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Well-Posedness of the generalised Dean-Kawasaki Equation
with correlated noise on bounded domains

Shyam Popat*
March 29, 2024

ABSTRACT. In this paper, we extend the notion of stochastic kinetic solutions introduced in [FG24] to
establish the well-posedness of stochastic kinetic solutions of generalized Dean-Kawasaki equations with
correlated noise on bounded, C?-domains with Dirichlet boundary conditions. The results apply to a wide
class of non-negative boundary data, which is based on certain a priori estimates for the solutions, that
encompasses all non-negative constant functions including zero and all smooth functions bounded away
from zero.

1 Introduction

We will consider the well-posedness of the generalised Dean-Kawasaki initial boundary value problem
on a C? and bounded domain U C R¢,

0ep = AD(p) =V - (a(p) 0 " +w(p)), on U x (0,77,
®(p) = f, on U x [0,T], (1)
p(-,t=0) = po, on U x {t =0}.

The main uniqueness and existence assumptions for the non-linear functions @, o and v are given in
Assumptions B.1] and respectively. The assumptions allow us to consider a wide range of relevant
stochastic PDE such as the full range of fast diffusion and porous medium equations, i.e. ®(p) = p™
for every m € (0,00) and the degenerate square root o(p) = \/p. Subsequently we will refer to this
choice of ® and o, and the alternative choice o(p) = ®/2(p) as the model case. The Stratonovich
noise oéF is white in time and sufficiently regular in space, see Definition 211

We will prove the existence and uniqueness of a stochastic kinetic solutions of (), in the sense
of Definition below. In the definition we do not insist that p is continuous all the way to the
boundary and so we can’t define the boundary condition in a pointwise sense. We only require the
solution p to be locally in the Sobolev space W12(U), i.e. when cutoff away from zero and infinity,
and otherwise just to be L!(U) regular. Hence the boundary condition in () is expressed indirectly
via ®(p) and is done using the trace theorem, see Section 5.5 of [Eva22]. Furthermore, the boundary
condition does not depend on time, f = f(z*) for * € OU. The restriction on the boundary data
f that we are able to handle comes from assuming finiteness of the various boundary terms that
appear in the a priori energy estimates.

A detailed summary outlining various reasons why one would be interested in studying stochastic
PDE such as () is given in Section 1.3 of [FG24]. To briefly summarise, they arise as fluctuating
continuum models for interacting particle systems, see [GLP98|, and they can also be used to de-
scribe the hydrodynamic limit of simple particle processes, for instance the simple exclusion process,
see [QRV9Y], and the zero range process, see Section 4.3 of [DSZI6).

In [FG24], Fehrman and Gess prove the well-posedness of equations such as () on the torus. Moti-
vated by the particle system application, we will follow and extend the techniques introduced there
in order to extend the well-posedness to a bounded domain. In this context the Dirichlet boundary
condition enables one to model sources and sinks.
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1.1 Background and relevant literature

The Dean-Kawasaki equation was derived independently in the physics literature by Dean [Deadd]
and Kawasaki [Kaw94]. In [Dea96], Dean considered an N particle system {X*}¥, following
Langevin dynamics with pairwise interaction potential V1,

N
1 o 5
=5 > VX - X))+ V28
j=1

Via a formal argument replacing space time white noise and Brownian motion, the empirical measure
oY =% vazl dx; is shown to satisfy the equation

o™ = AN — V- (pNVV s pN) —v (VYe), (2)

where £ is space time white noise. The irregularity of space time white noise implies that equa-
tions like (@) and () with space time white noise are not renormalisable using Hairer’s regularity
structures [Hail4] or Gubinelli, Imkeller and Perkowski’s paracontrolled distributions [GIP15], even
in dimension d = 1. Since the derivative hits space time white noise in (2]), one can only consider
solutions p? in the space of distributions rather than functions, in which case the square root \/p_N
as well as the product \/p_N ¢ have no meaning. In fact, Konarovskyi, Lehmann and von Renesse
show in [KLvR19, [KLvR20] that the only martingale solutions to (@) or ({l) with space time white
noise are the ”trivial” empirical measures p?¥ defined above. Furthermore, they show that one at
least needs to add a drift correction term into the equations to obtain non-trivial solutions. It is
for this reason that the Dean-Kawasaki equation is described as a "rigid mathematical object” in
[CFIR23]. However, this rigidity can be overcome when suitable regularisations are considered, for
instance smoothing or truncating the noise. We now discuss previous work on regularised versions
of the Dean-Kawasaki equation based on relevance with the present work.

As mentioned above, this work primarily follows the techniques presented in Fehrman and Gess,
[EG24]. There the authors consider a white in time, spatially correlated noise, see Definition 2]
below. Even though the noise is sufficiently regular in space the well-posedness of equation () is
tricky due to the square root singularity o(p) = /p. Indeed, the Ité to Stratonovich conversion
of (@) introduces a term with factor (¢/(p))?Vp that creates a singularity at zero, see derivation of
equation @) and Remark [Z4 below. The lack of local integrability of log(p) means that even a weak
solution to () can not be considered. Instead, the authors consider stochastic kinetic solutions, see
Definition 2.8 below, where the compact support in the velocity variable restricts the solution away
from it’s zero set, see Remark 2.1l The kinetic formulation and the notion of kinetic solutions was
first introduced in the PDE setting by Lions, Perthame and Tadmor [LPT94] where the authors con-
sidered the kinetic formulation for multidimensional scalar conservation laws. They chose the term
’kinetic equation’ due to its analogy with the classical kinetic models such as Boltzmann or Vlasov
models, see [Cer88|. Later, Chen and Perthame [CP03|] were able to treat non-isotropic degenerate
parabolic-hyperbolic equations. A new chain rule type condition introduced there allowed kinetic
equations to be well defined, even when the macroscopic fluxes are not locally integrable.

Before proceeding, it is worth mentioning the relationship between stochastic kinetic solutions and
weak solutions in the context of the Dean-Kawasaki equation. When the diffusion coefficient o is
sufficiently smooth so that we can make sense of weak solutions to (), a weak solution is a stochas-
tic kinetic solution, see Proposition 5.21 of [FG24]. Conversely, under additional assumptions on o,
stochastic kinetic solutions are also weak solutions, see Corollary 5.31 of [FG24].

Other related works are that of Fehrman and Gess [FG19, [FG21] where they prove the path by path
well-posedness of equations like () via a kinetic approach, motivated by the theory of stochastic
viscosity solutions, see [LS98b] [LS98al [LS00], and stochastic conservation laws, see [LPS13, [LPS14,
(GS14l [GS17]. The pathwise well-posedness is proven via rough path techniques, which imposes
extra regularity on the diffusion coefficient o that is needed to overcome the roughness of the noise
¢F. In the recent work of Clini [CIi23] the result was extended to a smooth bounded domain with
zero Dirichlet boundary conditions in the case of the porous media and fast diffusion equations, i.e.



®(p) = p™,v(p) =0in [@).

Another extension of [FG24] was that of Wang, Wu and Zhang [WWZ22]. The authors are able to
show the existence of renormalised kinetic solutions to non-local equations such as (2)) where we have
a convolution, rather than the local interaction v(p) in (I) considered here and in [FG24]. There the
interaction kernel (V! in (@))) is assumed to satisfy the Ladyzhenskaya-Prodi-Serrin (LPS) condition,
a regularity condition first studied in the context of Navier-Stokes equations in [Pro59l [Ser61] Lad67]
and applied to SDEs and distributional dependent SDEs in [KRO05, [RZ21] respectively. The main
difficulty lies in the proof of existence, where the lack of uniform L?(T%) estimates of weak solutions
of the regularised equation implies that the kinetic measures of the regularised equation are not
uniformly bounded over [0,7] x T¢ x R. One needs to instead use entropy estimates, similar to
Proposition 4:24] below, to show the tightness of the kinetic measures of the approximate equations.
Another approach was by Dareiotis and Gess [DG20] where they constructed probabilistic solutions
to () via an entropy formulation. The advantage of the kinetic approach considered here and in
[FG24] over the entropy approach is that, by the precise identification of the kinetic defect measure,
the kinetic approach can handle L'(U) integrable initial data, whereas the entropy approach requires
L™(U) integrable initial data in the model case ®(¢) = ™. Furthermore, the approach in [DG20]
required C'®-regularity from the noise coefficient o, and therefore remained far from the critical
square root case o(p) = /p.

Djurdjevac, Kremp and Perkowski in [DKP22] were able to prove the existence of strong solutions
to equations like () in the case of truncated noise and mollified square root. The proof follows by a
variational approach for a transformed equation and energy estimates for the approximate (Galerkin
projected) system. However, again it is worth mentioning that the approach can only handle smooth
coefficients and so also can not handle the square root singularity.

Also relevant is the work of Martini and Mayorcas [MM22], where local well-posedness of equa-
tions like (1) with space time white noise is proven when the square root o(p) = /p is replaced by
0 = \/pdet Where pget solves a related deterministic PDE. The proof is via paracontrolled distribu-
tion theory.

Finally, we mention that there is an extensive literature surrounding the well-posedness of stochastic
nonlinear diffusion equations on a smooth, bounded domains in R? with zero Dirichlet boundary
conditions. In [BBDPRO6], Barbu, Bogachev, Da Prato and Réckner are able to show the existence
of weak solutions of additive equations of the form

drp = AD(p) + o (p) W,

where W; is cylindrical Brownian motion, ¢ = /@ in the case that @Q is linear, non-negative
and of finite trace and @’ satisfies a polynomial growth condition. See [BDPR09] for a proof of
strong solutions in the porus medium case with lipschitz ¢. Well-posedness of similar equations
with multiplicative noise for dimension 1 < d < 3 was shown by Barbu, Da Prato and Rockner
[BDPR08a, BDPRO8&D).

1.2 Organisation and main contributions

In Section Bl we setup the problem. Firstly, in Section 2] we give the definition and assumptions
on the nose ¢ and subsequently in Section we define a stochastic kinetic solution. The setup is
analogous to Chapters 2 and 3 of [FG24], the main difference being that we incorporate the bound-
ary condition in point two of the definition of stochastic kinetic solution, Definition

In Section B.I] we state the required assumptions for uniqueness as well as the definitions of convolu-
tion kernels and cutoff functions. Given that we are working on a bounded domain, in order to avoid
boundary terms that we don’t have control over appearing when integrating by parts, our solution
concept Definition 2.8 is modified so that our test functions are also compactly supported in space.
When formalising this in the uniqueness proof, this amounts to multiplying the test functions in
[EG24] by a new spacial cutoff ¢, see Definition It is worthwhile to mention that the restriction
of working on a C? domain U arises so that we are able to differentiate the distance function that
forms part of the definition of the spacial cutoff, as well as to apply Sobolev embedding theorems
later on. In Section [3:2lthe uniqueness is proven. The main novelty in the proof is in the techniques



used to bound the new terms arising when the gradient hits the spacial cutoff.

In Section ] we begin by proving L?(U) a priori energy estimates of an appropriately regularised
version of (Il) in Proposition £T14l We use this to prove further space-time regularity results in the
remainder of the section. In Section we prove an entropy estimate for the equation, similar to
Proposition 5.18 of [FG24]. A localised version of the entropy estimate is used to prove a bound for
the decay of the kinetic measure at zero, a statement needed in the uniqueness proof but proved
in Section for convenience. All of the estimates follow from applying It6’s formula. An impor-
tant novelty is that we introduce harmonic PDEs (see for example Definitions 4.8 and [£22]) with
carefully chosen boundary data that ensures we obtain functions which vanish along the boundary
when applying It6’s formula, and so we can integrate by parts without worrying about additional
boundary terms. The boundary regularity assumptions needed for our energy estimates will impose
restrictions the boundary data f that we can consider.

The rest of the existence arguments, including tightness and compactness arguments of Section [£.4]
follow directly from arguments from Chapter 5 of [FG24] so we are brief and simply include the
main ideas for completeness.

2 Setup and Kinetic formulation

2.1 Definition of the noise

We briefly introduce and state the assumptions needed for the noise term ¢7. Both the definition
and assumptions are identical to those introduced in Chapter 2 of [FG24].

Definition 2.1 (The noise ). Let F := {fx : U — Rlren be a sequence of continuously differ-
entiable functions and {B* : [0,T] — R%},en a sequence of independent, d-dimensional Brownian
motions on a filtered probability space (2, F, (Ft)icpo,1),P). The noise &F | superscripted by F to
denote dependence on { fi}k, is defined by

oo
U 0,7 R (1) =) frlz)Bf
k=1
For ease of notation let’s define three quantities related to the spacial component of the noise,

F,:U — R defined by Fi(x):= Zf,f(ac),
k=1

Fy:U—R? defined by Fy(z):= ka(x)ka(z) =
k=1

N | —

> V()
k=1

F;:U — R defined by Fs(x):= Z |V fr(x)]?.
k=1

We need to make the following assumptions on the noise.

Assumption 2.2 (Assumption on noise). Suppose that F;, i = 1,2,3 are continuous on U. Fur-
thermore assume V - Fy is bounded on U.

Note that by Holder’s inequality, the boundedness of F; and F3 imply the partial sums of F» are
absolutely convergent.

2.2 Definition of stochastic kinetic solution

We begin by re-writing equation () using It6 noise. By Definition 2] of the noise we have

0ip = A®(p) =V - (9(p) 0 & +v(p)) = A(p) =V -v(p) = Y _ V- (0(p) fi 0 dBY).
k=1



Denoting F, (&, z) := o(&) fu(x) for fixed x € U, the Itd to Stratonovich conversion formula (see
Section 3.3 of [Oks13]), the chain rule and product rule give formally that

0ip = A®(p) = V - (a(p)" +v(p)) + % i v- (%éf’x))
= AB(p) ~ V- (0(p)E" +v(p) + 5 ki (705
= AD(p) ~ V- (o(p)E" + v(p) + 5 i (e (DY (fr(0))
= AB(p) ~ V- (0" + v(p)) + 5V (R0 ()Y + o' (o) ), 3)

which we will equivalently sometimes write in the formal SDE notation as
1
dpe = A®(p)dt — V- (o(p) dET +1(p) dt) + 5V - (B0’ (9)]*Vp + ' (p)or(p) Fy) di.

The below remark illustrates how to interpret integrals involving the divergence of the It6 noise in
@). We use it when interpreting the kinetic equation (&) below.

Remark 2.3. For F;-adapted processes g; € L*(Q2 x [0,T]; L2(U)) and hy € L*(Q x [0,T); H(U))
and any t € [0,T] we define

//gs (hs d€™) = (//gskah Bk + //gsthk dB>

Remark 2.4. In the model case o(p) = p'/2, the first correction term arising in the Ité equation
@) s éV (F1p~1Vp) = %V - (F1Vlog(p)). If the solution p approaches 0 at any time the above
term is a singular. In fact it is not even clear how we can define the notion of a weak solution since
we don’t know if log(p) is locally integrable.

We now turn our attention to providing the kinetic formulation for the generalised Dean-Kawasaki
equation ([B]). By now the kinetic formulation is well understood, and for the Dean-Kawasaki equation
the full derivation can be found in Chapter 3 of [FG24]. We briefly describe the motivation below.
Suppose that for a convex function S € C?(R;R) we were interested in properties of functions of
the solution S(p), where p solves equation ([B]). To derive the equation satisfied by S(p) one applies
It6’s formula

dS(p) = S'(p)dp + %S”(p)d@)-

However, one can not do this directly since p is not regular enough to apply It6’s formula, and
instead we work on the level of the regularised equation.

Definition 2.5 (Regularised equation). The regularised generalised Dean-Kawasaki Equation p® is

defined for every o € (0,1) by

0up™ = AD(p®) + alp® =V - (a(p®)E" + v(p®)) + %V (R’ (p)PVp™ + 0’ (p*)o(p™) F2).  (4)

After obtaining an equation for S(p®), one aims to re-write the equation in terms of the kinetic
function.

Definition 2.6 (Kinetic function). Given a non-negative solution p of equation [B), define the
kinetic function x : U x [0,T] x R — {0,1} by

X(:Ea t, 6) = l{OSESp(z,t)}-
The kinetic function can equivalently be viewed as x : R x R = {0,1}, x = x(p, &).



In Lions, Perthame and Tadmor [LPT94] the kinetic function is called the velocity distribution
or velocity profile since there they view £ as a velocity variable. Here we will adopt the same
nomenclature. By analogy with the theory of gasses, x can be called a pseudo-Maxwellian. It is not
then difficult to obtain a distributional equation for the kinetic function by using identities such as,

it S(0) = 0
p(z,t)) /S' x(z, &, t) dE.

Finally, in taking the regularisation limit (o — 0), one needs to control a term containing a|Vp*|?
where we have the competing decay of o and divergence of |Vp®| in the limit. On the level of the
kinetic equation, in the theory of entropy solutions, see for instance Chapter 2 of [CP03|, this is
precisely quantified by the kinetic measure q.

Definition 2.7 (Kinetic measure). Let (2, F, (Ft)ic[o,00): P) be a filtered probability space.
A kinetic measure q is a map from Q to the set of non-negative, locally finite measures on U X

(0,00) x [0, T] such that, for every ¢ € C(U x (0,00)) we have
woe@0.)= [ [ [ o)

The resulting equation forms the basis of the definition of stochastic kinetic solution. We en-
capsulate some of the properties of the kinetic measure in points three and four of the definition
below.

is Fy predictable.

Definition 2.8 (Stochastic kinetic solution of @)). Let po € L'(; LY (U)) be a non-negative Fo
measurable initial condition. A stochastic kinetic solution of (B is a non-negative, almost surely
continuous L*(U) valued Fy-predictable function p € LY(Q x [0, T]; LY(U)) that satisfies

1. Integrability of flux: we have
o(p) € L*( L2(U x [0,T))) and v(p) € LY LY(U x [0, T];RY)).
2. Boundary condition, local reqularity of solution: for each k € N
[(@(p) AK) v 1/K] = [(f AK)V 1/K] € L*(Q; L*([0, T); Hy (U).
Furthermore, there exists a kinetic measure q that satisfies:

3. Regularity: almost surely, in the sense of non-negative measures,
Jo(& = p)@'(€)IVpl* < q on U x (0,00) x [0,T].
4. Vanishing at infinity: we have
lim E(q¢(U x [M,M +1] x [0,T])) = 0.

M—o0

5. The kinetic equation: for every 1 € C°(U x (0,00)) and every t € (0,T], almost surely,

/ / \(@, &, O, €) do de = /R /U N 6.t = 0)(x, €) dar

//( Vp+1F1[ ()]2vp+%a’(p)g(p)F2>.w(x@k_pdzds

///df‘”5 a5 // PVp - Fz +0(p)*Fs) O (x, p) da ds
_/O /Uw(x,p)V-(a(p)dgF)dx—/O /Uw(w,p)v-u(p)dxds. 5)



We conclude the chapter with a few remarks on the above definition.

Remark 2.9. In the kinetic equation () we write Vi)(z,§)|e=, to emphasize that we take gradient
in the first component of 1 rather than the full gradient of ¥(x, p).
We abuse notation and write ¢ (x, p) to mean Ocip(x,€)|e=,.

Remark 2.10. Since we will assume ® is strictly increasing (Assumption [31]), the second point
implies that locally p € HY(U).

Remark 2.11. In the kinetic equation it’s essential that we integrate against test functions v that
are compactly supported in U x (0,00). Firstly, noting Remark the compact support in the
velocity variable £ € (0,00) implies that equation (B) needs to hold only away from the zero set of the
solution. Secondly, the compact support in space implies that we can integrate by parts and without
worrying about boundary terms. The velocity and spacial compactness requirement motivates the
introduction cutoff functions in Definition [3.3 that will be present in many of the choices of test
function ¢ we make.

3 Uniqueness

In Section 3.1l we begin with some assumptions on the coefficients ®, v, o of equation (B) needed for
uniqueness. The assumptions are the same as in [FG24] and allow us to consider the model cases.
We then introduce smoothing kernels and cutoff functions in Definition

The uniqueness is proved in Theorem By taking limits of the various convolution kernels and
cutoffs in the correct order, the only difference to the torus, Theorem 4.7 of [FG24], is the need to
bound new terms arising when the gradient hits the spacial cutoff. In the proof we will use a result
bounding the decay of the kinetic measure at zero, Proposition 4.6 of [FG24], which, for convenience,
we prove in the next chapter in Section 43l

3.1 Assumptions and definition of convolution kernels and cutoff func-
tions

We begin with the assumptions needed for uniqueness, identical to Assumption 4.1 of [FG24].

Assumption 3.1 (Uniqueness assumptions). Suppose ®,0 € C([0,00)) and v € C([0,00); R?)
satisfy the five assumptions:

1. We have ®,0 € C11([0,00)) and v € C ([0, 00); RY).
2. The function ® is strictly increasing and starts at 0: ®(0) = 0 with ® > 0 on (0, 0).

3. At least linear decay of o* at 0: There exists a constant ¢ € (0,00) such that

>,

lim sup
£—0t

In particular this implies that o(0) = 0.
4. Regularity of oscillations of of o2 at infinity: There is a ¢ € [1,00) such that

sup 02(¢) <ec(1+ €+ 0%(&))  for every & € [0,00).
§€(0,¢]

5. Regularity of oscillations of of v at infinity: There is a constant ¢ € [1,00) such that

sup [v(&)] < c(1+&+ (&) for every £ € [0,00).
£€l0,¢]



We refer to Remark 4.2 of [FG24] for a comprehensive discussion on the final two assumptions.
The assumptions are satisfied in the case that the functions o2, v are increasing, or are uniformly
continuous, or grow linearly at infinity. The assumption is more general than any of the above three
examples and essentially amounts to a restriction on the growth of the magnitude of oscillations,
rather than frequency of oscillations at infinity.

We now define the convolution kernels and cutoff functions required in the uniqueness proof.

Definition 3.2 (Convolution kernels and cutoff functions). o Convolution kernel in space and
velocity: for every €,6 € (0,1) let k5 : U — [0,00) and k$ : R — [0,00) be standard con-
volution kernels/ mollifiers of scale € and 6 on U and R respectively. That is to say, let
kg € C2(R?), k1 € C°(R) be non-negative and integrate to one. For e, & € (0,1) define

i) = g (). w0 = 3 ().

Let k%% be defined by the product
K’Eﬁ(za yvfa 77) = K,Z(SC - y)’i(lg(g - 77)5 (SC - yaévn) eUx R2'

o Cutoff of small velocity &: for every 5 € (0,1) let ¢g : R — [0,1] be the unique non-decreasing
piecewise linear function that satisfies
. . 2
pp(&) =1 1if £> 5, ¢(6) =0 if £<B/2, ¢ = Blﬁ/zgggﬁ-

o Cutoff of large velocity &: for every M € N let {3y : R — [0,1] be the unique non-increasing
piecewise linear function that satisfies

Cm() =1 if E<M, Cu(§) =0 if E>M+1, (y=—ly<e<myr

o Spacial cutoff around boundary: for v sufficiently small (depending on geometry of domain U ),
start by introducing the interior regions

Uy ={xe€U:d(z0U)>~}CU, Uy :=={x €U :d(z,0U) =~},

where d is the usual Euclidean distance in R?,
The cutoff function is such that it takes the value 1 in the interior of the domain, 0 along the
boundary, and linearly interpolates between the two. Explicitly we consider the function

d(z,0U) Ay {1, if d(z,0U) > ~,

vy~ Yd(x,0U), if0<d(x,0U) <. ()

() =

! B!

We will repeatedly use below that for any fixed 7, one can approximate the cutoff function above

by a sequence of compactly supported functions. In this way we may abuse notation and describe

L itself as being compactly supported. Let us now discuss how to define the gradient of the spacial
cutoff.

Remark 3.3 (Derivative of spacial cutoff). To define the spacial derivative of the function v, we
will differentiate the distance function. We know that the distance function is differentiable if and
only if for every x we can find a unique closest point =* := Ilgy (x) on the boundary to x. Looking
at the definition of the cutoff (@), we only want to differentiate the distance function for x € U\ U,,
so it follows that we only need to assume this property for points x sufficiently close to the boundary.
This can be done in any C? domain, see [FooS8J).

In this case, letting v, denote the inward pointing unit normal at the boundary to point x € U, with
x* as above, the first derivative is given by

L x—z _
Vi (x) =~ 1mﬂU\U7 (z) =7 v Ly, (),

1

)

which in particular implies that the size of the first derivative is of the order ~~

Viy(2)] =7 g, (2).



3.2 Uniqueness proof

Before proving the uniqueness theorem, we need to prove an integration by parts lemma against the
kinetic function. Since we will only deal with test functions that are compactly supported in space,
the statement reads the same as the torus, see Lemma 4.4 of [FG24]. We will use the lemma with
test function being the convolution kernel ¢ = £,

Lemma 3.4 (Integration by parts against kinetic function). Let ¢ € C2°(U x (0,00)) be a compactly
supported test function (in both arguments) and x the kinetic function as defined in Definition [2.7.
Then

/R/Uvml/i(x,f)x(x,g,r) dx d§ = _/UQ/’(?U’P(%T))Vp(x,T) dx.

Proof. Let ¥ : U x (0,00) — R be a function satisfying 0:¥(z, ) = ¢(x,&), ¥(z,0) = 0. By the
definition of kinetic function, for any r € [0, 7] we have

/U/RVIT/J(SC,QX(SC,f,T) d¢ de = /U/OP(LT) V(&) dé dx

p(@,r)
:// 0eV, ¥ (x,§) dE dx
UJo

= /UVI\I/(:E,p(x,T)) - V,9(z,0)dx

= /UV\II(:E,p(:c,T)) — 0:¥(x, p(x,7))Vp(x,r)de

— [ Waiplar) ida = [ wlwpler) Vol de
U U

where the final equality is due to the divergence theorem. Note that the above is an equality
of vectors, the first term on the right hand side in the final line denotes a vector where the i'th
component is the function ¥ dotted with the ¢'th direction outward pointing unit normal 7;, and it
vanishes due to the compact support of . In the remainder of the paper we write = (7;)%; to
denote the outward pointing unit normal at the boundary oU. |

We are now in a position to prove the uniqueness of stochastic kinetic solutions of ([B]). For the
proof we will assume the following decay of the kinetic measure at zero, which is proved in Section
43l

lign inf (871q(U x [8/2,8] x [0,T])) = 0.

Theorem 3.5. Suppose that the coefficients ®,0,v of equation [B) and the coefficients of noise £
satisfy Assumptions[2.2, [31], and further suppose we have the above decay of the kinetic measure at
zero. Suppose p' and p? are two stochastic kinetic solutions of [B) in the sense of Definition [2.8
with Fo—measurable initial data p, p2 € LY (S; Ent(U)) respectively. Then almost surely

sup [|p'(-,t) = p* (. )l w) < lloo — ol oy
t€[0,7]
Remark 3.6. e Note that the pathwise contraction property in the equation above implies the
pathwise continuity of solutions with respect to the initial condition. This is a stronger result
than the uniqueness of equation ().

o The proof follows along the same lines as on the torus, see Theorem 4.7 of [FG24J. Hence in
the proof below we omit the magjority of the bounds that just follow from there, instead focusing
our attention on the new terms arising as a result of having to include the spacial cutoff 1, as
part of the test function.

e In the below proof and throughout the paper we use ¢ to denote a running constant and not
specify what it depends on unless it is important.



Proof. Let x!, x? be the kinetic functions of p*, p? respectively. For every ¢,6 € (0,1), i € {1,2} and
k<% as in Definition B.2 define the smoothed kinetic functions

€,0 7 €,
Xes () = (O (1) *59°) (y,m), € [0,T],y € Uy €R.
We have by definition of convolution kernels that for z,y € U and for £&,n € R

Vaoki(y — ) = =Vyrily —x), 9eri(n— &) = —0pri(n — &).

This implies, as a result of the kinetic equation (&), that for every €, € (0,1) there is a subset of
full probability such that we have for every i € {1,2}, ¢ € [0,T] and (y,n) € Uae X (29, 00) such that
the convolution kernel is compactly supported

/ / (@.6,9)8 (v 2., € dwde]

(/ /( )+ Fl[ ‘()P + a< )a(p’)ﬂ) He’é(y7x7n7pi)dxds>
o (/ [ [ ewann )—%a ([ [ (a6 ot 5 'y )
// 4,0V - (o(p") de” dw—// 2.y, pm)V - v(p') dz ds. (7)

To find an expression of the difference in solutions, we want to deal with a regularised version of

t t

= (Xi(«7 - 8) * K©

XS5 (v, n)

t

t
[ 16w = p(w,5) o
U s=0

= /U/RXI(& p(z,8)) + x*(€, p(x,5)) — 2" (& plz, 8))X° (&, p(z, 5)) dE dz

s=0

(8)

We begin by treating the regularised version of the first two terms on the right hand side of equation
([8). Testing equation () against smooth approximations of the product of cutoff functions (s dgt,
which are smooth and compactly supported, and subsequently taking the limit of the approximations
yields

/ / X ) ot (1) b ()i () dy iy

s=0

// /Uz ( Ve FI[U( i)]QVpiJr%”,(pi)”(f’i)B) K0y, p)Car ()95 (n) - Vi dy daz ds d
/ /Rz /U2 (v, 2,1, €)00 (Car (M) b5 (1))~ (y) dg’ dy dn
“a) / [ (6o Pat a0 ) 5 (. )00 (o (1) 1) i () dy s d
=[] ot .m0 - (ol €y s

= [ [ ], cutnstnes wn .z 07 - vl dy o dsdn

For convenience we split this up into three parts,

t

// XS0y (M da()ey (y) dydy| = I + 1™ + 10,

s=0

with the cutoff term being the first three lines on the right hand side, the martingale term being
the noise term on the fourth line and the conservative term being the term in the final line. Note in
particular that the first terms on the right hand side containing the derivative of the spacial cutoff
Vi, is a new term compared to the torus case which a priori diverges like v~ 1.

To obtain an expression for the final term (the mixed term) in (8), we introduce the notation
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(x,€) € U x R for arguments in x! and related quantities and (2/,¢’) € U x R for arguments of x?
and related quantities. For brevity we also introduce the notation

7 , T R
ki (z,y,m) =% (x,y,m, 0" (3,5)), k(@ y.m) = K90 (2,y,m, p° (2, 5)).

In the below computations, since we smoothed the kinetic function, we are allowed to use it as part
of an admissible test function. The stochastic product rules tells us that almost surely we have, for
B € (0,1), M € N, v sufficiently small depending on the domain U, ¢ € (0, 3/4), € € (0,7v/4),

t

// X5 (XS (Y, m)Car ()b ()i (y) dy dn

s=0

/ // XS5 (s m)dxSa(wm) + XS5 (W mdx s (y,m) + d{xi®, xi°)s (yvn)) S (m)da(n)ey(y) dy dn
/ / <xs 1 (y.m) xs’,‘é(y,n)‘;o] X3 XS ) ::0}
+ [t || ) cutmestie o) duan ©

Using equation ([7]) we can write the first term on the final line of (@) as

//xi’fi(ym) ()] | s ) dydy

= [ [ cuta %(M(Mmyn{ ([ [ @wrw ko)

+v, (/ /( Fuo’ (5°)2V 2 +;U(p2)0(p2)Fg) E;gdx'ds>

+ On (/ // (2’ y&n)dq)f—a (// Vp? Fy+o(p 2)2F3)I_c§:gdx’) ds
//@W %dw]/ﬁWW>MQ@m

We integrate by parts and move derivatives onto (smooth approximations of) the product

(Mo (n)ey (y )Xs 1(y 7n), which are smooth, compactly supported so can be done using classical
integration by parts We use the product rule when integrating in y then the integration by parts
lemma, Lemma B4 noting the convolution kernel is compactly supported since y,n € Use X (24, 00):

VxS () - // (2, €, 8)V kD (y, 2, €) dar dE
—//V@MWMWWW@M%
/ kS 5Vp (x,7)dx,
U

to obtain the decomposition

/ / / X8 (o m)dx S5 (v, ) Car ()b (n)e (y) dy dn
0 RJU

1,2,err 1,2,meas 1,2,cut 1,2,mart 1,2,cons
:It71 _|’_It17 _|’_It17 _|’_It17 +It71 .

Adding the term

[ [ [ w9, wrk ks ) deds’ dydnds
U

to the error term and taking it away from the measure term gives for each term separately (note
below that we get an extra spacial and an extra real integral due to the definition of convolution in

11



X0):

Il 2,err
/ / |, S (s (y)@ "(p*)Vp® - Vp' RSk dw da’ ds dy dny
*/0 /]R o Car (s (m)en (y) (%Fl[UI(PQ)]QVpQ Vo' + %g’(p%g(,ﬂ)g : vpl) FESRES du di! ds dy diy
- 1/t// Cu(Mds(n)iy () (07 (0P)a(p*) VP - Fa + o(p®) 2 Fs) kS 5k da’ dsdy dn
/ //U OV (p*)] 2V VPR TR 08 () Car ()i (y) do e’ dy iy dis,
measure term
Ihameas /t /]RZ o CM(W)%(77)L»Y(y)f-€€"5(:r3’,y,&,n)l_c;‘ls dg* (', €, 8) da dy dn

/ | @ GO AV SR R ) () 0) e dy iy,
U3
cutoff term defined by
t
12t = —/ /R O (Car (M D MIXET (W )iy ()0 (2, €,1m) dg? (2, €, 5) dy dn
0 2 JU?
1 K € 7€
w3 [ o mon i e ) (0 (P)o ()T - Bt ol ) Refd' dsdy
¢ . 1 1
—/0 /R/Uz S (mds (XSS (W m)Vyty (y) - (<1>’(p2)Vp2 + 5 Filo’ (0*)*V e + 50"(/)2)0(/)2)F2)
X ]_ng dx’ ds dy dn,
martingale term
rAmet / [ FCu s i )V - (o) e d” iy,

and conservative term

[} 2eons _ / / / S50 )Ds ()i (WX (s )V - v(0?) da’ ds dy di.

Note again that the challenge arises from the final line of the cutoff term involving the derivative
V. An analogous decomposition holds for the second term on the right hand side of ([@). We denote
error, measure, cutoff, martingale and conservative terms of the second term up to time ¢ € [0, T] by
If ’1", where we again artificially add an error term and subtract it from the measure term. Finally
we deal with the quadratic variation term in equation ([@). Let’s begin by noticing, using Definition
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2.1 of the noise ¢F, that formally
AT X)) s (yam) == d{(x" % 5°%), (x? % K9%))a(y, )
= [, L s O 0, ) de e o

= [ [ e = (e = ¥ ( N3 dBk> )Y 1B
vz Jr2 =

X “le(z,yvf,ﬁ)’i 3(50 y,§ U)dfdf dx dx’

- Z/ (fed’ (p")Vp' + a(p" )V fi) (10 (0*)Vp* + o (p*)V f;) d(B¥, BI) kTS Sdada’

7,k=1

Z /Uz (fuo’ (P )V + (0 )V fi) (£i0'(0*)Vp* + 0(p*)V f;) kTRSS da da’ ds.
=1

The above can be made rigorous by integrating against smooth approximations of the product
@5Cnrty and rather than the multiplication of delta functions, and using the integration by parts
lemma, Lemma B4l One obtains

/// (X0 X5 (s m) D (m)Car (n) s (y) dy dny
Z/ // (feo'(P)Vo' + 0 (p")V fir) - (307 (0*)VP* + 0 (p*)V ;)

x kSRS 508 (S (1)t (y) da da’ dy dn ds.

Putting this together, it follows from equation (@) and the subsequent above computations that we
have the decomposition:

t

€,0 €,0
| [ e wm st ) dy dn
RJU s=0
_ Iterr +It7~neas +It7niz,cut +It7niz,mart +Itrm'm,cons- (10)

We put all four terms from the quadratic variation term into the error term and regroup the terms.
Note that the addition of the artificial term in terms I%2¢™" and I%1°™ factorises with a term
from the quadratic variation and allows it to be controlled, for more detail see equation (4.24)
and subsequent computations in [FG24]. Similarly, the measure term just arises from the first two

components of (),
meas __ 7l,2,meas 2,1,meas
Irees = + 1 :

The contribution from the mixed term (third term of (§])) in the cutoff, martingale and conservative
terms just comes from the sum of the first two terms of equation (@) and are denoted as mixed terms
above in (I0). Finally, we return back to the equation of interest that governs the L' difference of
two solutions, equation (&)). One has the decomposition

5 &6
/]R/U X51+X52*2X§1X§2)¢ﬂ<M“¥

The error and measure term were defined above and arise solely from the mixed term (I0)), the final
term on the left hand side of ([II). The martingale, cutoff and conservative terms arise from all
three terms in the left hand side of equation (ITJ),

t
— 72[5”‘ - 2Igneas + I;mart 4 Itcut + Itcons. (11)
s=0

Imart,cut,cons _ Il,mart,cut,cons + I2 mart,cut,cons 2Imiz,mart,cut,cons
t -t - t .
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Let us deal with each term on the right hand side of (III) separately.
Measure term.
Firstly, by Holder’s inequality and the regularity property (point three) in Definition 2.8 of stochastic
kinetic solution, we have
e > 0.

Error term.
Following the computations from equation (4.24) to (4.26) of [FG24], we have

lim sup (limsup |If”|) =0.

6—0 e—0

Cutoff term.
We have for every 8 € (0,1), M € N, v > 0 sufficiently small, § € (0,3/4), ¢ € (0,~/4) that for every
te 0,7,

Icut Il cut + 12 cut 21mim,cut
t

= [ Rt 0 G tosn () + 20 a0,
5 [T Fa o) K2~ 20 o 00 0) dy s
w [ R 0 s ) )1+ 2058 5

25 ] P ITF o) K3~ 2 D0 o o) 0) dy s

///U( Vp+2F1[< >]vp+20— )

Xke‘fCM( )5(1n) - Vo (y)(—1 + 2x53) dy dz ds dny

///U< Vp+1F1[()]Vp+;U )
)

2§M( ) (n Viy (y)(-1+ 2)(;61) dy dz' ds dn.

(12)

Let us begin by bounding the final two lines of If%* above, comprising of the new terms involving
gradients of the spacial cutoff. We take the €,§ — 0 limits first and use the distributional inequality
for i,5 € {1,2},

Jim E 2@,y m,0) (=1 42Xy, m) — So(x — y)do(n — p')sgn(p’ — )
= do(x — y)do(n — p)sgn(p’ — p'). (13)

This means that the final two lines of the cutoff (I2) can be realised in the ¢,6 — 0 as

/ (#6190 + 3R GE + 50 a(0h )
x Cu(p")s(p") - Vi (y)sgn(p® — p*) dy ds

1 2\12 2 1 / 2 2
//U( )9 + SR (2) Vp+§o<p>o<p>F2>
x Cr(p?)dp(p?) - Viy(y)sgn(p' — p®) dy ds. (14)

The terms of the two lines are combined using the fact that sgn(p' — p?) = —sgn(p? — pt).
We will deal with terms that have a factor of Vp and terms that do not separately. Let’s consider the
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first terms in both the lines of (I4]). Start by defining the function ®5s 3 to be the unique function
such that ®37,3(0) =0 and

w,8(8) = Cu(§)$s(§)2' () = 0.

This says that the function ®,s g is non-decreasing. Hence, with the convention that sgn(0) = 1,
using Remark[3.3lto define the spacial derivative of the cutoff, the notation v, := | for the 1nward
pointing unit normal, and the fundamental theorem of calculus, we can show that the difference of
the first terms of (DZI) is non-negative

- /t/ (VO s(p°) = VOump(p")) - Viy(y) sgn(p® — p') dy ds
/ / (V&a1,5(0%) = VPars(p")) - Vir () sgn(@ar.5(p%) — @ars(p!)) dy ds
- /0 /U VI®ars(p®) = arp(ph)] - Viq(y) dyds
et [ ()~ Bl vy
o Ju\uU,
——r [ t / ' /a s (02" + 21y.5)) = B p (" + 2y )] -y dydzds
=71 /t /V /6U 2|<I>M1g(p2(y* + 20y, 8)) — @Myg(pl(y* + zvy, s))| dy dz ds

—w//mw — Bar (o)~ // Pars(p?) — Pars(p) <0. (15)
ou au,

The first term on the final line vanishes since the solutions coincide on the boundary, and the second
term is non-positive because the integrand is clearly non-negative for every fixed v > 0. By repeating
the same arguments, noting that %Fl (' (p?))? > 0, one can conclude that the combination of second
terms of (Id]) are non-positive for every v > 0. For the final term of (I4l), we have by Remark B3]
as well as by the boundedness of F5 and sgn

/ / Cr(P)bs(0) — o' (0o (0 )ar(P) b5 (o)) sgn(® — pV)Es - Vs (y) dy ds
Sey” //|0 p*)n (p*)ps(p%) — o’ (p")o (" )n (pM)ds (0] Tenw, (y) dy ds.

For ease of notation, for every M, 5 define the function Gar,g by G g(&) = o' (§)a(§)Cm (§) P (E),
which is bounded and Lipschitz due to the fact that ¢ and ¢’ are locally lipschitz, and also it is
clearly zero outside [3/2, M +1]. For every y € U sufficiently close to the boundary (i.e. ~ sufficiently
small above) let y* = y*(y) denote the unique closest point on the boundary to y. For ¢ = 1,2 we
denote p’(y*) :== @~ (f(y*)) and piy; 5(y*) == (p'(y*) V B/2) A (M +1) for y* € JU. By adding and
subtracting this boundary data, the triangle inequality and Lipschitz property of Gs,g, we have

Cfl/ / o' (p*)o(0*)Car (07) 05 () — " (p) o (p")Car (p1)Bp (p")| dy ds

o Ju\u,

<ot [ ] (1Gualet) = Gurslet 0 + Gan sl 57)) = Ganlo)) dyds
U\U,

<ey” // (I35 W: 8) — Prr s, 9 + |phr s (W™ 8) — Parp(y, 5)]) dyds. (16)

Both of the above terms can be handled in the same way. Write for ¢ = 1, 2, fixed distance from the
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boundary v’ € (0,7), fixed time s € [0, ], and for running constant ¢ € (0, c0),

/ Do 5(5.8) — Py o (5™, 8)] = /
6U !’ aU,Y/

:
< /U Vs 54, 9)] dy

v,

v
/0 Vs (Y + 2vy,s) dz

<|UN\ U V2|Vl slzzanu,)
< (V)2 Vs sl e (U\U,,/)
< () IVoh sl 2w,

where in the final line we made the norm independent of v'. We therefore bound the terms of (L6
by

t . ' - | |
0’7—1/ / |p3\4,,6’(y; s) — pAlM,B(y*)| dyds = 0/7_1/ / / |p3VI,B(yaS) _ ph,ﬂ(y*” dy dv’ ds
0 JUNU, o Jo Jou,
t . v
<ert [ I¥abslzon ([ V7o) as

< e 2Vl gl o.iL2 )

which converges to 0 as v — 0 for fixed M, 3. Therefore we managed to show that the final two
lines of the cutoff ([I2]) consisting of the new terms are non-positive in the v — 0 limit. The below is
an important point about the remaining cutoff terms, as well as martingale and conservative terms
that are yet to be analysed.

Following the computations in the uniqueness proof in [FG24], the terms involving F5 in the second
and fourth lines of the cutoff term (I2]), as well as martingale and conservative terms are handled
by integration by parts. More precisely the €, limits are taken first, then integration by parts is
performed before taking A, 8 limits. On the bounded domain, the presence of a spacial cutoff ¢,
leads to additional terms with factors Vi, when integrating by parts. We emphasize that these new
terms can be bounded in a similar way to the third term in (I4]). We will explain how to bound
these terms, which will allow us to conclude.

Firstly, to bound the terms involving F» in the second and fourth line of (I2), analogously to above,
in the ¢, — 0 limit we use the distributional equality (I3]), followed by the equality sgn(p* — p?) =
—sgn(p? — p') and finally the product rule to evaluate the derivative of the cutoffs to get

(5 / [ 7 Dol - FaREA L = 28000 Gar ) 1) 0) dy i s
= /U 2 2V - FaRE(1 = 200, G ()03 (1) 1 ) dy s
- / | @ oAIT5 =)o V") - P ()5 m)sam(s? = o) e s

—/ / (Vo*(p*) = Va2 (ph) - Fa (Mar<parir + B g acpe) sgn(p? — p') 1y da ds
= 46/ / p \/ﬂ) /\ﬂ/2) -0 ((pl \/ﬂ) /\5/2)) - Fasgn(p® — pt) 1y dx ds
_/0 /UV (® ((P* V(M +1)AM)—0®((p' V(M +1)) AM)) - Fosgn(p® — p') 1y da ds.

Note that o2 is not necessarily increasing, so we can’t use that sgn(p? — p!) = sgn( 2(p?) — o2 (p))
as in (I5). Instead we smooth out the sign function by writing sgn® := sgn % x$ for § € (0,1) before
integrating by parts. The terms involving M are handled in the same way as the terms involving
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B, so we illustrate how to handle the S term. For convenience introduce the shorthand notation
pi(x,t) == (p'(x,t) vV B) AB/2 for i = 1,2, (2,t) € U x [0, T]. The terms involving 3 can be written
as

t
%/ /V(UQ(p%)_UQ(pE))'F239n(P2—p1)L7dxds

= lim 4ﬁ/ / (p3) — 0°(pp)) - Fasgn® (p* — p' )y da ds

= —(%1_% 17 / / pﬁ -0 (p}g)) V- Fasgn®(p? — p')e, da ds
- lim 46/ / (03) — *(pp)) V(p® = p") - Fa(sgn®) (p* — p")iy dz ds
- 6113%) 7 / / pﬁ -0 (p}g)) Vi, - Fysgn’(p® — p') dzx ds.

For the first two terms we can directly take the v — 0 limit since the cutoff converges point-wise to 1
and so they can be handled analogously as on the torus, see the computation leading from equation
(4.28) to equation (4.31) in [FG24]. We only need to consider the final term involving the gradient
of spacial cutoff, which we can bound in an analogous way to the final term in equation (Id]) after
realising that o2(-V 3 A 3/2) is Lipschitz for every fixed 3 > 0, Fy and sgn® are bounded, and noting
we take 7 — 0 limit before M and S limits.

To show that the first and third lines of the cutoff term (I2]) vanish we use precisely the decays of
the kinetic measure at zero and infinity. Putting (I2]) and subsequent computations together, we
conclude

lim lim lim IC“t <0.
M—00,8—0~v—=0¢€,0—0

Martingale term.
Following the analysis from equation (4.27) to (4.36) presented in [FG24], we have that, for the
unique function O, : [0, 00) — [0, 00) defined by Oar,5(0) = 0, O 5(£) = ds(§)Cm(§)a’ (€)

lim I = //sgnp =) V- ((Onr5(p") = Onrp(p?)) d€T)

€,60—0
+/ / sgn(p® — p )iy (65(p")Car(p")o(p') — Onrp(p")) V - dg”
0o Ju
t
= [ [ snl? = 00 (6300216 (P10 6?) — ©11(6) ¥ - "
0o Ju
The final two terms can be handled directly as in [FG24] by first directly taking the v — 0 limit.
For the first term, using again the regularisation of the sign function and subsequently integrating
by parts gives two terms. When the derivative hits the regularised sign, the term can be handled in

the same way as [FG24] after immediately taking the v — 0 limit, and we get a new term when the
derivative hits the spacial cutoff,

/0 /U sgn° (52 — p1) (On1.5(pY) — Onr (%)) Vi - dEF

By using the Burkholder-Davis-Gundy inequality (see for example Theorem 4.1 of [RY13]), the
boundedness of the sgn’ as well as the bound on the derivative of the spacial cutoff given in Remark
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B3l we have

//sgn P> = ") ((Ons(p") — Onip(p®)) Vi - dg”

(2, )
<R ( / ( /U sgn’ (5 = o) ((Oars(p") — ©1r,5(6%)) |w>2ds>
<o iR ( / ' < | 1©30500") = ©115(6%) ﬂU\UW>2 ds> "

The inner spacial integral is handled in an analogous way to the final term of (I4)) after once again
noticing Oy g is Lipschitz due to the cutoffs. By Young’s inequality we can write

sup
t€[0,T]

T 2 2
<y 'E / <Z ||VP3VI,[3||L2(U)73/2> ds
0

i=1

1/2

//sgnp —p") ((Oar,a(p") — Oar,p(p?)) Viy - dEF

1/2

2
< 'Y BV pllezomy 2wy
=1

The final term converges to zero in the v — 0 limit for fixed M, 3. This implies almost sure
convergence of this new term along a sub-sequence, that is

lim (hm ( lim Im‘"t)) =0.
M—o00,—0 \7—=0 \ €,6—0

Conservative term.
The same arguments as the martingale term, in particular equation (4.31) to (4.35) of [FG24], also
apply here. After again taking the €, limit we have

lim 1o = / /U sqn(p? — p )i (V- v(p )Cards(pY) — V- v(p)Cards (7))

€,0—0
First define the Lipschitz vector valued function Was 5, = (Var,5,.:)%; such that for v = (1;)L,

a\IIM,ﬁ,u,i
&ri

(91/1

Uar,6,,i(0) =0, €)= (f)¢5(f)§M(‘f)-

Then with a similar re-writing as the martingale term, we have

t
tim 27 = [ sqn(e? = e (U (01) = Var o)
0 U

€,0—0

+/0 /Usgn(p2 =)y (V- v(p ) dp(p') =V - Warpu(ph))
—/0 /Usgn(p2 =iy (V- v(p*)Cndp(p?) = V- Warp.(p?)) -

The final two terms can be handled analogously to the final two terms appearing in the martingale
term after taking a v — 0 limit. The first term can be handled using integration by parts, analogous
to the martingale term as shown above. Here we use the L!(U) integrability of v(p) and the final
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assumption of Assumption B1] to apply the dominated convergence theorem, and conclude that

along subsequences
lim lim ( lim I;°"° =0.
M—00,8—0 \v—0 \ €,6—0
Conclusion.

Putting everything together we get from (II]) and subsequent handling of each term, that there are
random sub-sequences ¢, 6, 8,7 — 0, M — oo along which

//Ixi—x?l2
RJU

This implies that

/|p1<-,t>fp2<-,t>|:// |x%—x§|2§// Ixéfx?f:/ A~ 2.
U RJU RJU U

t t

= lim lim lim /R/U|x2’j—ng|2¢5CML7

B—0,M —o00 v—0¢€,6—0

s=0

= il (21 A e g g ) <

s=0

4 Existence

In this chapter we construct a stochastic kinetic solution of the generalised Dean-Kawasaki Equation
@) in the sense of Definition 2.8 The existence consists of three steps. Firstly, in Section [4.1] we
will prove L?(U) energy estimates for a suitable regularised version of (3). To do this we will use
the regularised equation (@) and smooth the non-linearity o. We then proceed to prove further
space-time regularity results for weak solutions of the regularised equation.

As an aside, in is dedicated to proving an entropy estimate for the equation and a localised
version of this argument helps us to prove a statement about the Kinetic measure at zero in Section
A3 For all of the energy estimates we will need to introduce harmonic PDE’s (for example in
Definitions and 22)) that allow certain functions to vanish along the boundary when applying
1t6’s formula.

The second and third steps are analogous to Chapter 5 of [FG24], and so we are brief in their
presentation. For the second step, in the first part of Section 4 we show that there exists a
stochastic kinetic solution to the regularised equation. Since all the coefficients are regular, the
proof follows by a projection argument, where the projected system is just a finite dimensional
system of stochastic differential equations and so has a unique strong solution. The final step,
illustrated in the latter half of Section 4l requires us to pass to the limit in the regularisation.

4.1 A priori estimates for the regularised equation

In this section we start with some definitions as well as stating the relevant assumptions needed for
uniqueness. The main result of the section is the subsequent L?(U) energy estimate of the regularised
equation in Proposition 14 We conclude by proving some higher order spacial regularity of the
solution in Corollary and higher order space-time regularity of the solution cutoff away from
zero in Proposition that will be essential in the tightness arguments.

The estimates will be proven with respect to the regularised equation (), which we recall is given
by

a a o ay ¢ o 1 a a o a
Dep™ = AL(p") + alp™ =V (a(p™)E" +v(p™) + 5V - (B [0 (0] V™ + o' (%) (p*) F),
defined for a € (0,1) with boundary condition ®(p®) = f. For ease of notation when proving
estimates about the regularised equation we denote the regularised equation by p instead of p®.

Motivated with trying to write the factor ®'(p)|Vp|? in the regularised kinetic measure as a single
gradient term, we introduce the below auxiliary function.
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Definition 4.1 (Auxiliary function corresponding to ®). Let ® be any C([0,00)]) N CL.(0,00)

function that is strictly increasing with ®(0) = 0. Define O¢ € C([0,00)]) N CL.(0,00) to be the
unique function satisfying ©4(0) =0 and

O (&) = (2/(£)/2

We now state the assumptions needed for existence. Some of the assumptions overlap with the
uniqueness assumptions, Assumption 311

Assumption 4.2 (Existence assumptions). Suppose ®,0 € C([0,00)) N CL,.((0,00)) and v €
C([0,00); RY) N CL,((0,00); RY) satisfy the siz assumptions in the same spirit as Assumption 5.2
of [FG2]J]:

1. We have ®(0) = 0(0) =0 and &' > 0 on (0,00).
2. There exists constants m € (0,00),c¢ € (0,00) such that for every & € [0, 00)
(§) < c(1+£M).
3. There is a constant ¢ € (0,00) such that, we have for every & € [0, 00)
() < e(1+ £+ 2(S))-

4. For Og defined in Definition[{.1], we have that either for constants c € (0,00) and 6 € [0,1/2]
that for every & € (0, 00),

(©5(€) " =297 < et (17)
or we have constants ¢ € (0,00), q € [1,00) such that for every & n € [0, 00)
€ = n|" < ¢|Os(§) — Oa(n)]*. (18)

5. For a constant ¢ € (0,00) and every & € [0,00) we have
0%(€) < c(1+&+2(¢)).

6. For each ¢ € (0,1) there is a constant cs € (0,00) such that for every & € (§,0),

<ces(L+E+D(6)).

Furthermore we have the additional new assumptions, used to bound new boundary terms that
arise in the estimates:

7. For a constant ¢ € (0,00) and every £ € (0,00) we have

m+1

Os(§) > (€2 —1).
8. There is a constant ¢ € (0,00) such that for every £ € [0, 00)
() +10(§)a’ (€)1 < e(1 + & + 2(¢))-
9. The anti-derivative of v, defined element-wise for i =1,....d, by ©,,(0) =0, O}, (£) = v;(£)

satisfies fori=1...,d that ©,;(®~1(f))-H; € L*(OU), where f is the boundary condition for
the regqularised equation.

10. We have o%(®~1(f)) € L*(0U).
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11. Either f is constant, or for the unique function W, defined by ¥, (1) =0, ¥’ (&) = F1[0’(£)]?,
we have

feL?ou), o '(f)eL*dU), T (d'(f)) e L*(0U).

Remark 4.3. The fourth point in the above assumption enables us to consider ®(£) = £™ for every
m € (0,00). If m < 1 then ®'(£)~1/? = m~Y2¢'5" 5o satisfies @@). On the other hand, if m > 1
then by Remark[4) we have c|O¢(£) —Oa(n)|* = cm|§mT+1 —n" |2 so satisfies (IR) with ¢ = m+1.

Remark 4.4 (Growth assumption on ©g). The lower bound on the growth of ©g in point seven
of the above assumption is essential for obtaining L*(U) estimates of the solution in Proposition
[£.13 below. Formally, one should think that in order to obtain L¥(U) estimates for the solution, one
needs to harness the additional regularity in equation @) coming from when the Laplacian acts on
®(p) = p™. In the model case ®' (&) = m&™~L and so the assumption is satisfied since

¢ 2m
) — . 1/2 (m—l)/2d _ (m+1)/2
o(§) =m 7 n= m+1§

Remark 4.5 (Constraint on boundary conditions). For the final assumption in the final point, we
have in the model case that U, (&) ~log(§). Hence the assumption still enables us to handle boundary
data f that is constant or uniformly bounded away from zero.

We once again need to deal with singularities from the It6 to Stratonovich conversion and en-
sure the integrals below are well defined, so need the below assumption smoothing . We state
it as a separate assumption since it is not necessary and will subsequently be dispensed of via an
approximation argument in Lemma

Assumption 4.6. Let o € C([0,00)) N C*((0,00)) with o(0) =0 and o’ € C°(]0,00)).
For the regularised equation with smoothed o we can make sense of a weak solution:

Definition 4.7 (Weak solution of regularised equation @)). Let £, ®, o and v satisfy Assumptions
22 [£3 and [{-6. Let further py € L*(Q; L*(U)) be non-negative and Fo measurable. A weak
solution p of {@) with initial condition po is a continuous L*(U) valued, non-negative Fi-predictable
process such that p — g € L*([0,T); H(U)) and O (p) € L2([0,T]; H*(U)), and such that for every
P € C2(U), almost surely for every t € [0,T],

/ pla, ) (x )dz*/pm/;dzf// p)Vp - Vq/;dzdt—a/ /vp Vi da dt
// dexdt—i—// - deF at
——/ /F1 )22Vp - Vq/)dxdtf—// p)Fs - Vi dz dt.

We introduce two PDEs that will allow us to avoid boundary terms in our energy estimate,
Proposition [£14]

Definition 4.8 (The PDEs g and hyy). Let f be the boundary condition in the reqularised equation
M@). Define g: U — R to be the below harmonic function that captures the reqularity of the solution
on the boundary

—Ag=0 on U,
g=®"(f) on OU.

For the function Sy : [0,00) — [0,00) satisfying SY;(€) = Lan<e<ns, (§) with 0 < My < Ma, define
har 2 U — R to be the below harmonic function satisfying

7Ah1\/[:0 on U,
har =S4, (®71(f)) on OU.
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Note that S, is [0, My — M;]—valued, and therefore by the maximum principle s is bounded
by My — M. Before stating the assumption we will need on g, we first state an important remark
motivating the harmonic PDEs introduced in this paper.

Remark 4.9 (Choice of harmonic PDEs.). The boundary data of the PDEs are chosen to ensure
certain functions vanish along the boundary when applying Ité’s formula, and consequently allows
integration by parts without picking up boundary terms. They are all also chosen to be harmonic

in U, and this is for several reasons, illustrated using the example of PDE g in equation [23) in
Proposition below.

1. Looking at the final line of ([23), several terms include integrands with a factor of Vg multiplied
by another gradient term. To bound these terms, integrating by parts and moving the derivative
onto the Vg, since g is harmonic we have that that they turn into boundary terms. That is,
for f:U x [0,T] = R such that the below integrals are well defined, we have

99, . 99 , .
/UVf(:c,t)Vg(x):*/Uf(w,t)Ag(zH f(a® )aA( )= f@@* )aA( ).

ou oUu

2. For the remaining terms in the final line of equation [23), to handle integrands where Vg is
multiplied by terms without another gradient we use either Holder’s or Young’s inequality. In
both of these cases we have to bound the L*(U) norm of Vg. Since g is harmonic, testing the
PDE against the solution and integrating by parts allows us to estimate this quantity,

Vg2 /
/| | oU Ton

3. It is a fascinating fact that on a C' domain, one can bound the LP(OU) norm of the normal
derivative of a harmonic PDE simply by a norm of the boundary condition. Here we work over
a C? domain so can apply the result.
To be more specific, consider as in [FJJR7S8] Laplace’s equation Au = 0 on U with uloy = f
We define the H'(OU) norm of the boundary data f as the definition of the L} (0D) norm on
page 176 of [FJJRT8](with p = 2). Then we will repeatedly use a special case of Theorem 2.4
(iii) of [FJJR7S] that says that there exists a constant ¢ € (0,00) independent of f so that

ou
on

< || fll o)
L2(8U)

It is clear that such a statement would be useful, for instance in bounding terms on the right
hand side of the above two points. Importantly, this allows us to express bounds in terms of
norms of the boundary data f directly rather than in terms of norms the corresponding PDEs.

With the above remark in mind, we state below assumptions.

Assumption 4.10 (Assumption on g). Either the boundary data f is constant, or using the PDE
for g in Definition [{.8, we have ®~1(f) € H'(OU) where the norm is defined as the LY(OD) norm
in page 176 of [FJJR78]. Further assume that either the boundary data f is bounded, or we have
Oa(g) € H'(U).

Remark 4.11 (Distinguishing constant and non-constant boundary conditions). The analysis in
the energy estimates below (as well as the entropy estimate of Proposition[.24)) is far simpler in the
case that the boundary condition is constant, say f = a > 0. In this case the PDEs g and hy; as
defined in Definition [{.§ are solved by constant functions, for instance

g(x) = d7(a), rel.

Hence the gradient Vg as well as the normal derivative g—g are zero, and so terms involving either

of these factors vanish immediately.
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We arrive to the first result of the section, and obtain a bound for powers of the solution by
comparing it with the function ©¢ defined in Definition .1l Such an estimate is required because
we are not on the torus so do not have preservation of mass, and nor do we have enough regularity
to quantify the flux along the boundary, see Remark below.

Proposition 4.12 (Estimate for L} L* norm of the solution). Suppose that ® satisfies the polyno-
mial growth condition in point two of Assumption[{.Q and the PDE g as in Definition [{.8 satisfies
Assumption[f.100 If p is a weak solution of the reqularised equation (@) in the sense of Definition
[£7, then one has, for every e >0 and k € (0,m+ 1), a constant c € (0,00) depending only on k,m

and U,
T T
k T 2
| [ Sc<—+eT||eq><g>|Hl<U>+e/ /|V@¢<p>|>.
o JU € o JU

If the boundary data f is bounded by constant K , we obtain the simplified bound with constant again
depending only on k,m and U,

/OT/U|p|kSc<§+eT+e/oT/U|ve¢<p>|2>.

Remark 4.13. Using Jensen’s inequality, the above proposition also provides a bound for powers of
the LY(U) norm of the solution, since

[ (L) =wr [ (o L) < [* o

The proposition implies that for the full range m € (0,00) we at least have an L}LL estimate for
the solution, since k € (0,m + 1). Apart from the bounding the L. norm, the result is useful when
m,k > 1, since if k <1 we can just use interpolation to obtain

/OT/U|,)|k§/OT/U<1+|p|>,

Proof. The bound on O¢ given in point seven of Assumption gives, for a running constant c

depending on k,U and m,
T T
[ [wt<ase] [ 1oup
o Ju 0o JU

Note that here the exponent in the integrand is strictly less than two. Applying Young’s inequality
with € and exponent mTH > 1 and Jensen’s inequality then gives

T T mil
2k +1—k3)1m+1 k k
Oa(p)| 7T </ (m (/9 )
A e e e A
T T
SC—+C€/ /9¢(P)2
€ o Ju

Using the trivial inequality a® < 2(a — b)? + b2 with b = O¢(g), where the PDE g is as in Definition
48 and subsequently applying Poincaré inequality gives the first claim,

/OT </U Ipl>k £+ce/T/ (®q>(p)@q>(g))2+ce/0T/U@¢(g>2 (19)
_+ce/ /|V ©a(p g))|2+c€T/U®q>(g)2

cT
T ovee [ [ 190ao) +ccT103(6) 1110
0 U

IN

I /\

IN
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For the second claim, if the boundary data is bounded by constant K, then we can use the comparison

principle which tells us that
T k T k
[ (L) <[ (L)
0 U 0 U

where p solves the same equation as p but with boundary condition K. Repeating the steps above
to bound the norm on the right hand side, we see that when we arrive to (I9) we add and subtract
the constant

o2mi/2 m+1
O¢(K) = K™=
which can subsequently be absorbed into the running constant. This gives the second claim. |

Proposition 4.14 (Energy estimate for solution of regularised equation with smooth, bounded o).
Let £F,®,0 and v satisfy Assumptions 2.2, [[.9 and [0, and let o € (0,1), T € [1,00). Let further
po € L*(Q; L?(U)) be non-negative and Fo measurable, ©,,; and ¥, be defined as in Assumption[{.3
and g, har be the PDEs defined in Definition[4.8 satisfying Assumption[{-10 If p is a weak solution

of the regularised equation {) in the sense of Definition[{.7] then one has for ¢ € (0, 00) independent
of a, the estimate

%t:EéI’T]E(/U <p<w,t>—g<x>>2)+E< / /T|veq><p>|2>+E<a / /OT|W|2>

< 3llpo - g||L2<U>+T<c+c||e¢< >||H1<U+Z [, uate (f))'ﬁi+0||02(‘1’1(f))||L1(aU>>

T (171300, + 196 (D 200) + 0+ )| ()3 ou) (20)
Let the function Sy and the PDE hyy be defined as in Definition [{.8, and for i = 1,...,d define

the functions ©prp; : R — R by Opr,.,4(0) = 0 and @9\47%1.(5) = L1an <<, vi(§). Then we have for
every My < My € (0,00) the existence of constant ¢ € (0,00) independent of both My, Ma such that

T
B[ [ acpern, @IV +alV0R) <E [ (pola) = M)+ PonllacoBlor 2
UJo U

+c\|s;w<<1>*1<f>>\|H1(8U)E/0 [ 1ves@P 48 [ [ 1m0t on )
+TZ @Mw O)E +CT/6U(J (@' (f) A M2) V M) — 0*(M)))

+ T |\s;w<qu<f>>|\,{l(a,]) (T +180@llr ) + 171 2 oy + @ 27 () + 1% @7 (D)2 o)) -

(21)

2 o)

Note that the final two terms on the left hand side of ([20) are the approximate kinetic measures
g%, and the bound in (2IJ) is a bound on the approximate kinetic measures when p is bounded away
from zero and infinity. The right hand side of (2I]) is written deliberately to emphasise that it
converges to zero as M7, My — oo due to the fact that hp; =0 on U as M; — oc.

Proof. To prove the first claim, applying Itd’s formula to the solution minus the PDE with correct
boundary data so that the difference vanishes along the boundary, gives

(p(z,s) — g(z) (p—9)° (p—g)d(p— g)+12(p—g)0d<p—g>sdx-
, Lol L= [ [ ;

(22)
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For the first term on the right hand side, noting g does not depend on time so d(p — g) = dp and
integrating by parts gives

/U/OtQ(p—g)d(p—g)dw

-2 [ [vo-0- <v<1><p> +aVp— o (D)€"~ vip) + L Filo' () *Vp + éa%p)a(p)@) ds d.

The It6 correction can be easily evaluated considering d{(p — g) = d(p) and using the definition of
the noise,

// (p—9)s diE—//Fl N2V p|? + 200" (p)Fa - Vp + Fs0%(p) ds da.

Putting these two together, we get from ([22) that

t

l/(p<sc 5) - g(@)? de

s=0

--f / (@G0 +alV5? ~ o)V & = T 1l0) = 3/ (P)o(0) Vo Fa — 3 o))
- / Vg (V) + aVp— ()"~ vip) + LGV + 30 (Plo(0)F). (23)

Let’s consider each term of (23) in turn. The first two terms on the right hand side are precisely
those in the estimate, so we move them to the left hand side. The noise term in both lines vanish
after taking an expectation. The fourth term remains, but we can write it as a boundary integral
in the following way. As in Assumption 2] for i =1,...,d let ©,; denote the anti-derivative of v;.
We then obtain

// Vo - u( dsdx—Z//a il dsdac—Z/ /9” ) - 1j; ds dz.
oU

The fifth term can be bounded by integration by parts, noting either V - F5 = 0 or it is bounded
and we can bound o2 by ¢(1+ p + ®(p)), and the fact that F; - 7 is bounded. We have

// VU ngsdac———// p)V - Fydsdx + = / / F2 ndsdx
ouU
// 1+p+P(p dsdz+c// )) ds dz.
oU

The final term on the second line of ([23]) can be bounded by the first term in the above inequality
after noting that F3 is bounded and once more bounding o(p) by ¢(1 + p + ®(p)).

The terms on the final line of (23] involving Vg would all vanish if the boundary condition was
constant. Otherwise they can be bounded precisely as described in points one and two of Remark
A9 The first, second and fifth terms involving another gradient are reduced to boundary terms
using integration by parts and noting ¢ is harmonic, whereas the remaining terms are handled using
Young’s inequality and the bounds in point eight of Assumption Putting everything in (23]

together we have
t t t
)+E(// |veq><p>|2)+1€(a// v
-0 uJo

JE ( | o) gta)? as|

§c<t+E/Ot/U|p|+IE/t/@(p)>+t2/ ) m+ct/aU02(@1(f))

—1 ag £
+at/wq> N+ wfa—nﬂ/w (@ (f))
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where ¥, was defined in point eleven of Assumption We used the fact that the boundary terms
in the final two lines are deterministic and do not depend on time, and are all well defined due to
the final three assumptions in Assumption

The first three terms in the final line can be further bounded using Young’s inequality point three
of Remark and the final term can also be bounded using points two and three of Remark as
well as Holder’s inequality.

To bound the integral involving ®(p) in the second line we first note the polynomial growth condition
®(p) < (1 + p™). We then use Proposition to bound this term and the term involving the
LY(U) norm of the solution,

//<|p|+|<1><p>|>3cT+c<§+eT||®¢<g>||H1<U>+e/ /|veq><p>|2>.
0o JU 0 U

Choosing € so small that the final term can be absorbed into the left hand side of the estimate and
taking the supremum over ¢ € [0, T| we obtain the first estimate (20]).

To prove the the second estimate (21I), for the function Sps : [0,00) — [0, 00) defined in Definition
Y apply Ito’s formula to a regularised version of Wg,, : U x [0,00) — R defined by

\IISM(Z"O) =0, 8§\I/SM(:C,§) = S;W(g) - hM(x)v

where hjps satisfies the PDE in Definition E.8 and ensures that 0:¥g,,(z,p) vanishes along the
boundary. Grouping the Vhjys and Vp terms, we have

o0 [ Ws(ople.0)ds = [ ows, (e t)orwde + 3 [ 805, (o ple.0)01(o) da
— [ | $70V0- (Va(0)+aVo (" —v0) — ool B) + 5 [ [ S 0o
+ /U / Vs (v<1><p> +aVp —o(p) de” — vlp) + 5 (0 () Vo + a(p)o%p)Fz) . (24)

We deal with the terms in the same way as the first estimate. The first two terms form part of the
estimate so are moved to the left hand side, the noise terms vanish in expectation and the fourth

term can be re-written as a boundary integral. For the fifth term in the right hand side of ([24]) we
use the distributional equality

1 1
I, <p<sn0(p)a’ (p)Vp = §1M1<p<M2V02(P) =5V (o®((p A Ma) vV My) — o*(My)) .

Then using integration by parts gives

// S"(p)a(p)a’(p)Vp - Fr = ——// 2((p A Ma) V My) — 0>(My)) V - F
/au/ (f) A M) v My) = o*(My)) Fa - ).

This implies by the boundedness of V - F5, F3 and F5 - 7 that

// S (p o'(p)Vp - Fy + Fio( <c// o (p A M)
/aU/ (F) A M2) v My) — 0 (M) -

Again we mention that the terms in (24) involving Vhjs would vanish if our boundary condition
was constant. Otherwise they are dealt with in a similar way to the first estimate, except that
we use Holder’s inequality everywhere rather than Young’s inequality. In this way we keep the
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M dependence in these terms through hj,s. Explicitly, we have for the terms that involve another
gradient using points one and three of Remark [£.9]

r ’ 2 Ohy - —1/ 7 —1/F
[ ot (900 + 0%+ 3R G)PT0) =T [ T (74 a0 f) 4 w07 ()

< e [185@ " Dl oy (171l 2oy + 127 Dl o) + 1@ DDl o) -

For the remaining two terms, the bound in point eight of Assumption alongside Holder’s inequal-
ity and point two and three of Remark gives

[ ] Ve (vt +- 0010’ (0)B2) < clVhasliny [ [ (14 0+ 000)
UJo UJo

T
< ellS3 @ Doy [, [ 0+ 0+

The final two terms can be dealt with using Proposition [£.12] just as in the first estimate. Here we
can’t absorb the gradient term that appears, and it stays on the right hand side of the estimate,
and it is bounded as a consequence of the first estimate.

To complete the estimate we move the first term on the left hand involving ¥g,, in 24)) to the right
hand side. To handle it, the definition of ¥g,, implies that g, (x, p) = Sa(p) —h(z)p. Furthermore
the product hprpo and fU Sn(p(z,T)) are non-negative so can be removed from the estimate. Using
the bound Sy (po(z)) < (po(x) — M;)+ and Holder’s inequality to bound the boundary terms and
integral of hpr, noting that the L2(U) norm of pr is bounded using the first estimate, completes
the estimate. |

Our goal is to use the above estimates to prove fractional Sobolev spacial regularity of the
solution. We will need the below lemma that will allow us to prove regularity of (fractional) spacial
derivatives of the solution, see Lemma 5.11 of [FG24] for proof.

Lemma 4.15. Let ® satisfy Assumption[[-.4 Let z € H(U) be non-negative. If ® satisfies (7))
(allows us to handle 0 < m < 1) then

V2l rey < ||Z||%1(U)HVG)@”L?(U;]R'i)-

If ® satisfies (I8) (allows us to handle m > 1) then for every 8 € (0,1 A 2/q), for ¢ € (0,00)
depending on f3,

2
et < ¢ (I + 190z )
We have the following regularity estimate.

Corollary 4.16 (Regularity of solution to regularised equation). Let ', ®, 0 and v satisfy Assump-
tions[2.2, [{.9 and[{.6, and fix the regularisation o € (0,1) and terminal time T € [1,00). Let further
po € L*(Q; L?(U)) be non-negative and Fo measurable, ©,,; and ¥, be defined as in Assumption[].2
and g be the PDE defined in Definition[{.8 satisfying Assumption[{-10 Let p be a weak solution of
@) in the sense of Definition [{.7

o If ® satisfies (M), then for ¢ € (0,00) independent of o and T, we have

E (”pHLl([O,T];Wl’l(U)))
d
< cllpo = gllT2ry + T (1 + 19 (9) |l @) + Z/E)U ©,.:(27(f)) 7%)
i=1

+ T (IIUQ(@_l(f))IILl(am 122 o0y + 12 (@7 (H)F200) + (1 + a)||q’_1(f)||%{1(au)) :
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o If & satisfies (I8), then for all B € (0,2/g A1) there is a constant ¢ € (0,00) depending on 3,
but independent of o and T', such that

E (loll 21 jo,m;we1 (1))
d
< cllpo = gllizqy + T (1 + 1192 (9)|l 1 (v) + Z/@U ©,.:(27(f)) 771>
=1
+ T (||02((I)71(JF))HL1(6U) + 1172 00y + 1o (@ (2 00y + (1 + Oé)||‘1)71(f)||ip(azj)) :

Proof. For both estimates we can use Proposition to bound the L; L. norms with ¢ = 1. The
first estimate then follows from the first item in Lemma [£T5, Young’s inequality, the fact that
6 € [0,1/2] and Proposition [£.14

The second estimate follows from the second point in Lemma [£15] the fact that ¢ € [1,00) and
Proposition .14 O

The final result we want to show is a higher order space-time regularity of solutions cut away
from their zero set. The result will be useful when proving the existence of a weak solution of
equation () with smooth and bounded o, and will subsequently motivate the introduction of a new
metric on LLL}, see Definition

Definition 4.17 (Cutoff away from zero). For 8 € (0,1) let ¢ be the piecewise linear cutoff in
Definition[TA Let g5 € C([0,00)) be a smooth approzimation of ¢pg. That is to say 0 < ¢g <1

is non-decreasing and satisfies op(€) = 1 for € > B, ¢p(€) = 0 for & < /2 with |(£’ﬂ(§)| <c¢/B for
constant ¢ € (0,00) independent of 3.
For each § € (0,1) define g € C°°([0,00)) by

Ds(8) = dp(E)L.

Proposition 4.18. Let ', ®, 0 and v satisfy Assumptions 22, [[-3 and [-6, and let o € (0,1).
Let further py € L*(Q; L*(U)) be non-negative and Fo measurable, ©,; and V, be defined as in
Assumption[{.3 and g be the PDE defined in Definition [{.8 satisfying Assumption[[.10. Let p be a
weak solution of the reqularised equation @) in the sense of Definition[.7]

For every 6 € (0,1/2) and s > 4 + 1 there is a constant ¢ € (0,00) depending on (3,0 and s but
independent of a and T such that

E (1®5(0)llws(o,1:m-wy) < ¢Tllpo — g7z
d
+cI? (1 + 192(9) 2 0) + Z/au ©u,i(@H(f)) - i + ||02(q)1(f))||L1(6U)>
=1

+cT? (HJ?”%?((?U) + 19 (@ (P)IF200) + (1 + a)||‘1’_1(f)||12r{1(au)) :
The proof is analogous to Proposition 5.14 [FG24], we just give the main idea below.

Proof. Similarly to the derivation of the kinetic equation, it follows by It6’s formula and then bringing
the ®(p) inside the derivative and using the product rule, that

4%5(0) = @ (p)dp + 5P ()d(p)
=V (®5(p)Ve(p) + a®j(p)Vp — ®(p)a(p)de” — @(p)r(p))
9 (FRYOE DF T+ 55000 ()P
— @5 (p)Vp - VP(p) — a®(p)|Vp|* + 3(p)o(p)Vp - dE¥ + D5(p)Vp - v(p)

4 184(0) (0(p)e’ (0) P - T + Fao*(p)
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Doing so will allow us to compute the the fractional Sobolev norm more easily. Integrating in time,
and writing some derivatives in terms of the function ©4, we have for fixed x € U the decomposition
D(p(a,t)) = Ds(polx)) + I/ + [ with

mert — /V (®%(p)o(p)de™) + /<I>2§(p)a(p)(@’(p))_l/QV@b(P)'dfF,

0

and
1= /Otv- (d)}a(p)(q)'(p))l/QV@@(p)) - /Ot %4 (p)|VOa ()| +Oé/0tV' (®5(p) V)

K 1 2 1 k !/ (O—/(p))2 1 k / /
a/o D3(p)|Vpl +§/O V- (Fltl)ﬁ(p)WV@@( )> +§/ V- (@5(p)o(p)a’ (p)Fo)

Ih( )MFQ-V%(/JH% Otd) )F30%( /v (®(p)v(p))

SEIPEE
—/ V-(%(/))V(p))Jr/ (p)Vp - v.
0 0

We begin by showing the martingale term is in W2([0, T]; H~*(U)), that is

T ||Ignart _ Imart”?

T T
mar L mar s H-3(U)
1 s oimirron = [ I ey i+ [ [ et dsd < .

Since s > % + 1 the Sobolev embedding theorem tells us that for test functions ¢ that we use in the
definition of negative fractional Sobolev norm, there is a constant ¢ € (0, 00) such that

6l Loy + VOl Loo(viray < el Pl sy (25)

Using this and an argument similar to Lemma 2.1 of [FG95] alongside the Burkholder-Davis-Gundy
inequality, the fact that ® is supported on [3/2, 8] as well as the bounds in Assumption L2 that
the second term in the definition of the norm satisfies

T T HItmart _ Imart”%{f
s =)
E ds dt
</0 /0 |t — s|1+20 ’

T
< cE </O 192 (p)15/2<p<sl72w) + llo (P12 07 d8>

<cE <|U|T+/O /U(Ipt|+|V®q>l2+I<I>(p)l)>-

Analogously for the first term in the norm we have the same bound

T T
/0 ||Izm”||%5<U>dtScE(|U|T+ / /U (|pt|+|v<aq>|2+|¢<p>|)>.

Putting these together, it follows from Proposition [4.12] that

T
11 20,731+ 0y < B <T+T||@<I>(g)||H1(U) +/ /U|V@<1>|2> :
0
We next show that the finite variation term is in WH1([0,7]; H~1(U)), that is

< 00.
H==(U)

Hlfvuwll(OT] H-s(U)) ::/ HI UHH U)+ H—]fv
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It follows from (25, the fact that CID’ﬂ and CID’é are supported on [3/2,00) and [3/2, 8] respectively
and Young’s inequality, that we can bound the first term by

T T t
/0 1 N ey < / /U / (O (P)p>52 +19O(0) P52 + Vol

o' 4 o o 2
+ T a2 400 DT + T 1o (o)1

+(1 = )|Vl g 20 pes + 0520 pep + [V g 20 pcp) ds dadi.

Using the fundamental theorem of calculus, the second finite variation term consists of the same
terms but without the inner ds integral. Using that the inner integral is increasing in ¢, the fact
that a € (0,1) and so ax < 1+ az?, the fact that the three terms in the final line are bounded over
the indicator set, points three six and eight of Assumption to bound the various coefficients and
using Proposition T2] analogously to the martingale term, we have

T
E 7 s ooy < €1+ T)E <T+T||@<I>(g)||H1(U)+ /0 /U (|veq>|2+a|w|2)>.

Using the trivial fact that there is a constant ¢ such that (147") < ¢T', the estimate then follows by the
first energy estimate in Proposition @14 alongside the continuous embeddings W52, W1 — WA:1
for every g € (0,1/2). O

4.2 Entropy estimate

In this section we prove an entropy estimate for weak solutions of the regularised Dean-Kawasaki
equation, following Proposition 5.18 of [FG24]. The estimates will not be used in the remainder
of the work, but they are provided because of their connection with the study of large deviation
principles, see for instance the introduction of [FG23].

We begin with the definition of entropy space where the initial condition will live, followed by the
assumptions needed for the entropy type estimate. These are analogous to Definition 5.16 and
Assumptions 5.17 of [FG24], see also Remark 5.15 there.

Definition 4.19 (Entropy space). The space of non-negative, L*(U) functions with finite entropy
s the space

Ent(U) := {p € LY(U) : p > 0 almost everywhere, with / plog(p) < oo} )
U

We say that a function p: Q — LY(U)N Ent(U) is in the space L' (Q; Ent(U)) if p is Fo measurable
and

E [l + [ plosto)] <.

Assumption 4.20 (Entropy assumptions). Let ®,0 € C([0,00)) and v € C([0, 00); R?) satisfy the
following assumptions from Assumptions 5.17 of [FG2]].

1. There exists a constant ¢ € (0,00) such that |o0(£)| < c®/2(€) for every & € [0,00).

2. There exists a constant ¢ € (0,00) such that for every £ € [0, 00)
'(€) < c(1 4+ 2())- (26)
3. We have V - F5, = 0.

4. We have that log(®) is locally integrable on [0, 00).

Furthermore, we have the two additional new assumptions, analogous to the new assumptions
in Assumption [{.2
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5. Either I = 0 or the unique function Og , defined by

(bl /!
O (1) =0, b o(6) = TS
satisfies Op - (P1(f)) € L*(OU).
6. Fori=1,...,d, the unique functions Os . ; defined by
(v
Oa.0.4(0) =0, bal6) = g

satisfy Os . i(P~L(f)) - mi € LY (OU).
We give remarks about the new assumptions.

Remark 4.21. o In the model case the function in point five is given by Os »(§) = mlog(€).
In the case of zero boundary conditions we therefore require Fo = 0.

o We can without loss of generality consider v(0) = 0, and since v is lipschitz in the model case
we have that the function in point siz is Os (&) = & for some constant ¢ € (0,00) and the
assumption is satisfied.

We now introduce the family of PDEs {vs}.
Definition 4.22. For every § € (0,1) let vs satisfy the PDE

{Av(; =0, in U,

i 27
vs = log(f +9), on IU, 27)
where f is the boundary condition in ().

We will need to bound normal derivatives of vs in the § — 0 limit, motivating the below assump-
tion.

Assumption 4.23 (Assumption on vs). Either the boundary data f is constant or the solution of
the PDE vy defined by

oo =log(f), on U,
satisfies log(f) € H*(OU), where the norm is defined as the L} (0D) norm in page 176 of [FJJR7S].

{—Avo =0, inU,

We now present the entropy estimate, the proof follows Proposition 5.18 of [FG24]. We once
again repeat the comment in Remark [.11] and emphasise that the below analysis is simplified if the
boundary condition is constant.

Proposition 4.24 (Entropy estimate). Let ¢, ®,0 and v satisfy Assumptions 23, [[.2 [£.6 and
[£.20, and suppose Assumption[].23 concerning vy is satisfied. Let the functions Op 5, {Os 14 1, ¥
be defined as in Assumption[{.20, Let a € (0,1), T € [1,00) and suppose the weak solution of the
reqularised equation @) has Fo-measurable initial condition satisfying po € L'(Q; Ent(U)). For the
function ¥ o : U x [0,00) = R defined by Vg o(x,0) =0 and 0¢¥s,0(z,§) = log(P(§)) — vo(x), we
have, for a constant ¢ € (0,00) independent of « and T, the bound

g 1/2/ \|2 T d'(p)
E/U\I/go(:c,p(z,t))d:chzLE/O /U|V<I) / (p)] +aE/O /U—‘I)(p)|
T
SE/U\Ihp,o(x,po(x))dx+cT+cT||@¢(g)||H1(U) —|—CE/O /[J'v@q)(p)ﬁ

+CT/8 O (® +TZ/ 00 (@7 (F) - s + TN I3 o0
U

+al |7 (Nll7200) + TIP(@7H ()2 00 + e + )T og(@ (£ 71 ov)-
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Proof. To obtain the bound, apply Itdé’s formula to the regularised function ¥g 5 : U X [0,00) — R
defined by ¥4 5(z,0) = 0 and 0: Vg 5(x, &) = log(®(€) + 6) — vs(x), where vs satisfies the PDE (21)
in Definition and once again ensures that 0:Us s(x, p) vanishes along the boundary. We get
after integrating the first order term by parts, that

T
/ W5 (2, pla, 1)) da
U s=0

_/T/ _Ve()l?  a®(p)|Vpl +0(p)‘1>’(p)Vp-d€F+‘I>’(p)Vp-V(p)
B )

®(p) +4 (p) +0 ®(p) +4
L Yo (p)a(p)Vp-Fr  Fs®(p)o*(p)
2(®(p) + ) 2(®(p) + )
T
+ / /U Vs (v¢><p>+aw—o<p>d«sF —v(p) +%Fl[o%p)]?vwéa—%p)o(m&). (28)

The terms are handled in an analogous way to energy estimates already seen thus far in Propositions

T4 and [£29] so we are brief. We move the first two terms to the left and side of the estimate,

_®'(p) Vp

noting that the distributional inequality allows us to rewrite the first term as V®!/2 (p) = BI72()

|V‘I)(P)|2 _ 4‘1)( H1/2
| 5555 = . a) a0

After taking expectation the third term is killed as well as the noise term in the second line. The
fourth and fifth terms can be re-written as boundary integrals. For the fourth, we use the functions

O g fori=1,...,d defined by Og,,,5,:(0) = 0,04, 5 ,(¢) = Z4E and for the fifth we define

the unique function O s satisfying O4 »5(0) = 0, ®¢1675(§) = %, and note that either
F5 = 0, or use integration by parts alongside the assumptions V - F» = 0 and the fact that Fb -7
is bounded. For the final term in the first line of (@8], by the assumption o < ¢®'/2, the fact that

745 < 1 for every 6 > 0 and the assumption ®'(£) < ¢(1 + £+ ®(£)), we obtain

B (e [ o)

The terms involving Vs in ([28)) would all vanish if the boundary condition was constant. Otherwise
they are handled in the way described in points one and two of Remark The first, second and
fifth terms in ([28) with other gradient terms are handled using integrate by parts and turn into
boundary terms. As for the terms without derivatives, using the L?(U) integrability of Vvs implied
by point two of Remark 9] Young’s inequality, the boundedness of Fj, the equation (1) satisfied
by vs and Assumption £2 we have

T 1 _ T
| [ Ve oo+ 50 0o < o7 + Dy +< [ [ (15000 do

Putting everything together we get

E/\Ifm(x plz,t)) d:c+4IE/ / +5|V<1>1/2 |2+aE/ / Vp|?
<t m@,5<x,po<x>>dx+c(|U|T+E / / <|p|+|¢><p>|>>

+ T @ngg +TZ @<I>u61 1(f))771
ouU

—1/F 81}6 = 81;,;
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Once again we used the fact that that the boundary terms in the final two lines are deterministic and
don’t depend on time. To obtain the desired estimate, we wish to take the § — 0 limit in equation
@3), and therefore we need a handle over the boundary terms which all depend on §. Alongside
Young’s inequality, the new assumptions in Assumption and Assumption precisely allow us
to do this. Finally, to bound the integral of p and ®(p) in the second line, we use Proposition [£12in
the same manor as the energy estimates, noting that we can’t absorb the term involving |V(9q>(p)|2
into the left hand side, but the term is bounded by the first energy estimate ([20). The estimate is
proven. O

Remark 4.25 (Comparing entropy estimate with proof of kinetic measure at zero). Note that the
entropy estimate could be used to prove a statement about the kinetic measure at zero if we include

the assumption that g/((?) < ct. We have

T
287E (q(U x [3/2. 8] x [0.T1)) < liminf E ( L L/ %16/2§£§qua>'

Subsequently the assumption gives

1 1 40 (p*
Edq" = 550(«5 —p%) (@,((;L)) IVO/2(p%)7 + OéIVp“I2>
/
< C(So(f _ pa) (4|V‘I)1/2(pa)|2 +04(I) (p)|vpa|2) )
®(p)

One sees that this is the precise quantity which we showed was bounded in the entropy estimate above.
Consequently by dominated convergence theorem, with the indicator present, the kinetic measures go
to zero.

The reason we don’t use this estimate is due to the first term on the right hand side of the estimate,
which requires po € L*(Q; Ent(U)). For the definition of stochastic kinetic solution, Definition [2.3,
we only have pg € LY(Q; LY(U)). We circumvent this in the sequel by choosing a test function that
cuts off the logarithm at 1.

4.3 Decay of kinetic measure at zero

In this section we will prove the decay of the kinetic measure at zero required in the uniqueness
proof,

lin inf (B7'q(U x [B/2,8] x [0,T7])) = 0.

B—

First of all we begin with a remark that illustrates why we can’t bound the decay of the kinetic
measure using the kinetic equation as in Proposition 4.6 of [FG24].

Remark 4.26. Adapting the proof of Proposition 4.6 of [FG2]J], test the kinetic equation () against
smooth approzimations of the product (arpply and subsequently take the limit in the approzimations.
We end up with an additional term when the spacial gradient hits the cutoff v,. Taking expectation
to kill the noise term and taking the limit as v — 0 (which we need to take before M, B limits due to
Remark|[27) one needs to consider the term

t
B ([ [ cto1oso) (¥0Vo+ GRG0 Galp)F ) - Tig () dds )
¥—0 0 Ju 2 2

We can not make sense of this limit because we don’t have sufficient regularity of the first two terms.
For example to take the limit in the first term we would need to use the trace theorem and therefore
require V®(p) € HL (U). However, we only have ®(p) € H. (U), i.e. V®(p) € L}, (U).

Note that similar terms arose in the uniqueness proof, for instance recall equation (Id)). Crucially,
there the terms appear as a difference of two solutions and can only be handled because the first two

terms above have a sign for every fized v > 0.
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We consider the following PDE, where the boundary condition is the logarithm cutoff at 1.

Definition 4.27 (The PDE v). Let f be the boundary condition of the regularised equation (@).
Define the function S : [0,00) — [0,00) by S(0) = 0 and S"(§) = %103531. Define the harmonic
PDEv:U — R by
—Av=0 on U,
v=_8(®"(f)) on OU.
By integrating we have that S’(§) =log(§ A1) and S(§) = (§A1)log(E A1) — (EAT).

Assumption 4.28 (Assumptions for kinetic measure). 1. Either the boundary data f is con-
stant or the solution of PDE v satisfies S'(®~1(f)) € H*(OU), where the norm is defined
as the LY (OD) norm in page 176 of [FTJR7§].

2. We have that v € L*(U).

3. Either F5 = 0, or the unique function O, defined by ©,(1) = 0, O/ () = 0(5)0 ©) sqtisfies
O,(®1(f) A1) € LY(OU).

4. Either [ is constant, or for the unique function ¥, defined by ¥,(0) =0, U, (£) = Fi[o’ (€))%,
we have W, (®~1(f)) € L*(0U).

For point three, note that the L' (U ) integrability of ©, is guaranteed if, for example, o (&)o’ (£) <
c€*, where a > 0 and ¢ € (0, 00).

Proposition 4.29. Let ¢F,®, 0 and v satisfy Assumption[Z2 [Z1) and Assumption[1.28, Let further
po € LY(Q; L' (U)) be non-negative and Fo measurable and v be defined as in Definition[[.27 If p is
a stochastic kinetic solution of @) in the sense of Definition[2.8, then it follows almost surely that

liminf (5~*q(U x [3/2, 8] x [0.T)) = 0.

Proof. Let us begin by noting that, whilst we don’t know the precise form of the limiting measure
g due to the presence of a parabolic defect measure in the limit (see [CP03]), for the regularised
equation we have a precise equation for the kinetic measures (see proof of Proposition 5.21 of [FG24])
given by

= d0(& — p®) (' (p™) VP[> + | Vp?|?).

However, by Fatou’s lemma for measures, we have

liminf 267" (q(U x [8/2. 6] x [0,T])) < liminf E ( / / / /QEdQ>
*hmme (/ //515/2<£<qu>
<hg1ﬁ1(r)1fhm1nfE (/ //516/2<£<qu )

Analogous to the energy estimates of Proposition [4.14] and to the entropy estimate of Proposition
@24 apply Itd’s formula to a regularised version of the function ¥ : U x [0,00) — R defined by
U(z,0) =0,0:¥(z,§) = S'(€) — v(z). One obtains, for the functions ©, and ¥, as in Assumption

34



128 ©,,; defined by ©,;(0) =0, ©, ,(§) = vi(§)/&, that there is a constant ¢ € (0, 00) such that

E( [/ t / %noqqdqa) E( L] %n (<1>'<p>|w|2+a|w|2))

d — —
SE/{J(\I}(:C,[)())\Il(z,pt))‘i’CT‘i’T;/aU@U’i(q) (f>/\1>'7h'+cT/6 O,(27(f) A1)

U
+ T 10g(®~" () A D)l r1ovy (1f lp2ovy + all® ™ ()l 200y + 1¥o (@7 (F)) I £2(50)
+ TVl L2y (cllo(p)o’ (p) | 2wy + 1V (p) || 20 ray) (30)

Since [, [Vo|* = faU’Ug—% = Lo 1og(@71(f) A 1)2—%, if ®1(f) > 1 then the terms in the final two
lines vanish since log(1) = 0.
Furthermore, we have for the first term on the right hand side, that

¥(z, po) = S(po) — pov(z) = (po A 1)log(po A1) = (po A 1) — pov(x).

And so by the non-negativity of the solution, the initial condition and v, we have by disposing of
the negative terms,

B [ (W)~ Wlzip0) <E [ (0 A Dloson A1) + (o0 A1) = pro(e)).
U U

Using Holder’s inequality, the second assumption of Assumption and the L?(U) energy estimate
(20D, this term is bounded.

Hence putting everything together, we showed that the right hand side of (B0) the final term in the
above inequality is bounded. However, by working along the dyadic scale (9 = 2% for i = 0,1, .. .,

we have
ZE(/// @ Lo /25660 dqa)SE(// /—]logggldq()z)SC.
i=0 vJo Jr B o) L€

The infinite sum being bounded by a constant (that is decreasing in «) implies that the individual
elements of the sum converge to zero, which proves the claim. [l

4.4 Existence of solution to generalised Dean-Kawasaki equation

In what follows the arguments are identical to that on the torus and so follow Chapter 5 of [FG24].
We are therefore brief and just provide the main ideas for completeness.

In this subsection we start in Proposition by proving the existence of a weak solution of the
regularised Dean-Kawasaki equation with smooth and bounded o (in the sense of Assumption ELG]).
We then show that the constructed weak solution is also a stochastic kinetic solution, in the sense
that it satisfies a kinetic equation similar to equation ().

The goal will then subsequently be in Lemma to remove the assumption that ¢ is smooth
and bounded, which will be done with an approximation argument. To take the regularisation «
limit, showing the existence of a solution to the generalised Dean-Kawasaki equation (B]) is done in
Theorem

Proposition 4.30 (Existence of weak solution to regularised equation ([@l) with smooth and bounded
o). Let ¢F,®, 0 and v satisfy Assumptions 2.2, and [£.0, and let o € (0,1). Let further py €
L2(Q; L?(U)) be non-negative and Fo measurable.

Then there exists a weak solution of the regularised equation (@) in the sense of Definition [
Additionally the solution satisfies the energy estimates of Proposition [[.14}

Proof. The idea is to approximate all coefficients by regular ones, use Galerkin projection argument
to show existence and then take limits in the correct order.
Start by considering a sequence {®,},en of smooth bounded non-decreasing functions starting at
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zero such that ®, and ®] converge locally uniformly to ® and ®' as n — occ.

Next consider sequence {v, }nen of smooth approximations of v that converge to v locally uniformly
as n — oo.

For K € N consider the finite dimensional approximation of the noise 5 : Zk | fr(x)BE, and
also the truncated coefficients Ff< := Zszl f2, Ff = Zszl &V fi.

For {ex}ren an orthonormal basis in L?(U) which is orthogonal in H'(U) and M € N, define
Hps 2 L2(U x [0,T]) — L*(U x [0,T]) be the projection onto the first M orthonormal basis vectors.
That is to say, for any g € L?(U x [0,T]),

Mgz, t) ng er(x

where g (t) := f g(z,t)ex(x) dz. For brevity denote the space of projected L? function by L3, :=
O (L2(U x [0, T]) Consider the below projected equation with regularised coefficients posed on
the space L2(); L3)

dp =Tl (AP, (p) dt + alpdt —V - (o(p) dE™™ + v, (p) dt))

1 (37 (FEI0 OPYo+ o/ (o) FE ).

The equation is equivalent to a finite dimensional stochastic differential equation. Since ®,,,v,, o
are all smooth and bounded functions, the system has a unique strong solution.

Then we pass to the various limits, first as M — oo, followed by K — oo and finally the limit
as n — oo. We rely on simpler versions of the energy estimates of the previous section (e.g.
equation ([£I4) and Proposition EI8) and the compact embedding given by Aubin-Lions-Simon
lemma ([Aub63] [Lio69] [Sim86]) to do this.

The resulting solution is continuous in L?(U) as a consequence of Itd’s formula. The non-negativity
of solution follows by applying It6’s formula to approximations of min(0, p), similar to what was
done in estimate (21]). O

Proposition 4.31 (Stochastic kinetic solution of regularised DK equation (@) with smooth and
bounded o). Let £, ® 0 and v satisfy Assumptions [23, [[.23 and [{-0, and let o € (0,1). Let
po € L™TH(Q; LY(U)) N L2(; L?(U)) be non-negative and Fo measurable.

Let p be a weak solution of ) with smooth and bounded o in the sense of Definition [{.7, and
X(2,&,t) = Locecp(a) be the kinetic function on U x (0,00) x [0,T]. Then p is a stochastic kinetic
solution in the sense that, almost surely, for every ¢ € C*(U x R), ¢t € [0,T]:

[ [ xeove o= [ [ et ope g —a t [ o vtz o,

[ [ (#0900 + 3Rl 0P+ 5o Gro0)F) - Vit ey
//(%w z,p)®'(§)|Vpl* —a/ /(w z,p)|Vp|?
/ / p)Vp - Fa+ o(p)*Fs) O¢tp(x, p) da dt

7/0 /Uz/)(x,p)v-(U(p)dfF)d:Ef/Ot/Ui/)(%P)v'V(P)-

The derivatives of the test function are again interpreted in the sense of Remark[2.9.

Proof (idea). The proof follows precisely the steps for deriving the stochastic kinetic equation (H).
Begin by using Itd’s formula to derive an equation for S(p) for a smooth and bounded function
S :R — R. Secondly derive a formula for the integral

| st
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for test function ¢ € C°(U) using Definition 7] of a weak solution. Finally the kinetic equation is
derived, noting the density of linear combinations of functions of the form S’ (£)y(x) in C2° (U x R).
One noteworthy point is that, as mentioned above, the kinetic measure corresponding to the solution
p constructed above is

q="060(& — p)@"(OIVpl* + ado (& — p)IVpl* = 60 (€ — p) (IVO(p)|* + a|Vp|?) .

The measure is finite due to the estimates of Proposition [£.14] and satisfies the other assumptions of
a kinetic measure as in Definition 2.8 due to Assumption
For further details see proof of Proposition 5.21 of [FG24]. O

Next we wish to extend the well-posedness to the generalised Dean-Kawasaki equation ([B). The
first step is to dispense of the regularity assumption on o of Assumption

Lemma 4.32 (Approximating o in C}.). Let o satisfy Assumption [[-3 Then one can find a
sequence {op Inen such that for each n, o, satisfies Assumption[{.0 Further, the sequence uniformly
satisfy Assumption[].9 and o, — o in C}_((0,0)).

The proof follows from constructing smooth bounded approximations by convolution which can
be done due to the regularity of o from Assumption
The difficulty in extending the well-posedness to ([B)) is that the weak solution constructed in Propo-
sition does not have a stable WtB AH-s energy estimate. We only have stable WtB 1TH=5 for the
solution bounded away from its zero set, as in Proposition [£18 We deal with this by defining the
below metric on L} L. Tightness of the cutoff solution ®5(p) as in Definition [@IT) will be proved
with respect to this metric.

Definition 4.33 (New metric on L;LL). For § € (0,1) let W5 be defined as in Definition (&IT).
Define D : L*([0,T]; L*(U)) — [0,00) by

D(f g):§2_k( 11/5(F) = U10(9) | 22 o320 ) )

P L (191w (f) = Cryn(@ller oo wy)

Lemma 4.34. The function D defined above is a metric on L*([0,T]; L*(U)). The metric topology
defined by D coincides with the strong norm topology on L*([0,T]; L*(U)).

The proof of the above lemma can be found as Lemma 5.24 in [FG24]. Instead of assuming o in
the regularised equation () satisfies Assumption 6] we define an approximate equation with o, as
defined in Lemma [4.32] approximating o.

Definition 4.35 (Regularised and smoothed o equation). Let £, ®, 0 and v satisfy Assumptions
22 and[-3, and let T € [1,00). Let po € L*(Q; L*(U)) be non-negative and Fo measurable, and oy,

as in Lemma[{.33

For every n € N and a € (0,1), define p*™ to be the stochastic kinetic solution of
dp™™ = AD(p*™) dt + alp® " dt — V - (o, (p™™) dEX + v(p™™) dt)

5V (B (0™ Y™ ol (07 o (57 ) i, (31)

I%] x (0,T) with initial data po and boundary condition ®(p) = f as constructed in Proposition

The below proposition is a key element of the existence proof. The proof can be found in
Proposition 5.26 and 5.27 of [FG24].

Proposition 4.36 (Tightness of laws of p®™" in L}L! and of martingale term in C}). Let (£, ® o
and v satisfy Assumptions 22 and[[.2. Let po € L*(Q; L*(U)) be non-negative and Fo measurable,
o as in Lemma[{.39 and kinetic solutions p®™ be as in Definition[{.33]
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1. The laws of {p™"}ac(0,1)men are tight on L'([0,T); L'(U)) with respect to the strong norm
topology.

2. For each test function ¢p € C(U x (0,00)), v € (0,1/2) the laws of the martingales

t
a,ntp a,n . a,n F
MP = / /U B, PO - (om (02" )dET)

are tight on C7([0,T1]).

One of the main results to prove existence will come from the below technical lemma, see Lemma
1.1 of [GK96] for proof.

Lemma 4.37. Let (Q,F,P) be a probability space and X be a complete separable metric space.
Then a sequence { X, : 2 — X} of X valued random variables converges in probability as n — oo if
and only if for every pair of sequences (ng, mi)5e, with ng, mi — 00 as k — oo, there is a further
sub-sequence (nys, mp )3, such that the joint laws (Xn,,, Xm,,) converge weakly as k' — oo to a
probability measure p on X x X satisfying p({(z,y) e X x X 1z =y}) = 1.

We state the main existence result, which is stated as Theorem 5.29 in [FG24]. The full proof
can be found there, we will just explain the main idea by putting all the previous results from this
section together.

Theorem 4.38 (Existence of solution to @))). Let &, ®, 0 and v satisfy Assumptions[Z2 and [J.2.
Let po € LY(Q; LY (U)) be non-negative and Fo measurable.

Then there exists a stochastic kinetic solution to the generalised Dean-Kawasaki equation @) in the
sense of Definition[2Z.8. Furthermore, the solution satisfies the estimates of Proposition [{.17)

Proof. We provide the main steps of the proof and omit the technical details.

1. Tightness.
Recall the stochastic kinetic solutions {p®"}4e(0,1),nen as defined in Definition F35], martin-
gales M ™Y as introduced in Proposition 236 and introduce the measures

q*" = 00(& — p™") (IVO&(p™™)|* + alp™" ) .

Proposition 3] gives us existence of the solutions and the energy estimate of Proposition .14
allows us to deduce that {qa’n}ae(o,l),neN are finite kinetic measures.

Using the kinetic equation given in Proposition 31l one can write an an equation for the
kinetic functions x®™ of p®". Fixing a dense sequence of functions {t;}jen of C2°(U x (0, 00))
in the strong H*(U x (0,00)) topology (for s > d/2 4 1), we consider the random variables
coming from the kinetic equation of y®"™:

X" = (p™", VO ,(p™™), aVp™", ™", (M*™7) jcn)
on the space
X = LMU x (0,T)) x L2 (U x (0, T);R%)* x M(U x (0,00) x [0,T]) x C ([0, T])").

Equip X with the product topology, with the strong topology on L'(U x (0,T)), the weak
topologies on L2(U x (0,7); R?) and M(U x (0,00) x [0,7]) and topology of component wise
convergence in the strong norm on C([0, T])Y, in particular using the norm constructed before:

De((fr), () =D 27" ( 1fx = gxlleqory ) _

k=1 L+ [Ifx = gellcom)

To show convergence in probability of the random variables X %™ we try to use LemmalL37 To
this end, we consider two subsequences (a, k), (Bk,mx) such that ax, Bx — 0 and ng, my —
o as k — oo Consider the laws on Y := X x X x C([0, T])N of

(Xak,nk , X Brym , B),
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where B = (B7);en are the Brownian motions defined in the noise ¢¥” in Definition 211
The energy estimate in Proposition .14 alongside the two tightness results in Proposition [£.30
show that the laws of (X®") are tight on X.

. Skorokhod representation theorem.

By Prokhrov’s theorem, passing to a sub-sequence still denoted by & — 0o, there is a probability
measure g on Y such that (X¥m XPmk B) — 1 as k — oo.

X being separable implies that Y is separable, so we can apply Skorokhod representation
theorem. It tells us that there is an auxiliary probability space (Q, F,P) such that for every k,

(Yk,Zk,Bk):(Xo‘k’”’“,Xﬁk’mk,B) in law on Y,
(?,Z,B):,u in law on Y,
and we have the almost sure convergence as k — oo:
(Y5, 25 3 — (Y. Z,5)
in the space X and C([0,T7]). To apply Proposition E37 we will show ¥ = Z.

. Characterising Y. 5
It follows from the equality in law of Y* and X" that there is a p* € L>(Qx [0, T]; L}(U))
and G¥, G5, ", (M*¥3),cn in the appropriate spaces such that

Y/k = (ﬁkv é]f’ é;, qk’ (Mkﬂpj )jEN)-

By converting various expectations E into expectations E by using the equalities in law above,
and further using that o, Vp* — 0 in L?L2 by energy estimates (Proposition E14) tells us
that in the limit as k£ — oo

Y = (ﬁ, V(e@,p(ﬁ)v 0,4, (Mj)jEN)a

where § € L1(Q x [0,T]; L}(U)) and § is the corresponding kinetic measure.
It remains to characterise M7, and to do this we first need to characterise 5*.

. The path B is a Brownian Motion.

Writing for each k, 8% := (3%7);cy, and the limiting process 5 = (57)jen, one obtains using
the same trick of interchanging expectations E and E using equalities in law that, by proving
first for Bk*j then passing to the limit in k, that forany F: Y - R, 0<s<t<T,j €N

E (F (Yho,s],Z|[o,s],5|[o,s]) (5? —53)) =0
Identically for ¢,7 e N, 0 < s <t < T,
E (F (f/l[o,spZ|[o,s],5|[o,s]) (5?5; — BIBL — 6i5(t — S))) =0,
where d;; is the Kronecker delta. Using these and the fact that Bj has almost surely continu-

ous paths,we conclude using Lévy’s characterisation that 37 are independent one dimensional
Brownian motions with respect to the filtration

Gt = U(Y|[O,t]7Z|[o,t}73|[o,t])-

By continuity and uniform integrability B is a Brownian motion with respect to the augmented
filtration G of G.
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5. (M7);en are G; martingales.
The statement follows using a similar technique as the previous point. First showing for j € N,
0<s<t<Tand keN,

E (F (?k|[0,s]72k|[075]5Bkho,s]) (Mtkﬁwj - Mfﬂb])) =0.

The result follows by taking the limit as k — oo using the uniform integrability of the martin-
gales.

6. (Mj)jeN are stochastic integrals with respect to f.
Again this follows from the same techniques as before. First proving the results for the ap-
proximations and then taking a limit as k — co, we can prove that

o~ ~ o~ t
B (F (Vo 2l Blos) (3825 - 3135~ [ [ 0¥ -0 ) =0

where recall f; are defined as the spacial components of the noise ££. Hence this shows for
each i € N,

M} — / /ij(x, p)V - (c(p)fi) isa G — martingale.

It is easy to see by uniform integrability and continuity that the process is also a G; martingale.
Identical arguments show that for j € N

(V)2 - / t i ( /U 03, 5)V (U(ﬁ)fk)>2

is a continuous G; martingale. Putting everything together, due to an explicit calculation using
the quadratic variation of Brownian motion, for every j € N, t € [0,T],

i ((Mf’ -/ t / wj<:c,ﬁ>V-<a(ﬁ>éF>)2> —0,

where éf is defined analogously to ¢F but with Brownian Motion 8 on €. It follows that
Mtj = fo fU wj(xa ﬁ)v : (U(ﬁ)gF)

7. Tying up loose ends.
One needs to show the following technical steps in order to finish the proof.

(a) Show the limiting kinetic measure ¢ is almost surely a kinetic measure for p.

(b) Show that o(p) is in L?.

(¢) Remove the set A :={t € [0,T]: G({t} x U x R) # 0}. Outside A there is no ambiguity
when writing the kinetic equation for the kinetic function x.

(d) Show that p € L([0,T]; L1(U)).
This is quite a technical step, it involves looking at left and right continuous represen-
tations of p. One needs to study properties of the left and right kinetic functions y*.
Conclude by showing that the measure ¢ almost surely has no atoms in time.

8. Conclusion.
We showed the existence of j with representative in L'(Q x [0, T]; L*(U)) p is a stochastic
kinetic solution in the sense of Definition 2.8 with respect to Brownian Motion B and filtration
(g_t)te[O,T]- That is to say, we showed the existence of a probabilistically weak solution. We
now explain how to extend this to a probabilistically strong solution.
Repeating all steps from Step 3 of the above, it follows that we can characterise Z as

Z = (ﬁa V(G‘Pal)(ﬁ)v 0,4, (Mj)jEN)'
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Continuing, one shows there is an L! continuous representation of p which is a stochastic ki-
netic solution in the sense of Definition 2.8 with respect to Brownian Motion B and filtration
(Gt)tefo,17-

The uniqueness theorem, Theorem 3.5 tells us p = p almost surely in L} LL.

By Lemma [437] it follows that after passing {p™"} to a sub-sequence «ay,nj on the original
probability space (Q, F,P), there is a random variable p € L'(Q2 x [0,T]; L*(U)) such that
p™k"k converges to p in probability.

Working along a further sub-sequence we have that p®* ™ converges almost surely to p. Re-
peating the steps again above we can show p is a stochastic kinetic solution of the generalised
Dean-Kawasaki equation (B)) in the sense of Definition Noting that p®™ are all proba-
bilistically strong solutions, p is also a probabilistically strong solution. The energy estimates
follow from the estimates for the regularised equations and the weak lower semicontinuity of
the Sobolev norm.

O
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