used for the scalability tests. (b) An illustration of a domain that consists of
4 % 4 x 4 cells, where long channels across the domain. (c)-left the results of strong scalability tests, where the DoF is
fixed as 5123 and the number of MPI processes varies from 43,5%,6%,7%, 8%). (c)-right the results of weak scalability
tests, where the ratio of DoF and proc is fixed around 853,

direct solver in the LU decomposition of A, as expected, the time consumed on “Set-up” for
proc = 8 is around 6% of proc = 43, which is a satisfactory decrease. As a comparison, in our
previous work [36]], the time consumed on the factorization on the coarse level can increase. We
also note that iter does not strictly decrease w.r.t. proc in contrast to what we have observed in
[36]. The reason could be that the coarse grid is not aligned with cells, while it is true in [36].
To exclude the influence of different iteration numbers, we calculate the time per iteration in the
table. In the “Per iteration” row, we can see that the time decreases by a factor of 10 for proc
going from 43 to 73 but slightly increases for proc = 83, and this increase here may be attributed
internode communications.

For weak scalability, we choose DoF from {2563, 426°,5123,768%, 10243} and proc from
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(33,5%,6%,9%, 123} accordingly, while the ratio of DoF and proc is fixed around 853, The re-
sults are shown in the right part of Fig. We can see the time consumed on “Set-up” is stable
w.r.t. proc from 43 to 9, and a deterioration of (9.3/7.6—1.0 ~ 12%) is observed for proc = 123.
From the “Per iteration” row, the time records of proc = 53 to 123 are quite close. We may pos-
tulate that the 15% deterioration is due to the direct solver. We could also claim that the current
three-grid framework is capable of handling problems of 1 billion DoF or below. However, to
extend the proposed method to a larger problem size, truly multigrid and sophisticated load-
balancing techniques are crucial. Because there are no inter-node communications needed for
proc = 33, one may notice that the time, in this case, is considerably less than others.

5.2. Robustness tests on a fractured medium

Modeling flow through fractured porous media is a challenging but important task in reser-
voir simulation today. Most works treat fractures as planes embedded in the matrix, and the
discretization of the domain should be carefully handled (ref. [69]). We here simply discretize
the medium with a fine uniform mesh and assign large permeability for fine elements belonging
to fractures. In Fig.[d} we demonstrate a fractured medium, where the red and blue regions cor-
respond to the matrix and fractures, respectively. We again set an isotropic K as K(x) = «(x)I,
where k = 1.0 for matrix and « = 10°F for fractures. The original resolution of the medium in
Fig. E|is 256 x 256 x 256, and we periodically duplicate it in the domain Q so that DoF = 5123.

Figure 4: A fractured medium model, where red and blue regions are referred to as matrix (place 1 as the conductivity)
and fractures (place 10" as the conductivity) respectively.

In this subsection, we adopt the first strategy to construct coarse and coarse-coarse spaces
and fix (proc,sd,v,v.) = (6°,7,1,1). We focus on examining the robustness of the proposed
preconditioner w.r.t. contrast ratios and hence choose cr from {1,2,3,4,5,6}. As a comparison,
performances of two off-the-sheaf preconditioners ASM (Additive Schwarz Method) and GAMG
(General Algebraic Multigrid) from PETSc are also recorded. Note that we did not tailor special
parameters or options for those preconditioners and just used them in a black-box manner. The
results are presented in Table I} where we fix L. = 4 and choose L. from {4, 8, 11, 17} for the
proposed preconditioner. Here the values {4, 8, 11, 17} are heuristically determined by the ladder
of the eigenvalue sequence

0,1,1,1, 2,2,2,3, 4,44, 555,555, 6,...}
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Table 1: For the fractured medium model, records of elapsed wall time and iteration numbers of ASM, GAMG, and the
proposed preconditioner w.r.t. different contrast ratios, where (*) means the solver does not converge in 1000 iterations
and (k%) means there is a BREAKDOWN error thrown at the step k.

Preconditioner cr=1 cr=2 cr=3 cr=4 cr=5 cr=6
ASM 135.8(x) | 134.5(x) | 136.8(x) 135.8(x) 137.1(%) 135.1(x)
GAMG 15.9(14) | 19.7(23) | 26.8(43) | 54.8(117) | 45.5(90V) | 46.1(90%)

Lo=4,Lc=4 | 21.9(38) | 32.8(70) | 40.6(93) | 53.9(132) | 54.8(137) | 55.4(139)
Le=4,Lec =8 | 21.031) | 26.9(49) | 35.1(72) | 41.9(89) | 49.1(110) | 49.7(112)
Le=4,Lec = 11 | 20.5(28) | 26.6(44) | 31.9(60) | 38.2(75) | 43.2(88) | 43.4(39)
Lc=4,Lec = 17 | 22.6(26) | 28.0(39) | 31.7(49) | 35.3(56) | 37.6(62) | 37.3(63)

of the Laplace operator.

From Table[T] we can see that ASM performs poorly for this strongly heterogeneous model,
and the solver cannot converge in 1000 iterations even for cr = 1. As cr increases, the per-
formance of GAMG gradually degrades, i.e., the computation time and iteration numbers all
increase. Moreover, we observed BREAKDOWN errors for cr = 5 and 6. For the proposed
preconditioner, we can notice that it is quite stable w.r.t. contrast ratios. The iteration numbers
cannot be completely irrelevant with cr but are well-controlled. Importantly, we did not experi-
ence any BREAKDOWN errors in all test cases of the proposed preconditioner. We can also see
that including more eigenvectors in the coarse-coarse space greatly stabilizes the performance.
For example, the computation time from cr = 1 to cr = 6 increases only by a factor of 68% for
L.. = 17, while this number is 152% for L.. = 4.

We also carried out several experiments to investigate the influence of L. on the dimension
of local coarse spaces, and the results are shown in Table[2] where cr = 6 is set. We can see that
a larger L. could improve the performance, but not significantly compared to L. Specifically, if
L. = 4, the computation time increases by a factor of 32% from L. = 4 to 17; if L. = 4, the time
decreases by a factor of 32% from L.. = 4 to 17. Although the minimal iteration number occurs
at (L¢, Lee) = (17, 17), the shortest time is found at (L, L..) = (4, 17). The combination effect of
L. and L. is complicated to be disentangled, while it is advised to enlarge L. rather than L, first
for improving the final performance.

Table 2: For the fractured medium model, records of elapsed wall time and iteration numbers w.r.t. different L. and L.

L L.=4 L.=8 L.=11 L.=17
4 55.4(139) | 60.0(133) | 63.1(129) | 72.8(126)
8
11

49.7(112) | 55.3(114) | 57.3(110) | 67.2(106)
44.3(89) 48.3(92) 51.6(90) 60.5(87)
17 37.3(63) 40.6(61) 42.5(59) 50.6(58)

5.3. Tests on the second strategy

It is impossible for SLEPc the eigensolver that we used, to set a target priorly and then find all
eigenvectors whose corresponding eigenvalues are below this target. We hence first take a rela-
tively large number into the solver routine, which will produce this number of eigenvectors whose
eigenvalues are in ascending order. We can then collect a subset of those eigenvectors and utilize
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them to construct the local coarse or coarse-coarse space. According to results in Section
dimensions of the coarse-coarse space contribute more to the final performance compared with
the coarse space. Therefore, we only take the second strategy to construct local coarse-coarse
spaces and will fix L. = 4 in the following experiments. On each coarse-coarse element, we
compute 20 candidate eigenvectors and select those whose corresponding eigenvalues are below
Bc.. The construction of the coefficient field follows the same manner as in Section[5.2] For other
parameters, we set (proc,sd,v,v.) = (63, 7,1,1). The results are presented in Table |3} where
the dimensions of the coarse-coarse spaces are also tabulated. In the last row of Table[3] we set
B.. = 10'? as a reference, which is basically back to the first strategy with L., = 20.

Table 3: Records of elapsed wall time, iteration numbers and dimensions of coarse-coarse spaces w.r.t. different cr and
Bec.

B cr=1 cr=2 cr=3 cr=4 cr=5 cr=6
20x 10~ 23.3(43) | 33.4(71) | 37.3(73) | 40.4(72) | 40.4(74) | 37.9(75)
’ 849 895 1748 2125 2381 2381
40x 10-* 21.1(32) | 27.3(47) | 32.9(53) | 33.5(58) | 37.4(62) | 38.0(63)
’ 1491 1723 2742 3169 3222 3222
3.0 x 10-4 18.9(27) | 29.1(39) | 30.7(46) | 35.5(53) | 38.8(60) | 39.8(60)
’ 2679 3438 4109 4218 4220 4221
1012 23.3(24) | 29.3(37) | 32.6(46) | 37.1(53) | 39.4(60) | 40.4(60)

4320 4320 4320 4320 4320 4320

We can notice that for B, € {2.0,4.0, 8.0} x 107, the dimension of the resulting coarse-coarse
space increases with cr. It reveals a pattern that eigenvalues of the spectral problem concen-
trate toward O as increasing the contrast ratio, which may explain the necessity of incorporating
enough eigenvectors for high contrast problems. But fortunately, the tendency gets saturated as
the contrast ratio becomes large, i.e., variances of dimensions for cr € {4, 5,6} are noticeably
smaller compared with cr € {1,2,3}. This observation also explains that the second strategy
is more effective for small contrast problems. We can find the following fact to support it: the
computation time of B, = 8.0 X 10%atcr = 1is equal to around 81% of B.. = 10'2, while
this value is 98% at cr = 6. Moreover, we can also conclude that the second strategy exhibits
less advantage or even disadvantage over the first strategy for high contrast cases, e.g., the best
computation time record in Table [2]is slightly less than Table[3]at cr = 6. To fully leverage the
DoF reduction from the second strategy, a load re-balancing procedure should be emphasized
and exploited, while it is missed in our current implementation.

5.4. Comparison with the exact preconditioner

We have emphasized repeatedly the defect of the exact two-grid preconditioner, and in this
subsection, we will provide several concrete experiments to support the point. We still use the
same way in Section[5.2]to produce the permeability field and adopt the first strategy to building
local coarse and coarse-coarse spaces. The results are shown in Table[d] where other parameters
are set as (proc, Le, Lee, v, ve) = (63,4,8,1,1). In the last column of Table El, we also calculate
the dimensions of W, and W, via proc X sd® x L. and proc X L.

From Table 4] we can notice that iteration numbers decrease as sd increases in all cases.
This phenomenon may be due to the domain decomposition in the implementation that a larger
sd means a smaller coarse element, which complies with the convergence theories of traditional
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Table 4: Records of elapsed wall time, iteration numbers and dimensions of W, or W, of the exact and inexact precon-
ditioner w.r.t. different cr and sd.

sd Type cr=1 cr=2 cr=3 cr=4 cr=5 cr=6 Dim
6 exact 32.0(24) | 34.6(33) | 37.2(42) | 39.4(49) | 41.2(50) 41.3(50) 186624
inexact | 24.1(32) | 31.5(51) | 41.7(77) | 46.8(91) | 53.5(108) | 52.3(108) 1728
7 exact 36.9(22) | 39.6(29) | 45.9(34) | 45.4(37) | 47.6(37) 48.8(38) | 296352
inexact | 21.031) | 26.9(49) | 35.1(72) | 41.9(89) | 49.1(110) | 49.7(112) 1728
3 exact 45.8(20) | 48.0(26) | 50.4(30) | 50.3(32) | 57.0(32) 48.5(32) | 442368
inexact | 19.7(30) | 26.1(46) | 37.5(72) | 43.6(88) | 55.0(110) | 53.0(118) 1728

geometric multigrid preconditioners. We can also see that the exact preconditioner is much
more robust for contrast ratios than the inexact one. For example, when sd = 8 for the exact
preconditioner, the iteration number increases by a factor of 60% from cr = 1 to cr = 6, while
this value is 293% for the inexact preconditioner. However, a less iteration number does not
always mean better performance. To see this, the records of computation time for the exact
preconditioner for cr = 6 are longer than the best one in Table[2]

6. Application on two-phase flow problem

In this section, we will apply the proposed preconditioner to solve immiscible and incom-
pressible two-phase (water and oil) flow problems. Physical quantities corresponding to different
phases are subscripted as o (oil) and w (water). We assume that the fluid is incompressible, and
the governing transportation equation for each phase @ € {w, o} is stated as follows:

oS, . —
¢W +divv, =¢q,, (18)

where ¢ is the porosity of the reservoir rock, and for @ € {w, o0}, S, is the saturation, v, is the
superficial Darcy velocity that is given by Darcy’s law, g, is the external sources and sinks but
divided by phase’s density. Darcy’s law for two-phase flows is expressed in the following form:

kr
Ve = ——KVp,. (19)

(42
where £, is the relative permeability that depends on the saturation, u, is the viscosity, and K
is the orthotropic permeability of the reservoir rock, and p, is the pressure. Note that gravity
is neglected in Eq. (T9) for brevity. The fact that the two fluids jointly fill the voids implies the

relation
Sw+S,=1. (20)

For simplicity, we also neglect the capillary pressure and hence have
Po—pw =0. 21

The system of Egs. (I8) to (2I) is overdetermined, and we usually assign p, and S, as the two
primary variables to cancel out other equations. By defining the total velocity

V=vy +V,
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and redefining p := p,, S = S, Egs. (I8) to (1) are reduced into

v =-A(S)KVp, (22)
divv =¢ = qw + qo, (23)

oS . -
rmis div(fu(S)v) = qw, (24)

where A = kY, /iy + ki /1o s called the total mobility, and fy, = (k},/1w)/A is called the fractional
flow function.

The system of Egs. (IZZ[) to @) is incomplete; for example, the law of ki, w.r.t. S, is missing.
We introduce the SPE10 model (ref. [63]]) to achieve a thorough description of the problem. The
computational domain of the SPE10 model has a physical dimension of 1200 ft x 2200 ft x 170 ft
and contains 60 X 220 x 85 cells, which yields the dimension of fine elements as (h*, #”, h*) =
(20, 10, 2) ft. For the permeability field K = diag(«”, ¥, %), «* is the same as «” and visualized in
Fig. while k; is shown in Fig. @ We can see that the contrast ratio of «* is around 10® and
the contrast ratio of «° is around 10'!. We also calculate x*/«* and present the result in Fig.
which ranges from 1 to 10*. The original SPE10 model contains inactive blocks, that is, cells
that ¢ take zero. To avoid special treatments for inactive blocks, we modify the original porosity
data by truncating ¢ at 0.05, and the modified porosity field is displayed in Fig.[5d]
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Figure 5: Rock properties of the SPE10 model: (a) «* or &7, (b) &%, (c) k/«%, and (d) modified ¢.

The relative permeabilities kj, and k{ are given by the following formulas:
S-02
06 °

The fluid viscosities are taken as uy, = 0.3 cP and y, = 3.0 cP. We can hence obtain A(S) and
fw(S) in Egs. and (24). The no-flow boundary condition is imposed. The source terms gy,
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and ¢, are determined by well conditions. In the SPE10 model, four production wells are placed
in the four corners of the x X y-plane, and one injection well is located in the center of the x X y-
plane. All wells are vertical and penetrate completely throughout the domain. For the central
injector, the injection rate is fixed as 5000 bbl/day. Therefore, for all cells that contact the central
injector, we set the same gy, such that the summation equals the prescribed injection rate. For
four producers, only the bottom hole pressure py,; = 4000 psi is provided. For a cell that contacts
a producer, the local pressure p, and source g, satisfy

K —_
WI— (P — Pa) = Gas
Ma

where WI is called the well index, « is the local «* or «”. Following the instruction in [S0], we
engineered the well index as

1 1
WI = wr ¥ Wy
T oo 1 r h* 1 &) 1’
H(i log 7 + fr log 12-) -

Twi

where 11 = VIR + ()22, ra = (W) +9(1)?/2, rup is termed the wellbore radius and
takes the value 1.0 ft. Note now the right-hand term of Eq. is coupled with p, which differs
from the original problem Eq. (3). The initial condition in the SPE10 model is § = 0.2, i.e., the
initial water saturation equals 0.2 in all cells.

We adopt the improved implicit pressure and explicit saturation (IMPES) method (ref. [[70,
711 150]) to solve this coupled system Eqs. (22)) to (24). More specifically, assuming that at the
n-th time step, the saturation S” is known, we solve the system

vn+1 =-1 Sn KV n+1,
{ (SMKVp )

div vn+1 — a‘(pn+l)’
via the discretization scheme from the velocity elimination technique to obtain the updated p"*!

and v"*!. Then, set $™0 := §", for any fine element 7, update the local saturation (S™"|, —
§mm+1) ) by the explicit Euler time discretization of Eq. as

Sn,m+l |T _ Sn,m|T 1

=g 1 J AW ndA =3 ), (26)
T

where 61" is chosen adaptively such that the maximal variance of S""*! and S™" will not
exceed DSy .x, and fi,(S™")]s; should be determined by the upstream weighting rule (see [50]).
After M iterations, an updated saturation field is obtained by S"*! = §™M_ As a comparison, in
the classic IMPES method, the routine Eq. is performed only once. We realize that Eq.
could be fully parallelized while solving Eq. (23) dominates the overall computation time.

We employ the proposed spectral preconditioner in solving Eq. (25) and set the relative tol-
erance at 10™°. To accommodate the well condition, we modify the left-hand bilinear forms in
Egs. and accordingly. Except for p° the first step of pressure, solving Eq. could
significantly benefit from considering the previous p" as the initial guess for iterative solvers.
Noting that the DoF of the SPE10 model equals to 60 x 220 x 85, we hence set proc =2 X7 x 3
to equally distribute subdomains and also avoid inter-note communications. We adopt the first
strategy in constructing local coarse and coarse-coarse spaces and fix sd = 4. The rest param-
eters in the improved IMPES are chosen as (DS, M) = (0.001, 50). The performance is also
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benchmarked against the default algebraic multigrid preconditioner (GAMG) of PETSc. In the
first group of experiments, we aim to investigate different choices of (L., L..) from {4, 8} x {4, 8}
with (v,v.) = (1, 1), and the computation time and iteration number of each updating pressure
step (that is, solving Eq. (23)) are shown in Figs.[6a]and[6b] In the second group of experiments,
we set different numbers of block Jacobi iterations within the smoothers while fixing (L., L),
that is, we take (v,v.) € {1,2} x {1,2} with (L., L..) = (4,8), and the results are presented in
Figs.|6c|and [6dl Because there is no proper initial guess available for solving p°, the computing
records regarding the first updating pressure step are outliers compared to other steps, and we
hence exclude them in Figs. [6a] to [6d]
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Figure 6: The elapsed time and iteration numbers of the first 50 updating pressure steps. (a) and (b) share the same
setting that (v, v.) = (1, 1) but (L, L¢c) from {4, 8} X {4, 8}. (c) and (d) share the same setting that (L., L..) = (4, 8) but
(v, ve) € {1,2) x {1,2}.

The first impression from Fig. [6] could be that GAMG exhibits larger variances in terms
of elapsed time and iteration numbers; that is, GAMG performs less robustly compared to the
proposed preconditioner. From Figs. [6al and we can see that larger L. and L. can help to
stabilize the performance, and it seems that the setting (L, L..) = (4, 8) slightly outperforms than
others regarding stability and efficiency. According to Figs. [6c| and [6d] the effect of different v
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and v, is rather weak, while the setting (v, v.) = (1, 2) surpasses by a narrow margin.

The original SPE10 project requires simulating 2000 days of production. We are also capable
of performing the 2000-day simulation with the proposed preconditioner. The saturation of the
water over several time frames is visualized in Fig.[7} We can observe that the water saturation is
much higher around the injector and that the oil is driven by water to the producers. The improved
IMPES loosens the restrictions on time-step sizes, but they are not large enough for the 2000-day
simulation. We note with the help of [[72]], we are able to apply our method for more realistic
models such as Watt field [73]], which is based on a combination of synthetic data and real data
from a North Sea oil field. Fig.[8|show the permeability of the Watt model and saturation profiles
at different time. Currently, full implicit time methods with Constrained Pressure Residual (CPR)
preconditioners (see [[74}[73]) are preferred by industry solvers. A computing hotspot in CPR is
inexactly solving the pressure equation, which the proposed preconditioner could be naturally
integrated into.
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Figure 7: The water saturation of the SPE10 model at different time: (a) + = 60.17 days, (b) t = 520.04 days, (c)
t = 1211.85days, (d) r = 1995.13 days.

7. Conclusion

In this paper, we developed a spectral multigrid preconditioner for Darcy flow in high-
contrast media. The core component of this preconditioner is to incorporate a sequence of nested
multiscale subspaces which is crucial for improving the robustness of the preconditioner. These
subspaces can be constructed recursively by solving carefully designed local spectral problems.
The condition number of this preconditioner is estimated and rich typical numerical examples
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(©) (d)

Figure 8: (a) Permeability field of the Watt field model. (b)-(d) The water saturation of the Watt field model at different
time: (b) t = 243.50days, (c) t = 5113.40days, (d) r = 29462.90 days.

are provided to exhibit the robustness and scalability of the algorithm. Applications for incom-
pressible two-phase flow problems are presented. We plan to study this preconditioner for more
complicated underground flow problems such as block oil simulations.
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