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Topological Phases and Phase Transitions with Dipolar Symmetry Breaking
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Systems with dipole moment conservation have been of recent interest, as they realize both novel
quantum dynamics and exotic ground state phases. In this work, we study some generic properties of
1-D and 2-D dipole-conserving fermionic models at integer fillings. We find that a dipolar symmetry-
breaking phase can result in a mean-field band insulator whose topological indices can strongly
affect the low-energy physics of the dipolar Goldstone modes. We study the 2-D topological phase
transition of the mean-field ground states in the presence of the Goldstone modes. The critical theory
resembles the 24+1d quantum electrodynamics coupled to massless Dirac fermions with some crucial
differences and shows a novel quantum critical point featuring a nontrivial dynamical exponent. We
also discuss the analogous case of 1-D dipole-conserving models and the role of topological invariants.

I. Introduction

Generalized symmetries have recently emerged as a
new paradigm in both condensed matter and high energy
physics, with many profound consequences [1]. One such
example of a generalized symmetry is multipolar symme-
try, i.e. the conservation of certain multipolar moments of
a conserved charge density [2]. Systems with multipolar
symmetry have been shown to exhibit fracton-like behav-
ior and exotic quantum dynamics[3-15], and such sym-
metries have been realized experimentally in tilted optical
lattices of cold atoms [14, 16, 17]. From the perspective
of equilibrium physics, systems that spontaneously break
their multipole symmetry have been shown to include var-
ious exotic phases of matter that defy conventional under-
standing in condensed matter physics. Examples include
a modified Mermin-Wagner theorem for the ordering of
multipolar symmetries [18], superfluids without a Meiss-
ner effect [19], and Fermi surfaces without quasiparticles
[20, 21].

In this work, we expand our landscape of uncon-
ventional dipole-symmetry broken phases by examining
fermionic models with dipolar symmetry at integer fill-
ings. In these scenarios, breaking dipolar symmetry can
result in mean-field fermion band insulators characterized
by nontrivial topological indices. We investigate the rela-
tionship between mean-field band topology and the Gold-
stone mode arising from dipolar symmetry breaking. Pre-
vious research[20-22] has shown that dipolar Goldstone
modes in fermionic systems mirror the spatial aspects of a
U(1) gauge field. Drawing on this analogy, we anticipate
that the topological nature of the band structure will in-
troduce intriguing topological terms into the Goldstone
action. A key objective of this paper is to understand
how these topological terms influence the low-energy be-
haviors of the Goldstone modes. Furthermore, as mi-
croscopic parameters within the model undergo changes,
the mean-field band structure may experience topological
transitions. We aim to explore how the universal char-
acteristics of such transitions are affected by the strong
interaction with the dipolar Goldstone modes. It is worth
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mentioning that the intersection of multipole symmetries
and ground-state topology has previously been investi-
gated, revealing that multipole symmetry can lead to
novel forms of gapped insulators, filling constraints, and
symmetry-protected topological orders[22-27]. Our cur-
rent study focuses on a distinct set of systems and phase
transitions, characterized by the spontaneous breaking of
dipolar symmetry and the prominent role of dipolar Gold-
stone modes.

To set the stage for the rest of our work, we discuss
in Sec. II a simple 1-D setting where topological consid-
erations can shed light on properties of dipolar-ordered
states and the transitions between such phases. In Sec.
ITI, we construct specific dipole-conserving models whose
mean-field states include insulators with various Chern
numbers. We then shift our focus to effective field theo-
ries for the remainder of the work. Sec. III B derives the
effective field theory for dipolar Goldstone modes within
the ordered phases found in the previous section, featur-
ing the effect of nontrivial topological terms generated
by the topological band structures. Finally in Sec. IV,
we discuss the transition between mean-field states with
different Chern numbers, which generalizes the quantum
Hall transition as studied in [28] but with stark differ-
ences. We explore the critical properties of this tran-
sition within a 1/N-expansion by self-consistently com-
puting an effective action for the Goldstone and fermion
propagators. The critical theory will be strongly renor-
malized because of the coupling between the fermions and
Goldstone modes and presents an intriguing interaction
dominated scaling[29-31].

II. 1-D Topological Phases with Dipolar Symmetry
Breaking

Before discussing the relationship between ground-
state topology and dipolar symmetry breaking in 2-D, we
first focus on the conceptually simpler case of 1-D dipole-
conserving models. First, we present a 1-D toy lattice
model of fermions at integer fillings. The Hamiltonian is
defined on a 1-D chain with two orbitals ¢;,d; per unit
cell:

H= Z(h(c;rdi +die;) — td(d}ciﬂ)Az-j(c}de)) (1)
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where A;; = A%,. This model has the usual U(1)-charge
symmetry and (]on an infinite or open cham) aU(1)-dipole
symmetry generated by de = Zj a](cjcj + d;dj -1
where a is the lattice spacing. Additionally, the model has
a particle-hole symmetry P~LHP where P maps ¢; <> c;r
and d; <> fd;r and anticommutes with the dipole operator

Q. We consider the system at a filling of one fermion per
unit cell.

We assume that at large t; the system will prefer to
form a quasi-long range order of the dipolar symme-
try. We take a mean-field ansatz (Aij(c;r-ﬂdj)) = A,
and Goldstone fluctuations are parametrized by writing
A; = |Ale®¥i. Under the P symmetry, the Goldstone
field transforms as ¢ — —p. Accordingly, the mean-field
Hamiltonian with Goldstone fluctuations takes the fol-
lowing form,

H= Z (hc;fdi + Ae_m“”d;rciH + h.c.) + I;QD, (2)

where fALp governs fluctuations of the dipolar Goldstone
field. Interestingly, the field ¢ couples to the lattice
fermions as a spatial pseudo-gauge field, and is also
compactified according to ¢ = ¢ + 27/a. The mean-
field Hamiltonian resembles the SSH model [32]. The
SSH model is described by a topological invariant § =

Y ncoce. fo%/a dkyAn (k) with the Berry phase 6§ = 7 if
|A] > h and 6 = 0 when |A| < h. Given the filling, the
fermions are in a band-insulator. We can integrate out
the fermions to get an effective field theory for the gapless
Goldstone mode . Due to the pseudo-gauge field ana-
log, such an effective field theory, to the quadratic order,
should be given by:

Lopsle) = 3r(00) — K@i + 3 0. (3)

The coefficients x and K describe the dipole compress-
ibility and gradient energy, respectively, which are in gen-
eral not universal and will get contributions from the
fermion band energy. However, the linear term propor-
tional to 6 is a topological term which is in fact univer-
sal. The 6 is precisely the Berry phase of the occupied
fermion band in Eq. (2). This term is analogous to the
term %GEQE that shows up in the effective electrodynam-
ics of any 1-D band insulator. We could identify 0;¢ as
the “electric field” associated to the pseudo-gauge field
. The P symmetry in the system as defined previously
quantizes the Berry phase to be 6 € {0,7}. To see this,
note that the symmetry P flips ¢ — —¢ so that the to-
tal Hamiltonian Eq. (2) remains P-symmetric. As a
result, in the effective field theory, P flips § — —6. Due
to the periodicity of the 6 angle, only # = 0,7 are com-
patible with the P-symmetry. Therefore, any 1-D dipole-
and P-symmetric lattice Hamiltonian exhibiting a phase
with dipolar quasi-long range order should be described
at long wavelengths by Eq. 3 with 6 € {0,7}.

We now wish to study properties of this effective field
theory in Eq. (3). Immediately, we notice that the term

000 /2 is a total derivative, and thus there is no effect
on the dynamics of the Goldstone mode from this term
alone. This is in direct contrast to the 2-D case discussed
later in Sec. III B where the topological invariant of the
mean-field ground state will quite drastically change the
dynamics of the Goldstone modes. Nevertheless, in the
following sections, we will discuss some physical conse-
quences of this topological term, with emphasis on the
various phase transitions out of the ordering phase and
between phases with different fermion band structure.

A. Robust edge modes

A key feature of the non-interacting SSH model on a
open chain is the presence of edge modes that become de-
generate in the thermodynamic limit. These edge modes
are expected to persist as degrees of freedom in the effec-
tive Hamiltonian 2, but these edge modes may now couple
to the bulk gapless mode ¢. Thus, it is not obvious that
the edge degeneracy is stable on a finite chain. While
any splitting of the edge modes certainly decays as some
function of the system size L, this could be comparable to
the ~ 1/L decay of the finite size gap for the bulk modes,
which would make it impossible to distinguish the edge
and the bulk modes.

Remarkably, it turns out that the presence of particle-
hole and dipole symmetries P and @4, prevents any split-
ting for the edge modes in a model like Eq. 2 (and gen-
erally any model described by Eq. 3 with § = 7). To
see this, suppose that a ground state |G) of the Hamil-
tonian H derived from Eq. 3 has de |G) = Qdip |G)Y.
Because P preserves H, P |G) is an cigenstate of H with

the same energy. But because P~ lepP = lep, he
state P|G1) has a dipole charge of —gqip. Supposing
qaip 7 0, P|G1) is thus orthogonal to |G1), and thus the
ground state manifold is at least doubly degenerate. If
0 = m, i.e. the mean-field sector is described by a fermion
chain with topological edge modes, it is expected that
the many-body ground state indeed has a finite dipole
charge!. Specifically, on a finite, open chain, either one
of the two fermionic edge modes can be occupied, and
either one of these possibilities corresponds to a many-
body ground state with g4, # 0. Thus, no operator that
preserves particle-hole and dipole symmetry can lift the
degeneracy of these two ground states.

B. Disordering transitions

In this section, we discuss the influence of the topo-
logical term on the phase transition that destroys the

I Note that since Qdip is an exact symmetry of the Hamiltonian,
we are always guaranteed a ground state that is also an eigenstate
of Q,ﬁp. This may not be the unique ground state, and per the
above discussion, it is certainly not unique if the Qdip eigenvalue
# 0. This proof also holds for excited states as well; i.e. H-
eigenstates with nonzero Qdip come in pairs related by P.



quasi-long range order of the dipolar symmetry. To that
end, we need to consider the proliferation of topologi-
cal defects of the ¢ field. The term %Btgp notably does
not influence the dispersion relation of the ¢ mode, but
it is felt by vortex configurations of ¢. In particular,
per an observation of Haldane [33]?, single vortices with
$ds -V, p(x,t) = £27/a are endowed with a momen-
tum 7/a® and thus a 27-vortex creation operator is for-
bidden as a perturbation to the Gaussian theory. The
next most relevant operator allowed by symmetry is a 47
vortex creation operator, which may be added to the the-
ory because a momentum 27/a = 0 on a lattice. When
this double-vortex operator becomes relevant, the cosine
potential has two inequivalent minima corresponding to
a spontaneous breaking of translation symmetry, and the
critical point separating this phase from the dipolar quasi-
long range ordered phase is described by an SU(2); CFT
[35]. We contrast this to the usual case of the XY model
at & = 0 where the short-range correlated phase has a
nondegenerate ground state. Accordingly, the two val-
ues 0,7 of 6 in Eq. 3 describe genuinely different gapless
phases with different possibilities for their transitions into
gapped phases. These two possibilities for disordering
transitions are depicted in Fig. 1, as a function of the
parameters s, K.

The above discussion are on the possibilities of contin-
uous phase transitions. There is also the possibility of a
first-order transition out of the # = 7 phase into a triv-
ial gapped phase with short-range dipole correlations. In
fact, when a standard mean-field computation is applied
to Eq. (1) (for A;; = 6; 41 + dij—1), the condensate
|A| discontinuously jumps from 0 to a value greater than
h when t4/h > r. ~ 1.68. Thus, the only phases pre-
dicted by the mean-field theory are a gapped symmetry-
unbroken phase and a gapless # = m phase seperated by
a first-order transition. Given that this comes from a
mean-field computation in (1 + 1)-dimensions, it is not
clear that such a first-order transition is actually present.
Furthermore, the absence of a § = 0 quasi-long range or-
dered phase within mean-field theory is a particularity of
the specific model, and adding more symmetry-allowed
terms may lead to a richer phase diagram hosting both
@ = 0 and 6 = 7w phases. Our preliminary numerical cal-
culations with a more comprehensive model indeed show
a diverse phase diagram, and we will leave this subject to
a future work.

C. Transitions between ordered phases

Having discussed phase transitions into disordered
phases, we now seek a transition between the trivial and

2 See also App. A of [34].

3 The field-theoretic momentum, i.e. the Noether charge associated
to translation symmetry ¢z () — vz (x + €), contains a most rel-
evant term P(t) = [ dz %Bxcp(ac,t) = %(pr (00, t) — @z (—00,t).
A vortex of strength m located at (zv, ty) will thus carry P(t >
ty) — P(t < ty) = mb/a.
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Figure 1. Phase diagrams of disordering transitions with and
without the topological response.

topological phases where 6 changes from 0 to 7. In order
to do this, we will first write down a continuum theory
which flows to Eq. 3 for § = 0,7 depending on a tun-
ing parameter, and then study this theory at the critical
point. Besides the gapless Goldstone modes, the lowest-
energy excitations of Eq. 2 are fermionic excitations near
k = +m/a; at long wavelengths, these excitations are de-
scribed by a massive Dirac fermion in (1 + 1)-dimensions.
Accordingly, we can write the following continuum La-
grangian that describes both the fermion and Goldstone
degrees of freedom:

L= &’Y“(iau -
1.
L, = 5“(8%10)2 -

)+ l/jmeiew‘sw + L,
K(0x).

hS

N |

where 1/] = (wcawd)a {70771775} = {Jyaiama02}7 alt =
(0¢,0z), ou = (0,—¢), and we have assumed an ap-
propriate rescaling of the spatial coordinate. The angle
0 € {0,7} is the Berry phase of the filled fermion band.
Because the massive Dirac fermion is gapped, we may in-
tegrate it out by computing the fermion determinant and
expressing it in terms of diagrams with external (-legs,
in the usual manner. The effective theory in Eq. (3) can
be recovered by evaluating diagrams with 1 or 2 -legs.
We regularize the theory such that m < 0 side has 8 =«
and m > 0 has 6§ = 0.

We offer another useful perspective on this model via
bosonization of Eq. 4:

S= ;/dtdx<(8t¢)2 — (020)* + 2mcos (2T — 0)

- ot (O - vyazsa)?)).
)

Here, the field ¢ is related to the microscopic fermions
by €0,¢ = /mpy*1 and we have reparametrized the
constants k, K into g,vp. Shifting ¢ — ¢ + 6/2/7 and
integrating out the now-gapped ¢-field, we recover the
f-term in Eq. 3 after a suitable field rescaling®.

4 This rescaling is chosen in order to match the compactification
radii of Egs. 3 and 5; In Eq. 5, we have ¢ = ¢ + 2,/7 and thus
Yz = Pz + 7r/a.
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Figure 2. Phase transitions between trivial and topological
band structures.

Now, we focus on the topological transition by tuning
the mass term of the Dirac fermions. The resulting quan-
tum critical point we wish to study is the theory of a mass-
less Dirac fermion coupled to a dipolar Goldstone mode.
Such a theory has already been studied in [20] and ex-
hibits many interesting features—importantly, the model
is exactly solvable. To summarize the key results, this
critical point is described by a Lifshitz theory (i.e. the
dynamical exponent z = 2) and exhibits long-range order
for the dipolar order parameter e’¥. Furthermore, it has
a dual description in terms of the 1-D dipole-conserving
superfluid as studied in [34, 36]. The action of this dual
bosonic theory is precisely the theory Eq. (5) with m = 0.
With reference to this bosonized form, there is always an
instability to the cosine term 2m cos(2y/7¢ — 0) no mat-
ter what the Luttinger parameters of the boson fields are.
This term is dual to the Dirac mass and is the relevant
parameter that tunes the phase transition. These conclu-
sions are summarized in Fig. 2.

III. 2-D Topological Phases with Dipolar
Symmetry Breaking

A. A toy model with mean-field Chern insulator

In this section, we study a family of dipole-symmetric
models of spinful fermions on the 2-D square lattice whose
mean-field phase diagram exhibits a variety of dipole-
condensed phases. In the mean-field treatment, we find
phases with nontrivial topological band structures and
phase transitions out of the topological phases. This
serves as motivation for us to study the universal fea-
tures of topological phase transitions in the presence of
dipolar symmetry breaking, which is the focus of the rest
of the paper.

The simple toy model is written as

o T a a Pa
H_—uN+Z\IJ MU; + Y (DDTALDS ()

ij,a

where U = <CT’C¢) (D“)T = \Il TVire, M = M- o, and

T, = tq - 7; a ranges over the 2 primitive unit vectors.
Here, we focus on the case where
T, = (iwo, + ao,),

T, = (twoy +ao.), M =ho,. (7)

The Hermitian matrix A, describes the correlated hop-

ping of dipole moments on the lattice; the operators b‘;
are dipole-creation operators that carry an integer charge
under the dipole symmetry generator Qg,, = >_,(a-7i)n;.

For simplicity of the discussion, we have only assumed
charge and dipole conservation as internal symmetries.
Time-reversal and spin rotational symmetries are explic-
itly broken in the Hamiltonian.

The dipolar hopping terms will prefer dipole conden-
sation. We may assume a mean-field decoupling where
(A9, D%) = A% if A} # 0, then the dipole symme-
try is spontaneously broken. Accordingly, the mean-field
Hamiltonian assumes a standard tight-binding form

HMF:—MN+Z\IJTM\II +Z (AYDH + h.c.)

- ZA?(A?j)_lA?

ij,a

(8)

and we assume the system is at filling of one fermion
per unit cell. For a given choice of matrices T, M, the
mean-field Hamiltonian Eq. 8 generally describes a band
insulator whose topology can be tuned by T,, M, or the
amplitude of the order parameter |[A%|. With our spe-
cific choice of matrices in 7, Eq. 8 is a slightly modified
version of the model introduced by Qi, Wu, and Zhang
[37] for a quantum anomalous hall state. The model is
known to undergo a topological phase transition involv-
ing a change in the Chern number as w and « are varied.
We can interpret w as the strength of the spin-orbit cou-
pling and « as the spin-dependence of the effective mass.
The parameter h is akin to a magnetization for the spins.

We perform a restricted mean-field theory for the or-
der parameter A® using functional integral®. After a
Hubbard-Stratonovich transform, the action for the or-
der parameter and the fermions takes the form

S= /dT(/de r{ | Ag ()] +%Kab|8aAb|2

+2 < D (A, DF + Ai o (D) + W0, — i+ M)\I!l)) .
o (9)

The mass term %ro is given by the zero-momentum com-
ponent of —(.A“)Z-_jl. We assume that A® is such that
ro > 0; if this is not the case, then the A;-‘j expansion
would instead need to be carried out around a momen-
tum of (0, 7) or (,0) to ensure a stable mean-field theory.
Now, we seek the energy functional for the static, uniform
A, field. This is easy to do since the second line of Eq. 9
describes a two-band Hamiltonian at half-filling, and we
can easily integrate out the fermions in this case to arrive
at the energy functional (for constant order parameter)

F(Aa) = 5 L (‘“m ()] + E(A,) (10)

where E(A f 4myzé- (k) is the energy of the occu-
pied band of the mean-ﬁeld Hamiltonian. To gain some

5 There is a normal ordering step that we overlooked when passing
Eq. 6 to a path integral; however if A, = 0, the normal ordering
does not generate any new terms.



intuition for the mean-field theory, we expand the energy
functional to quadratic order:

FO(A,) = / il ((17«“)— n(72) + (tr@az))Q)Ai

(2m)2 \\2'° 4h 8h

(- ) )Py
(11)

where T, = Tpe*a + h.c.. Roughly, component A, orders
when the coefficient of A2 becomes negative. We can
see that A, orders when the dipole hopping (tuned by
w, a in Fig. 3) overcomes the magnetization M (tuned by
h), which favors a featureless spin-polarized state without
symmetry breaking.

Given the previous choice of matrices T,T,, M, we
compute the mean-field phase diagram as a function of
the parameters w, a. The results are shown in Fig. 3.
Interestingly, we observed phases with dipolar symmetry
breaking and nontrivial topological band structure signa-
tured by non-zero Chern number. The ordering transi-
tions are all first order; this is a common characteristic
of dipole ordering transitions, as seen in the mean-field
analysis of the bosonic system studied in [19] and com-
pressible fermionic systems in [21]. The topological phase
transition at the mean-field level is described by a mass-
less Dirac fermion. This transition is of particular in-
terest because the nature of this topological transition is
strongly influenced by the presence of Goldstone modes of
the broken dipolar symmetry, and this will be discussed
in details in Sec. IV.

The purpose of this toy model is to illustrate the ex-
istence of possible topological phases and phase transi-
tions in dipole condensed phases. The choice of matrices
T,,T, in Eq. (7) is by design. In real systems, possi-
ble Hubbard-like interactions[19, 21] may complicate the
phase diagram. An interesting question is how we can
approximate this model by using tilted optical lattices.
In App. B, we discuss a tilted optical lattices implemen-
tation of the designed model. Compared to Eq. B3-B6,
Hubbard-like 4-fermion interaction terms do emerge nat-
urally. These terms could drive a Mott-insulating phase
for smaller values of A,, which will ultimately change
the nature of the mean-field energy landscape and quali-
tatively change the phase diagram in Fig. 3. However, we
expect that the universal physics discussed in the rest of
this work, particularly the topological phases and phase
transitions, will not depend on such microscopic details.

B. Effects of topology on the Goldstone modes

Having discussed the mean-field phase diagram, we now
add the most relevant low energy fluctuations which are
the Goldstone modes of the broken dipolar symmetry.
We suppose that both components of the dipole sym-
metry are spontaneously broken. The quadratic part of
Goldstone action can be derived from Eq. (9). The coeffi-
cients will depend on the dipole hopping matrix Af;. As
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Figure 3. Mean-field phase diagram of Eq. (6). Dark blue
corresponds to the symmetry-unbroken phase, light blue cor-
responds to a quasi-1D phase where only one component A,
condenses, green corresponds to the topologically trivial phase
where both dipole components condense, and yellow corre-
sponds to a Chern number of +1. The calculation is done
with parameters h = 0.5, 7§ = r{¥) = 0.8.

discussed in [20], the low-momentum Goldstone-fermion
interaction is given by coupling the two Goldstones ¢”, ¥
to the quadratic mean-field action in the same fashion as
the spatial part of a U(1) gauge field. Despite the fact
that the Goldstones are coupling to the fermions like a
spatial gauge field, the theory has no gauge symmetry;
in the case of Ref. [20], this lack of gauge symmetry
manifested as an additional longitudinal mode that was
physical but did not relevantly couple to the fermions in
the low energy. Thus, we refer to the Goldstone modes
of the dipole symmetry as a “pseudo-gauge field”.

When the dipole condensed phase forms a mean-field
band insulator, the bulk fermions are gapped, we may
integrate the fermions out to get a Goldstone effective
field theory:

Lole'] =~y K@)’ + 0L (12)
where the first term comes from the low-momentum ex-
pansion of the dipole-hopping matrix .A?j as discussed
previously, and the AL comes from integrating out the
fermions. Because the Goldstones couple like a U(1)
gauge field, determining the quadratic part of AL is
equivalent to computing the linear electromagnetic re-
sponse of the mean-field band insulator. Thus, we pro-
pose the most general quadratic Goldstone action (up to
O((w,p)?)) for a band insulator (in real time):

Letsle] = 3r00") 006") 5 Kas(0uV— " O can

(13)
The k® term and K, describe generic renormalized dis-
persion of the Goldstone modes. The unusual feature of
the Goldstone action is the term proportional to C' where
C' is the Chern number of the filled band. This term is
an analog of a Chern-Simons term for the purely spatial



pseudo-gauge field ¢®. This term is linear in 0; and can
be interpreted as a “Berry phase” term — as explained
in App. D, the mean-field ground state has a nontriv-
ial Berry phase in the space of global dipole symmetry
transformations.

The important effect of the Chern-Simons term is to
change the dispersion relation of the Goldstone modes. If
C # 0, one of the Goldstones becomes quadratically dis-
persing (also known as a type-II Goldstone mode[38]) at
low momenta while the other becomes gapped. The total
number of gapless Goldstones is less than the number of
broken symmetry generators. This effect is reminiscent of
the quadratic dispersion of the spin waves in an SO(3)-
symmetric Heisenberg ferromagnet, and in fact can be
understood in a similar framework as explained below.

Though the effective Lagrangian Eq. 13 can be found
by straightforward computation of the fermion determi-
nant, it is useful to view it in light of the general con-
siderations of Watanabe and Murayama in Ref. [39].
Here, the coefficient of any term ¢%0;¢%¢. in a Gold-
stone theory is proportional to the ground state expec-
tation ([Qq, @Qp]), Qo being the generators of the broken
symmetry. However, the microscopic dipole symmetry
generators (which, in a single-particle picture, are just
the particle position operators Z,§) commute, so the re-
lation to the aforementioned result is not immediately
obvious. To resolve this, we note that the result of Ref.
[39] implicitly assumes that all non-Goldstone degrees of
freedom have been integrated out—in particular, this in-
cludes the gapped fermionic excitations of the mean-field
band insulator. Integrating out such excitations is tan-
tamount to projecting to the occupied band(s). Then, if
the occupied bands have a nonzero Chern number, the
projected single-particle dipole symmetry operators (i.e.
the projected position operators Pz®P) have a nonzero
commutator proportional to the Chern number [40], and
then the origin of the linear-in-0; term follows from Ref.
[39].

This point of view also helps to understand that the
coefficient of the term ¢®9d,ple,;, remains quantized even
after renormalization, since the coefficient is related to
the projective representation of the position operators,
which is quantized in a gapped system without ground
state degeneracy. In App. D, we discuss a proof of this
quantization in the context of our particular setup; phys-
ically, the reason behind the quantization is identical to
the reason that uniquely gapped systems have a quantized
Hall conductance. Thus, the Goldstone action is seen to
probe the bulk topology (equivalently, the noncommuta-
tive geometry) of the mean-field ground state — the Chern
number of the mean-field ground state is nonzero if and
only if there is a single Goldstone with quadratic disper-
sion as opposed to two Goldstones with linear dispersions.
The actual value of the Chern number is difficult to de-
tect just by studying the Goldstone spectrum. However,
there is a mode of the Goldstone fields that is gapped due
to the linear-in-0; term. This gap depends on the Chern
number C' but also on the non-universal parameters such

as k.

We note that a theory similar in structure to Eq. (13)

appears in [11-15] as an effective theory of a rotating
vortex lattice in a superfluid which hosts an emergent
noncommutative dipole symmetry. The rotating vortex
lattice can be parametrized with degrees of freedom in a
noncommutative spacetime (i.e. the lowest Landau level),
upon which the magnetic translations act on the super-
fluid mode as a noncommutative dipole symmetry, lead-
ing to a quadratically dispersing “Tkachenko mode”. In
the present setting of a dipole-conserving Chern insulator,
one may also interpret the degrees of freedom as living in
a noncommutative spacetime, but due to the underlying
lattice this noncommutativity is quantized in contrast to
the continuously varying magnetic length in the vortex
lattice case.

IV. 2-D Topological Phase Transition in the
Presence of Goldstone Modes

Now we consider that parameters are tuned such that
the Chern number of the mean-field band structure
changes from a topological nontrivial band to a trivial
one. At the phase boundary, the mean-field theory can be
described by a Dirac fermion in (2+1)-D. Indeed, the con-
tinuum limit of our engineered mean-field ground state
from Eqgs. 8-7 realizes a Dirac fermion at the topologi-
cal phase transition. Including the Goldstone fluctuation
amounts to couple the Dirac fermion to the pseudo-gauge
fields. The effective field theory can be written as

. 11, ab, _a
E:z/ﬂfyo(&—sb—&—zM)w—§Eze 0029, "

+2192<Z +vlz %) +v§(;aago“)2).

' (14)

The gamma matrices 7° = o!,y! = 02,42 = o3 furnish
a representation of the Clifford algebra {y*,~+"} = 25,
A= A", ¢, = (0,9%), and the Fermi velocity of the
Dirac cone has been set to unity. The inclusion of the
half-quantized Berry phase term is necessary to ensure
that Eq. (15) reproduces Eq. (13) for C = 0,1 (depend-
ing on the sign of M) once the massive Dirac fermion is
integrated out. Such a term can be justified by manually
integrating out the so-called spectator fermions occupy-
ing the Brillouin zone (excluding a neighborhood of the
Dirac point) [46], and it is exactly analogous to the usual
manifestation of the parity anomaly of (2+1)-D Dirac
fermions when coupled to a gauge field[17].

For analytical control, we study a generalized La-
grangian involving NN identical flavors of Dirac fermions,
namely

N
L= 90—
i=1
1
+2<Z

a
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+'U1 Z aSO +v%(z aa@a)Q)
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Figure 4. 1-loop self-energy diagram for the Goldstone boson

We have also rescaled the boson field such that the cou-
pling constant g appears in the fermion-boson coupling.
For the purposes of a large-N expansion, we consider
g* = O(1), so that the RPA diagram (Fig. 4) is the only
self-energy contribution to the leading order in the large-
N limit. We have taken both the Goldstone and Dirac
actions to be rotationally symmetric for conceptual sim-
plicity, and we breifly discuss the role of anisotropy in the
end.

This Lagrangian has a striking resemblance to the fa-
mous theory of Dirac fermions in (2 + 1)-d coupled to
a gauge field with a half-quantized Chern-Simons term,
as studied, for instance, in Ref. [28], which is rele-
vant for topological phase transitions in quantum Hall
systems[418, 49]. However, the lack of gauge invariance
of the Goldstone bosons actually leads to properties that
are fundamentally different from those of a gauge theory.

A. RPA Propagators

We first concern ourselves with the computation of the
RPA Goldstone propagator Dg,(w, p). Because the inter-
action —ithT70py is relevant in (2 + 1)-d, the RPA Gold-
stone self-energy (Fig. 4) is a highly relevant correction
compared to the bare kinetic term in Eq. 15. As dis-
cussed in greater detail in App. E, the RPA propagator
exhibits two singularities with w ~ p3/2 and w ~ p at low
momentum. We suppose that the pole w ~ p3/2 eventu-
ally leads to a dynamical exponent z = 3/2 and use this
new scaling to systematically discard terms in the RPA
propagator that are irrelevant or nonsingular. Then, we
may decompose the important contributions to the RPA
propagator in terms of a transverse and longitudinal pole:

(16)

where A2 m and ( = Mvg. Here, ’PaLb =
Sab — PL = papp/p? is the projector into the longitudinal
component ¢, of the Goldstone modes, i.e. the compo-
nent of the fields ¢®(p) parallel to the momentum p. PZ,
projects to the transverse component ¢ with p,p% = 0.
Accordingly, we see that the interaction with the Dirac
fermions generates a singular self-energy ~ w?/p for the
longitudinal Goldstone. A Goldstone mode with a simi-
lar fractional-power dispersion w ~ p3/2 appeared in [50]
as a 2-D interfacial mode; it will be interesting to inves-

Figure 5. 1-loop self-energy diagram for the fermions. Only
the longitudinal piece DE, of the fully corrected RPA propa-
gator of the Goldstone (Eq. 16) is used and indicated by the
double wavy line.

tigate any relationship between these two settings. The
transverse Goldstone mode also receives a self-energy that
dominates its bare kinetic term and retains a linear dis-
persion.

Now we must concern ourselves with the fermion self-
energy. By the form of the RPA propagator in Eq. 16, we
see that the ¢r field has a higher scaling dimension than
the ¢, field, so we neglect the transverse part of the RPA
propagator in all computations. We will see later that
once the scaling dimensions have been fully determined
for all fields in the effective action, the interaction with
the transverse Goldstone @7 interacts with the fermions
irrelevantly. In App. F, we evaluate the usual one-loop
diagram for the fermion self-energy (Fig. 5), finding a
contribution

2.2
201, q) = 27

NI Y2sen(v) + O, lq).  (17)

7Olv|

This tells us that the bare Dirac action is not simply
renormalized as in the case of QED; or the quantum Hall
transition discussed in [28], but in fact replaced with more
relevant contributions with a non-analytic behaviour as
w,q — 0, due to the soft longitudinal mode which is ab-
sent in the gauge theory.

B. Self-Consistent Self-Energies

The complicated structure of the singular self-energies
for the bosons and fermions poses a difficulty in evaluat-
ing higher loop corrections. However, in the limit where
the number of Dirac fermions N > 1, diagrams may be
organized in terms of their powers of the small quantity
N~': some of these diagrams may be further organized
into Dyson equations for the fermion and Goldstone bo-
son propagators, with the rest contributing only sublead-
ing terms in the large- N expansion. The process of deter-
mining the fermion and boson self-energies can be formu-
lated in terms of a self-consistent cycle, where the RPA
Goldstone boson is used to generate a singular self-energy
for the fermion, which then feeds back to the boson self-
energy. We terminate this cycle once corrections to the
self-consistent solution become subleading in N 1.

To begin this self-consistency cycle, we first focus on
the possibility of further non-analytic corrections to the
fermion propagator. To this end, we propose an ansatz
for the self-energy of the Dirac fermion:

S, @) = Zolv|*sgn(w)?° + ZilalP g+ ... (18)
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Figure 6. Self-consistency equation for the fermion self-energy
3(v,q), given by Egs. (18)-(19). Double wavy line repre-
sents the longitudinal piece D% of the RPA propagator in
Eq. (16) and the double fermion line corresponds to the self-
consistently determined fermion propagator, which is given by
(Z(w,d))" in the TR limit.

where vz = 7 - ¢. Such a self-energy respects the assumed
rotational symmetry and should be consistent with the
dynamical exponent z = 3/2 derived from the RPA Gold-
stone propagator. Furthermore, for o, 5 < 1, this will
render the bare part of the Dirac action irrelevant, so the
fermion propagator in the low energy can be taken to be
(3(w,q))~!. Using this ansatz, we may self-consistently
fix the fermion propagator by demanding that it is con-
sistent with the one-loop diagram for the self-energy (i.e.,
that it solves a Dyson equation as shown in Fig. 6). This
is equivalent to the resummation of the so-called rainbow
diagrams, a strategy used in (e.g.) [51]. The one-loop di-
agram for the fermion self-energy is evaluated using the
Fermion propagator (3(w, 7)) *

Palb/P

2 2
S, = -\ /dwd P3 + 2p?

Y4 (Zo|lw + v|*sgn(w + v)¥° + Z1|p + qIﬂ’y,mrq*)Wb

Z3lw+v|* + Z2p +q|*
(19)
A simple dimensional analysis using the relation [w] =
3[p] reveals a = %, B = 2 which is indeed consistent with
the z = 3/2 scaling. In App. G, we justify the scaling
form of the self-energy more explicitly and show that

S, q) = (qv|”2sgn<u>w°+«:2<1/2q|3/4w) i

(VN \F
(20)

where ¢y, co are numerical constants that satisfy a com-
plicated transcendental equation. Notice, the N-scaling
of the self-energy is corrected to be O(N~1/2) by the
self-consistency procedure compared to the one-loop re-
sult. As discussed in App. G, the boson propagator
must also be fixed self-consistently, which is tantamount
to including certain self-energy diagrams beyond RPA;
specifically, these are the so-called bubble diagrams that
incorporate the self-consistent fermion propagator from
Eq. (20) (see Fig. 7). This generates a more compli-

cated term N <2p2F(w/Cp3/2) which, in the large-N limit,
dominates the RPA kinetic term. Nevertheless the new
boson propagator preserves z = 3/2. At this point, the
self-consistency cycle can be terminated because any fur-
ther corrections to the fermion kinetic term using this
new boson propagator are suppressed by a factor of 1/N
compared to Eq. 20 — importantly, any such corrections

Figure 7. Correction to the boson propagator using the
fermion propagator found in Eq. 20 (represented by straight
double lines).

simply renormalize the coefficients in Eq. 20 instead of
generating more singular terms.

Accordingly, we can write down an effective action in-
volving the self-consistent boson and fermion propagators
that reflects the dominant terms in the large-IV expan-
sion:

1
Sups = [ v (o Pt/ e

# S derlol sl + exc i)

M 9
7 ) G Z Pisp, Vi (21)

/d2pdw goT(w +p )1/2
—iC / dtdzxZ@yﬁszi.

In writing the above action, we have performed the
rescalings @7 — N~ 1/2>‘ch, wz — (CV'N/Xg)Y?4p;, and
pr — Apr. Note that we have scaled the fields @7,
o1, by different factors on account of their different scal-
ing dimensions. Under the tree-level [w] = 3/2[p] scaling
that keeps the above interaction-driven kinetic terms in-
variant®, we see that the interaction strength A\ between
the fermions and the longitudinal Goldstone is actually
marginal, whereas in the bare action this interaction was
relevant. In addition, the interaction 1/;i</>Twi with the
transverse Goldstone is irrelevant; this justifies our ne-
glect of the this mode throughout the computations.

We conjecture that this theory of a Dirac fermion with
a single strongly-coupled collective mode, along with an-
other decoupled collective mode, describes a novel inter-
acting fixed point. Within the scope of the diagrammatic
calculations described by the above action, we predict a
dynamical exponent z = 3/2 as described above. Given
that Eq. 21 was self-consistently fixed by only the “bub-
ble” and “rainbow” diagrams, there is the possibility of
higher-loop corrections to the z = 3/2 result. However, if
we take the limit V > 1, loop corrections to the fermion-
boson vertex are suppressed by a factor of N~!, suggest-
ing that the tree-level scaling dimensions from this effec-
tive action become exact as N — oo and that corrections
are organized in powers of N~1. We leave a detailed study
of this 1/N expansion to future work.

6 Note that under this scaling, v/w2 4+ p2 — |p|.



Figure 8. Phase diagram of Eq. (15) tuned by the Dirac
mass M, with the dynamical exponent and mean-field Chern
number of each phase labelled. Dispersion relations of the ¢,
degrees of freedom are shown: there are two linear dispersing
Goldstones for C = 0, one quadratically dispersing and one
gapped Goldstone for C' # 0, and two Goldstones with w ~

p3/2 and w ~ p at the critical point.

In discussing this interacting fixed point, we must also
consider the fate of other symmetry-allowed operators
that were less relevant than the fermion-Goldstone in-
teraction, in case they become marginal or relevant at
the new fixed point. For example, a 4-fermion interac-
tion like o (1)9))? is irrelevant at the Gaussian fixed point,
since it has dimension [o] = —1[p]. At this new fixed
point, [0] = —2[p]—i.e., the 4-fermion interaction has
become more irrelevant at the fixed point, and it is un-
likely that corrections in the 1/N expansion could cause
this scaling dimension to be positive. Another class of
symmetry-allowed operators are cubic or higher terms
for the Goldstone modes, since such nonlinear terms are
always generated in the process of integrating out high-
energy fermionic modes; however, these operators always
enter with spatial or temporal derivatives since they must
preserve the shift symmetry ¢, — @4 +¢,. The most rel-
evant operator of this kind we could write down takes the
form (9,¢p)3, whose coefficient has a scaling dimension of
(at least) —32[p]. Of course, a fermion mass M is still rele-
vant and serves as the tuning parameter for the transition.
A Goldstone mass term %Mabgoagab is also obviously rel-
evant with [Mas] = 2[p] = 3[w] at the fixed point. This
scaling dimension could govern (e.g.) low-temperature
properties in the experimentally relevant case where the
dipolar symmetry becomes slightly broken, along the lines
of a similar discussion in [20].

We note that the strategy of choosing a consistent
ansatz for the fermion propagator is reminiscent of the
interaction-driven scaling that has been used to approach
quantum critical theories where the quasiparticle propa-
gators become strongly renormalized by interactions [29—

|. Generally, a bare Lagrangian with a interaction that
is relevant under Gaussian scaling dimensions will exhibit
singular quasiparticle self-energies; as has been done in
the previous discussion, one then demands the singular
self-energies to be invariant under the RG scaling, lead-
ing to modified field dimensions and dynamical exponent
that render the formerly relevant interaction marginal.

C. Analogies to Gauge Theory

In models of dipolar symmetry breaking, it is tempting
to draw some analogy with the problem of matter cou-
pled to an emergent U(1) gauge field since the dipolar
Goldstones couple as a pseudo-gauge field. In a techni-
cal sense, no such analogy is ever guaranteed because the
Goldstone boson action is not gauge invariant; this ab-
sence of gauge invariance manifests in the presence of
another longitudinal propagating degree of freedom as
compared to the gauge theoretic case’. In certain cases
like the problem of a Fermi surface coupled to dipolar
Goldstone modes (as treated in [20]), this distinction is
not very important in the IR because the longitudinal
Goldstone mode dynamically decouples from the Fermi
surface, and the low-energy theory is thus nearly isomor-
phic to the gauge-theoretic case. However, in the present
situation of a (241)-D Dirac fermion coupled to dipolar
Goldstone modes, it is the longitudinal mode that re-
mains strongly coupled while the transverse mode decou-
ples, and the theory ultimately acquires a non-relativistic
scaling with dynamical exponent z = 3/2. Thus, there is
no mapping to QED3 as studied in (e.g.) [28], which re-
mains Lorentz-invariant and whose boson propagator is
purely transverse. We also note that in the case of QED3
with a Chern-Simons term, the relevant interaction be-
tween fermions and the transverse gauge field becomes
marginal once the gauge field kinetic term was replaced
by the interaction-generated terms; a similar phenomenon
occurs in our in our setting, but the presence of a soft lon-
gitudinal mode further modifies the scaling dimension of
the fermion fields, which drives the coupling to ¢ into
irrelevancy.

D. Role of Anisotropy

In our treatment so far, the bare and interaction-
generated contributions to the Goldstone kinetic term
were diagonal in the transverse/longitudinal basis for the
pq-fields; this was due to our assumption of rotational
symmetry. Cubic anisotropy, which is an inevitable con-
sequence of realizing this theory on a lattice, will (at
the very least) lead to bare kinetic terms of the form
> fa(Ba®)? which not only break the rotational sym-
metry (and, in the case of the tilted lattice implementa-
tion in App. B, the cubic symmetry), but add coupling
terms between the transverse and longitudinal Goldstone
components. However, if we treat such coupling terms as
perturbations to Eq. 21, they turn out to be irrelevant,
so the physical picture of a decoupled transverse mode
and a strongly-coupled longitudinal mode remains robust
to sufficiently weak anisotropy.

7 Another important distinction between the two classes of prob-
lems is that there is no pseudo-gauge field analog of the timelike
A® component. Without a Chern-Simons term, the A% com-
ponent is traditionally integrated out and its only effect is to
generate a Coulomb interaction for the matter.



V. Discussion and Conclusions

In this work, we study dipolar-symmetric fermionic
models at integer fillings. We focus on the properties
of spontaneous dipolar symmetry-breaking phases which
host band insulators as the mean-field ground state. We
study how the fermion band topology influences the prop-
erties of the dipolar Goldstone modes. We also investigate
the influence of the Goldstone modes on the topological
phase transitions of the mean-field ground states.

In particular, we constructed various effective field the-
ories for dipolar symmetry breaking by relating terms
in the Goldstone effective action to quantized topolog-
ical responses of the gapped mean-field band insulator.
In 1-D, we find that the quantized polarization response
0 € {0,7} of the mean-field band structure changes the
nature of the KT transitions for the dipolar Goldstone
theory, and the critical theory separating the two values
of 0 was identified with an exotic Lifshitz (z = 2) the-
ory featuring (e.g.) dipolar long-range order. In 2-D, we
identified that a nonzero Chern number of the mean-field
band structure modifies the counting and dispersion re-
lation of the Goldstone modes of the dipolar symmetry
breaking. The Dirac fermion describing the topological
phase transition between the topological and trivial band
insulators gets strongly renormalized because of the pres-
ence of the dipolar Goldstone modes. This topological
transition, although resembling some features of a quan-
tum Hall transition, was found to exhibit a novel crit-
ical behavior where both Goldstone degrees of freedom
were strongly renormalized, with one Goldstone mode ul-
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timately leading to a dynamical critical exponent z = 3/2
and the other Goldstone mode dynamically decoupling
from the matter degrees of freedom.

Our results shed light on how topological invariants can
manifest in gapless phases of matter, and what kinds of
critical points can separate such gapless phases. Since
the phases and critical behaviors we describe are univer-
sal by such topological considerations (and, in the 2-D
case, detectable via the dynamical exponent which af-
fects the structure of the tower of states at finite system
size), it may be possible to detect these phases and phase
transitions numerically. We leave the design and the nu-
merical study of such models for future work. Tilted lat-
tice schemes may also provide an experimental platform
for observing the physics we describe. To find a physi-
cally feasible tilted optical lattice implementation of the
physics is another interesting future direction. Finally,
it will eventually be interesting to generalize this investi-
gation to general multipole groups and other topological
invariants, potentially drawing connections to more ex-
otic multipolar Chern-Simons theories [22, 52]. We leave
such investigations to future work.
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A. Exact Edge States in 1-D Dipole-Conserving Models

In the main text, the presence of edge states themselves was justified within a mean-field framework—i.e., by
appealing to the fact that the SSH model regularized on a finite chain has edge modes. It will be interesting to verify
the existence of these edge modes using a more exact numerical method; however, there is a simple physical intuition
for why such edge modes ought to exist depending on the nature of the dipolar order.

We refer to the Hamiltonian Eq. 1, which we argued is described by the # = 7 phase of Eq. 3 at mean-field level.
In the extreme limit where h = 0, the Hamiltonian is exactly solvable in a sense—i.e., we may find the exact ground
state wavefunction and low-lying excitations. The essential feature that we will use for this is that the Hamiltonian 1
with h = 0 preserves the following “Krylov subspace” of the total Hilbert space:

N-1
K= span{éi}( H G |0>) (A1)
i=1

where |0) is the free fermion vacuum and G, can be either d;[ or cj- 4+1- We can map such states to a length-(N — 1)
spin chain by letting the choice of fermion occupancies {C;’Z} define the spin configuration and equating dz = 1,
C;r+1 = |. Then, as is discussed in [73]%, the dipole-hopping term simply becomes —%d(XZ-XiH +Y:;Yi1) where XY
are Pauli operators in this new spin basis; i.e., the Hamiltonian becomes an isotropic XY-spin chain in this Krylov
subspace. The dipolar order parameter e+ is mapped to (X; + iY;) which has power-law correlations [54], and this
XY-spin chain is indeed described” by the § = 7 phase of Eq. 3. Besides these emergent spin degrees of freedom,
there were also two fermions cJ{ and dTN from either end of the fermion chain that do not couple to the emergent spins;
at half-filling, exactly one of these degenerate orbitals is occupied. This edge degeneracy resembles precisely that of
the free SSH chain in the topological phase, except that it coexists with a gapless bulk. We emphasize that this edge
degeneracy is clearly a many-body effect and relies on no mean-field approximations.

B. Tilted Lattice Implementation

In this section, we motivate the interacting Hamiltonian in Eq. 6 by designing a tilted lattice protocol applied to
an ordinary tight-binding model. To this end, we introduce a fairly general model of a Hamiltonian in d-dimensions
with 2 fermion species (i.e. spinful fermions):

IA{ = Z (\PIMO\IJZ' + \Ilea\I’i-ﬁ-a + \Il;'r+aT<I\Iji> + Vos + Vnn + Z Vanip
1,a a

R R (B1)
Vos = UZ(\III\I’J(\III\I’J’ Vnn = UZ(\I/I\I/i)(‘IIIJra\I/i-Fa)

where T, = t, - &@. Here, we only consider nearest-neighbor hopping as well as hopping between orbitals within a unit
cell. Ut = (c},c}) and the term V' Qg;, proportional to the dipole charge operator implements the linear tilt on the

system. In the following simple case, we will assume that Qgip =>,(a- 7:;)\111\1117 i.e. fermions within the same unit
cell carry no net dipole moment. Passing to a rotating frame, and defining Q, = V,|a/,

eit Za Vanq‘,pIA{ef’L‘t Za VarQAZip = Z <\I/IMO\I’l + eiiﬂat\ljjtua‘u\l/i-}-a 4 ei(zat\:[/:li'+atzo_p,\1/i) + ‘A/os + ‘A/nn

i,a

8 . . . .
See also [21] for analogous discussion of a similar model. 9 One may prove this using a spin coherent state path integral [55].



13

Following [21], we can treat this tilted-lattice problem as a (quasiperiodic) Floquet problem and compute the high-
frequency effective Hamiltonian, whose formal expression up to 2nd order in the inverse driving frequency Q7! is

. . 1 . . 1 . ) .

Hepp = —pN+D+ > —c [Hyn, Hop] Z SHoms Dl 4+ Y D0 g s (Ao, i, o]
m>0 m#0 m/#0,m’#m

(B2)

where D is the dipole-conserving part of the original Hamiltonian (i.e. the time-average of the Floquet Hamiltonian)

and H,, are the Fourier harmonics. The expression above is valid for a single-frequency drive, but the generalization

to the quasiperiodic Floquet problem is straightforward so long as the driving frequencies are incommensurate!'?.

Computation of the effective Hamiltonian is straightforward but tedious, and we only present the end result:

He.gy _—uN+Z\IITM\I! + ) (DHTALDS + Hop_gite (B3)

ij,a

M=M0+Z

(o + 250wt + M0 o (M T+ L D) ) (B

a a

1
> (a W) (Bigrat Oiga) — UlGigrza + 01y 2a))
a b

(B5)
+(1 = 0ap)U (204,55 + 265 j46 — 0ij—a—b — Oijratb — Oij—atb — 5i,j+a—b))>

. A 2 + ur 4U\t,,|

Honfsite = Z u+ Z( ) 02 NN +Z U+ ’ - Z P MiNtq ¢

DN (0]l P 00 = Wi ) 3900) (W] >)
T i(F % F* T VU A T 2U|{a|2
+Z (Wi (X ) G0y — WL i X E) - G0y (UT0) ) o+ o Milirath
i,+ i,a,b a

i+a"a

(QU*U) t t
+ZT —withwwl

a

T, Wipe — U T, 0,00, IO, + |1, y S+ Siya + €79ty it )Smszﬂ) :

(B6)

where : A : indicates normal-ordering of the operator A and Sia = \IJI-UQ\IJZ'7 with o, = (1,5) being the 4-vector of
Pauli matrices.

The essential difference between this effective Hamiltonian and the simple model studied in the main text is the
presence of H,, _gite, Which is parametrically related to the scale of the dipole-hopping terms and thus cannot be
neglected. Furthermore, the last line of H,pite provides spin dynamics, which may potentially overpower the spin
polarization set by the quadratic term ), \IIIM W;. In general, these neglected terms could open up the possibility of
Mott phases or other magnetic orders, and we only expect the mean-field results presented in the main text to hold
in a regime where H,,_site is irrelevant. We further note that anisotropy (and moreover, the breaking of the cubic
symmetry), which is neglected in the main text, is essential to the tilted lattice setup; it is a consequence of the tilt
strengths €2, €, being incommensurate, which is in turn required for H, ¢ to be perfectly dipole-conserving at each
order in Q!

C. Effective Goldstone Theory and Charge Commutator

Here, we will quickly explain how the charge commutator ([Q1, Q2]) is related to the linear-in-d; term in the Goldstone
effective theory (Eq. 13). It is sufficient to analyze zero-momentum fluctuations, described by the Lagrangian:

10 Tf the drive frequencies are commensurate, i.e. Q./Qy = p/q,

; : frequency ¢ - min(Q,y). However, the effective Hamiltonian
then the problem may be treated as a single drive problem at

will not be dipole-conserving, because it will contain processes
that (e.g.) change QF,, by pla| and inp by —qlal.
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1, 1 ., C . .
L= gmqf + 5/{2(13 — € *Gudp (C1)

where q1(2) = Ik d’*z ©1(2)(z,t) are the zero-momentum components of the Goldstone fields, and we have eliminated
cross-terms like ¢1¢2 by a suitable field redefinition. The canonical momenta gTLa are

p1 = Ki1q1 + P2 = Kagy — —

qu’ 47TQ1

with the usual commutation relation [qq,ps] = @04 imposed in canonical quantization. The expression for the
conserved dipole charges under the shift symmetries ¢, — g, + ¢, are:

) C ) C C
Q1 =kK1G1 + —q@ =p1 — Q2:H2QQ—?Q1:P2+*

27 qu’ 2 47 «
When converted to operators, using the canonical commutation relations lets us easily compute [Qq, Qp] = —i%e“b.
D. Quantization of the Projected Dipole Charge Commutator
Here, we will prove that the commutator of projected dipole charge generators [Qa7 Qb] = —i% is quantized with C'

an integer. Morally speaking, this result holds for the same reason that the many-body Hall conductance is quantized
in 2-D so long as the system is uniquely gapped!!, and our proof will follow almost the exact same steps as in the
work of Niu-Thouless-Wu [56, 57]. We will assume that the system lives on a periodic square lattice with N, x N,
sites, and that the theory can be formulated as dipolar Goldstone modes coupled to a 'matter’ sector of the theory
which is uniquely gapped (but may be interacting). Note that the commutator of our dipole charges is dimensionless
because we are working with a rescaled dipole charge operator Q, = é > ;(@-7i)n;; in the field theory context, this
simply amounts to a rescaling of the ¢,-field.

Because the matter sector is gapped, we may integrate it out to recover the effective Goldstone theory, whose
zero-momentum fluctuations will be described by the quadratic Lagrangian

o 1 C ab ab )
Lgoldstane NzNy < 471'6 <)00,81‘,90b + K at‘paat@b

where we regularize the system on a finite number N, x N, of sites. As explained in App. C, this Goldstone effective

action yields the relation [Q“,Qb] = —i%, so we now need to prove that the coefficient C' in the Lagrangian is

quantized.

We will consider particular time-dependent fluctuations of the fields ¢, = 0,(t)/N,, where the frequency scale of
the time variation is much larger than the many-body gap in the matter sector; i.e. the adiabatic theorem applies
to the time evolution of the matter sector when the variation of the Goldstone fields is treated as an external drive.
Such a variation between times [t,t + At] may be affected by acting on the mean-field ground state with a symmetry
operator

|GS) — €7 Qu00art/Na |GGy — |GS; 0, (t))
because this is equivalent to transforming the fermionic lattice operators as
7[%' _ eic}aateam/z\ruqzjieﬂ'c}aateam/zva _ ,J)Z_eir?ateaAt/La

where L, = alN, is the system size; in other words, the Goldstone field is parametrized as a symmetry rotation of
the fermionic operator. Integrating this transformation, we have fermionic operators following the variation of the
Goldstone field as 1[)1 — 1[)1'6"? fa(t)/La  The periodicity in space identifies sites N, + 1 = 1, and after adding the
Goldstone fluctuation we have 1/;1,1' = ewz(t)ll)LaJru, i.e. the originally periodic boundary condition 77/}1714 = Y41, has

11 Here, we refer to a system as “uniquely gapped” if the gapped
ground state is nondegenerate in the thermodynamic limit.
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become twisted (the same is true for the y direction). Because the Goldstone fluctuation is spatially uniform and the
evolution of the Goldstone field from 0 — 6,(t) is adiabatic, this state with the twisted boundary condition is the
ground state |GS;6,(t)) of a new mean-field Hamiltonian with parametric dependence on the two Goldstone fields
0,0,. We also see that the twisted boundary conditions described by 6, and 6, + 27 are the same. Accordingly, the
states |GS;0,(t)) are ground states of a Hamiltonian H (g%, ¢?) parametrized by coordinates 0, (t) = Naq(t) on the
2-torus [0, 272

It is well-known that the Berry phase due to evolving the ground state |GS;6,(t)) along the path ~(¢), given by
(04(t),0,4(t)) = (0,0) = (2m,0) — (27, 27w) — (0,27) — (0,0), is quantized to be in 27Z; this is because such a path
is equivalent to a stationary point on the 2-torus, and thus its Berry phase must vanish modulo 27.

Now, we relate the Berry phase along this path to the term proportional to C' in the Goldstone effective action.
Following [58], we identify the effective action with the phase accumulated by the ground states |G S, 6,)

Sups = / At Lgorastone | ()] = / 4t (G, 04(1)) ih — F (0", &) |GS, 0u(t)) ~ / At (GS, 00(8)] 104 |GS, 0a(t)) + TEq 5

where T is the time interval of the path (¢) and Eg s. is the ground state energy of the untwisted system (which
may be set to zero), and the thermodynamic limit was taken to ensure that Eg. s, does not depend on the twisting. In
other words, the effective Goldstone action for spatially uniform, slowly-varing Goldstone fields is exactly equal to the
Berry phase of the mean-field ground state, which was discussed above to be quantized along the path ~(¢). Finally,
we may evaluate the effective action along the path ~(t):

C
Sl = [ a1 (= o000 + k00,0,

7

The second term vanishes as the variation of the fields is taken to be adiabatic, and the first term is simply f%

times the area (2m)? of the parameter space in (6, 6,) swept out by the path v, by Green’s theorem. Accordingly,
Sesfly] = —2mC, and per the prior discussion this establishes C' as an integer. Of course, this integer C is the Chern
number of the matter sector, since that is precisely the quantized Berry phase associated to the space of twisted
boundary conditions, per [56].

One could understand this construction more abstractly by appealing to the discussion in [39], where it is shown
that if o2, ¢ are Goldstone fields for a U(1) x U(1) symmetry, the quantization of the coefficient C' stems from the
compactness of the group manifold. We however caution that the dipolar symmetry operator does not merely belong
to an internal U(1) x U(1) subgroup of our lattice system but is part of a more general multipole algebra that includes
nontrivial commutation relations with translation [2]. Furthermore, the previous proof shows that the connection
between the quantized term in the Goldstone action and the mean-field topology is particular to the case of dipolar
Goldstones, and the role of the mean-field topology is crucial to the rest of our work as it dictates the nature of phase
transitions between Goldstone field theories with differing C.

E. Simplification of the RPA Goldstone Propagator

In this section, we justify the low-energy form of the RPA Goldstone propagator as given in the main text. The
first order of business is to compute the polarization tensor for the free Dirac fermions, since the Goldstone self-energy
tensor at one-loop is nothing but the spacelike part of this polarization tensor. This will have the structure

1

ab __
1 = He(paw) (UJ2 +p2)1/2

(6ab(w® + ) — Papp) + Lo (p, w)€qpw (E1)

On symmetry considerations, we can see that II, = sgn(M )%ﬁ, with II, vanishing at one loop when M = 0. At

one-loop order, and at M =0, II.(p,w) = —1—16 [28]. A convenient basis to express the Goldstone components in is the
transverse/longitudinal basis, where the transverse component ¢%(p) is defined by p,%(p) = 0 and the longitudinal
component ¢4 (p) is polarized parallel to its momentum p. The one-loop inverse propagator for the Goldstones in this
transverse/longitudinal basis is given by:

o
)+ @ W (E2)

§ Jorip?

We see that only the half-quantized Berry phase term for the Goldstones couples the transverse and longitudinal
modes; if we relax the assumption of rotational symmetry, anisotropy will also couple these two modes. To extract

=

2
(w? +07p?) + G /W + p?

9

D' =
3w (W +vip

ab

NN
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the most relevant information from this propagator, we inspect the singularities of the propagator D,;. For small
momentum p, we find a singularity w ~ p3/2, indicating a dynamical exponent of z = 3/2. Using this new scaling to
systematically discard all but the most RG-relevant terms, the form of the Goldstone propagator near this pole is

L 2 P 00
Dyy(w,p) ~ A W X (0 1> (E3)

which is a purely longitudinal pole; here \? = % and (% = WU%. There is another singularity at w ~ p;
the most singular and relevant part of the propagator in the vicinity of this singularity is given by

1 10
ng(w7p) ~ >‘27 (0 O) ’ (E4)

VP

which is purely transverse, and notably implies a higher scaling dimension for the transverse component of the Gold-
stones as compared to the longitudinal component.

We can understand the behavior of the longitudinal Goldstone boson by studying the Lagrangian more carefully.
The Goldstone-Fermion coupling takes the form ¢,J* where J* is the spacelike part of the conserved U(1) current,
which obeys the conservation law w.J? = —p- J. Since the longitudinal Goldstone boson ¢, = p,¢®/|p|, the interaction
term between the longitudinal Goldstone and Fermions can be taken to be ¢ L%wwow, where 17" is the U(1) charge
density. Hence the exact self-energy for the Longitudinal Goldstone will be

w2
HL(wap) = P<J0(w7p)‘]0(7wafp)>c (E5)

where the subscript-c indicates a connected correlation function. At one loop, a standard evaluation of the charge
correlator yields

w2 p2 2

wioopt
P? Jw? +p? 2=3/2 p
as we have just shown in the computation of be(w, p).

F. One-Loop Fermion Self-Energy

Now, we derive the Fermion self-energy (v, q) at one-loop using the RPA-corrected Goldstone propagator, given by
Eq. 17 in the main text. The most relevant contribution is from the w ~ p?/2 in the corrected Goldstone propagator:

N2g? [ dwd? -
Sa) = =5 [ Gt s (@ B B) + 06+ 09 ot

We can evaluate this to leading order in v,q by considering nonzero v and nonzero q separately. First we handle
the case of q = 0:

A2g? 1 w P
(v, 0) =+° dwd?
(,0) =~ N (27r)3/ v p(w—u)2+C2p3 w? 4+ p?

Evaluating the contour integral over w,

2 (ip—v)? + (?3p? 2i¢pt/2 (v +iCp®/2)% 4 p?

=4°. 27

A2g2 1 /d2 (1 P +(u+¢gp3/2) 1 >

The first integral can be scaled with p — p/v and the second integral naturally scales as p — p/ v?/3. Accordingly,

Ng? 1 1 T (1 +i¢x>/?) 1
— A0 A7 /d2 - /d2
TETN (2m)3 $2V(iac —1)2 4 (va? + * 2i¢xt/2 (1 +iCa3/2)2 4+ v=2/352
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When a UV cutoff is implemented, we see that the first integral only contributes an O(r) and O(1) piece to the
self-energy. (Clearly, the O(1) piece will always cancel out, so we only turn our attention to contributions that vanish
as v — 0.) The second integral must be further rescaled with y = zv~/3:

1
(1 + iCV1/2y3/2)2 + 92

TAZg? 1 .
A0 o (277)2V1/2/dyy1/2(1+ZCV1/2y3/2)

In the small-v limit, this contains a O(r'/2?) contribution and an O(1) contribution which cancels the O(1) part of
the previous integral. Thus,

_ 0omA%g? 1

2(1)(0’ V) N @

1/2 \2g2
1/2 Y _ .0 9 1/2
v d +...= vt 4
/ Y112 T V2N

Now we focus on the case X(Y)(q,0). It is convenient to compute

1 L /\2 2 1 2 1 -1
3T 00) = =5 g [ s TP+ ) g

Ng® 7 / d?p 1 ( s e )
T T 9N (973 , = 4q-p)* —2 +292(F-
XN @R ) PR prd+ P+ 427 0) (7 D) —2q"p" +2p°(7- D)

We now take the perspective that a singular self-energy for the fermions can only be generated by interaction with
the soft boson modes; thus, we evaluate the above integral only for momenta p < ¢, and expand

Pq, p (B9 3
= — 4+ == (0]
p+al=q+  tog g (”)
Nondimensionalizing p — p/q = x, and taking p’- § = ¢?z cos¥,

(43:2 cos? 0 — 222 + 223 cos 0)

11 A2g2 d?
— 7,Tr(qg(1)(q,0)> ~_9 T q1/2/ r
q?2 2(N (2m)3 x5/2 1 1
Cq'/2a3/2 | 1+ wcosf + a2 — S22 cos? 0 ) + a2 + 14 2z cosf

We wish to evaluate the above integral for small ¢; thus we may expand

Ng? 7 / d*x 422 cos? 0 — 222 + 223 cos 0 ( 1/2 Cad/? )
q

11
j,,JT(zm ,o)w— : -
9t 4>(a,0) 2(N (2m)3 | xb/? 1+ 2xcosf + 22 T2 F 20 cos0

q

Naively, we would conclude that ¥(q,0) ~ |q\1/ 27,;. But in fact, the first term in the above parentheses integrates
to zero. Accordingly, the low-p contribution to the self-energy results in a term

¥(q,0) =cd +O...
where c is a constant that depends on A, ( and other numerical factors. We do not concern ourselves with the form of

this constant ¢, since the subsequent discussion in the main text and the next Appendix G shows that this contribution
cq to the self-energy is irrelevant compared to higher-loop corrections.

G. Self-Consistent Self-Energies

To begin, we derive the form of the fermion self-energy presented in Sec. IV B. We begin with the ansatz

S, Q) = Zolv|*sgn(w)y° + Z1¢ 2 e + . (G1)
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where the purported non-analyticity is motivated by the results of a one-loop calculation (App. F), and impose the
self-consistent condition (see also Fig. 6)

AQ 2 [dwd® 1 papy v (Zolw + v Psgn(w + )70 + 22 p + o g )y
(2m)* w? +C2p* p Z3w+v|+¢Z3p+ ¢

In order to recover the ansatz G1, we can evaluate the integral G2 with either §= 0 or w = 0; comparison with G1
will yield two self-consistency equations that fix Zy, Z;. First setting ¢ = 0, we have

(v, q) = - (G2)

1 A2g? [ dwd?p D Zolw 1/2sgn w
,Tr('yOE(V, 0)) = 3 s 20| | 5 ( 3)/2 (G3)
2 N J @) (w = v)?+ P 22| + ZE(|p|
Passing to spherical coordinates and defining = = §2/3p/|u|2/3, s=w/|v|,
1 0 NG e [ > z? Z0|5|1/2sgn(s)
§Tr(*y (v, 0)) = | | ds dr — 2 23 2 S 373 (G4)
(272N — Jo (s =1 + 2% 22|5| + 72|z
Now we compute
1 Ng® [dwd’p 1 papy sia Ty 1mea’)
5 Tr(475(0,9) = — ¢*Zilp +df (G5)
2 N J (2m)® w?+(p° |p Z2|w| + Z2C|p + q*/?
Defining s = w/((q*/?), 7 = p/q, and w.l.o.g. taking § = qi,
1 N2g2C3%2 [dsd’z 1 rarm . Tr (77 ¥ 27"
7’I‘r(762(07q4)) = N / 3 2 3 Z1|I'+.’L'|3/4 2 ( 2 i N 2),/2 (GG)
2 (2m)? s* +1° |r| Z§|s| + Zi|r + &

Upon using the ansatz Eq. G1 to compute %Tr(fyo’iZ(w,O)), Egs. G4 and G6 turn into two self-consistency
equations:

_ N%g%(? / ds/ i x? s 2sgn(s)
T (2n)2N (s =12+ a3 22|5| + 22|/

(GT7)
N o Tr(vay*veea’) ramy I+ 23/
3 dsd”x 5 3 57
(2m)3N s*+r Il 22|s| + Z2|r + 2|
If we write Zy = cl)\g/(:\/ﬁ and Z; = CQAQ/C\/N, these equations become
1/2
/ ds/ da: 3 5 Sgn(sB)/Q
@m? (s = 12 +2° 5] + Blal (GS)
|- /d 2y (v v7+27°) Tt I+ 2%/
(27r) s* +r? Tl 2s| + e + 2%/

The constants ¢; and ¢ are determined by the transcendental equations given by Eq. G8 and are universal constants;
i.e. they do not depend on the parameters A or (.

Now that we have self-consistently fixed the fermion self-energy by resumming rainbow diagrams, we can compute
corrections to the boson self-energy beyond one-loop by summing polarization bubbles using the corrected fermion
propagator:

|1/2 /2

42 , 2y 2ap 2 p**|p + ¢** Te (v* 97 v51.9)
(w,q) = N dvd’p 2 3/2 3/2
(cilv|+ c3¢p / )il —wl +c5¢lp —q77)

Nondimensionalizing the above integral by writing s = v/|w|, ¥ = p/|q|, we see that the self-energy takes the form

i = N5 (o7

where the function F'(-) is dimensionless and independent of N, and depends on the constants ¢i, ca.

v —wl
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