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On the supersingular locus of the Siegel modular
variety of genus 3 or 4

Ryosuke Shimada and Teppei Takamatsu

Abstract

We study the supersingular locus of the Siegel modular variety of genus 3
or 4. More concretely, we decompose the supersingular locus into a disjoint
union of the product of a Deligne-Lusztig variety of Coxeter type and a finite-
dimensional affine space after taking perfection.

1 Introduction

Shimura varieties have been used, with great success, towards applications in number
theory. Many of these applications are based on the study of integral models and
their reductions. It is known that in some cases, the supersingular (or basic) locus
of the reduction of a Shimura variety admits a simple description. For example,
Vollaard-Wedhorn [36] described the supersingular locus of the Shimura variety of
GU(1,n—1) at an inert prime as a union of classical Deligne-Lusztig varieties. Simple
descriptions such as [36] have been applied towards the Kudla-Rapoport program
[22], [21], Zhang’s Arithmetic Fundamental Lemma [38] and the Tate conjecture for
certain Shimura varieties [35], [16].

Motivated by [36], Gortz-He [7] classified the cases where the supersingular locus
is naturally a union of classical Deligne-Lusztig varieties of Coxeter type. These are
called the cases of Coxeter type. The index set of the corresponding stratification
and the closure relations between strata can be described in terms of the Bruhat-Tits
building of a certain inner form of the underlying group. Thus this stratification is
called the Bruhat-Tits stratification. While for the Siegel case for GSp,,,, which we
are interested in, such a description is possible only when n < 2. The case n = 2
was studied intensively by Katsura-Oort [18] and Kaiser |[I7]. The results were later
applied to [22] by Kudla-Rapoport. Richartz [27] studied the case n = 3 in analogy
to the case n = 2. In this paper, we study the case n = 3 or 4 using more advanced
techniques.
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The study of the perfection of the supersingular locus is essentially reduced to
a study of an affine Deligne-Lusztig variety via the Rapoport-Zink uniformization
(see [37, §4.1] for example). Thus the objective of this paper is to find an explicit
description of the affine Deligne-Lusztig variety related to the Siegel modular variety
of genus 3 with hyperspecial level structure.

Let F' be a non-archimedean local field with finite residue field F, of prime
characteristic p, and let L be the completion of the maximal unramified extension
of F'. Let o denote the Frobenius automorphism of L/F. Further, we write O (resp.
Op) for the valuation ring of L (resp. F'). Finally, we denote by w a uniformizer of
F (and L) and by vy, the valuation of L such that vy (w) = 1.

Let p be the cocharacter of GSp,,, corresponding to z — diag(z,...,z,1,...,1)

(1,n1)
in which z and 1 are repeated n times. Set 7 = 0 = ) € GSp,,(L). Then

1, 0
its o-conjugacy class in GSp,,, (L) is the basic class (cf. [37, §1.2]). Let X, (7) denote
the affine Deligne-Lusztig variety for 4 and 7. Let us denote by J the o-centralizer
of 7 in GSp,,. Then J is an inner form of GSp,,,.

Theorem A (Theorem B.4). Let n = 3. The variety X, (7) is universally homeo-
morphic to a union of the product of a Deligne-Lusztig variety of Coxeter type and
a finite-dimensional affine space. The index set of this stratification and the clo-
sure relations between strata can be described in terms of the rational Bruhat-Tits
building of J. Moreover, this stratification coincides with the J-stratification.

The J-stratification, introduced by Chen-Viehmann [3], is a stratification which
coincides with the Bruhat-Tits stratification in the case of Coxeter type (see §2.3)).
Thus Theorem [Al tells us that there exists a natural generalization of the Bruhat-Tits
stratification in the case of genus 3. We call these cases “positive Coxeter type”.
The cases of positive Coxeter type for GL,, were studied by the first author in [32].

In the case n = 4, there also exists an analogous stratification. However, this
case is not of positive Coxeter type (cf. Remark [£.4]) and we cannot expect a nice
property such as the closure relation in Theorem [Al

Theorem B (Theorem[.3). Let n = 4. The variety X, (7) is universally homeomor-
phic to a union of the product of a Deligne-Lusztig variety and a finite-dimensional
affine space. The index set of this stratification can be described in terms of the
rational Bruhat-Tits building of J.

The strategy of the proof is as follows: We first recall the Ekedahl-Oort stratifi-
cation of X, (7) (see §2.2)). In fact, the stratifications in the main results are refine-
ment of this stratification. By the non-emptiness criterion of the Iwahori-level affine
Deligne-Lusztig variety (see §2.0), we may and do eliminate empty Ekedahl-Oort



strata. Then we decompose the remaining non-empty Ekedahl-Oort strata com-
bining the case with spherical o-support (Proposition 2.1]) and the Deligne-Lusztig
method (see §2.4). In the case n = 3, we prove that the resulting stratification
coincides with the J-stratification in a similar way to the case of Coxeter type. The
key to the proof of the closure relation is the equidimensionality of X, (7), which
was established in [I3] and [34].
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2 Preliminaries

Keep the notation in Il From now on, we sometimes drop the adjective “perfect”
for notational convenience, although we need to work with perfect schemes in most

statements in the mixed characteristic setting. Also, 2 always means a universal
homeomorphism.

2.1 Notation

Let G be a split connected reductive group over F and let T" be a split maximal
torus of it. Let B be a Borel subgroup of G containing 7. Let & = ®(G,T') denote
the set of roots of 7" in G. We denote by ®, (resp. ®_) the set of positive (resp.
negative) roots distinguished by B. Let A be the set of simple roots. Let X,(T) be
the set of cocharacters, and let X,(7T"); be the set of dominant cocharacters. For
py 1 € Xo(T) (resp. Xu(T)gq), we write p/ < p if u — ¢/ is a non-negative integral
(resp. rational) linear combination of positive coroots. For a cocharacter u € X, (7T),
let " be the image of w € G,,(F) under the homomorphism p: G, — T

Let B(G) denote the set of o-conjugacy classes of G(L). Thanks to Kottwitz
[20], a o-conjugacy class [b] € B(G) is uniquely determined by two invariants: the
Kottwitz point x(b) € m(G) and the Newton point v, € X, (T)g+. Set B(G, ) =
{1t € B(G) | w(b) = ("), = i}

The Iwahori-Weyl group W is defined as the quotient Ng)T'(L)/T(O). This
can be identified with the semi-direct product Wy x X, (T"), where W, is the finite
Weyl group of G. We denote the projection W — Wy by p. Let S C W, denote
the subset of simple reflections, and let S C W denote the subset of simple affine
reflections. We often identify A and S. The affine Weyl group W, is the subgroup
of W generated by S. Then we can write the Iwahori-Weyl group as a semi-direct



product W = W, x ), where Q C W is the subgroup of length 0 elements. Moreover,
(W,,S) is a Coxeter system. We denote by < the Bruhat order on W (see [19,
Subsection 1.8] for example). For any J C S, let Y1V be the set of minimal length
representatives for the cosets in WJ\W, where W; denotes the subgroup of W
generated by J. We also have a length function ¢: W — Z>q given as

lwow) = > Ha N +1+ > [N,

aed L woaed_ aced woaed

where wy € Wy and A\ € X,(T). For w,w’ € W and s € S, we write w = w’ if
w' = sws and £(w') < l(w).

For w € W,, we denote by supp(w) C S the set of simple affine reflections
occurring in every (equivalently, some) reduced expression of w. Note that 7 € Q
acts on S by conjugation. We define the o-support supp,, (wt) of wr as the smallest
T-stable subset of S containing supp(w) (we should consider To-action in general,
but the action of o is trivial in our case because G is split over F'). We call an
element wr € W, a o-Coxeter element if exactly one simple reflection from each
T-orbit on supp, (wT) occurs in every (equivalently, any) reduced expression of w.

For 7 € Q, let & be an orbit of 7 on S and suppose that W, is finite. We denote
by sy the unique longest element of Wy. Then sy is fixed by 7. The fixed point
group W7 = {w € W, | Twr™! = w} is the Weyl group whose simple reflections
are the elements sy, such that > is a 7-orbit on S with Wy, finite. For any reduced
decomposition w = sy, - - - sy, as an element of W, we have

lw) =L(sy,)+ -+ L(sx,).

See [33] or [19, §2] for these facts.

Set K = G(O). For a € ®, let U, C G denote the corresponding root subgroup.
We also set

I1=T(0) [ Ua(=w0O) ] Us(0) C K,
acd ped_

which is called the standard Iwahori subgroup associated with the triple T C B C G.

In the case G = GL,,, we will use the following description. Let T be the torus of
diagonal matrices, and we choose the subgroup of upper triangular matrices B as a
Borel subgroup. Let y;; be the character 7' — G, defined by diag(t1,t2, ..., t,) —
t;t;7'. Then we have ® = {x;; | i # j}, P+ ={xi5 | i <j}, P~ ={xi; | i > j} and
A = {Xii+1 | 1 <4 < n}. Through the natural isomorphism X,(T) = Z", X.(T),
can be identified with the set {(my,---,m,) € Z" | my > --- > m,}. The finite
Weyl group is the symmetric group of degree n. Then S = {(12),(23),...,(n—1n)}
and S = S U {win(1 n)}. The Iwahori subgroup I C K is the inverse image of the
lower triangular matrices under the projection K — G(F,) induced by @ + 0.



Let us denote by GSp,,, C GLs, the group of symplectic similitudes of dimension
2n as in [11, §2.3]. In the case G = GSp,,, we will use the following description.
Let T (resp. B) be the intersection of the torus (resp. Borel subgroup) of GLs,
as above with GSp,,. See [12], §8] for the description of the corresponding roots.
The cocharacter group X, (T') can be identified with the set {(my,- - ,ma,) € Z*" |
my + Moy = My + Moy = -+ = My + Myy1}t. Set s = (1 2)(2n — 1 2n), sy =
(23)2n—22n—1),...,8,.1 = (n—1n)(n+1n+2),s, = (nn+1). Then
S = {s1,82,...,5,} and the finite Weyl group is the subgroup of the symmetric
group of degree 2n generated by S. Set 5o = wXi2(1 2n). Then S = SU{so}. The
standard Iwahori subgroup is the intersection of the standard Iwahori subgroup of
GLy,, as above with GSp,,,.

2.2 Affine Deligne-Lusztig Varieties

For w € W and b € G(L), the affine Deligne-Lusztig variety X,,(b) in the affine flag
variety G(L)/I is defined as

Xo(b) ={2zl € G(L)/I | 27 bo(x) € Twl}.

For p € X,(T)4 and b € G(L), the affine Deligne-Lusztig variety X, (b) in the affine
Grassmannian G(L)/K is defined as

X,(b)={zK € G(L)/K | 7 "bo(x) € Ke"K}.

Depending on whether ch // > 0 or 0, both the affine flag variety and the affine
Grassmannian are ind-schemes or ind-perfect schemes (see [26] or [39],]2] respec-
tively). Then the affine Deligne-Lusztig varieties are locally closed subvarieties of
them equipped with the reduced scheme structure. Also, the affine Deligne-Lusztig
varieties carry a natural action (by left multiplication) by the o-centralizer of b

J=Uy={9€G(L)| g bo(g) = b}.

(Since b is usually fixed in the discussion, we mostly omit it from the notation.)
The admissible subset of W associated with pu is defined as

Adm(p) = {w e W | w < @™ for some wy € Wy}.

Set SAdm(x) = Adm(p) NSW. Assume that p is minuscule. Then, by [7, Theorem
3.2.1] (see also [10, §2.5]), we have

X)) =[] w(X.0),

weS Adm(p)



where 7: G(L)/I — G(L)/K is the projection. This is the so-called Ekedahl-Oort
stratification. In the sequel, we set “Adm(u)y = {w € “Adm(u) | X,(7.) # 0},
where 7, € Q such that [7,] € B(G, i) is the unique basic element.

Set S, = max{S’ C 5| Ad(w)(S") = S'}. The following proposition is the key
to the explicit description of the affine Deligne-Lusztig varieties.

Proposition 2.1. Let 7 € 2. Let w € W,T such that Wy, () is finite. Then

X.m= ] v

jGJr/J‘rﬂPSHPPJ (w)

where Pypp_(w) is the standard parahoric subgroup corresponding to supp, (w) and
Y(w) = {9 € Psupp,w)/I | g'70(g) € Twl} is a classical Deligne-Lusztig variety
in the finite-dimensional flag variety Ppp, (w) /1.

Let w € SW N W, be a o-Coxeter element in the finite Weyl group Wiypp, (w)-

Then
T(Xu(7)) = | ] jm (Y (w)),

jeJT/ﬂHTm})supp(7 (w)USw

where Pyypp, (wyus,, i the standard parahoric subgroup corresponding to supp, (w) U
Sw. Moreover 7 induces Y (w) = 7(Y (w)).

Proof. See [T, Proposition 2.2.1 and Corollary 4.6.2]. O

2.3 The J-stratification

For any ¢g,h € G(L), let inv(g,h) (resp. invk(g,h)) denote the relative position,
i.e., the unique element in W (resp. X,(T),) such that g~'h € Iinv(g, h)I (resp.
Ko™x@h K) By definition, two elements gI,hl € G(L)/I (resp. gK,hK €
G(L)/K) lie in the same J-stratum if and only if for all j € J, inv(j, g) = inv(j, h)
(resp. invk(j, g) = invk(j, h)). Clearly, this does not depend on the choice of g, h.
By [B, Theorem 2.10], the J-strata are locally closed in G(L)/I (resp. G(L)/K).
By intersecting each J-stratum with affine Deligne-Lusztig varieties, we obtain the
J-stratification of them.

As explained in [3, Remark 2.1], the J-stratification heavily depends on the choice
of b in its o-conjugacy class. Thus we need to fix a specific representative to compare
the J-stratification on X, (b) to another stratification. It is pointed out in loc. cit
that if [b] is a basic class in B(G, p), then a reasonable choice of b is the unique
length O element 7,. Also, for any w & W, the J,-stratification is independent of
the choice of lift w in G(L) (cf. [5 Lemma 2.5]). In the rest of this subsection, we fix
b =7, and hence J = J,,. In the case of G = GSpy,, we set J' = {j € J | s(j) = 0}
(note that m (GSp,,) = Z).



Assume that p is minuscule. We say that (G, p) is of Coxeter type if
SAdm(p)o = {w € *Adm() | Waupp, () i finite, and w is o-Coxeter in Wiupp, (w) }-
If (G, i) is of Coxeter type, then for each w € *Adm(u)g, we have

(X (7)) = || jr(Y(w)) and Y(w) = w(Y(w))

jeJ/JmPsuppU(w)USw

by Proposition 21l Thus if (G, ) is of Coxeter type, we obtain the decomposition
X,(7,) as a union of classical Deligne-Lusztig varieties of Coxeter type in a nat-
ural way. We call this stratification the Bruhat-Tits stratification. Also, this is a
stratification in the strong sense, i.e., the closure of a stratum is a union of strata.
The closure of a stratum jm (Y (w)) contains a stratum j'7(Y (w’)) if and only if the
following two conditions are both satisfied:

(1) w >g w', which means by definition that there exists u € Wy such that w >

ulw'u.

(2) JANP,) NG (TN P, #0.

By [14, §4.7], >g¢ gives a partial order on STW. Let B(J,F) denote the rational
Bruhat-Tits building of J. Then (2) above is equivalent to requiring that x(j) = x(j’)
and that the simplices in B(J, F') corresponding to j(J N P,)j~! and j/(J N P,/)j' "
are neighbors (i.e., there exists an alcove which contains both of them). In [3] §4],
Chen-Viehmann conjectured that the Bruhat-Tits stratification coincides with the
J-stratification and verified this conjecture in the Siegel case of genus 2 and the
Vollaard-Wedhorn case. In [5], Gortz proved this conjecture in general.

We back to the general situation with minuscule . We consider the following
conditions (the case of genus 3 in §3 satisfies all of them).

e For w € Adm(p)o, J acts transitively on the set of irreducible components of
Xo(Tp)-

e For w € “Adm(u)y, there exist a parahoric subgroup P, C G(L) and an irre-
ducible component Y (w) of X,,(7,) such that 7(Xu(7.)) = [;cy/5np, J7(Y (w)).

o Y(w)=m(Y(w)) and each jm(Y (w)) is a J-stratum of X, (D).

In this case, we say that the closure relation can be described in terms of B(J, F') if
the J-stratification of X ,(b) is a stratification in the strong sense and jm (Y (w)) 2
j'm(Y(w')) is equivalent to the following condition:

(x) There exist sequences w = wy >g w; >g -+ >g w, = w' in “Adm(u)y and
J=1JosJ1---,Jr =7 inJsuch that j;_1(JNP,,_,)Nji(JNP,,) # D for 1 <i < k.

We write (7, w) > (', w’) if (%) holds.



2.4 Deligne-Lusztig Reduction Method

The following Deligne-Lusztig reduction method was established in [6, Corollary
2.5.3].

Proposition 2.2. Let w € W and let s € S be a simple affine reflection. If
ch(F') > 0, then the following two statements hold for any b € G(L).

(i) If ¢(sws) = €(w), then there exists a Jy-equivariant universal homeomorphism
Xw(b) = Xeus(D).

(ii) If {(sws) = ¢(w) — 2, then there exists a decomposition X,,(b) = X; U X5 such
that

e X, is open and there exists a J,-equivariant morphism X; — X, (b),
which is the composition of a Zariski-locally trivial G,,-bundle and a
universal homeomorphism.

e X, is closed and there exists a Jy-equivariant morphism Xy — X,4(b),
which is the composition of a Zariski-locally trivial A'-bundle and a uni-
versal homeomorphism.

If ch(F) = 0, then the above statements still hold by replacing A' and G,, by
AbPI and GPI respectively.

We sketch the construction of maps in the proposition. Let gl € X, (b). If
((sw) < £(w) (we can reduce to this case by exchanging w and sws), then let g,/
denote the unique element in G(L)/I such that inv(g, g1) = s and inv(gy,bo(g)) =
sw. In the case of (ii), the set X; (resp. X3) above consists of the elements gl €
X (D) satisfying inv(gy, bo(g1)) = sw (resp. sws). All of the maps in the proposition
are given as the map sending gl to g;1.

Remark 2.3. Assume that G is split over F'. Let pr;: G(L)/I xG(L)/I — G(L)/I
be the projection to the first factor. We denote by O(s) C G(L)/I x G(L)/I
the locally closed subvariety of pairs (gI,hI) such that inv(g,h) = s. Then the
restriction pr;: O(s) — G(L)/I is a Zariski-locally trivial A'-bundle. More precisely,
this is trivial over (any translation of) the “big open cell” (cf. [4, pp. 45-48]). In
particular, this is trivial over any Schubert cell Tvl/I v € . This implies that the
morphism X; — X, (b) (resp. Xo = Xouo(s)(b)) in (ii) is trivial over X, (b)NIvI /1
(resp. Xouwo(s) (D) N IvI/I).

The following lemma will be used in §3 and §4.

Lemma 2.4. Let p be a minuscule cocharacter and let w € SAdm(u)y. Then
Xu(7,) is closed in 7 (7(X (7).



Proof. 1t suffices to prove that

7 (m(Xu(m) N (U X () = Xu(7).

w!' <w

We note that *Adm(u) contains a length 0 element. We may assume that w has
a length greater than 0. Let w” € “Adm(u) with £(w”) < ¢(w). Then we have
(X (7,)) N7 (Xy(7,)) = 0. By [T, §3.2 (3)], we also have 7(X,(7,)) = m( Xy (7))
and hence 7(X,(7,)) N 7(Xy(7,)) = 0 for any w' € Wg_,w". Note that SW N
Wowh Wy = SAdm(u) (cf. [25) (2.3.3)]). Then the above equality follows from [7]
Proposition 3.1.1] and Proposition 221 O

2.5 Length Positive Elements
We denote by 6 the indicator function of the set of positive roots, i.e.,

1 (aedy)

0T ®—{0,1}, aw— {O (acd).

Note that any element w € W can be written in a unique way as w = rwhy
with p dominant, z,y € W, such that wty € “W. We have p(w) = zy and
l(w) = L(x) + (, 2p) — L(y). We define the set of length positive elements by

LP(w) = {v € Wy | (va,y ') + 67 (va) — 6" (zyva) > 0 for all a € &, }.

Then we always have y=' € LP(w). Indeed y satisfies the condition that (o, pu) >
0T (—y~ta) for all & € ®,. Since §T(a) + 67 (—a) = 1, we have

(y~ oy ™) + 67y a) — 0" (zar) = {a, ) — 6" (—y~ ) + 07 (—wa) > 0.

The notion of length positive elements was defined by Schremmer in [2§].
The following theorem is a refinement of the non-emptiness criterion in [§], which
is conjectured by Lim in [23] and proved by Schremmer in [29, Proposition 5].

Theorem 2.5. Assume that the Dynkin diagram of G is connected. Let b € G(L)
be a basic element with x(b) = k(w). Then X, (b) = 0 if and only if the following
two conditions are both satisfied:

(i) [Wsupp, (w)| is not finite.
(i) There exists v € LP(w) such that supp(v—'p(w)v) € S.

Remark 2.6. If x(b) # x(w), then X, (b) = 0.



For w € W, we say that w has positive Coxeter part if there exists v € LP(w)
such that v~ 'p(w)v is a partial Coxeter element. By [30, Theorem A] (see also [15,
Theorem 1.1]), this condition induces a simple geometric structure.

Theorem 2.7. Assume that w € W has positive Coxeter part and X, (b) # 0.
Then X, (b) has only one J,-orbit of irreducible components, and each irreducible
component is an iterated fibration over a Deligne-Lusztig variety of Coxeter type
whose iterated fibers are either A! or G,,,. If b is basic, then all fibers are A'.

In this paper, we use Theorem 2.7 only in Remark (4.4l
For minuscule p € X, (T), we say that (G, u) is of positive Coxeter type if every
w € “Adm(u), satisfies one of the following conditions:

(i) wis a o-Coxter element with [Wsupp (w)| finite.
(ii) w has positive Coxeter part.

By [30, Theorem 4.12], this definition coincides with the one in [32] if G = GL,,.

3 The Case of Genus 3

In this section, we set G = GSpg and p = (1®),00)) € X, (T). Recall that W is the
subgroup of the symmetric group of degree 6 generated by

s1=(12)(56), s5=(23)(45), s3=(34).

Moreover, the affine Weyl group W, is generated by sq, s9, s3 and the simple affine
reflection
so = wH0000=1(1 6) e W,.
Set T = 7, = whs35951535253 = wh(1 4)(2 5)(36) € Q and J = J,. Then
1

TSIT ' =8y, TST | = s3.

Thus there are two T-orbit in S, namely, {so,s3} and {si,s5}. Then W7 is the
Weyl group with two simple reflections sys; and s;ses;. For 7,5’ € J°, we have
inv(j, ') € WI.

Proposition 3.1. We have
SAdm(p)o = {s05150T, 50T, T}

Moreover, the pair (G, 1) is of positive Coxeter type.

10



Proof. Tt is straightforward to check that ®Adm(u) is equal to
{’W’u, w“33, ’W’u8382, w“s?,stl, w“535233, ’W’u83828183, ’W’u8382818382, ’W‘u838281838283}.

If w = w, whss, whsssy or whsysyss, then supp, (w) = S and supp, (p(w)) < S.
Thus X, (7) = 0 by Theorem 2.5l Tt is easy to check that s3s189 € LP(w0*$3825153).
Since supp,, (w*s3s95183) = S and supp, ((s35152) "183525153(835182)) € S, we have
Xrsysasiss(T) = 0 by Theorem Thus

SAdm C {ww"535951, w"5359515359, 0" 535251535283 .
0 3 ) 3 352, 3 35253

For w = w"s3589518389, wts35251838283, we have supp,(w) # S. Note also that
p(wo*s3s951) = s3s981 is a Coxeter element and hence supp(v—'p(w)v) = S for
any v € Wy. Therefore SAdm(u)y = {35251, WH5352515352, WH538951535283} =
{s08180T, So7, T}. Since T and so7 are o-Coxter elements, (G, i) is of positive Coxeter
type. This finishes the proof. O

Remark 3.2. The element so7 does not have positive Coxeter part. Indeed, the
cycle type of p(so7) = (1 4 6 3)(2 5) is different from that of any Coxeter element
in Wo.

By Proposition 2.1l we have

Xoor(T) = |_| jY(so7) and X (1) = |_| Jint},

JEI/INPsy 553 JEJ/INI

where Y (so7) and Y (7) = {pt} are classical Deligne-Lusztig varieties as in Proposi-
tion 211 By [24], Corollary 2.5] (see also [, Proposition 1.1}), Y (so7) C Isossl/1.

Lemma 3.3. There exists an irreducible component Y (sqs1507) of X 5,50 (7) such
that

Xepsis0r(T) = |_| §Y (s051507) and Y (sgs1soT) =2 Y (s17) x Al
JEVINPs) 593
where Y'(s17) is a classical Deligne-Lusztig variety as in Proposition 21l Moreover
each jY (s9s1507) is contained in a J-stratum in G(L)/I.
Proof. We have
S0S150T s_0> §1S8083T i S1T.

Note that (s281)81507(8951) 71 = 50817 = wHs3895183. Thus X ,,-(7) = 0 by Propo-
sition 2.2 (i) and the proof of Proposition Bl Let f: X s,5,-(7) = Xs-(7) be the
morphism induced by Proposition 2.2 By Proposition 2.1} we have

Xy o (1) = |_| Y (s17).
jeJ/JmP{sl,SQ}
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We set Y (sgs1507) = f~1(Y(s17)). By [24, Corollary 2.5] (see also [5, Proposition
1.1)), Y(s17) C Is189511/1. Clearly s159515380 is a reduced expression. By Remark
2.3, we have

Xsosisor(T) = |_| 7Y (s051507) and Y (sgsiso7) = Y (s17) x AL
jEJ/JﬁP{SLSZ}

Since Y (s17) is an irreducible component of X, ,(7), Y (s9$1507) is also an irreducible
component of X s, s,-(7)-

It remains to show that for all j € J and w € SAdm(u)o, the value inv(j, —) is
constant on each j'Y(w). For this, we argue similarly as [5, §3.3]. Clearly we may
assume j/ = 1. For any j € J, there exists j € J° such that inv(j,j) € Q. Thus
we may also assume j € J'. Then by [24, Corollary 2.5] and [I, Proposition 5.34]
(see also [, Proposition 1.7]), there exists g/ with g € J N P, 4,3 such that for any
yol € Y(s17), we have

iIlV(j, yO) = inv(j, 9)518251(6 Wa) with E(inv(j, yO)) = f(inv(j, g)) + 3.

In particular, inv(j, g) has a reduced expression as an element of W whose rightmost
simple reflection is sgs3. Let y € Y (sgs1507) and set yo = f(y) € Y(s17). Note that
inv(yo,y) = sos3 (cf. the comment right after Proposition 2.2]) and

(inv(j, yo)soss) = £(inv(j, g)) + 3 + 2.

Thus inv(j,y) = inv(j, yo)inv(yo,y) = inv(j, g)s1525150s3 is independent of y €

Similarly as the proof of Lemma B3] we can show that jY (s¢7) is contained in a
J-stratum in G(L)/I. The following theorem is our main result in the case of genus
3

Theorem 3.4. We have (Y (sgs1507)) 2 Y (517) x AL, (Y (s97)) & Y (s07) and

Xur)= || irW(sessor)U || irY(ser)u o ] dfet)

JEV/INPYs) 593 JEV/INP 54,53} JEV/INP sy 5}

Moreover, each stratum is a J-stratum in G(L)/K, and the closure relation can be
described in terms of B(J, F').

Proof. By Lemma [B1], we have

Xu(T) = |_| T(Xuw(T)) = T(Xsgsisor (7)) U (Xor (7)) Um (X7 (7)).

weS Adm(u)o

12



Note that Ss,» = 0 and S, = {s1, s2}. By Proposition 2], we also have w(Y (so7)) =
Y (so7),

T(Xor() =[] Jn(¥(som)) and w(Xo(m)= || s{eth

JEI/INPsy 553 JEI/INPs 03

By Lemma 2.4, X, ., s (7) is closed in 771 (7( X, 5,50-(7))). By [15, Lemma 5.4], the
map Xgps,s0r(7) = T(Xspsys0-(7)) induced by 7 is injective. Since 7 is proper and
Xys1sor (T) 18 closed in 77 H(m(Xys,507 (7)), the map Xy 500 (T) = T(Xopsys0r(T)) 18
also proper. Thus this map is a universal homeomorphism. Therefore 7(Y (s9s1507)) =
Y(s17) x Al and

7-‘-()(8081807'(7-)) = |_| .jﬂ-(Y(SOSISOT))
JEI/INPLg, 50}

by Lemma, [3.3]

We next prove the closure relation, i.e. we show that for any j € J, jm (Y (w)) 2
Jj'm(Y(w")) if and only if the condition () in Subsection holds true. We may
assume that j = 1 and we replace j* with j in the following. We will prove the
following two assertions:

(1) If (1, sos1507) > (4, s07) (i-e., (JNPys, 503) N (TN Py s53) 7 0), then jm(Y(so7)) C
(Y (s051507)).

(2) Otherwise, jm(Y (so7)) N7 (Y (s951807)) = 0.

Clearly (1, sos1507) # (4, s07) and jm(Y (so7)) N7 (Y (ss1507)) = 0 if j € J\J°. Thus
we may and do assume that j € J°. By replacing j by another representative in
J(JNPysy,s53) if necessary, we may also assume that inv(1, j) has a reduced expression
as an element of W7 whose rightmost simple reflection is s;s9s; unless inv(1, j) = 1.
Recall that Y (so7) is contained in Isgs3f//I. Thus there exists p; € X,.(T); such
that jm(Y(so7)) C Kw' K/K. Note that (J N P, s1) N 70 N Py sey) # 0 s
equivalent to inv(1, j) = 1 or syses1. Moreover, if (J N Py, 5,1) N J(J N Ppsg,s51) = 0,
then sy (and hence s3) belongs to supp(inv(1, j)). Combining this with [25, (2.7.11)],
we deduce that if (J N P, 5,1) N 7(J N Prgys5y) = 0, then (1,1,0,0, -1, -1) = p;.
This and 7(Y (sgs1507)) C m(I51595150531 /1) C KewH0000-DK /K imply (2). The
irreducibility of m(Y (sos1507)) and 7(Y (so7)) combined with the equidimensionality
of X,,(7) (cf. [13] and [34]) implies that there exists jo € JV such that jom (Y (so7)) C
m(Y (sos1507)). This jo must satisfy (J N Py, s1) N Jo(J N Prgyssy) # 0. Thus by
multiplying jom (Y (so7)) by elements in JN P, 5,3, we deduce that if (JN P, 53) N
J(I N Py s1) # 0, then jm(Y(so7)) C (Y (s9s1807)). This proves (1).
Similarly, we will prove the following two assertions:
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(1)" If (1, sos1807) > (4, 7), then j7w(Y (7)) C 7(Y (s081807))-

(2)" Otherwise, jm(Y (7)) N7 (Y (sps1507)) = 0.

The statement of (1) follows from the above discussion and the proof of [7, The-
orem 7.2.1]. Note that (1, sgs1507) > (j,7) is equivalent to inv(1,j) = 1, s159s; or
S053818251. Then (2) follows similarly as above. The closure relation follows from
these assertions and the proof of [7, Theorem 7.2.1].

It remains to show that each stratum is a J-stratum. This is clearly true for
j{pt}. Here we only show that 7(Y (s9s1507)) is a J-stratum. Proofs for remaining
strata are similar. Recall that 7(Y (sgs1507)) C Keo00%0=U /K. Thus to show
that 7(Y (s0s1507)) is a J-stratum, we need to show that for j € J° such that
Jm(Y(so7)) C KwWO000-DK /K jm(Y(so7)) is contained in a different J-stratum
from 7(Y (s9s1507)). Similarly as above, we may assume that j € JN P, 5,3. Let
7' € I°\(JN Py, 5,1) such that j(ITN Prsy s51) N7 (TN Pys, 501) # 0. Let y € Y(5051507)
and set yo = f(y) € Y (s17) as in the proof of LemmaB.3l Then there exists gI with
g € J N Py, s,y such that

inv (5, yo) = v (j’, g)sisas1(€ Wa) - with  £(inv(j’, yo)) = £(inv(j’, g)) + 3.

Thus inv(j’, Y (sos1507)) = inv(j’,y) = inv(j’, g)s152515083. Moreover, by the as-
sumption on j’, we have inv(j’,g) # 1 (i.e., so belongs to supp(inv(j’,g))). This
implies that (1,1,0,0,—1,—1) < invg (7, 7(Y(s0$1507))). On the other hand, by
7 (TN Py s) N(INPrs,y 501) # 0, we have invg (57, jm(Y(so7))) = (1,0,0,0,0, —1).
Therefore jm(Y (so7)) is contained in a different J-stratum from 7(Y (s9s1507)). This
finishes the proof. O

4 The Case of Genus 4

In this section, we set G = GSpg and pu = (1%, 0®) € X, (T). Recall that Wy is the
subgroup of the symmetric group of degree 6 generated by

s1=(12)(78), s2=(23)(67), s3=(34)(56) s4=(45).

Moreover, the affine Weyl group W, is generated by s1, So, s3, 54 and the simple affine

reflection
SO — w(1(1)70(6)7(—1)(1))(1 8) E Wa'

Set 7 = 7, = w"s4535251545352545354 = wh(1 5)(2 6)(3 7)(4 8) € Q and J = J,.
Then

7'817'_1 = S3, 7'827'_1 = S9, T84T_1 = Sp-

14



Thus there are two 7-orbit in S, namely, {so,s4}, {s1,53} and {sy}. Then W7 is
the Weyl group with two simple reflections sgs,, 5153 and sy. For j, 5’ € J°, we have
inv(j,7) € WT.

Lemma 4.1. We have
SAdm(u)o = {505152505150T, S0515250T, S0S1S0T, S0S1T, S0T, T }-
Proof. 1t is straightforward to check that ®Adm(u) is equal to

{@, @''sy, w5453, 845352, wW'545354, W"'54535452, T"'5453545253, W!'545354525354,
wh54835081, W' $483598184, W S45359515453, W S4535951545354, W S4535251545352

’W’US4838281S4838284, w“345352313453323453, w#84838281848382848384}.

If w = wh, whsy, whs,ss, whs,48380, wH 48384, THS4835482, T0HS$45354 5283 O T0HS45354828354,
then supp, (w) = S and supp(p(w)) € S. Thus X,,(7) = @ by Theorem 25 It is easy

to check that s4815253 € LP (" $453525154) and $453545152 € LP (w0 $4535251545354)-
Since supp, (" $453525154) = supp,, (ws48389581548384) = S,

—1
(54515283) S453525154(84518283) = S38987 and

-1
(5453545152) " 54535251545354(5453545152) = 525154,
both X us,ssspsisa (T) aNd X pug, 55051558554 (T) are empty. Thus

SAdm C {w"54555951, 10"'545359515453, W0"S54535951545359
0 3 9 3 3 3 392,
w“s433325154335254,w“34535231s45332s453,w“s4535231s45332345334}

= {50515825805150T, S0515250T, S0S1S0T, S0S1T, S0T, T }-

For w = 981507, 9517, $o7 and 7, we have supp, (w) C S. We also have supp, (s1$27) C
S and
S0 S4
508152807 — S15280S47 —> S1892T.

Since 4838951 is a Coxeter element, we have supp(v='p(sgs1528051807)v) = S for
any v € Wy. Thus, by Proposition and Theorem 23] the above inclusion is an
equality. This finishes the proof. O

For w = s981807, 0517, So7 and 7, the description of X, (7) follows from Propo-
sition 21 In particular, they can be written as disjoint unions of Deligne-Lusztig
varieties.
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Lemma 4.2. Let w be S5051525051S09T O $0S51S250T. Set Cw — S0S1T (resp. 51527') in
the former (resp. latter) case. Then there exists an irreducible component Y (w) of
X () such that

£(w)

Xo(1) = | ] jY(w) and Y(w)XY(epn) x A2 1,

jEJ/JnPsuppa(ew)
where Y (e,) is a classical Deligne-Lusztig variety as in Proposition 211

Proof. Let w = s¢s152597. We have
S0 S4
805152807 —> 815250847 —> S1S2T = €.

Note that (s984)5152807(5084) ™! = 8081827 = 0" 54535251845384. Thus Xy, sys0r(T) =
0 by Proposition (i) and the proof of Lemma E1l Let f: X, (1) — X, (1) be
the morphism induced by Proposition 2.2 By Proposition 2.1, we have

Xew(T) = |_| .]Y(ew)

jE"H/"Hmpsupp&r (ew)

We set Y(w) = f~1(Y(ew)). By [24, Corollary 2.5], Y (e,) C 5182838951820 /1. Tt
is easy to check that s152535251525480 is a reduced expression. By Remark 2.3, we
have
Xo(1) = | ] Y (w) and Y (w)=Y(e,) x AL,
J€I/INPaupp, (ew)

Let w = s951595051507. We have

S0 S4 S1 52
5051525051507 — S152S05150S4T — S1S250S1T — S250S1S3T —» S0S1S3S2T
S3 52
— S051S5281T — S9S1T = €.
Note that (s9s4)51825051507(S084) ! = 50518250817 = wH8453895184. Thus by Propo-
sition (i) and the proof of Lemma 1] both X, 505,50 (7) and Xy s, ,-(7) are

empty. Let f: X, (1) = X.,(7) be the morphism induced by Proposition By
Proposition 2], we have

Xe,(r) =[] iY(ew.
jEJ/JnPsuppa(ew)

We set Y(w) = f~1(Y(ew)). By [24, Corollary 2.5], Y (e,) C Isos18051535453541 /1.
It is easy to check that sy$1505153545354525352515450 is a reduced expression. By
Remark 2.3] we have

X,(7) = | ] jY(w) and Y(w) =Y (e,) x A2

jEJ/JﬂPsuppU(ew)
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In both cases, Y (e,) is an irreducible component of X, (7). Thus Y (w) is also
an irreducible component of X, (7). This finishes the proof. O

The following theorem is our main result in the case of genus 4:

Theorem 4.3. We have

W(Y(S()SngSOSlS(]T)) = Y(S(]SlT) X Az, W(Y(S()SlSQSOT)) = Y(8182T) X AI,
7T(Y(808180T)) = Y(S()SlS()T), W(Y(S(]SlT)) = Y(S(]SlT), W(Y(S(]T)) = Y(S(]T),

and
X, (1) = |_| Jm(Y (80818258081507)) L |_| Jm(Y (s08182507T))

jEJ/JﬂP{SO,Sl,SBVM} jEJ/JﬂP{sl,sz,s:;}

U |_| Jm(Y(sps1807)) LU |_| Jm(Y(s0517))

jeJ/JmP{so,sl,sg,S4} jeJ/JmP{so,sl,sg,S4}

UL arvseu L e

FEI/INPsg,55,54) JEI/INPsy 5,55,54}
Proof. By Lemma [.1], we have

Xur)= || wXu(n)

weS Adm(u)o

= T(Xsps1sasosrsor (7)) U T(Xspsysasor (7)) U T (Xsgsysor (7))
U (Xogsir (7)) U 71 (Xor (7)) U (X (7).

Note that Syys,r = 0, Ssor = {82} and S; = {s1, 2, s3}. By Proposition 21l we also
have

W(Y(S(]SlT)) = Y(S()SlT), W(Y(S(]T)) &= Y(S(]T),
and

T (Xsos17(T)) = I_I Jm(Y (s0817)),

JEI/INPsg 51 ,55,54}
T(Xsor (7)) = || m(Y(s0m), w(X:(7)) = L]

FEV/INP s, 55154} JEI/INPLs 55,55}

By Lemma 24, X, (7) is closed in 77 }(m(X,(7))) for w € “Adm(u)o. By
[15, Lemma 5.4], the map X, (7) — 7(X,(7)) induced by 7 is injective if w =
S05152805180T. If w = sps18280T (resp. sps1807), let x € Wy such that zw = wz.
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Then zp = pand zp(w)z™ = p(w), i.e., © € Wi, 555 and (154 2)(3876)z ™! =
(1542)(3876) (resp. x(1542873)z 1 = (154287 3)). It easily follows from
these conditions that = 1. Thus, by [31, Lemma 2.1], X,,(7) — 7(X, (7)) induced
by 7 is injective. Since 7 is proper, it induces a universal homeomorphism between
Xu(1) and 7(X, (7)) for w = 8081525051807, SoS15250T Or SoS1807. Therefore the
theorem follows from Lemma [£.2 O

Remark 4.4. In the case of genus 4, (G, u) is not of positive Coxeter type. Indeed,
5051807 —% 8150547 — s17. By Theorem 2.5 both X, ,(7) and X,,,,,(7) are non-
empty. Thus s¢s1507 does not have positive Coxeter part by Theorem 2.7 (or [30),
Theorem A}, which is a theorem on reduction trees).
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