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Kernel entropy estimation for linear processes II
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Abstract

Let X = {Xn : n ∈ N} be a linear process with bounded probability density function f(x).
Under certain conditions, we use the kernel estimator

2

n(n− 1)hn

∑

1≤i<j≤n

K
(Xi −Xj

hn

)

to estimate the quadratic functional of
∫
R
f2(x)dx of the linear process X = {Xn : n ∈ N} and

improve the corresponding results in [4].
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1 Introduction

Let X = {Xn : n ∈ N} be a linear process defined by

Xn =

∞∑

i=0

aiεn−i, (1.1)

where the innovations εi are independent and identical distributed (i.i.d.) real-valued random vari-

ables in some probability space (Ω,F ,P) and ai are real coefficients such that
n∑

i=0
aiεn−i converges

in distributions. Assume that the linear process X = {Xn : n ∈ N} has a bounded density function
f . Clearly, the quadratic functional

∫
R
f2(x) dx is well-defined and it plays an important role in

the study of the entropies of the linear process X = {Xn : n ∈ N}, say, quadratic Rényi entropy
R(f) = − ln(

∫
R
f2(x) dx) and Shannon entropy S(f) = −

∫
R
f(x) ln f(x) dx, see [4] and references

therein. To estimate the quadratic functional
∫
R
f2(x) dx of the linear process X = {Xn : n ∈ N}

defined in (1.1), the authors in [4] used the kernel estimator

Tn(hn) =
2

n(n− 1)hn

∑

1≤j<i≤n

K
(Xi −Xj

hn

)
, (1.2)

where the kernelK is a symmetric and bounded function with
∫
R
K(u) du = 1 and

∫
R
u2|K(u)| du <

∞. The bandwidth sequence hn satisfies 0 < hn → 0 as n → ∞. Then, under certain conditions,

∗F. Xu is partially supported by National Natural Science Foundation of China (Grant No.12371156).
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asymptotic properties of the estimator Tn(hn) were established, see Theorems 2.1 and 2.2 in [4].
In this paper, we are going to improve these two theorems. Some ideas are borrowed from [3].

Let φε(λ) be the characteristic function innovations. That is, for each λ ∈ R, φε(λ) = E[eιλε1 ]
where ι is the imaginary unit

√
−1. Moreover, for any integrable function g(x), its Fourier transform

is defined as ĝ(u) =
∫
R
eιxug(x) dx. The following is our main result.

Theorem 1.1 For some γ ∈ (0, 1], assume that

(A1) there are at least three coefficients {ai : i ≥ 0} of the linear process X are non-zero and
∞∑
i=0

|ai|γ < ∞,

(A2) there exists a positive constant cγ such that E |eιλε1 − φε(λ)|2 ≤ cγ
(
|λ|2γ ∧ 1

)
for all λ ∈ R,

(A3) (i)
∫
R
|λ|3γ |φε(λ)|2 dλ < ∞ or (ii)

∫
R
|λ|2γ |φε(λ)|2 dλ < ∞ and sup

λ∈R
|K̂(λ)||λ|γ < ∞.

Then there exist positive constants c1 and c2 such that

∣∣∣ETn(hn)−
∫

R

f2(x) dx
∣∣∣ ≤ c1

( 1
n
+ h2γn

)
, (1.3)

E

∣∣∣Tn(hn)− ETn(hn)−
1

n

n∑

i=1

Yi

∣∣∣ ≤ c2

( 1√
n3h2n

+
1√
n2hn

+
hγn√
n

)
, (1.4)

where Yi = 2
(
f(Xi)− E f(Xi)

)
for 1 ≤ i ≤ n, and, if additionally nhn → ∞ as n → ∞,

√
n
[
Tn(hn)− ETn(hn)

] L−→ N(0, 4σ2) (1.5)

for some σ2 ∈ (0,∞).

Remark: (i) If at most two coefficients of the linear process X are non-zero, then X is an i.i.d or
2-dependent sequence. The corresponding results are available in [1, 2, 4].

(ii) By Assumptions (A1) and (A3), we could easily obtain that E[eιuXn ] =
∞∏
i=0

φε(uai) ∈ L1(R).

So the probability density function f(x) of the underlying linear process X is bounded.

Next we compare our result with those in [4]. The assumption (3)

E |eιλε1 − φε(λ)|2 ≤ cγ,4
(
|λ|4γ ∧ 1

)

in Theorem 2.1 of [4] is weaken to our assumption (A2). According to Example 3.2 in [4], our
Theorem 1.1 works for more linear processes than Theorem 2.1 in [4]. The result (9)

E

∣∣∣Tn(hn)− ETn(hn)−
1

n

n∑

i=1

Yi

∣∣∣ ≤ c4

( 1

nhn
+

hγn√
n

)

in Theorem 2.2 of [4] is improved to (1.4) in our Theorem 1.1. Moreover, to obtain the central limit
theorem in (1.5), we only require the bandwidth to satisfy lim

n→∞
nhn = ∞ instead of lim

n→∞
√
nhn = ∞

in Theorem 2.2 of [4].

As a consequence of Theorem 1.1, we can easily obtain the following result.
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Corollary 1.2 Under the assumptions (A1), (A2) and (A3) in Theorem 1.1. Let hn have the

order





n
− 3

4γ+2 for γ ∈ (0, 1/4],

n− 2
4γ+1 for γ ∈ (1/4, 1].

If 0 < γ ≤ 1/4, then

Tn(hn)−
∫

R

f2(x) dx = OP(n
− 3γ

2γ+1 );

if 1/4 < γ ≤ 1, then
√
n
[
Tn(hn)−

∫

R

f2(x) dx
]

L−→ N(0, 4σ2),

and if we further assume that the kernel function K is nonnegative, the estimator − ln( 1
n
+Tn(hn))

of the quadratic Rényi entropy R(f) = − ln(
∫
R
f2(x)dx) satisfies

√
n
[
− ln(

1

n
+ Tn(hn))−R(f)

] L−→ N
(
0,

4σ2

(
∫
R
f2(x)dx)2

)

for some σ2 ∈ (0,∞).

Throughout this paper, if not mentioned otherwise, the letter c with or without a subscript
denotes a generic positive finite constant whose exact value is independent of n and may change
from line to line. For a complex number z, we use z and |z| to denote its conjugate and modulus,
respectively. Moreover, we let φ(λ) be the characteristic function of linear process X = {Xn : n ∈
N}. That is, φ(λ) = E[eιλXn ] for each λ ∈ R.

2 Proof of the main result

In this section, we will prove Theorem 1.1. Firstly, we give two important definitions. For each
i ∈ Z, let Fi be the σ-field generated by {εk : k ≤ i}. Given an integrable complex-valued random
variable Z, we define the following projection operator Pi as

PiZ = E[Z|Fi]− E[Z|Fi−1]

for each i ∈ Z. Then, for any two integrable complex-valued random variables Z and W ,
E[PiZPjW ] = 0 if i 6= j.

For any δ ∈ (0, 1), define

T δ
n(hn) =

2

n(n− 1)hn

∑

1≤j<i≤n

Kδ

(Xi −Xj

hn

)
, (2.1)

where Kδ(x) =
∫
R
K(y) 1√

2πδ
e−

(x−y)2

2δ2 dy.

It is easy to see that Kδ(x) is a symmetric and bounded function with
∫
R
Kδ(u) du = 1 and

∫

R

u2|Kδ(u)| du

≤
∫

R

∫

R

u2|K(y)| 1√
2πδ

e−
(u−y)2

2δ2 dy du

≤ 2

∫

R

∫

R

(u− y)2|K(y)| 1√
2πδ

e−
(u−y)2

2δ2 du dy + 2

∫

R

∫

R

y2|K(y)| 1√
2πδ

e−
(u−y)2

2δ2 du dy

≤ 2

∫

R

(1 + |y|2)|K(y)|dy < ∞. (2.2)
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Moreover, for any 1 ≤ i < j ≤ n, by the bounded convergence theorem,

lim
δ↓0

E

∣∣∣∣K
(Xi −Xj

hn

)
−Kδ

(Xi −Xj

hn

)∣∣∣∣
2

= 0.

Therefore, lim sup
δ↓0

E|Tn(hn)− T δ
n(hn)|2 = 0.

Proof of Theorem 1.1 The proof will be done in several steps.

Step 1. We give the estimation for
∣∣ETn(hn)−

∫
R
f2(x)dx

∣∣. Using the Fourier inverse transform,
Plancherel formula, symmetry of Kδ(x) and

∫
R
Kδ(u)du = 1,

ET δ
n(hn)−

∫

R

f2(x) dx =
1

πn(n− 1)

∑

1≤i<j≤n

∫

R

K̂δ(λhn)E
[
e−ιλ(Xi−Xj)

]
dλ− 1

2π

∫

R

|φ(λ)|2 dλ

=
1

πn(n− 1)

∑

1≤i<j≤n

∫

R

K̂δ(λhn)E
[
(e−ιλXi − φ(−λ))(eιλXj − φ(λ))

]
dλ

+
1

2π

∫

R

(
K̂δ(λhn)− K̂δ(0)

)
|φ(λ)|2 dλ

=: I1 + I2.

By Lemma 7.1 in [4],
∫
R
|λ|2γ |φε(λ)|2 < ∞ and

|K̂δ(λ)| = |K̂(λ)e−
1
2
δ2λ2 | ≤ |K̂(λ)| ≤

∫

R

|K(x)|dx < ∞

for all λ ∈ R, we can obtain that I1 is less than a constant multiple of 1
n
.

Moreover, by symmetry of Kδ(x) and
∫
R
Kδ(u)du = 1,

∣∣∣K̂δ(λhn)− K̂δ(0)
∣∣∣ =

∣∣∣
∫

R

(eιλhnu − 1)Kδ(u) du
∣∣∣ ≤ |λ|2γh2γn

∫

R

u2|Kδ(u)| du. (2.3)

Then, by
∫
R
|λ|2γ |φε(λ)|2 < ∞ and (2.2), |I2| is less than a constant multiple of h2γn .

Hence,
∣∣∣ETn(hn)−

∫

R

f2(x) dx
∣∣∣ ≤ lim sup

δ↓0

∣∣∣ETn(hn)− ET δ
n(hn)

∣∣∣+ lim sup
δ↓0

∣∣∣ET δ
n(hn)−

∫

R

f2(x) dx
∣∣∣

≤ c1

( 1

n
+ h2γn

)
.

Step 2. We give the decomposition for T δ
n(hn)− ET δ

n(hn).

Recall the definition of T δ
n(hn) in (2.1). Then, by the Fourier inverse transform,

T δ
n(hn)− ET δ

n(hn) = An,δ +Dn,δ − EDn,δ +Nn,δ, (2.4)

where

An,δ =
2

n(n− 1)hn

∑

1≤i<j≤n, j−i≤p2

[
Kδ

(Xi −Xj

hn

)
− EKδ

(Xi −Xj

hn

)]
,

Dn,δ =
1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2

∫

R

K̂δ(λhn)
(
e−ιλXi − φ(−λ)

)(
eιλXj − φ(λ)

)
dλ,

Nn,δ =
1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2

∫

R

K̂δ(λhn)
[(
e−ιλXi − φ(−λ)

)
φ(λ) +

(
eιλXj − φ(λ)

)
φ(−λ)

]
dλ
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and p2 = min{i > p1 : ai 6= 0} with p1 = min{i ≥ 1 : ai 6= 0}. The finiteness of p1 and p2 follow
from the assumption (A1).

Step 3. We estimate E |An,δ|2. For any 1 ≤ i < j ≤ n, define

Ai,j
n,δ =

1

hn

[
Kδ

(Xi −Xj

hn

)
− EKδ

(Xi −Xj

hn

)]
.

Then

E |An,δ|2 =
4

n2(n− 1)2
E

∣∣∣
∑

1≤i<j≤n, j−i≤p2

Ai,j
n,δ

∣∣∣
2

=
4

n2(n− 1)2

∑

1≤iθ<jθ≤n, jθ−iθ≤p2
θ=1,2

E
[
Ai1,j1

n,δ Ai2,j2
n,δ

]

≤ c2
n3h2n

+
c2
n4

∑

1≤iθ<jθ≤n, jθ−iθ≤p2
θ=1,2, |j1−j2|>4p2

∣∣∣E
[
Ai1,j1

n,δ Ai2,j2
n,δ

]∣∣∣

≤ c2
n3h2n

+
c2
n4

∑

1≤iθ<jθ≤n, jθ−iθ≤p2
θ=1,2, |j1−j2|>4p2

min{j1,j2}∑

k=−∞

∣∣∣E
[
Pk(A

i1,j1
n,δ )Pk(A

i2,j2
n,δ )

]∣∣∣. (2.5)

For any 1 ≤ i < j ≤ n, it is easy to see that Xi −Xj =
∞∑
ℓ=0

ai,jℓ εj−ℓ where

ai,jℓ =





−aℓ if 0 ≤ ℓ < j − i,

aℓ−j+i − aℓ if ℓ ≥ j − i.
(2.6)

By the Fourier inverse transform,

Pk(A
i,j
n,δ) = E

[
Kδ

(Xi −Xj

hn

)
|Fk

]
− E

[
Kδ

(Xi −Xj

hn

)
|Fk−1

]

=
1

2π

∫

R

K̂δ(λhn)
( j−k−1∏

ℓ=0

φε(−λai,jℓ )
)(

e−ιλa
i,j
j−k

εk − φε(−λai,jj−k)
)
e
−ιλ

∞∑

ℓ=j−k+1

a
i,j
ℓ

εj−ℓ

dλ.

For the case k < j1 < j2, by Cauchy-Schwarz inequality and assumption (A2),
∣∣∣E [Pk(A

i1,j1
n,δ )Pk(A

i2,j2
n,δ )]

∣∣∣

≤
∫

R2

|K̂(λ1hn)||K̂(λ2hn)||φε(a0λ1)||φε(a0λ2)|

×
∣∣∣E

[
(e

−ιλ1a
i1,j1
j1−kεk − φε(−λ1a

i1,j1
j1−k))(e

−ιλ1a
i2,j2
j2−kεk − φε(−λ2a

i2,j2
j2−k))

]∣∣∣dλ1 dλ2

≤ c3 |ai1,j1j1−k|γ |a
i2,j2
j2−k|γ

∫

R2

|K̂(λ1hn)||K̂(λ2hn)||φε(a0λ1)||φε(a0λ2)||λ1|γ |λ2|γdλ1 dλ2

= c3 |ai1,j1j1−k|γ |a
i2,j2
j2−k|γ

(∫

R

|K̂(λhn)||φε(a0λ)||λ|γ dλ
)2

≤ c3 |ai1,j1j1−k|γ |a
i2,j2
j2−k|γ

∫

R

|K̂(λhn)|2 dλ
∫

R

|φε(a0λ)|2|λ|2γ dλ

≤ c4 h
−1
n |ai1,j1j1−k|γ |a

i2,j2
j2−k|γ .
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Recall the definition of ai,jℓ in (2.6) and
∞∑
i=0

|ai|γ < ∞. If j − i = p1 and a0 = ap1 , then there

exists ℓ0 ≥ p1 such that ai,jℓ0 6= 0. Now, for the case k = j1 < j2, by Cauchy-Schwarz inequality
and assumption (A2),

∣∣∣E [Pj1(A
i1,j1
n,δ )Pj1(A

i2,j2
n,δ )]

∣∣∣

≤
∫

R2

|K̂(λ1hn)||K̂(λ2hn)||φε(a0λ2)||φε(a
i1,j1
p λ1 − ai2,j2j2−j1+pλ2)|

×
∣∣∣∣E

[(
e−ιλ1a

i1,j1
0 εj1 − φε(−λ1a

i1,j1
0 )

)(
e
−ιλ2a

i2,j2
j2−j1

εj1 − φε(−λ2a
i2,j2
j2−j1

)
)]∣∣∣∣ dλ1 dλ2

≤ c5 |ai2,j2j2−j1
|γ
∫

R

|K̂(λ2hn)||φε(a0λ2)||λ2|γ
(∫

R

|K̂(λ1hn)||φε(a
i1,j1
p λ1 − ai2,j2j2−j1+pλ2)| dλ1

)
dλ2

≤ c6 h
−1
n |ai2,j2j2−j1

|γ ,

where

ai1,j1p =





−ap1 if p1 < j1 − i1
a0 if p1 > j1 − i1

a0 − ap1 if j1 − i1 = p1 and a0 6= ap1
ai1,j1ℓ0

if j1 − i1 = p1 and a0 = ap1

with

p =





j1 − p1 if p1 < j1 − i1
j1 − i1 if p1 > j1 − i1
p1 if j1 − i1 = p1 and a0 6= ap1
ℓ0 if j1 − i1 = p1 and a0 = ap1

.

Therefore, by the definition of ai,jℓ in (2.6) and assumption (A1),

∑

1≤iθ<jθ≤n, jθ−iθ≤p2
θ=1,2, |j1−j2|>4p2, j1<j2

min{j1,j2}∑

k=−∞

∣∣∣E
[
Pk(A

i1,j1
n,δ )Pk(A

i2,j2
n,δ )

]∣∣∣

≤ c7 h
−1
n

∑

1≤iθ<jθ≤n, jθ−iθ≤p2
θ=1,2, |j1−j2|>4p2, j1<j2

(
|ai2,j2j2−j1

|γ +
j1−1∑

k=−∞
|ai1,j1j1−k|γ |a

i2,j2
j2−k|γ

)

≤ c8 nh
−1
n . (2.7)

Similarly,

∑

1≤iθ<jθ≤n,jθ−iθ≤p2
θ=1,2, |j1−j2|>4p2, j1>j2

min{j1,j2}∑

k=−∞

∣∣∣E
[
Pk(A

i1,j1
n,δ )Pk(A

i2,j2
n,δ )

]∣∣∣ ≤ c9 nh
−1
n . (2.8)

Combining (2.5), (2.7) and (2.8) gives

E |An,δ|2 ≤
c10
n3h2n

. (2.9)

Step 4. We estimate E |Dn,δ|. Note that

Dn,δ = D1
n,δ +D2

n,δ, (2.10)
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where

D1
n,δ =

1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2

i∑

k=−∞

∫

R

K̂δ(λhn)Pk

(
H(Xi)(−λ)

)
Pk

(
H(Xj)(λ)

)
dλ

and

D2
n,δ =

1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2
k≤i, ℓ≤j, k 6=ℓ

∫

R

K̂δ(λhn)Pk

(
H(Xi)(−λ)

)
Pℓ

(
H(Xj)(λ)

)
dλ

with H(Xi)(λ) = eιλXi − E eιλXi for 1 ≤ i ≤ n and λ ∈ R.

Using similar arguments as in Step 3.,

E |D1
n,δ| =

2

πn(n− 1)
E

∣∣∣∣
∑

1≤i<j≤n, j−i>p2

i∑

k=−∞

∫

R

K̂δ(λhn)Pk

(
H(Xi)(−λ)

)
Pk

(
H(Xj)(λ)

)
dλ

∣∣∣∣

≤ c11
n2

∑

1≤i<j≤n, j−i>p2

i∑

k=−∞
|ai−k|γ |aj−k|γ

∫

R

|φε(a0λ)||φε(ap1λ)||λ|2γ dλ

≤ c12
n

. (2.11)

Moreover,

D2
n,δ = II1 + II2 + II3 + II4 + II5, (2.12)

where

II1 =
1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2

∫

R

K̂δ(λhn)Pi

(
H(Xi)(−λ)

)
Pj

(
H(Xj)(λ)

)
dλ,

II2 =
1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2

∫

R

K̂δ(λhn)Pi

(
H(Xi)(−λ)

)
Pj−p1Pj

(
H(Xj)(λ)

)
dλ,

II3 =
1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2

∫

R

K̂δ(λhn)Pi−p1

(
H(Xi)(−λ)

)
Pj

(
H(Xj)(λ)

)
dλ,

II4 =
1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2

∫

R

K̂δ(λhn)Pi−p1

(
H(Xi)(−λ)

)
Pj−p1

(
H(Xj)(λ)

)
dλ

and

II5 =
1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2, k 6=ℓ
i−k>p1 or j−ℓ>p1

∫

R

K̂δ(λhn)Pk

(
H(Xi)(−λ)

)
Pℓ

(
H(Xj)(λ)

)
dλ.
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By Cauchy-Schwarz inequality and assumptions (A1), (A2) and (A3),

E|II1|2 =
1

π2n2(n− 1)2

∑

1≤iθ<j≤n, j−iθ>p2
θ=1,2

∫

R2

K̂δ(λ1hn)K̂δ(λ2hn)

× E

[
Pi1

(
H(Xi1)(−λ1)

)
Pj

(
H(Xj)(λ1)

)
Pi2

(
H(Xi2)(−λ2)

)
Pj

(
H(Xj)(λ2)

)]
dλ1dλ2

≤ c13
n4

∑

1≤iθ<j≤n, j−iθ>p2
θ=1,2

∫

R2

∣∣∣K̂(λ1hn)K̂(λ2hn)φε

(
ap1(λ1 + λ2)

)
φε

(
ap2(λ1 + λ2)

)∣∣∣

×
{∣∣∣∣E

[(
eιaj−i1

(λ1+λ2) − φε(aj−i1(λ1 + λ2))
)(
e−ιa0λ1 − φε(−a0λ1)

)]∣∣∣∣1{i1>i2}

+

∣∣∣∣E
[(
eιaj−i2

(λ1+λ2) − φε(aj−i2(λ1 + λ2))
)
(e−ιa0λ1 − φε(−a0λ1)

]∣∣∣∣1{i2>i1}

+ 1{i2=i1}

}
dλ1dλ2

≤ c14
n4

∑

1≤iθ<j≤n, j−iθ>p2
θ=1,2

∫

R2

∣∣∣K̂(λ1hn)K̂(λ2hn)φε

(
ap1(λ1 + λ2)

)
φε

(
ap2(λ1 + λ2)

)∣∣∣

×
{
|λ1 + λ2|γ

(
|aj−i1 |γ1{i1>i2} + |aj−i2 |γ1{i2>i1}

)
+ 1{i2=i1}

}
dλ1 dλ2

≤ c15
n2hn

(2.13)

and

E|II2|2 =
1

π2n2(n− 1)2

∑

1≤iθ<j≤n, j−iθ>p2
θ=1,2

∫

R2

K̂δ(λ1hn)K̂δ(λ2hn)

× E

[
Pi1

(
H(Xi1)(−λ1)

)
Pj−p1

(
H(Xj)(λ1)

)
Pi2

(
H(Xi2)(−λ2)

)
Pj−p1

(
H(Xj)(λ2)

)]
dλ1 dλ2

≤ c16
n4

∑

1≤iθ<j≤n, j−iθ>p2
θ=1,2

∫

R2

∣∣∣K̂(λ1hn)K̂(λ2hn)φε(a0λ1)φε(a0λ2)φε

(
ap2(λ1 + λ2)

)∣∣∣

×
{∣∣∣∣E

[(
eιaj−i1

(λ1+λ2) − φε(aj−i1(λ1 + λ2))
)(
e−ιa0λ1 − φε(−a0λ1)

)]∣∣∣∣1{i1>i2}

+

∣∣∣∣E
[(
eιaj−i2

(λ1+λ2) − φε(aj−i2(λ1 + λ2))
)
(e−ιa0λ1 − φε(−a0λ1)

]∣∣∣∣1{i2>i1}

+ 1{i2=i1}

}
dλ1 dλ2

≤ c17
n4

∑

1≤iθ<j≤n, j−iθ>p2
θ=1,2

∫

R2

∣∣∣K̂(λ1hn)K̂(λ2hn)φε(a0λ1)φε(a0λ2)φε

(
ap2(λ1 + λ2)

)∣∣∣

×
{
|λ1 + λ2|γ

(
|aj−i1 |γ1{i1>i2} + |aj−i2 |γ1{i2>i1}

)
+ 1{i2=i1}

}
dλ1 dλ2

≤ c18
n2hn

. (2.14)

Similarly,

E|II3|2 ≤
c19
n2hn

and E|II4|2 ≤
c19
n2hn

. (2.15)
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Note that

II4 = II41 + II42,

where

II41 =
1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2, k>ℓ
i−k>p1 or j−ℓ>p1

∫

R

K̂δ(λhn)Pi

(
H(Xi)(−λ)

)
Pℓ

(
H(Xj)(λ)

)
dλ,

and

II42 =
1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2, k<ℓ
i−k>p1 or j−ℓ>p1

∫

R

K̂δ(λhn)Pi

(
H(Xi)(−λ)

)
Pℓ

(
H(Xj)(λ)

)
dλ.

Clearly,

E|II41|2 =
1

π2n2(n− 1)2

∑

1≤iθ<jθ≤n, jθ−iθ>p2
iθ−kθ>p1 or jθ−ℓθ>p1

kθ>ℓθ, θ=1,2

∫

R2

K̂δ(λ1hn)K̂δ(λ2hn) I
i1,i2,j1,j2
k1,k2,ℓ1,ℓ2

(λ1, λ2) dλ1dλ2,

where

Ii1,i2,j1,j2k1,k2,ℓ1,ℓ2
(λ1, λ2)

= E

[
Pk1

(
H(Xi1)(−λ1)

)
Pℓ1

(
H(Xj1)(λ1)

)
Pk2

(
H(Xi2)(−λ2)

)
Pℓ2

(
H(Xj2)(λ2)

)]
(2.16)

There are four possibilities for the orderings of k1, ℓ1, k2, ℓ2:

(1) k1 ≥ k2 ≥ ℓ1 ≥ ℓ2, (2) k1 ≥ k2 ≥ ℓ2 ≥ ℓ1, (3) k2 ≥ k1 ≥ ℓ1 ≥ ℓ2, (4) k2 ≥ k1 ≥ ℓ2 ≥ ℓ1.

Note that the expectation in (2.16) is equal to zero if k1 6= k2. Hence, by Cauchy-Schwarz inequality
and assumption (A2),

∣∣∣Ii1,i2,j1,j2k1,k2,ℓ1,ℓ2
(λ1, λ2)

∣∣∣

≤ 1{k1=k2}
∣∣∣φε(a0λ1)φε(ap1λ1)φε(a0λ2)φε(ap1λ2)

∣∣∣

×
∣∣∣∣E

[(
eιai1−k1

λ1εk1 − φε(ai1−k1λ1)
)(
eιai2−k2

λ2εk2 − φε(ai2−k2λ2)
)]∣∣∣∣

×
{∣∣∣∣E

[
(e−ι(ai1−ℓ1

λ1+ai2−ℓ1
λ2)εℓ1 − φε(−ai1−ℓ1λ1 + ai2−ℓ1λ2))(e

ιaj1−ℓ1
λ1εℓ1 − φε(aj1−ℓ1λ1))

]∣∣∣∣1{ℓ1>ℓ2}

+

∣∣∣∣E
[(
e−ι(ai1−ℓ2

λ1+ai2−ℓ2
λ2)εℓ2 − φε(−ai1−ℓ2λ1 + ai2−ℓ2λ2)

)(
eιaj2−ℓ2

λ2εℓ2 − φε(aj2−ℓ2λ2)
)]∣∣∣∣1{ℓ2>ℓ1}

+

∣∣∣∣E
[(
eιaj1−ℓ1

λ1εℓ1 − φε(aj1−ℓ1λ1)
)(
eιaj2−ℓ2

λ2εℓ2 − φε(aj2−ℓ2λ2)
)]∣∣∣∣1{ℓ2=ℓ1}

}

≤ c201{k1=k2}
∣∣∣φε(a0λ1)φε(ap1λ1)φε(a0λ2)φε(ap1λ2)

∣∣∣|ai1−k1λ1|γ |ai2−k2λ2|γ

×
{
|ai1−ℓ1λ1 + ai2−ℓ1λ2|γ |aj1−ℓ1λ1|γ ||aj2−ℓ2λ2|γ |1{ℓ1>ℓ2}

+ |ai1−ℓ2λ1 + ai2−ℓ2λ2|γ |aj2−ℓ2λ2|γ |aj1−ℓ1λ1|γ |1{ℓ2>ℓ1}

+ |aj1−ℓ1λ1|γ |aj2−ℓ2λ2|γ1{ℓ2=ℓ1}
}
.
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Thus, by assumption (A3),

E|II41|2 ≤
c21
n4

∑

1≤iθ<jθ≤n, jθ−iθ>p2
iθ−kθ>p1 or jθ−ℓθ>p1

kθ>ℓθ, θ=1,2

∫

R2

∣∣∣K̂(λ1hn)K̂(λ2hn)
∣∣∣
∣∣∣Ii1,i2,j1,j2k1,k2,ℓ1,ℓ2

(λ1, λ2)
∣∣∣ dλ1 dλ2 ≤

c22
n2

.

Similarly,

E|II42|2 ≤
c23
n2

.

Therefore,

E |II4|2 = E |II41 + II42|2 ≤
c24
n2

. (2.17)

Combining (2.10), (2.11), (2.12), (2.13), (2.14), (2.15) and (2.17) gives

E |Dn,δ| ≤
c25√
n2hn

. (2.18)

Step 5. We estimate E
∣∣Nn,δ −Nn

∣∣2 where

Nn =
1

πn

n∑

i=1

∫

R

K̂(0)
(
e−ιλXi − φ(−λ)

)
φ(λ) dλ.

Recall that

Nn,δ =
1

πn(n− 1)

∑

1≤i<j≤n, j−i>p2

∫

R

K̂δ(λhn)
[(
e−ιλXi − φ(−λ)

)
φ(λ) +

(
eιλXj − φ(λ)

)
φ(−λ)

]
dλ

=
1

2πn(n − 1)

∑

1≤i 6=j≤n, |j−i|>p2

∫

R

K̂δ(λhn)
[(
e−ιλXi − φ(−λ)

)
φ(λ) +

(
eιλXj − φ(λ)

)
φ(−λ)

]
dλ,

where we use the symmetry of Kδ(x) in the last equality.

Let

Ñn,δ =
1

πn

n∑

i=1

∫

R

K̂δ(λhn)
(
e−ιλXi − φ(−λ)

)
φ(λ) dλ.

It is easy to see that |Nn,δ − Ñn,δ| is less than a constant multiple of 1
n
.

Moreover, by Cauchy-Schwarz inequality, Fubini theorem, (2.3), assumption (A3) and Lemma
7.2 in [4],

E
∣∣Ñn,δ −Nn

∣∣2 = 1

π2
E

[∣∣∣
∫

R

(
K̂δ(λhn)− K̂δ(0)

)( 1

n

n∑

i=1

e−ιλXi − φ(−λ)
)
φ(λ) dλ

∣∣∣
2
]

≤
(∫

R

∣∣K̂δ(λhn)− K̂δ(0)
∣∣2|φ(λ)| dλ

)(∫

R

E
∣∣ 1
n

n∑

i=1

e−ιλXi − φ(λ)
∣∣2∣∣φ(λ)

∣∣ dλ
)

≤ c26
h2γn
n

.

Hence

E
∣∣Nn −Nn

∣∣2 ≤ c27

( 1

n2
+

h2γn
n

)
. (2.19)
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Note that K̂(0) = 1. By the Fourier inverse transform and Plancherel formula,

Nn =
2

n

n∑

i=1

(
f(Xi)−

∫

R

f2(x) dx
)
.

Combining (2.4), (2.9), (2.18) and (2.19) gives

E

∣∣∣Tn(hn)− ETn(hn)−
1

n

n∑

i=1

Yi

∣∣∣

≤ lim sup
δ↓0

E

∣∣∣Tn(hn)− ETn(hn)−
(
T δ
n(hn)− ET δ

n(hn)
)∣∣∣+ lim sup

δ↓0
E

∣∣∣T δ
n(hn)− ET δ

n(hn)−
1

n

n∑

i=1

Yi

∣∣∣

≤ c28

( 1√
n3h2n

+
1√
n2hn

+
hγn√
n

)
.

Step 6. We show the central limit theorem for

2

n

n∑

i=1

(
f(Xi)−

∫

R

f2(x) dx
)
.

Using Lemma 1 in [5] and similar arguments as in the proof of Theorem 2.1 in [4],

1

n

n∑

i=1

(
f(Xi)−

∫

R

f2(x) dx
) L−→ N(0, σ2)

for some σ2 ∈ (0,∞).

This finishes the proof of Theorem 1.1.
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