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The linear sampling method for data generated by small random scatterers*
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Abstract. We present an extension of the linear sampling method for solving the sound-soft inverse scatter-
ing problem in two dimensions with data generated by randomly distributed small scatterers. The
theoretical justification of our novel sampling method is based on a rigorous asymptotic model, a
modified Helmholtz—Kirchhoff identity, and our previous work on the linear sampling method for
random sources. Our numerical implementation incorporates boundary elements, Singular Value
Decomposition, Tikhonov regularization, and Morozov’s discrepancy principle. We showcase the
robustness and accuracy of our algorithms with a series of numerical experiments.
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1. Introduction. Inverse scattering problems arise across a multitude of fields, ranging
from medical imaging and non-destructive testing to radar technology and seismology. At
their core, these problems involve the task of deducing the characteristics of an object or
medium from the scattered signals it generates. These problems involve several challenges,
including nonlinearity, which is particularly pronounced near resonance, making lineariza-
tion inapplicable; these are also severely ill-posed, raising questions about uniqueness and
stability, and necessitating the inclusion of regularization. Additionally, for iterative proce-
dures, reconstruction time can be lengthy and prior knowledge is required for initiation. In
this context, fast, data-driven algorithms, such as the linear sampling method (LSM), can
be useful in reducing computational costs [9, 10, 13], and initializing more sophisticated al-
gorithms [5]. For an exploration of the history and evolution of the LSM, readers can refer
to the 2018 SIAM Review article by Colton and Kress [11]. Further mathematical insights
can be found in dedicated books [6, 7, 12]; recent developments include the generalized
LSM, in both full- and limited-aperture measurements [2, 3.

Two acquisition configurations are commonly used in inverse scattering problems—
active and passive. Active imaging involves sending waves through controlled sources and
recording the medium’s response through controlled sensors. Passive imaging, on the other
hand, employs controlled sensors but relies on random, uncontrolled sources (such as mi-
croseisms and ocean swells in seismology). In this setup, it is the cross-correlations between
the recorded signals that convey information about the medium [18, 20]. Passive imaging
is a rapidly growing research topic because it enables the imaging of areas where the use
of active sources is not possible due to, e.g., safety or environmental reasons. Additionally,
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Figure 1. In subsurface imaging, the objective is to capture an image of a specific subsurface area
to identify a defect, denoted as D—this could involve, for instance, locating shallow or deep geothermal
reservoirs. In active imaging (on the left), both the sources and sensors are controlled. Vibroseismic trucks
on the surface can generate signals, and sensors can be strategically placed and moved as desired. In passive
imaging (on the right), controlled sensors are still utilized, but the signal originates from uncontrolled,
random sources within the subsurface, such as microseisms and ocean swells.
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even in scenarios where active sources could be employed, utilizing passive sources helps
reduce operational costs and enhances stealth in defense applications. Other applications
encompass crystal tomography and seismic interferometry for volcano monitoring [21, 27].
Passive imaging has also demonstrated success in other fields, including structural health
monitoring [14, 26], oceanography [19, 28, 31|, and medical elastography [16]. We illustrate
active and passive imaging in the context of subsurface imaging in Figure 1.

In a previous paper [17], we introduced an extension of the LSM to address the sound-
soft inverse scattering problem involving random sources. This current study builds upon
that foundation, focusing on a scenario where a single controlled source, operating at a
specified wavelength A, illuminates a small random scatterer and an object of comparable
size to A—our goal is to reconstruct the shape of the latter. The reflection of the wave field
transmitted by the point source on the small scatterer serves as a random source, aligning
with the context explored in our earlier work. The motivation for this research stems
from the necessity, when imaging an unknown obstacle D, to illuminate it with a diverse
set of incoming waves. For deterministic, controlled point sources in two dimensions, one
considers a family of sources located at points z,, generating the incident fields

T (1
(L.1) O, zm) = JHy (Kl — zm),
and measures the resulting scattered fields u®(x;, 2,,) at points x; to populate the near-
field matrix N with entries N, = u*(x;, 2m). In the case of random, uncontrolled sources
at positions zy, as demonstrated in our prior work [17], the relevant matrix is the cross-
correlation matrix C. Its entries are given by:

2ik|3)|

L

> ul@s, z)u(@m, 1) — [6(@), @) — (@), @m)|

(=1

where u(z, z) = ¢(x, z) + u’(x, z) is the total field for the incident wave ¢(x, z), and |X|
is the area of the surface ¥ on which the random sources are distributed. (Note that it is
not necessary to know or estimate the positions 2z, to assemble the matrix C')
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Suppose now that we only have a single controlled source located at a given point z, as
opposed to several positions z,,. This is insufficient for reconstructing the obstacle’s shape
with the LSM (the near-field matrix N would have rank one). To address this limitation, we
propose introducing a random medium between the source and the obstacle. We illustrate
this concept, in acoustic scattering, by considering a single small random scatterer between
the source and the obstacle—a seemingly simple yet powerful model of a random medium
that allows us to apply the LSM in a novel manner, with a modified version of (1.2). The
extension to elastic waves in subsurface imaging will be the subject of future work.

Our method is supported by various key components, such as a rigorous asymptotic
model (see section 2) and a modified Helmholtz—Kirchhoff identity (discussed in section 3).
The paper explores numerical implementations, utilizing boundary elements alongside Sin-
gular Value Decomposition (SVD), Tikhonov regularization, and Morozov’s discrepancy
principle (detailed in section 4). A set of numerical experiments is presented in the same
section, offering valuable insights into the practical applications of our research.

2. Asymptotic model. Mathematically, the configuration described in the introduction
unfolds as follows. Consider the incident field (1.1) generated by a point source located
at z. = e 9e?: for some scalars € > 0, ¢ > 0, and 6, € [0,27] (Complex variables will
be employed to determine the coordinates of points in the plane.) Here, k& > 0 is the
wavenumber and A\ = 27/k is the wavelength. Let D be an obstacle of size proportional
to A and independent on ¢, i.e., there exists a constant C' > 0 such that its radius verifies
p(D) = %supm,yeD |& — y| = CA. Without loss of generality, we assume that D = D(0)
is centered at the origin. We also consider a small disk D, = D.(y,) of radius p(D.) = Ae
centered at y, = \e Pe'% for some scalars 0 < p < ¢ and 0, € [0,27]." Finally, let
B C R?\ DU D, be a compact set whose size and distance to D are proportional to A and
independent on €, i.e., p(B) < A and d(B, D) = infzep yep | — y| o< A\. Measurements
will be taken inside the volume B, which is consistent with [17]. We also assume that 0D
and dB are smooth enough to allow the forming of Dirichlet and Neumann traces and the
application of partial integration formulas (Lipschitz continuity is a sufficient condition).
To summarize, we make the following assumptions (see also Figure 2):?

(2.1) Y, = NePe% zo= X9, 0<p<yq,
We examine the scattering of the incident field ¢(-, z¢) by D and D,, which generates

the scattered field w?. More precisely, let w? (-, y,, z¢) € HL . (R?\{DUD.}) be the solution
to the sound-soft scattering problem

Aw (Y, ze) + FPwi( Yy, z) =0 in R*\ {DU D},
(2.2) Wi, Y, Ze) = —¢P(+,2¢) on 0D UID,

wi(-, Y., z¢) is radiating.

!Throughout the paper, we will assume that k2 is not a Dirichlet eigenvalue of —A in both D and D..
For the latter, this assumption is always verified for small enough e.

2We recall that f(e) = O(¢) means that there exists a constant C' > 0, independent of ¢, such that for
small enough ¢, | f(¢)] < Ce.
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Figure 2. The incident field ¢(-,zc) is generated by a point source located at ze = e 9e% . It is
scattered by a small disk D of radius O(e) centered at y_ = \e P’ and an obstacle D of radius O(1)
centered at the origin. Measurements are taken near the obstacle D in a volume B, whose size is also O(1).
The resulting scattered field, wg, can be approximated with an error O(|log e|716pe‘”2) in the H'(B)-norm
by the three-term sum u® + vl 4+ v:. As € — 0, the radius of De goes to 0, and y. and z. shoot to infinity.

Note that the (Sommerfeld) radiation condition in (2.2) reads
2.3)  lim /|2 <$waf(a‘:,y6,z6) —z'k:wj(:c,ye,ze)) —0, (uniformly in 2/|z|).
|00 |z|

The condition (2.3) ensures that the solution represents an outgoing wave.
We shall show that w?(-,y,, z¢) can be approximated as the sum of three terms,

(2'4) wﬁ(',ye, ZE) ~ us('7 ze) + Ui('v Ye, Zé) + vf(-,ye, ze)

with an error O(|loge|~'ePe?/?) in the H'(B)-norm; the scattered fields in the expansion
above, us(" Ze) S Hl%)c(R2 \D)? ’Ui(') Ye» ze) S Hl%)c(RQ\De% and Ues('a Ye» ze) S Hl%)c(R2 \D)7
are the solutions to the sound-soft scattering problems

Auf(-, ze) + k2uf(-,z) =0 in R?\ D,
(2.5) u(,z¢) = —¢(-,z.) on dD,

u®(+, z¢) is radiating,

Avi(, Y., ze) + K20y, 2) =0 in R?\ D,
(2.6) Vi( Yer 26) = —¢(+, z) on D,

vi(-, Y., 2¢) is radiating,
and

AV (Y, ze) + K202( Yo, 20) =0 inR?\ D,
(2.7) V(4 Yoy 2e) = —Vi (-, Y., z¢) on OD,

vi(-, Y., z.) is radiating.
We illustrate the scattering problems (2.2) and (2.5)—(2.7) in Figure 2.

We start by proving estimates on u®(-, z.), which corresponds to the wave field trans-
mitted by the point source ¢(-, z) scattered by D alone.
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Lemma 2.1 (Estimates on w®). There exists a constant C > 0, independent of €, such
that for small enough ¢,

(2.8) v (-, ze) |l g1 (B) < Cet/?
and
(2.9) [ (s 2l 12 o,y < CeP/2et/?.

Proof. We write u®(-, z¢) = Sg(-, z¢) on 0D with the single layer operator

(2.10) S:H'?(0D) — H'?(0D),
Sg(x) = - o(x,y)g(y)ds(y), =€ dD.
Once we solve Sg(-, z¢) = —¢(-, zc) for the surface density g(-, z), the solution in B reads
(s, ze) = Lg(-, ze) = =SS 1¢(+, z.) with
(2.11) .7+ H"Y2(D) — HY(B),
L y(x) = - o(x,y)g(y)ds(y), =z € B.

Using the continuity of the operators . (see Lemma B.1) and S~!, and asymptotics for
large arguments of Hankel functions (see Lemma C.3), we obtain, for small enough e,

(2.12) 1w, ze) [y < 1N ISTHIGC 2 /2 om) < Ce¥?,
with a constant C' independent on €.
For the second inequality, the solution reads u*(-, z.) = —TZ S~1¢(-, z¢) on dD, with

(2.13) 77 . H=Y2(8D) — HY?(8D,),

TTg(z) = | o(z,y)g(y)ds(y), =€ ID..
oD

Using the estimate for 7 in Lemma B.1, we arrive at
(2.14) lw* (s 2l 2o,y < NTENIS GG, 2l 11/2(0m) < Ce/?et/?. u

We interpret the estimates in Lemma 2.1 as follows: the small norm of u*(-, z¢) can be
attributed to the wave field transmitted by the point source covering a distance d = O(e™9)
to reach D, with its amplitude decaying as 1/ Vd. Subsequently, during the evaluation in
the proximity of D within B, there is no additional loss of signal amplitude. However,
when we evaluate it on dD,, some signal amplitude is lost, as it has to travel back from D
to dD. covering a distance of O(¢~P), resulting in an additional decaying term of O(e?/?).

We continue with estimates on v!(-,y,, 2.), representing the wave field transmitted by
the point source ¢(-, z.) scattered solely by D.(y,).

3We will consistently denote all constants independent on € as “C,” irrespective of potential variations
between inequalities or equalities.
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Lemma 2.2 (Estimates on v!). The solution to (2.6) reads

. +o00 (1)
219) ey, z) = 3 A E DB it ) i )
4= Hy, '’ (2me)

in the polar coordinate system (|x — y.|,0) centered at y,.; the angle ue is the angle of y,
in the polar coordinate system centered at z.. Moreover, there exists a constant C' > 0,
independent of €, such that for small enough €,

(2.16) (e 20 a2y < Cllog |~ e/
and
(2.17) 162y 20) i s2gopy < Cllog e~ e?et/2,

Proof. We look for a solution of the form
1 I

i cn(€) (1) inb
y ~e) — Hn k; - Ye )
Ue(z) Ye) 2 ) m n;OO H7(11)(27r6) ( |SL’ Yy |)€

with Fourier coeflicients

(2.18)

1 2m ] '
(219) )= 5 [ vl Ay z)e .
0

We must rewrite the right-hand side of the boundary condition in equation (2.6). Utilizing
Graf’s addition theorem (see, e.g., [1, eq. (9.1.79)] or [22, eq. (5.12.11)]), we obtain

“+oo
(2.20) BV (Kl — z) = S0 HO(kly, — zc))Ju(klz — y,[)e M HetDein?.

Utilizing the boundary condition yields the desired result.

Although a closed-form formula exists for v!, estimating it within B and on dD using
this formula is quite challenging due to the lack of uniform estimates for the terms of the
series. Instead, we write vi(-,y,, z¢) = Sege(, z¢) on D, with the single layer operator

(2.21) S.: HY2(8D,) — HY*(D,),

Seg(x) = - d(x,y)g(y)ds(y), x € ID..

The solution in B then reads vi(-,y,, z¢) = -Zege(-, zc) = =SS 1¢(-, z¢) with
(2.22) .. HY2(0D,) — H'(B),

Sg(x) = /8 @ity @b



LSM FOR DATA GENERATED BY SMALL RANDOM SCATTERERS 7

Using the estimate for .7, (see Lemma B.1) and applying Theorem A.3 to f(-, z.) = ¢(+, z¢)
with r = ¢/2, we obtain, for small enough e,

(2.23) i yes 2ol sy < 1Ll ST 6 (2ol ir-1/29p,) < Clloge| ™ e?/et/?,

with a constant C' independent on e.
For the second inequality, the solution reads vi(-,y,, z¢) = —T.S: 1¢(-, z¢) on D with

(2.24) T.: H-Y2(8D,) — HY*(8D),

Teg(x) = - o(x,y)g(y)ds(y), =x € ID.

Using the estimate for T, in Lemma B.1, we arrive at
(2.25) i yes 2ol iz opy < Tl IS S 2l =120,y < Cllogel ' e”2e?/?. m

From Lemma 2.2, we understand that the small norm of v’(-,y,, 2z¢) can be explained
by the decay of the wave field transmitted by the point source over a distance d = O(e™9)
to reach D.—the wave field experiences a decay in amplitude proportional to 1/ Vd. Sub-
sequently, during the evaluation in the vicinity of D within B and on 0D, some signal
amplitude is lost as the wave travels from D, to D, covering a distance of O(e™P), intro-
ducing an additional decaying term of O(eP/?). Lastly, the presence of the logarithmic term
is a consequence of D, having a radius of O(e).

The final step preceding the proof of our main theorem involves deriving estimates for
vE(-, Y., 2¢), representing the scattering of vi(-,y,, z.) by D.

Lemma 2.3 (Estimates on v?). There exists a constant C' > 0, independent of €, such

that for small enough ¢,

(2.26) 102 s 26) 21y < Cllog el er/2eil?
and
(227) ||US('ay€az€)HH1/2(8De) < C| 10g €|_16p6q/2.

Proof. The first inequality follows from

(2.28) 12 (o ye 2l (m) < Cllvel ye 2l r2om)

a standard result of functional analysis (see, e.g., [15, Chap. 6]). For the second inequality,
we write v: (-, y,, z¢) = —TL S™Wi(-, y,, z.) on D, and then

(2.29) 102, yes 2l mzgop,y < ITX IS HIGEC Yer 2ol iisaopy < Cllogel ™' ePet/?. m

The amplitude of v(-,y,, z.) in B is the same as that of v:(-,y,, z.). However, on 9D,
because of the distance O(e~?), we get an additional decaying factor of O(eP/?).
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Let ec(-, Y, 2z¢) € HL (R*\ {D U D.}) be the error

(2'30) 66('7 Yes ZE) = wi('? Yes ze) - us('v zE) - ’Ui('v Ye, ZE) - US('v Yes ZE).
It solves the scattering problem

Aee('ﬂ'/p Ze) + ]{726’6(', Ye» ze) =0 inR? \ {D U De}a
ee(,Ye, 2¢) =0 on 0D,

(2.31)
65<.7y67z5) = fe(',yegze) on 6D€,
ee(-, Y., z¢) is radiating,
with f6('7ye7 Ze) = —US(H Ze) —ve(+, Yo, ze). We are now ready to prove our main result.

Theorem 2.4 (Estimates on e.). There exists a constant C' > 0, independent of €, such
that for small enough €,

(232 lect-syes 2l < Cllog el teves,
Proof. Consider the solution (-, y,, z¢) € H}.(R*\ D) to
Auc(-y,, ze) + Kuc(y.,z.) =0 inR?\ D,
(2.33) Ue(yYe, 2e) = fe(+, Yoy 2e) on 0D,
Ue(+y Yo, 2¢) 1s radiating.
Then, we = e — ue € HL (R?\ {D U D.}) satisfies

Awe(-,y,, zd) + E2w (-, y.,ze) =0 in R?2\ {DUD,.},

(234) wf('7ye7z6) = —UE(',yE,ZE) on 8_D,
wﬁ('ayeaze) =0 on 8De’

we(+, Y., Z¢) is radiating.

Utilizing Theorem B.2, there exists a constant C' > 0, independent of ¢, such that for small
enough e,

(2.35) lwe(, Ye, 2 ) | () < Cllue( Yo, 2e) | g1/20p)-
This yields
(2.36) Hee(‘vaZE)HHl(B) < ||u6('ayeaz6)||H1(B) + CHUE(‘ayeaZE)HHl/2(6D)'

We write u(-, Y, z¢) = =S fo (Y., z¢) in B and uc(,y,, z¢) = —T.S (-, Y., 2¢) on
0D with fc(-,y., z¢) = —u®(, ze) — (-, Y., 2c). Using the estimates for .7 and T¢ (see
Lemma B.1) and applying Theorem A.3 to fe(-,y,., z¢) with r = p/2 + q/2, we obtain, for
small enough e,

(237) el Yozl (my < IF IS el yes 2l -172(0p,) < Clloge| ™ ePet/?
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Table 1
The amplitude of the scattered fields u®, v%, v and e., described by the equations (2.5)—(2.7) and (2.30),
depends on €. The estimates are proved in Lemma 2.1, Lemma 2.2, Lemma 2.3, and Theorem 2.4.

Scattering sequence H'(B)-norm
¢(,2) — D — uw — g O(e1/?)
incident scattering evaluation
¢(,ze) — D — ovi — 2ilp O(|log €|~ eP/2€1/2)
incident scattering evaluation
#(,ze) — Do — vi — D — v* — B (’)(]loge\_lep/Qe‘J/2)
incident scattering incident scattering evaluation
$(z) — D — uw* — D, — e — el O(|loge| leret/?)
incident scattering incident scattering evaluation
and
(238) el ye 2l rzapy < ITNIST e Yo 2l 1720,y < Clloge| ™ ee?’?,
with a constant C independent of e. |

We summarize our asymptotic results in Table 1. We note, in particular, that the error,
as expressed in (2.30), is O(|log €] ~'ePe?/?) in the H'(B)-norm, according to Theorem 2.4.
This error comes from the scattering sequence ¢(-,z) — D — u® — D, — e, — e|p,
which generates a field smaller than the sequence ¢(-, z.) — D, — v! — D — v3 — vf|p.
We also illustrate our asymptotic model in Figure 3.

Moving forward, we will utilize approximations for v’(-,y., z) and v:(-,y,, z¢), based
on the asymptotics of [8]. For instance, v’(-, y,, z¢) can be approximated by the field

(239) ﬁi('7ye7z€) = /’Lf(ye7z6)¢('7ye)
transmitted by a point source located at y, with amplitude
(2.40) Helye z0) = —H§ (Rly. — =)/ Hg" (2e).
(This is why we use the superscript “i” in v—it is an incident field for D.) Similarly, let
95(-, Y., z¢) be the solution to (2.7) with vi(-,y,, z.) replaced by #¢(-,y,, z.). Then,
(2‘41) 6?('7ye’z€) = M€(yeaz5)us('vye)a
where u*(-,y,) is the solution to the scattering problem (2.5) for the incident wave ¢(-,y,).
Let é(+, Y, 2e) € HL (R?\ {D U {y.}}) be the error

(2‘42) éE('v Yes ZE) = w:('v Yes Ze) - us('a ze) - @i(-’ Ye ZG) - T}j('a Ye ze)'
It solves the scattering problem

Aée('7y57z6)+k2ée(‘7y67z€) =0 in RQ\{EU{yE}}a

éc(,Ye,2¢) =0 on ID,
(2.43) B ( ) -
66('7ye’z€> :fe('vy@ze) on 8-D63

ee(+, Y., z.) is radiating,
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[w}| %107 [u® %107
15

Figure 3. The scattered field w¢ (top left) can be approzimated with an error O(|log e|7lepeq/2) by the
sum of three terms: u® (top right), ve (bottom left), and v¢ (bottom right). The relevant signal for the LSM
is stored in the total field ve = v + v, which satisfies a modified Helmholtz—Kirchhoff identity (section 3).

with fo(-,y,, zc) = 0(-, 2¢) — u®(-, 2¢) — 02, Y, 2e) — 95, Yo, Zc). We obtain the following
theorem from Theorem 2.4 and the formulas (2.39) and (2.41) for @ and @°.

Theorem 2.5 (Estimates on é.). There exists a constant C' > 0, independent of €, such
that for small enough €,

(2.44) lecC ye 2zl () < O log e T ePe?/? + P/2e1/2e%).
Proof. We combine (2.30) with (2.42) to write
(245) (1Yo 26) = el Yer 26) + T Yo 2e) = V(s Yer 2) + T Yo 26) — 02 (Yo, Ze).-
Let us define e! = 9% —v? and e = @ — v¢. These solve the scattering problems
Aei(y,, zd) F k%€l (,y.,2:) =0 inR?\ D,
(2.46) el Yer z0) = —(0(Ye, z0) — 6(,2c))  on ID,

6@('7 Y, Ze) is radiating,
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and

Aed (Y., ze) + k:2e§(‘, Ye,2.) =0 in R2 \ D,
(2.47) (4 Yo, 2e) = —€L(-, Y., ze) on AD,

e(-, Y., z¢) is radiating.

We note that, using the notations of Lemma 2.2,

. 1
(2.48) ez, y.,z) = — i BV (kly, — zc)(1 — Jo(27e))

(1)
Hy (klz —y|)
4 Hél)(27re) 0

. (1) — ; i
_% Z H, (k’ye(l) ze|)Jn(2me) e—zn(ue+7r)H7(ll)(k;|a; — y€|)6m0.
InZ0 Hn(2me)

We write eX(-, Y., z¢) = =S f(, Y, 2¢) in B and el (-, y,, 2z.) = —T.571f(-,y,, z.) on
0D with f('7y57z6) = _(¢(yeaz6) - ¢('7z6))' Applylng Lemma B.1 to f('vyevze) with
r = q/2, we obtain, for small enough e,

(2.49) ||ei('7yevz6)||H1/2(BD) = HTeSE_lfe('ayeaZe)||H1/2(aD) < CeP/21/2¢2
and
(2.50) et yer 2l () = 1787 el yes 20 s ) < Cell2e22,

with a constant C independent on €. We conclude by noting that

(2.51) ez (o yes 2l (s < Clleesye 2ol 2o
and using the triangle inequality. |

In the proof of Theorem 2.5, we showed that approximating v¢ by #¢ yields an error
O(€?) when p = ¢ = 0. This is sharper than the error O(|loge|~te) proved in [8, Thm. 1].

3. A modified Helmholtz—Kirchhoff identity. In this section, we will establish that
the total field ¥ = 9% + 9¢ satisfies a modified Helmholtz—Kirchhoff identity. Consequently,
the information is encapsulated in ¥.. However, the practical challenge lies in having access
only to measurements of w; = u® + 0. + é.. We first outline the process of extracting v..

Let X, be the circle of radius Ae P centered at the origin and let (-) denote the average
with respect to y, € ¥, e.g.,

1

(31) <w§>(w7z€) = ’26‘ 5. wi(w7ye7z6)d3(ye)'

Since u®(+, z¢) does not depend on y, € ¥, we note that, for any « € B,

(3:2) wi(®,Ye, 2e) — (W (T, 2e) = Ve(T, Yo, 2e) — (0e) (T, 2¢) + Ec(T, Yo, 2e) — (€c) (T, 2¢)-

We are going to show that the y -average of ¥ is small in comparison to ¥ (Theorem 3.1).
Therefore, removing the y_ -average of w? from w? is a simple way of accessing ¥, as the
other three terms in the right-hand side of (3.2) are negligible.
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Theorem 3.1 (Norm of ¢, and (0.)). There exists a constant C > 0, independent of e,
such that for small enough e,

(3-3) 15e(+ Y 20) |1 () < C|loge| ' e?/2et/?
and
(3.4) 15 (s 21y < Clloge| "erel2.

Proof. The first estimate can be obtained via those on vi(-,y,,2.) (Lemma 2.2) and
(-, Ye, ze) (Lemma 2.3), or via Lemma C.8. For the second estimate, we first note that
the amplitude of (7¢)(-, z.) can be estimated using Lemma C.8. To conclude, we observe
that (9%)(, z.) is a scattered field for the incident wave (%) (-, z.). [ |

For any =’ € R?\ D, we recall that u*(-, ') denotes the solution to (2.5) for the incident
wave ¢(-,2'). In our previous work, we utilize the fact that u®(-,x’) and the associated
total field u(x, ') = ¢(-, ') + u*(-, &’) verify the following Helmholtz—Kirchhoff identity

(3.5) u(z,x') — us(z,x’') = Qik/ u(z, z)u(x’, z)ds(z) — [¢(m,m’) — ¢(:1:,az’)} :

by

This motivated the setup of Figure 4 (left) and the introduction of the cross-correlation
matrix (1.2). Indeed, in that setup, we assumed that the J > 0 measurement points x; are
located in some bounded volume B C R?\ D. We also assumed that there exists a surface
> that encloses B and D, and that there are L > 0 point sources z;, randomly distributed
on Y. These sources can transmit a unit-amplitude time-harmonic signal, one by one, so
that it is possible to measure the total fields u(x;, z;). Moreover, it is possible to compute
o(x;, ), so we can evaluate the cross-correlation matrix (1.2). This matrix corresponds
to the discretization of the right-hand side of (3.5) at points z, with uniform weights and
evaluated at x; and x,,, i.e.,

(3.6) Cim ~ 2ik /E w(@), 2)u(@m, 2)ds(2) = (), Tm) — 5(@;, @) -

The quadrature error associated with (3.6) is O(1/v/L), in general. However, if the z,’s
correspond to a B-perturbed trapezoidal rule, then the error improves to O(1/L” —4p ) when-
ever the integrand has v > 45+1/2 derivatives [4, Thm. 1] (For details about computations
with trigonometric interpolants, we refer the reader to [23, 30, 32].)

We show, now, that the total field 9, = ©¢ + ¢ satisfies a modified Helmholtz—Kirchhoff
identity, which justifies the setup of Figure 4 (right).

Theorem 3.2 (Modified Helmholtz—Kirchhoff identity).  For any point x and &' in B,
and small enough €,

37 wi(wa) — w(m, @) = 2iko. /E (@ Yo 20 @y, 2 )ds(y,) [1+ O]

- [¢(w7 wl) - ¢($, CC,)],

where the scaling factor o reads

(3.8) o= Wz‘Hél)(27T€)’267q.
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Figure 4. In passive imaging with a random source (left), the defect D is illuminated by an uncontrolled,
random source located at points z, which we assume to be distributed on a surface ¥ that encloses the defect.
The medium’s response is recorded at points x and x’, contained in some measurement volume B. In passive
imaging with a small random scatterer (right), the defect is illuminated by a single controlled point source
located at zc. The incident field is scattered by a small random scatterer Dc(y.) rotating around D on X,
creating an artificial random source. The medium’s response is also recorded in some volume B.

Proof. Recall that:
(39) IN)E'(CE, Ye: z€) = M€(ye7 Z€)¢(m7 ye) and QN}S(CB’ Yes ZG) = MG(ye’ ZG)US(:I:, ye)'
Therefore,
(3'10) us(w7 yE) = ME(yEJZE)ilfl’)S(w? yE7z€)
satisfies the standard Helmholtz—Kirchhoff identity

(811) u'(e.2) - w(@.@) = 2ik / u(w.yJula y)ds(y,) — [o(z.') — 3. 2)] .

€

with total field

(3‘12) u($7 ye) = ¢(w7 ye) + us(mv ye) = M€(ye7 ZE)_I@E(:L" Ye ze)'
We can rewrite the integral as
(3.13) Qik/ ey, ze) P e, Y., ze)0e (2, Y., 2 )ds(y,).
e
We conclude by using Lemma C.9. [ ]

Our modified Helmholtz—Kirchhoff identity in Theorem 3.2 justifies the introduction
of the following modified cross-correlation matrix,

~ 2ik|3c|oe L — —_—
(314) C]m = |_L| ZU6($j7 ygv ZG)Ue(wma yﬁa zE) - [¢(w]7 a:m) - ¢(ZB], mm)} ]
(=1

whose accuracy and robustness we demonstrate next in a series of numerical experiments.
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4. Numerical experiments. The solution to the inverse acoustic scattering problem
consists of two steps. First, the modified cross-correlation matrix (3.14) is filled out in the
data acquisition step (direct problem). This entails solving (2.2) for L different positions
y’ of the small scatterer and evaluating the solution at .J points x; (for a given z.). This
yields a J x L near-field matrix N with entries Njp = w¢(z;, y’, z.). We then remove its
column-average, generating a J x L matrix N with entries Njg ~ De(xy, y’, z.). This allows
us to assemble the J x J matrix (3.14). Second, we probe the medium by solving the
system CN’gs = ¢, for several sampling points s € R?, in the data processing step (inverse
problem). The right-hand side reads (¢s); = ¢(x;,s), 1 < j < J. The boundary 0D of the
unknown defect D coincides with those points s for which ||gs|2 is large [17, Thm. 4.3].

Solving the direct problem. Our MATLAB implementation leverages the capabilities
of gypsilab, an open-source toolbox designed for efficient boundary element computations.
The approach adopted employs the combined boundary integral formulation for the exterior
Dirichlet problem (2.2), allowing for the computation of weakly and strongly singular and
near-singular integrals through the methods delineated in [24, 25]. Tt is generally preferable
to employ a combined integral approach, as it is coercive for large wavenumbers [29].

Solving the inverse problem. To simulate noisy measurements, we add some random
noise with amplitude 0 to the near-field matrix N, before constructing C. This yields a
noisy matrix 05 To solve C’5 gs = ¢s, we compute the SVD of the matrix Cg, C’5 U(;S(;V;; ,
and apply Tikhonov regularization with parameter « > 0. To choose «, we use Morozov’s
discrepancy principle. For details, we refer the reader to [17, sect. 5].

Full-aperture measurements. We consider an ellipse and a kite of size A\/2 centered at
—2X — 2Xi and 2\ + 2)\i for the wavenumber k = 27 (wavelength A = 1). The ellipse has
axes a = 1.5 and b = 1, while the kite is that of [12, sect. 3.6]. We take ¢ = 1072, p = 1,
q =2, and 6, = 7 for the asymptotic model, which yields z. = —10000. (We will keep all
parameters listed thus far unchanged throughout all experiments.) For the LSM, we take
J = 120 equispaced sensors on the circle of radius 5A = 5,

i . 2r
(4.1) T = e 6] = T

and L = 100 different positions of a single small scatterer on the circle of radius Ae 7P = 100,

. P
(4.2) y! = 100", 6! = %(6 —148), 1<¢<L,

where the (,’s are independent and identically distributed with the uniform distribution
over (0,0.1). This is a (slightly) perturbed equispaced grid, with the corresponding quad-
rature in (3.14) serving as an accurate approximation of the integral within (3.7) (see also
the comments preceding Theorem 3.2). Finally, we add some multiplicative noise with
amplitude 5 x 1073 to the near-field measurements,* and probe the medium on a 100 x 100

“In theory, to ensure the preservation of the signal encapsulated in ., the noise level must align, up to
a logarithmic factor, with the approximation error O(e”e?/?) = 10™* described in Theorem 2.4. However,
in practice, we managed to obtain satisfactory reconstructions even with noise levels as high as 5 x 1073,
This still presents a clear limitation, which we will partially address in the last experiment.


https://github.com/matthieuaussal/gypsilab

LSM FOR DATA GENERATED BY SMALL RANDOM SCATTERERS 15

Im(Cy)

-1
0 i A

XXXXXXXx
XXX Xx
xX Xx

100

e

X
X
X
X
X
X
X
X
X
X
X
x
X
X
X
X
X
X

X
X
X

xx

X
i

Xx XXX
KX xxxx XXX

1 40 80 120

Figure 5. The first column displays the imaginary part of the modified cross-correlation matriz (3.14)
and the second column the LSM indicator function (values outside of the disk of radius 5\ were zeroed out).
The measurement points are represented by crosses, while the true boundary is depicted in a solid black line.
Our sampling method, based on cross-correlations and a small random scatterer, successfully identified D.
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Figure 6. In this experiment, too, the defect (a kite) is well identified by our method. This demonstrates
that the LSM can be utilized in passive imaging with data generated by a small random scatterer.

uniform grid on [—6X, 6] x [—-6A, 6A]. The results are shown in Figure 5 and Figure 6 for

the ellipse and the kite. In both cases, the defect is well identified by our novel LSM, based
on cross-correlations and a small random scatterer.

We now consider a less favorable but more realistic scenario where the positions of the
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Figure 7. When the small scatterer moves randomly around the obstacle according to (4.3), the quad-
rature error associated with our modified cross-correlation matriz is O(1/+/L). It is therefore necessary to
increase the number of realizations L from 100 to 400 to obtain good numerical results. The entries of the
matriz (on the left) are noisy approzimations to those of Figure 6 (left).

single small scatterer move according to
(4.3) yl=100e, 1<¢<I,

where the 95’5 are independent and identically distributed with the uniform distribution
over (0,27). We present the results in Figure 7 for J = 120 sensors as described in (4.1),
L = 400 realizations, and noise level 5 x 1073; these are not as good as previously. The
reason for this is that the sum in (3.14) with the quadrature points as given by (4.3) is a
rather poor approximation to the integral in (3.7), the quadrature error being O(1/v/L).

Limited-aperture measurements. In this numerical experiment, we explore measurements
with a restricted aperture, as analyzed in [3]. The outcomes are displayed in Figure 8 for
J = 120 sensors, L = 100 different realizations of (4.2), and noise amplitude 5 x 1073.
Although this configuration leads to much more challenging reconstructions, our approach
based on the modified cross-correlation matrix (3.14) and a small random scatterer pro-
duces results comparable to those obtained using the cross-correlation matrix (1.2) and a
random source (see [17, sect. 5]).

Several small scatterers. We now assume that there are R > 1 several small random
scatterers around D. At each acquisition ¢, the scatterers, indexed by r, are located at

(4.4) Yt =100¢%", 1<(<L, 1<r<R,

where the Hé’r’s are independent and identically distributed with the uniform distribution
over (0,27). Let Y* = {y5"}2 | denote the positions of all small scatterers at a given
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Figure 8. In the case of limited-aperture measurements, achieving a perfect reconstruction of the shape
is not anticipated. Nevertheless, our sampling technique employing a small random scatterer produces results
that are comparable to those obtained using the LSM with a random source.

acquisition ¢ and define

R
(4.5) ﬁe(w,Yf,ze) = Zf}e(cc,yf’r,ze).
r=1

In this scenario, the scattered field w; reads
(4.6) wi(x,Y: z) ~ub(m, z0) + 0c(x, Y, 20).
We use the same technique to remove u® and assemble the matrix

~r 2ik[Soe (. S
(A1) O, = B S VI 20w, Vo) — ol ) 908 0]

The results are shown in Figure 9 for R = 5 (top row) and R = 30 (bottom row), with
J = 120 sensors described in (4.1), L = 400 realizations, and noise levels of 10~2 (top row)
and 5 x 1072 (bottom row). This increased noise level is manageable because the signal

magnitude within (4.5) is boosted by a factor of R compared to previous scenarios. This
indicates a significant improvement and opens avenues for future endeavors.

5. Conclusions. We have introduced a novel version of the LSM as a powerful tool for
addressing the sound-soft inverse scattering problem in two dimensions featuring randomly
distributed small scatterers. Our approach is underpinned by a robust theoretical founda-
tion, leveraging a rigorous asymptotic model and a modified Helmholtz—Kirchhoff identity,
building upon our prior work on the LSM for random sources [17]. The implementation
is comprehensive, incorporating essential components such as boundary elements, SVD,
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Figure 9. When using several small scatterers, the signal is amplified by the number R of scatterers.
With R = 5 random scatterers, we were able to increase the noise level from 5 x 107% to 1072 (top row).
With R = 30, we managed to raise the noise level to 5 x 1072 (bottom row).

Tikhonov regularization, and Morozov’s discrepancy principle. Finally, the numerical ex-
periments presented in this paper demonstrate the effectiveness, accuracy, and robustness
of our algorithms across various scenarios. The code used for generating the figures in the
numerical experiments is available on GitHub at this link.

This study has laid the groundwork for potential extensions and broader applications.
The first avenue involves extending the developed framework to three dimensions and ex-
ploring its adaptability to different boundary conditions, enhancing the model’s versatility.
Additionally, expanding the model to encompass a continuous distribution of random scat-
terers on a surface would move us toward a more realistic configuration. This adjustment


https://github.com/Hadrien-Montanelli/lsmlab
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might also address the noise issues raised in the numerical experiments, although a detailed
analysis of this aspect is beyond the paper’s scope. The subsequent progression towards a
heightened level of realism involves contemplating random scatterers distributed within a
volume. Finally, we would like to extend our sampling method to elastic waves, enabling
its application to subsurface imaging.

Acknowledgments. We sincerely thank the members of the Inria Idefix and Makutu
research teams, in particular Lorenzo Audibert, Hélene Barucq, and Florian Faucher, for
fruitful discussions about inverse scattering problems and subsurface imaging. Florian also
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Cassier and Christophe Hazard for their insights into the asymptotics for small scatterers.

Appendix A. Auxiliary interior problem. Let D, = D.(y,) denote the disk of radius
Ae centered at y,, as in section 2. Let u. € H'(D,) be the solution to

Aue + k*uc. =0 in D,
(A.1)

ue = f on 0D,
for some f € H'/2(9D,). The corresponding single layer potential reads
(A.2) S.: H"Y2(8D,) — HY*D,),

Seg(x) = /8[) o(x,y)g(y)ds(y), =€ dD,

with ¢(z,y) as in (1.1). We now write D, = y, + XeD, where D is the unit disk centered
at the origin, and define the following change of variables:

A_m_ye A_y_ye T — 4
(A.3) T=— Y= Ue(Z) = ue(y. + Nex).

Then, G, € H'(D) satisfies

(A.4)

AT, + 47220, = 0 in lA),
Ue = ﬁ on 8ﬁ,

with f.(&) = f(y. + \e®) € HY/2(8D). The associated single layer potential reads
(A.5) S.: H'2(dD) — H'Y?(8D),

5.(@) = | 0@ 9)3(@)ds@). @ oD,
with

-~ R o R
(A.6) e(Z,Y) = P(Y. + A, y, + Aey) = ZHél)(Qﬂe\x —-9|).
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On 8D, we can expand any f € H/2(D) as a Fourier series

. 1 I .
(A7) J0 = 7= 3 e, 00,27
with Fourier coeflicients
1 2r -
A. = — 0e "™ db,
(A8) =g [ T0

and define the 1/2-norm as

+oo
(A.9) 1P sy = 2o leal?(1 40212

n=—o0
Similarly, we can expand any § € H~1/2 (813) as a Fourier series
(A.10) §(0) = \/12? io A 0 € (0,27,
n=—o0
and define the negative 1/2-norm as
(A1) 12 ) = 3 ldal?(1 4272
n=—c0

Finally, we define the duality pairing between H/2(9D) and H~'/2(0D) via

(A12) )= [ F@i@E) = 3 e

for any f € HY/2(0D) and § € L2(dD). We extend it to § € H~1/2(0D) by density.
On dD,, we define the 1/2-norm of any f € HY/?(9D,) via

(A.13) 1Flvraopey = 1l gussomy

where f.(Z) = f(y.+Aez) € HY/2(0D). The duality pairing between the spaces HY/2(0D,)
and H~'/2(9D,) is then defined via

(A.14) (f.o)= [ Ffgy)ds(y),

for f € HY?(0D,) and g € L*(0D.). We extend it to g € H~Y/2(0D,) by density. This
allows us to finally define

f.g
(A.15) lolaopy =  sup I
remi2@paz0 1 L@z on,)
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From the definitions above, we note that

(A.16) (o) = [ f)gwdsy)=re | _f(@)3:@)ds(@) = Ne(fe, ),
0D, oD

where f.(Z) = f(y, + Ae@) and §o(Z) = g(y. + Ae@), and hence
(A.17) 191l zr-1/200,) = A€llFell g-1/2(55):

Going back to the potentials, a direct calculation yields, for g € H —1/2 (0D,),

—

Seg(Z) = Seg(y. + Aex) = - o(y. + A, y)g(y)ds(y),

(A.18) =) (Y + Ae, Y + Aey)ge(Y)ds(Y),
= \eSGc(T).
Finally, suppose that g = S-*f € H='/2(9D,) for some f € HY/?(dD,), then

(A19)  Sege = f = Sege = fo = AeSeGe = fe = AeGe = ST fe = NSV f = S
We summarize all the previous definitions and observations in the following lemma.

Lemma A.1. For any function f € H'/2(dD,) and g € H~'/?(dD,), define
(A.20)  fu(@) = f(y.+ Aex) € H'/?(OD) and §c(@) = g(y. + Aex) € H~/2(OD).

Then

(A.21) 120, = Well oy, and Ngllg-120p,) = AelGell -1 /2005
as well as

(A2 (£.0) = Alfod), S =B, and AeS. ' f =5

We now prove a result on the Fourier coefficients of functions defined on dD..

Lemma A.2. Let f € Hl/Q(aDE). Suppose that f can be smoothly extended to a twice
continuously differentiable function in a neighborhood U. of D. and that there exists r > 0
and a constant C > 0, independent of €, such that for small enough e,

8z‘+j f
Ox'OyI

(A.23) sup
$€Ue

)| <ce,

for all integers i,7 > 0 such that i + j < 2. Then, the Fourier coefficients of ﬁ verify, for
small enough e,

67’+1

(A.24) cole) = f(y) +O(€) and |en(e)| < C BE

Vn #£ 0,

where C > 0 is a constant independent of n and €.
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Proof. Since f is twice continuously differentiable in U, and its second derivatives are
uniformly bounded by a quantity O(e"), we have that

(A.25) f(y, + Aee®) = f(y,) + Aecos Gg(ye) + Aesin Og(ye) + O(e"?),
Ox Ox
and hence
2
(A.26) c0(€) = o= [ Fly, + Aee)dd = [(y,) + O ).

Moreover, because 8 — f.(6) = f(y, + Aee’) is twice continuously differentiable, its first
derivative has bounded variation

(A.27) V= /0 "

and its Fourier coefficients satisfy [32, Thm. 4.1]

d? -
d92f6(9)‘ o,

Ve

(A.28) len(e)] < Dy

Vn # 0.

It suffices to estimate V. to conclude. Let
(A.29) ze(0) = Xe Pcosby + AecosB, y(0) = Ae Psinf, + Aesinf, 6 € [0,2n].

Since f.(0) = f(zc(0),y(0)), we have that

(A.30) RO =xe |- sin 02 (2,(0),9.(0)) + coseg<m€<e>, (0))
and

(A.31) d—2f(6?) = e [— cos Ha—f(:c (0),ye(8)) — sin Ga—f(:c (9) (0))} + O(e"?)

. d92 € - am € Y yE ay € Y ye 9
since the second derivatives are uniformly bounded by a quantity O(e"). Therefore, there
exists a constant C' > 0, independent of €, such that for small enough ¢, V, < Ce™ 1. [ ]

We note that if we assume that f can be smoothly extended to an infinitely differen-
tiable function and that all of its derivatives are uniformly bounded by a quantity O(€"),
then we can show that |c,(€)] < Ce™/|n|*¥ for all n # 0 and any integer v > 0.

Let S-1: HY/2(0D.) — H-Y/2(OD,) and S-' : H/2(D) — H~'/2(8D) be the inverse
operators of (A.2) and (A.5).

Theorem A.3. If f has Fourier coefficients c,, then §;1f has Fourier coefficients
2
7r Jn(ZWE)H,(ll)(Qﬂe)

(A.32) dyp = , nel.
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Moreover, there exists a constant C > 0, independent of €, such that for small enough e,
(A.33) I1S7H < C and ||S7Y| < C.
If ﬁ(i:) = f(y. + Aex) for some function f that verifies the assumptions of Lemma A.2,

then there exists a constant C > 0, independent of n and €, such that for small enough e,

61"Jr1

(A34) |do(e)] < Clloge[™![f(yo)| + O(|loge|'€*?) and |dn(e)| < C vn # 0.

]

Moreover, there exists a constant C' > 0, independent of €, such that for small enough €,
(A.35) 1S Fl-1/2(am,) < Cllog(e)| " f(yo)| + O(™)
Proof. Let 4, € H'(D) U HL _(R? \5) be the solution to

Al + 472620, =0 in R2\ 9D,
(A.36) i.=f ondD,

U is radiating,
for some f € H/2(AD) with

+oo
(A.37) f(6) = ! > ™, 0e0,27].

V2m n=—00

We look for a solution of the form

+o0
(A.38) Ue(r,0) = Z an(€)Jp(2mer)e™  in D,
and
+OO . =
(A.39) Ue(r,0) = > Bale)HV (2mer)e™  in R?\ D,

with 4, = Aege. The boundary condition . = §Efq} = ]? on &D yields

~ Cn nd . N
(A.40) Ue(r,0) = ors n;oo 7m0 Jn(2mer)e in D,
and
1 = c : =
(A.41) Ue(r,0) = — " HV(2rer)e™  in R?\ D
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Note that S-!: f — S-1f with

a1z [00 J2re)  HY @2re)\ .
(A42) 511(6) = [871} Z vaneen ( Jn(2me) Hr(Ll)(27re) > e, 9 €102,

n=—oo
where [0, /0n] denotes the jump of the conormal derivative through dD. We note that

J! (2me HS)/ 2me i 1
(A.43) - i L - vn,
n(2me) g (2me) € Jn(2me) Hy /' (2me)

using the Wronskian (see, e.g., [1, eq. (9.1.16)]). This yields

P 1 2% X Cn :
(A.44) SO =—== > e 9 e0,2n],
Ver S T (2ne) HY (2me)

which shows that the Fourier coefficients of 36_ 1f are given by

(A45) dp = _& cn(l) , nez.
T Jn(2me)Hy ' (27e)

From the coefficients d,,, it is clear that the squared negative 1/2-norm reads:

4 I

‘Cn‘Q 2\—1/2
(A.46) 152712 (14n2)"1/2,
H120D) ~ 72 n;oo | T (2me) HY (27¢) |2

We choose an integer NV such that the uniform estimates of Lemma C.4 hold and split the
norm as follows,

‘Cn‘Z 2\—1/2
(A.47) IS FII2 (1+n*)Y
H=Y/2(0D) ~ 7 |nz<:N | 27r6)Hq(1 )(27re)\
2
a0y iad (1+n?)71/2,

™ S [ a(@re) HY (27e) |2

We use the asymptotics for small arguments of Lemma C.2 for n = 0,

1
(A.48) o) < Clloge|™' <1,
|Jo(2me)Hy ' (2me))|
with a constant C' > 0 independent of ¢, as well as for 1 < |n| < N,
1
(A.49) D < Chn,
|Jn(2me) Hy, ' (2€)|

with a constant C' > 0 independent of n and € (it is the maximum over 1 < |n| < N of the
constants appearing for each n). For |[n| > N, we use the uniform estimates of Lemma C.4,

1
(A.50) < Chn,

| T (2me) HY (270¢) |
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with a constant C' > 0 independent of n and e. Putting the pieces together yields

(A.51) [Eai/ 1205 = © Z leal? (14 0?)2 = CII 12, (oD)

n=—oo

that is, |S-1| < C. For S-, from Lemma A.1, we observe that, for any f € HY2(8D,),

(A.52) 1S fll =12 am—AeHSe Flyeep) = =187 fell - 120Dy
with f.(Z) = f(y. + Ae@) € H/2(8D). This yields
(A.53) 15 Fl-1/20m,) < CIIﬁIIHI/Q(aﬁ) = Cllfllz/20p,)-

If ﬁ(fﬁ) = f(y.+ \ex) for some function f that verifies the assumptions of Lemma A.2,
then there exists a constant C' > 0, independent of n and ¢, such that for small enough e,
the Fourier coefficients of f. satisfy

r+1

(A.54) cole) = f(y.) + OE*?)  and ‘cn(eNSCEIW

Vn #£ 0.

We choose, again, an integer N such that the uniform estimates of Lemma C.4 hold, and
then combine the asymptotics for small arguments of Lemma C.2 forn = 0and 0 # [n| < N
with the uniform estimates for |n| > N. This yields, for small enough e,

_ 1 6r+1
(A.55)  |do(e)| < Clloge| | f(y,)| + O(|loge| ™) and |dn(e)] < C m Vn # 0,
with a constant C' > 0 independent of n and e. This immediately implies that
(A.56) 1S =120, = I8 Fell g-1/2(05) < Cllog()l 7 If (y)| + O ™

Appendix B. Auxiliary exterior problem. Let D. = D.(y.) and D = D(0) satisfy the
assumptions of section 2. Let we € HL (R*\ {D U D.}) be the solution to
Aw, + k*w. =0 in R?\ {DUD.},
we=f on dD,
we =0 on 0D,

we is radiating,

(B.1)

for some f € HY/2(0D). We seek to evaluate the solution w, in the domain B, characterized
in section 2, via we = ge + She with operators

(B.2) 7+ H"Y2(D) — H'(B),
Sye) = [ dayowsw), @ e b
oD
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(B.3) . H'/2(0D,) — H'(B),
Sglw) = [ olaywisy). o< b
To solve (B.1), we must have

(B.4) Sge+Tche=f ondD and Sche+TTg.=0 ondD,,

with operators

(B.5) S: HY2(dD) — H'Y?(8D),
Sg(x)= [ ¢(z,y)g(y)ds(y), =€ D,
oD
(B.6) S.: HY2(0D.) — HY*(8D.),
Seg(x) = o(x,y)9(y)ds(y), x € ID.,
0D
(B.7) T.: HY*(0D,.) — HY?(3D),

To@)= [ o v)ow)dsty), = oD
and
(B.8) 77 . H=Y2(0D) — HY?(8D,),

Tog@) = | o@y)y)dsy). = edD
This yields
(B.9) ge= I —=SM.SITHY"1s7 f ondD and he=-S'TTg. on dD..
Both S~1 and S-! are continuous operators (see Theorem A.3 for the latter). Let
(B.10) A= ST\, H-Y2(D) — HY/2(dD).

We characterize, below, the norms of T, T, A,, .7, and .%..

Lemma B.1. There exists a constant C' > 0, independent of €, such that for small
enough e,

(B.11) |T.| < 0", |TT| < C&2, ||Al < C&, | ] < C, and | Z] < C.
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If ge = SZLf for some function f that verifies the assumptions of Lemma A.2, then there
exists a constant C' > 0, independent of €, such that for small enough e,

(B.12) ITegell 12 (opy < Clloge| e/ |f(yo)| + O e e)
and
(B.13) |-Zegell 1 (5) < Clloge| L2 [f(y, )| + O(e"/2e"€?).

Proof. To show that ||T¢|| is small, we observe that, via Lemma C.3, for € 9D,
B10) (T < s oyl [ lowlds(v) < C ol any,
which leads to ||Tegllr2(op) < CeP/?. Similarly, we can write, for € 9D,

(B.15) IV(T.g9)(x)| < sup |Vzeo(x,y |/ y)|ds(y) < C’ep/2||g||H71/z(aDe),
y€dD

which leads to ||V (Teg) | r2(op) < CeP/?. This yields, since T.g € H*(dD) for any s > 0,
(B16) |1 TegllBizom) < ClTealinopy = CLUITgl 72 op) + IV (Teg)72(apy } < CeP-

The same reasoning can be applied to 7.7. This immediately gives a bound on ||A.||.
For . and ., we obtain the following estimates for = € B,

(B.17) 79(a)| < sup lo(ay) / W)lds(y) < Clgll-120m):
and
(B.18) eo(@)| < s [o(zy) / W)lds(y) < C2|g] 1r-120m,

and similar ones for their gradients.
Let g = S.!'f for some function f that verifies the assumptions of Lemma A.2 and,
for @ € 0D, let us write T.g.(x) as a duality pairing

(B'lg) Tege(m) = <¢(mv ')a Se_1f>

between ¢(x,-) € H/?(0D,) and S f € H='/2(dD,). Then, via Lemma A.1,

— oo

(B'ZO) Tege(m) = )\6<$€(m’ )7S;1f> = <¢6($7 )7576—1]?6> = Z Cnﬁ,
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where ¢, and d,, are the Fourier coefficients of dAJE(:c, y) = o(x,y. + A\ey) and 36_11?6. Using
Lemma A.2 for ¢, and Theorem A.3 and d,,, there exists a constant C' > 0, independent
of n and e, such that for small enough e,

(B.21) cole) = p(x,y,.) + O(/>2) = O(?/?) and |en(e)] < cff‘? Vn # 0,
|do(e)] < Clloge| | f(yo)| + O(llogel ') and  |dn(e)| < 06’:;1 Vn # 0.
Therefore, we have
(B.22) | Tege(@)| < Clloge| "2 | f(y)| + O(?"€?).
We have the same estimate for the gradient and hence
(B.23) ITegellmris2opy < Cllogel /2| f(yo)| + O(eP?e¢?).
The proof for ||-cgellg1(p) is (almost) identical. [ |

Theorem B.2. There exists a constant C' > 0, independent of €, such that for small
enough ¢,

(B.24) lwellzri sy < Cllf 1720y
Proof. We first write
(B.25) [wellr sy < N7 gell () + |Fehel i1 sy,
and use Lemma B.1 to get
(B.26) lwell sy < Cllgel 120y + CPlhell 17201,
with a constant C' > 0 independent of e. From (B.9) and Lemma B.1, we observe that
(B.27) lgell r-1/20m) < CIUT = AT HISTHHIF | r2 00y < CllF lmnrzamys
since ||Ac|| < CeP/? < 1/2 and ||(I — A~ < (1 — ||Ac])~" < 2 for small enough ¢, and
(B.28) el gr-1r20p,) < CUST T I lgell r-1/20m) < CE 1S llip1r2(0m)-
This yields

(B.29) lwellr(s) < Cllflmr2op) + CEN 20Dy < Cllfllz@n)- u

Appendix C. Asymptotic formulas.
Here, we revisit several helpful asymptotic formulas. Due to the symmetry relations
that follow, our focus can be solely on positive integers n € N.
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Lemma C.1 (Symmetry relations). For alln € N,
(C1) Jon(@)=(~1)"Ju(z) VzeR and HY(z)=(-1)"HO(z) Yz e (0,+00).

Lemma C.2 (Asymptotics for small argument). When n € N is fized and x — 07 :

(C2)  Jn(w) = (x)n O™ Yn£0, Jo(x) =1+ 0@?),

T onl\2
(C3)  Hy(z) = (”;Tl)' (i)n e (x:_l) Wn£0, Ho(x) = %log (;) +0n).
Proof. See, e.g., [1, egs. (9.1.7)—(9.1.9)]. [ |

Let us emphasize that the estimates in Lemma C.2 are not uniform in n, that is, the
constants in the O are independent of x — 0 but do depend on n.

Lemma C.3 (Asymptotics for large argument). When n € N is fivred and x — +oo:

(C4) Jn(x) = \/Zcos(m—mr/Q—w/él) <1+(’) (;)) ,

(C:5) (@) =\ Zetemini (10 (1)),
T -
Proof. See, e.g., [1, egs. (9.2.1)—(9.2.3)]. -

The estimates in Lemma C.3 are not uniform in n either.

Lemma C.4 (Asymptotics for large order). When n € N — oco:

(C.6) () = % (;)n (1 +0 (i)) ,

uniformly on compact subsets of [0, 4+00),

o =22 (2 (120 (2))

uniformly on compact subsets of (0,+00), and

(C.8) L@@ =1 (1+0(1),

uniformly on compact subsets of [0,+00).

Proof. Tt can be obtained from the series representation of the functions J, and Hy(ll);
see, e.g., [12, egs. (3.97)—(3.98)]. [ ]

We emphasize that the estimates in Lemma C.4 are uniform in z, i.e., the constants in
the O are independent of both n — 400 and x.

For the remaining lemmas, we will assume that all variables are defined as in section 2
and section 3. In particular,

(C.9) Y = NePellv z =X, 0<p<yq.
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Lemma C.5. When e — 07 :
(C.10) |y — z¢| = e ? (1 — el Pcos(0, —0,)+ O (eQ(q*p)» .
For any & = Acge'® with ¢, = O(1), when € — 07 :
(C.11) @~y = AP (1= coe? cos(0, — 0,) + O ().

Proof. We write

1/2
(C.12) |y — zc| = Ae™ (1 —2e¢"Pcos(0y —0.) + 62(‘1_1’)> / )

Then, for small enough e,

1/2

(C.13) (1 — 2e"Pcos(0y, — 0,) + 62(q_p)) =1—-¢€"Pcos(§,—6.)+ O (62(q_p)) .

We conclude by multiplying by Ae~?. We obtain the result for |x — y | by writing
_ 2p) 1/2
(C.14) lze —y | = AP (1 — 2c,€P cos(b, — 0y) + € p) . [ |
Lemma C.6. When e — 07 :

€1/2

(015) Hél) (11€|y€ o 25’) _ 762(27'('67‘1[1—6‘17? cos(ﬁy—é’z)—FO(eQ(q*P))]—71-/4) (1 +0 (Eq—p)) .
™

For any & = \cge'%* with ¢, = O(1), when e — 0F:

p/2
(016) Hél)(k|m _ y€|) — 6762(27“ P[l—cye€P cos(@x—Oy)]—w/zL) (1 +0 (ep)) '

Proof. This is obtained by combining Lemma C.5 with Lemma C.3. |

Lemma C.7. For any ¢, = O(1), when ¢ — 07 :

o p/2
(C.17) <672m(6 P cos(0y—0:)+ca cos(ez—ey))> - cos (2me P [1 + cpé? cos(0, — 0,)] — 7/4)
s

< (1+0(e)).

Proof. The integral on the left-hand side equals Jo(27h) with

(C.18) h= \/(E_P cosf, + ¢, co80,)? + (e7Psinb, + ¢, sinb,)2.

We then obtain an expansion for h and utilize Lemma C.3 for Jp. [ ]
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Lemma C.8. For any « = c;\e% with ¢, = O(1), when e — 0F:
P/2¢1/2

am2H Y (2me)

< (140 (e

(C19)  ¥i(@,y.2) = i3 con(0,~0.) s con(0=0,)+O(€47))

and

€Ped/2
amH (2me)
w e2im(e71+eP+O(17%)) (1 L0 (gnin(n q—p)>) ‘

(C.20) () (x, 2) = cos (2me P [1 + cueP cos(b, — 0,)] — m/4)
Proof. We recall that

i B (Kly, — =)
4 Hél)(Qwe)

(C.21) iz, y,, z) = 2 (k| — z.).

The estimates are direct consequences of Lemma C.6 and Lemma C.7. |

Lemma C.9. When e — 0t :
(C.22) e (ye, ze)fl\2 = 7T2‘H(()1)(27T6)’267q (1+0(e777)).

Proof. We recall that pe(y,, z¢) = —H(()l)(/@]ye - ze\)/Hél)(Qwe). Therefore,

_ 1 1 _
(C.23) ey 2 7P = [HG (2me) PIHG (Rly, — =) 7"
We use Lemma C.6 to get an expansion for H[gl)(k\ye — z¢])7! and its complex conjugate,
and utilize the fact that |z|? = 2Z. [ ]
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