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Abstract

Decision-making pipelines are generally characterized by tradeoffs among various risk functions. It
is often desirable to manage such tradeoffs in a data-adaptive manner. As we demonstrate, if this is
done naively, state-of-the art uncertainty quantification methods can lead to significant violations of
putative risk guarantees. To address this issue, we develop methods that permit valid control of risk
when threshold and tradeoff parameters are chosen adaptively. Our methodology supports monotone
and nearly-monotone risks, but otherwise makes no distributional assumptions. To illustrate the benefits
of our approach, we carry out numerical experiments on synthetic data and the large-scale vision dataset
MS-COCO.

1 Introduction

In modern machine learning, a focus on complex prediction models and autonomous decision-making is
typical, reflecting the engineering focus of its practitioners. However, guaranteeing that the quality of these
predictions (or decisions) are within desired tolerances requires good uncertainty quantification (UQ), a
classically statistical issue. A burgeoning literature on conformal prediction proposes a solution for this
problem, based on treating these complex predictors as unknown black boxes [1].

Many such “black box” conformal methods, as applied in supervised learning, are able to use an auxiliary
calibration dataset {(X;,Y;)}7; C X x Y to produce a prediction set which is a subset of the label space Y,
for a guarantee of the form

P[R(C(Xn+1)7Yn+1) < a] >1-34,

where the risk function R: 2¥ x J) — R measures the quality of a prediction set in containing the true label.
For example, in a K-class, multi-label classification setting, the prediction set C(X) could correspond to
possible classes for input X, and the risk may be a false negative rate: the proportion of positive classes
in the labels Y that are missed by the elements of the prediction set C(X). In practice, these predictions
often constitute the final decision made by an autonomous system, and an appropriate risk measures the
consequences of incorrect decisions.

In this work, we attempt to address a major shortcoming of existing UQ methods as described above:
they typically assume that the data analyst has selected the tolerance level « in advance of observing any
data, and has already determined a risk R to control. Practitioners, on the other hand, often select tolerance
levels in a data-dependent way, invalidating the guarantees of UQ methods and hindering their applicability.
This holds especially for complex machine learning systems, which are expensive to train and tune.
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Figure 1: Histograms for 20K realizations of the risk gap o — FNR under a data-dependent choice of «, given
observations of n calibration points. Each histogram represents different ways to set a. The solid outline
has total area 6 = 0.1.

Despite this, one may naively hope that the guarantees hold approximately well, so as to be useful in an
engineering setting. That is, a system builder may wish to proceed without considering the data-dependence
in the choice of a tolerance level «, hoping that this will not lead to undesirable violations in practice. But
is this actually true? In general, no. In Figure [IJ we present the results of an experimental case study,
discussed further in Section [1.1] in which we measure the risk gap—the difference between « and the false
negative rate (FNR) of a deployed multi-label classifier—when applying methods from the papers [2} 3] with
a data-dependent choice of o and with the exceedance probability parameter § set to 0.1. The histogram
corresponding to this method shows the FNR exceeding o with probability greater than § = 0.1, which runs
counter to the conservative finite-sample guarantees of |2] that hold for fixed a. In fact, the exceedance
occurs with empirical probability 0.14 when n = 300 and n = 500. The high-level problem here is clear:
selecting « after the observation of data can lead to a notable lack of control.

The present work addresses this problem by providing risk guarantees that account for data-dependent,
post hoc choices of «. Figure [1] also depicts the risk gap for a method we propose called restricted risk
resampling (RRR), which controls the FNR even after « is chosen to optimize a tradeoff. Though the risk
gap may seem largeﬂ this reflects the flexibility of RRR—it allows the analyst to revise their choice of « in
any way based on the calibration data while still retaining a guarantee of low risk. This is particularly useful
when data is scarce, as in medical diagnostics, and a classifier is employed at multiple different sensitivity
levels. The underlying mathematical tool here is a simultaneity guarantee, and one of our main contributions
is to develop methods that possess a general simultaneity property, by establishing new theoretical results
regarding the uniform convergence of monotone functions.

Section [2] is the core of this work. It states the key results in the form of uniform confidence bounds,
including a functional analog of an inequality of [4]. We adapt these results, as corollaries, into several risk-
control procedures, valid for monotone losses and risks: (1) control via a nonasymptotic upper bound, (2)
risk resampling, a bootstrap-based procedure which is asymptotically exact, (3) restricted risk resampling,
a refinement of risk resampling which optionally ignores large choices of «, and (4) extensions to certain
classes of non-monotone functions.

The remainder of the paper supports these core results. Section[3|contains experiments using the results of
Section[2] The theoretical underpinnings of Section [2} regarding empirical process theory for monotonically-
indexed function classes, are presented in Section [d with careful proofs deferred to Appendix [B] We discuss
and conclude in Section Bl
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Figure 2: Prediction sets on an example from MS-COCO using the classifier C; of Section as the threshold
t is varied. Also plotted is the FNR and FPR averaged over 60K held-out images, which are unobserved in
practice; additionally, a rug plot of the scheme t = # optimized as in equation , based on simulation
draws of size n = 500.

1.1 Case study: risk tradeoffs and risk control on MS-COCO

We provide a basic description of the experimental setup presented in Figure[I] with complete details deferred
to Appendix The 2014 MS COCO dataset consists of images X € X depicting everyday scenes in
which any number of K = 80 common objects may be present (e.g., dog, train, chair). The label of each
image X € X is a vector Y € {0,1}%, corresponding to the 80 classes which may be present in the image.
The task of predicting such a Y is called multi-label classification. We now outline how we used this dataset
in the experiment presented in Figure [I}

To create a predictor, we trained a neural network that outputs scores, f(X) € [0,1]¥, such that a
higher score [f(X)]x on the kth component roughly corresponds to a higher chance that Y3 = 1. The final
classification is then performed with a threshold classifier, implemented as C; : X — {0,1}% with k-th
component

[C(X)]e = HIF (Xl > (1 =)}

For a classifier Ct, and a labeled image (X,Y), define the false negative proportion as £(¢; (X,Y)) = #{k :
[C:(X)]k = 0}/#{k : [Y]x = 1}, which is the number of false negatives over true positives, using the threshold
t. The false positive proportion ¢(t, (X,Y)) = #{k : [C:(X)]r = 1}/#{k : [Y]r = 0} is likewise the number
of false positives over true negatives, using the threshold ¢.

After training, we observe n additional calibration data points {(X;,Y;)}? ;. In this example, we wish
to use them to choose the threshold t to trade off the false negative rate (FNR) and the false positive rate
(FPR), denoted as L(t) and Q(t), respectively:

L(t) = E[(t, (X, Y))],  Q() = E[q(t, (X,Y))].

In real problems, any scheme used to choose the threshold tends to be based on data visualization and
intuitive consideration of the problem domain. For concreteness we make a stylized choice here, one that
could be plausibly implemented by a practitioner. Specifically, given the n observations, we take ¢ to trade
off the empirical risks evenly:

f = argmin (¢ (X, Y3)) + q(t; (X, Y3)).
tel0,1] ;=

As context for this choice of £, see Figure [2| for an illustration of the tradeoffs inherent in this problem.

1When n = 500, the risk gap of RRR is larger than that of the previous method by about 0.01 on average.



We would also like to use the same n calibration data points to control these risks. For example, we say
the FNR is controlled below a with probability at least 1 — ¢ if

P(L(f) < a) >1-4.

In previous work [2] such control is achieved via the following approach: choose the threshold with a special
scheme ¢ such that the upper bound of [6] is below « for all t > t. In general, however, such an approach
is inadequate, because the control level o can be data-dependent or random. In particular, in the current
example our choice of f is determined by an estimated risk-reward tradeoff, as is typical in applications.

We now need to plug in some quantity for « satisfying equation 7 which simply amounts to using the
tightest upper bound available for the random variable L(). Here we will consider two alternatives. First,
we can ignore the data dependence in o and use the tight bound of [6], which is valid for fixed a. Call this
value 1. Second, we can apply the bound that comes from the RRR procedure of Section [2:4] specifically
by plugging the chosen threshold # into the right-hand side of Equation —call this as.

Figure 1 plots the histograms for the random variables a; — L(f) in front and ay — L(f) behind. The
lack of control shown by the histogram in front, and the difficulty of formalizing the choice of tradeoffs in
practice, motivates our proposal of the RRR method, which is valid even without an explicit scheme such as

Equation (|1.1)).

1.2 Prior work

Our work belongs to the general body of work in distribution-free, frequentist uncertainty quantification, as
exemplified by conformal prediction [1} [7]. While our work is in the general vein of conformal prediction,
it is also distinct in its focus on general risk functions, as in earlier work on risk-controlling prediction sets
[2]. As in that work, we augment the classical framework of conformal prediction via multiple-testing-based
arguments and concentration results. The multiple-testing aspect of our work draws on a long tradition of
methodology for simultaneous inference in various problem domains, from Scheffé’s method for inference on
all contrasts in linear regression [§] to more modern problems [9-12]. We also draw from empirical process
theory, where uniform versions of concentration results provide tools for simultaneous inference in general
settings [13} [14].

Our focus is hypothesis testing. Recall that in the standard Neyman-Pearson paradigm the methodolog-
ical goal is to maximize power subject to type-I error control at pre-specified level a. It has been noted that
this paradigm is unjustified from a decision-theoretic standpoint [I15H17]. Instead, in the words of Lehmann
and Romano, « should be chosen “in relation to the attainable power” [15]. Attempts to find principled
ways to set o in hypothesis testing go back to the 1950s |18]. There are also more direct connections between
distribution-free inference and decision-making with more explicit utility maximization [19H21].

There has been recent interest in the control of tradeoffs between multiple risks [22-24], notably the
trading off of set size and coverage in conformal prediction [25| 26]. This work generally falls within the
Neyman-Pearson framework of constrained optimization and is distinct conceptually from our work.

Uniform bounds have been studied recently in distribution-free novelty detection problems |27, 28]. The
bounds obtained in that work focus on empirical cumulative distribution functions, which correspond to
binary-valued losses in our context. We also note the work of [29] who share our focus on tradeoffs in
distribution-free uncertainty quantification via uniform bounds, but again, their scope is limited to binary
losses. Further results on the binary setting can be found in the work of [30H34].

2 Risk Control with Uniform Bounds

In this section, we focus on uniform convergence results for monotone losses, and show how these results can
be adapted for risk control.



In Section [2.1] we set notation and set up our risk-control problem. We then present two uniform
convergence results, the first of which (Section is a nonasymptotic concentration inequality, and the
second (Section a functional central limit theorem. We then present corollaries of these results that
demonstrate how they can be used to establish risk control in practice. The proofs of the main results are
deferred to Section [4] with technical arguments deferred to Appendix [B]

These results are then extended to be more practically useful by relaxing the requirements of uniformity
(Section [2.4)) and monotonicity (Section [2.5). Proofs for Section are provided in Appendix

2.1 Setting

Consider an input space X, an output space )’, and a label space ). Consider also a family of predictors,
Ci: X — ), indexed by a real-valued parameter ¢t € [0,1]. Furthermore, let £: J' x Y — [0,1] denote a
bounded loss function. We impose the condition that the loss is monotone in the parameter ¢, meaning the
following implication holds:

ift <s, then £(Ci(x),y)>Ll(Cs(x),y), forallze X ,ye.

Finally, suppose we are given a dataset D,, := (X1,Y1),...,(Xn,Ys), which is drawn i.i.d. from a prob-
ability distribution P. Before deployment of the predictor C;, the user chooses t = ¢ based on this dataset,
for example by considering risk tradeoffs. Define the population and empirical risks as

1 n
L(t) :=Ex,y)~p[l(C:(X),Y)] and Ly(t) = o Zf(ct(Xi),Yi),

i=1
respectively. Our goal is to compute a bound « such that P(L({) < o) > 1 — §, which means that the risk
of C; is controlled below o with probability at least 1 — 4.

A wide range of schemes may be used to choose ¢ in practice, including schemes that are difficult to
formalize, and thus we prefer not to target any specific scheme. Instead, our approach to risk control is
based on upper confidence bounds that are uniform.

Risk control with uniform bounds. For some range T C [0, 1], compute a upper confidence bound ﬁ:(t)
such that R
L(t) < L (t) simultaneously for allt € T,

with probability at least 1 — 8. Then for any t € T, the risk of C; is controlled below o = ﬁ:{(f)

2.2 Finite-sample result for monotone losses

We first present a finite-sample uniform concentration bound based on a novel extension of the Dvoretsky-
Kiefer-Wolfowitz (DKW) inequality [35] to monotone losses. To state it, we recall some notation. Associated
with the population and empirical risks are the following rescaled and centered processes and associated
suprema:
Gn(t) := Vn(Ln(t) — L(t)), D} :=supG,(t), and D, :=sup—Gy(t).
t t

We then have the following nonasymptotic concentration inequality.

Theorem 1. For every A > 0, we have

P{D, > A} VP{D,} > A} < e exp(—2)\?).

See Section [4.2.1] for a proof of this theorem. It can be viewed as a functional analog of the inequalities of
[4], in particular his equation (1.1).



Note that the dependence on A is optimal, but the prefactor e appearing in Theorem [I] is known to be
improvable (to 1) in the special case that ¢ is a indicator function, as shown by [35]. Before proceeding,
we record an immediate consequence of Theorem |1} an upper confidence bound (which can be used for risk
control), and a lower confidence bound.

Corollary 2.1 (Nonasymptotic confidence bounds). For every sample sizen > 1 and any § € (0, 1) it holds

that
. 1 0
L(t) < Lo(t) + % simultaneously for all t,
n

with probability at least 1 — §. Similarly, we have

. 1 )
L(t) > L,(t) — % simultaneously for all t,

with probability at least 1 — §.

We note that this bound can be quite conservative for practical problems as it does not account for the
variance in the process G,,, which can be substantially smaller than the worst case. In the extreme case
of zero variance, meaning that the loss ¢(C;(X),Y) is a non-random function of ¢, then D;f = D, = 0
deterministically, which Theorem [1| does not account for.

This issue also occurs for bounds based on standard concentration results such as Hoeffding’s inequality.
In practice, it is often more appealing to use confidence bounds based on an asymptotic normal approximation
which do adapt to the variance, as we describe next.

2.3 Asymptotic result for monotone losses

Motivated by the lack of instance-adaptivity of the nonasymptotic concentration inequality, we now present
a tighter uniform confidence band. It hinges on the following functional central limit theorem, proven in
Section [4] using the monotonicity assumption on the losses.

Theorem 2. The rescaled, centered process G, converges in distribution to a centered Gaussian process G.

The next lemma is technical and is proven in Appendix [B:I] It essentially shows that to estimate the
process G, we can sample with replacement from the data—in other words, a bootstrap approach suffices,
asymptotically. To state it, we need to introduce some notation relating to the bootstrap.

We use the notation D} := {(X},Y;*)}"_, to denote n samples, drawn with replacement, from the original

dataset D,,. We define the bootstrap empirical risk as follows:

Ex(t) = - S 0CX), V7).

i=1

and the associated rescaled and centered process as G} (t) = ﬁ(ﬁ;(t) — L, (t)). Denote Di* = sup, =G (t)
to be the supremum of this process, where the sign £ denotes either + or —, and D,, , = Di* VD,

Lemma 1. If G, converges in distribution to a Gaussian process G, then the conditional distribution of the
process G | Dy, converges to the distribution of G in probability; also, the conditional distribution of the
random variable D?L:,* | D,, converges to the distribution of sup, £G(t) in probability.

The following corollary is an immediate consequence of Theorem [2] and Lemma [T} and the first result
in the corollary, which is an upper confidence bound, can be used directly for risk control. We refer to the
overall functional bootstrap procedure as risk resampling (RR).

Corollary 2.2 (Confidence bounds via risk resampling). Fiz ¢ € (0,1). If § satisfies P(D,;, > q | Dy) <9,
as n — 00, we have with probability at least 1 — 9,

L(t) < L (t) simultaneously for all t.

q
7



Alternately, if § satisfies P(D;f, > G | D,) < 6, then with probability at least 1 — (8 + o(1)), as n — co, we
have with probability at least 1 — 9,

L(t) > Ln(t) — 4 simultaneously for all t,

Vn
and if ¢ satisfies P(Dy, » > ¢ | Dp,) < 6, then with probability at least 1 — (6 + o(1)), as n — oo, we have with
probability at least 1 — 9,

|L(t) — Lo ()| < €z simultaneously for all t.

B

When the quantity ¢ denotes the conditional 1 — § quantile, inf,{q : P(Dif, > ¢ | D,) < §)}, it can be
computed exactly, but only in principle; this is generally infeasible as it requires enumeration over all possible
2"7:1) realizations of the bootstrap dataset D). In practice (and also in our experiments, as presented in
Section |3)) we suggest using Monte Carlo to approximate § via a sample quantile gpo0t; note that this is just
the usual, basic bootstrap procedure [36} |37].

As the Monte Carlo error cannot be ignored, it is of interest to ask how many replicates B are needed. At
a minimum, B should be chosen large enough that gnoot is stable, conditional on D,,. A more principled rule
of thumb could be to take B large enough so that |§ — dhoot| < 0.01dboot With high probability conditional
on D,,, based on a DKW confidence band ]

As shown in Section [3] we find that the resulting bootstrap quantile ¢ is much smaller than the factor
\/log(e/d) guaranteed by the nonasymptotic inequality; indeed, Lemma says it is asymptotically the best
possible. Another advantage to the bootstrap procedure from Lemma [l|is that it can automatically extend
to a different choice of the index set of the parameter ¢, namely a subset 7 C [0,1]. We leverage this in the
next section.

2.4 Extension to localized, simultaneous risk control

The bootstrap procedure of Section [2.3] which mimics the data distribution using resamples from the empir-
ical distribution, is flexible in that it allows for certain refinements. In this section, we illustrate one possible
refinement which is inspired by [38].

Recalling our setting as outlined in Section suppose that before deployment of a predictive algorithm
Ct, the user only wishes to choose the parameter ¢ within a subset of [0,1]. For example, in Section
where L(t) represents the FNR risk in image classification, the user may wish to restrict to the sublevel set

Tr = {t €[0,1]: L(t) < r}.

Setting r = 0.1, say, would encode a belief that a good algorithm cannot have FNR, greater than this.

Unsurprisingly, it is wasteful to use the uniform bounds of Section and which account for coverage
violations in all of [0, 1], and not just 7, which may be significantly smaller. Note that the set 7, is unknown,
so in practice the user can only restrict themselves to a data-dependent set such as

T, = {t € [0,1) : Ln(t) < r}

The approach in this section assumes the user has done this. We give bounds that are valid simultaneously
for all t € 7, rather than all ¢ € [0,1]. We find empirically that they much tighter than the previous bounds.

To develop this approach, we need to extend the notation of the previous section. Define the bootstrap
suprema based on the rescaled and normalized bootstrap process G} (t) = /n(L} (t)—L,(t)) onsets T C [0, 1]:

Dy (T) = jggGZ(t% D, . (T) = sup —G,(t), and Dy (T) =Dy (T)V D, (T).

2Specifically, let F(x) = P(D,{* < z | Dp). Based on B bootstrap replicates, the DKW inequality gives a confidence band
[C~(z),Ct(z)], and if T = infg{g:1— C*(q) < 9)}, then [+, §~] contains both §ueor and § with high probability; B could
be chosen until §— — ¢+ seems small.



Our approach begins by fixing a level 7 and two tolerance parameters dgiob, dioc € [0,1]. We then proceed in
three steps:

1. Global estimation: Select a dgion-bootstrap quantile dgon the two-sided supremum risk over [0, 1]
satisfying

P{Dn,*([oa 1]) > (jglob | Dn} S 5glob-

2. Localization: Form an adjusted empirical sublevel set:

7A?+:={t€[091]1£ &) <r +2q\g/h§}

containing the original empirical sublevel set 7A'T

~+
3. Local estimation: Select a djoc-bootstrap quantile i of the one-sided supremum risk over 7, satis-
fying
o~ .
P{Dn,*(ﬁ ) > (loc ‘ Dn} S 51007

and use it to compute an upper confidence band.

The method can be understood intuitively as follows. The first step computes by how much the size of
the set T should be increased, to obtain the corrected set 7—+ of the second step The third step essentially
carries out the bootstrap quantile estimate from the previous section, but specializing to ’7;* for tighter
bounds. Due to the correction, the confidence set is valid over the original, smaller set ﬁ

The initial two-sided global estimation is key. To see why, suppose we have a confidence set that is
valid for a fixed set 7 when specializing over 7. Then it is valid for any subset of 7 when specializing over
any superset of T, even if these sets are data dependent. Since the two-sided estimation quantifies how far
L, is—both above and below—from the unknown mean L, we might plausibly find the fixed set 7, to be
“sandwiched” as T, C T, C 7,7, so that our confidence set can apply.

The following theorem gives the precise form of a uniform upper confidence bound for risk control. We
refer to its computation as restricted risk resampling (RRR), but like risk resampling, note that it is a
functional form of the bootstrap, though now combined with the localization idea of [3§].

Theorem 3 (Confidence bound via restricted risk resampling). Let r € [0,1]. Fiz confidence parameters
globs Oloc € [0,1] and set § = dgiob + dioc. Then we have, with probability at least 1 — (6 + o(1)),

L(t) < f)n(t) + Qoc simultaneously for all t € 7.

B

See Appendix [B] for a proof of this result.

Let us make a few remarks. First, regarding implementation: we use Monte Carlo approximation to
compute the quantiles Gioc, §glob, similarly to Section and we choose a ratio of dioc/dglor, = 9 for the
confidence parameters in our experiments.

Second, note that the theorem claims validity over the observed data-dependent set 7A'T, rather than the
population set 7,.. The former is arguably more useful in applications, as 7. is not observed, but a guarantee
involving the population set is possible with minor modifications. Specifically, if the procedure is run with
the level 7' = r — Ggiob/v/n, then in addition to the conclusion of Theorem [3, we additionally have the
inclusion 7\;/ C 7T, with high probability, asymptotically.

Finally, regarding motivation: our goal was to spend the error budget less wastefully, when the user
prefers parameters t such that L, () is small. (By monotonicity, this means that ¢ is large). We note that in

3To appreciate why such a correction is necessary, consider a fixed set 7 C [0,1], such as 7 = [0,1] from Section A
confidence band B(t; T) : [0,1] — 2091 which is uniformly valid over T—in the sense that L(t) € B(t,T) for all t € T, with
high probability—is typically no longer uniformly valid when a random set 7T is substituted for 7.



past work, this concern has been addressed differently, using bounds which are valid simultaneously for all ¢,
but which have variable width: tighter for large t, looser for small ¢. The bound in this section, in contrast,
is fized width, but can still be tighter for large ¢, as it need not be valid when ¢ is small.

One seemingly plausible approach to variable-width upper bounds in our setting is inspired by the Monte
Carlo method of [27]: for some function f(¢;7), corresponding to the width of the bound, which is decreasing
in t and increasing in v, define L (t) := L, () +n~2/2f(t;4), where 4 satisfies P(Vt, G%(t) < f(£;4) | D) >
1 — 4. Observe that a fixed-width bound corresponds to f(t,7y) = .

_ We do not pursue this further in the present work, but note that the present approach selects a set
T, rather than a function f(¢;). This is advantageous when the risk L(t), and hence the set 7., is more
interpretable than the parameter t.

2.5 Extension to non-monotone losses

Our previous concentration inequalities and upper confidence bounds only apply to population risks arising as
expectations of monotone losses. In this section, we briefly discuss two extensions that we can accommodate
that involve losses which are not monotone.

2.5.1 Combinations of monotone risks

In many situations, the risk that we would like to control can be decomposed into multiple monotone
components. Formally, suppose we are interested in controlling the composition of %k different risks,

L(t) ::\I/(Ll(t),...,Lk(t)>, where L;(t) := E[;(C,(X),Y)],

for i = 1,..., k. We assume for simplicity that ¢; have range in [0,1] and are monotone in the sense of
display (2.1)), but the overall function ¥: [0, 1]¥ — [0, 1] may possibly be non-monotone.

General approach: To obtain a upper confidence bound on L(t), we simply combine the uniform lower
and upper confidence bounds for each of the components L;, in the following two steps.

1. Develop a 1 — 4§, ; confidence band CA, for each i, such that

L;(t) € @(t) simultaneously for all t € T,

holds with probability at least 1 — §,, ;.
2. Aggregate the confidence parameters and confidence sets by defining

k
0= Zén)i, 6’10W(t) = inf W(l,...,¢), and aup(t) = sup U(ly, ..., 0).
i=1 4€Ci(t) L;€C;(t)

Clearly, we have with probability at least 1 — ¢ that
Clow(t) < L(t) < éup(t)7 simultaneously for all t € T.
For the first step in the above approach, we can apply any of our previously described confidence bounds

since the component risks {L;} are bounded and monotone.

Ilustration for selective classification: Consider the case where L(t) = L;1(t)/L2(t), which is a special
case of the above approach, having taken L = W(Ly, Ly) and ¥ (¢, £5) = £1/€s. The two risks can be define
to capture a tradeoff, or may arise directly from the specification of L.



This setup arises specifically in selective classification, also known as classification with abstention, or
classification with a reject option [39-41]. In this setting, we wish to classify covariates z as falling into one
of K classes or, alternatively, we can abstain, for instance, if we believe we are too uncertain to commit to
a point prediction. In this case, let Y’ = {1,..., K} U abstain. A classifier C; : X — )’ can work on top
of learned scores p(X) € AK in the K-simplex as follows. Denoting k*(x) = argmax;, pi(), it returns the
highest scoring class unless a score threshold ¢ is not reached:

k(X Do X)>t
abstain otherwise.

Then the following risk L, which is the probability of misclassification given that C; did not abstain, can be
upper bounded with high probability by upper bounding the numerator and lower bounding the denominator:

P[Ci(X) #Y,Ci(X) # abstain]

L(t) = P[Ct(X) #Y ‘ Cf(X) # abStain] - P[Ct(X) £ abstain]

2.5.2 Nearly monotone risks

Now we consider the case where we have a risk L(t) = E[¢(C:(X),Y)] which is the expectation of a non-
monotone loss £. The following approach will allow us to provide meaningful risk control when L is “nearly”
monotone.

Monotonizing the loss: Our approach is to monotonize the loss. Formally, we define the functions

MHC(X),Y) = inf ((C;(X),Y) and N(Ci(X),Y) :=supl(Cs(X),Y).

The functions ¢+, ¢T are essentially the running minimum and maximum, respectively, over the set {s < ¢}.
We define
L¥(t) := E[fH(Ci(X),Y)] and L'(t) :=E[(T(C:,(X),Y)].

Since #+ < ¢ < ¢T, we also have Lt < L < LT,

If the loss ¢ is bounded, then the functions L%, LT satisfy the monotonicity assumptions needed to develop
our lower and upper confidence bounds. In particular, we define the monotonized empirical risks,

1 n
== ;ei(ct(X),Y) and LT (¢ Zﬁ (C(X

Then, using L LT 1, we can develop, respectively, simultaneous lower and upper confidence bounds on the
risk L using the inequalities developed in the previous sections.

Batch-and-monotonize: One concern that we may have with the approach developed above is that even
when L is close to monotone, the loss ¢ may be far from monotone, resulting in a larger than desired gap
between the population risks L and the monotonized variants L+, LT. A way to address this is to batch the
samples, and then monotonize on these individual batches.

Specifically, using k data points at a time can get tighter bounds. Assuming for simplicity that n is
divisible by k, we define for j € {0,1,...,n/k — 1} the dataset and loss

k
Zj = {(Xhji Yiji) iy and  Gu(t, Z) Z (Co(Xnjti), Yaji)-

??‘\»—A

We can then monotonize £; as described in the previous paragraph, and use this to develop simultaneous
lower and upper confidence bounds on the population risk. At first glance this may appear to be lossy
because there are only n/k data points Z;; however, values of ) can be expected to have lower variance
than ¢, so variance-aware methods such as Corollary 2.2 and Theorem [3] will adapt.
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3 Experiments and Examples

In this section, we will demonstrate the performance of the upper bounds of Section [2f the nonasymptotic
bound (NASM)EriSk resampling (RR)E and restricted risk resampling (RRR)H Each method was run with
confidence parameter 6 = 0.1; the RR and RRR methods are run with 1000 bootstrap resamples, and the
RRR method was run with risk tolerance r = 0.1 and global and local parameters dgio, = 0.01, 1o = 0.09.

These methods each amount to different ways to compute a uniform upper bound, which we denote
generically as LT (t). We investigate two settings: a fully simulated setting, as well as the MS COCO setting
from the Introduction.

Since these bounds are fired-width bounds of the form Lt (t) = Ly (t) + ¢/+/n, they must satisfy

P supL(t)—ﬁn(t)gi >1-06.
( ¢ \/7l>

Hence in each setting we provide a quantile plot of ¢/ \/n against the true 1 —§ quantile of D,, = sup, L(t) —
L, (t), which constitutes the best possible fixed-width bound.

We also display miscoverage metrics. Call the quantity P(3¢ s.t. L(t) > L*(t)) the anywhere miscoverage
probability. Additionally, for the selected set S = {t : L,,(t) < 0.1}, call the quantity P(3t € S s.t. L(t) > LT (t))
the selected set miscoverage probability; we plot these two quantities in bar charts.

Though the resampling-based bounds are asymptotically exact, their use may seem unreasonable if they
are very wide. Hence, on the MS COCO example, we model the behavior of an analyst who trades off two
risks. Choosing the parameter £ as a function of the data, call E[L*(£) — L(£)] the average conservatism; we
also plot this in a bar chart. For details on the specific function ¢, see Appendix

In each setting, we consider multiple different loss functions, and plot the results for each method applied
on each loss. In addition, we include a fourth methodﬂ referred to as “pointwise,” which is not uniformly
valid, but only pointwise valid in the sense that P(L(t) < Lt(t)) > 1 — 8 for every ¢ and finite n. This
method, due to [6], gives remarkably tight estimates of means of bounded random variables, so we display
it as a benchmark against our methods which are uniformly valid.

Lastly, we note that these probabilities and expectations cannot be computed exactly on finite data, so in
the MS COCO example we must compute surrogates based on splitting our datasets in halves into a holdout
set H and a sampling set S; refer to Section [A22] for details. Additionally, the suprema and miscoverage
quantities are computed for ¢ in a grid; for the Gaussian example, it is a grid on [—3, 3] with size 1000, and
for MS COCO it is a grid on [0, 1] of size 500.

Replication code can be found at github.com/drewtnguyen/risk-tradeoffs-experiments.

3.1 Simulated data

To define a completely synthetic monotone loss function, consider empirical CDF's on batches of data. Let
Z1y...,Zy be iid., where each Z; is a batch of five equi-correlated Gaussians, having covariance with
diagonal values 1 and off-diagonals p € [-1,1]:

Zi = (X1, ., Xi5) ~ N5(0, p1 + (1 — p)T).

Define the loss £(t, Z;) as

hE

0t Z) =S 11Xy <t}

j=1

4Corollary [2.1] right-hand side of Equation (2.1)).
5Corollary 2.2} right-hand side of Equation ([2.2)
5Theorem [3] right-hand side of Equation ().

"Theorem Equation (A.1)).
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Figure 3: Simulated data: Log-log plot of true quantile of D,, and its median bootstrap estimate (and
90/10% quantiles) computed from 3K Monte Carlo runs.
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Figure 4: Simulated data: Anywhere miscoverage based on 20K Monte Carlo runs.

Evidently the risk is just the standard normal CDF L(t) = ®(¢), even though varying p constitutes different
loss distributions (we choose p € {—0.2,0.2,0.6} in the experiments). Note that if p = 0, uniform upper
bounds on L could be obtained by standard arguments for CDF's.

The quantile plot of Figure |3| shows the nonasymptotic upper bound, as well as convergence of the esti-
mated bootstrap quantile (which can be predicted from Lemma [I)). The plots show that the nonasymptotic
bound is, as predicted, valid for all sample sizes, but is very conservative; RR and RRR work for moderate
sample sizes; and the pointwise bound is not uniformly valid.

Note that the convergence of the bootstrap appears to be slower for small p, which is when the underlying
process is closest to its mean. More generally, constant pre-factors in the convergence rate may depend on
the problem setting.

3.2 MS COCO

We revisit multi-label classification on the MS COCO data set that was discussed in the Introduction. The
results are presented in Figures for four different multi-label classification risks of interest: FNR, FPR,
FDR, and SetSize.

The FNR and FPR were defined in the Introduction; the false discovery rate (FDR) is the expectation of
the number of false positives over selected classes, while SetSize is the expectation of the normalized number
of selected classes. For precise definitions and illustrations of these risks, see Appendix

12



s n=30
= n =300
= 3000
0.4

[}

o

o

$

0 0.3

o

0o

=

=

[}

0

EO.Z-

o

o}

@

0

014 ——————————m———m - e - e e -

NASM RR RRR pointwise NASM RR RRR pointwise NASM RR RRR pointwise
p=-02 p=02 p=0.6

5 N S
] S S
= ~. ~.
=
©
&
w
—
1072 1 1 1 -=- True Quantile
—e— Bootstrap est.
N -=- NASM
102 10° 102 10° 102 10° 102 10°
FNP FPP FDP SetSize

Figure 6: MS COCO data: Log-log plot of true quantile of D,, and its median bootstrap estimate (and
90/10% quantiles) computed from 3K Monte Carlo runs.

We can interpret control of the FDR as a guarantee that the selected classes are mostly true positives on
average. Note that it is not a monotone risk, so we monotonize it as described in Section [2.5)

The figures are qualitatively similar to those of the previous section. Again, the nonasymptotic bound is
extremely conservative and the pointwise baseline does not have the right coverage, while resampling-based
methods are valid at moderate sample sizes and are quite effective. In particular, Figure [0] measuring the
average tradeoff conservatism, shows that the RRR method does better than RR in terms of tightness of the
bound, and compares favorably to the method that is pointwise valid.

4 Theoretical Underpinnings

This section is a short foray into the empirical process theory that underlies the main results of the paper.
First, in Section we compute the Vapnik-Chervonenkis (VC) dimension of a class of monotonically-
indexed functions. In Section [£.2] we prove the main results, Theorems [l and [2| and sketch the proof of the
technical Lemma [I| regarding the bootstrap. Careful proofs for all results can be found in Appendix

4.1 Monotonically-indexed function classes

Because our results hold even without reference to the risk control problem studied earlier in the paper, we
adopt new notation that reflects the underlying empirical process that we are tasked with controlling.
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Let Z be a probability space on which we define i.i.d. random variables Z1, ..., Z,. We begin by intro-
ducing the following notion of monotonically-indexed function classes.

Monotonically-indexed function class: We say the collection of functions F = {f;: Z — R};c[0,1)x is
monotonically-indezed if
t <s implies fi(z) < fs(2), for any z € Z.

Here, the inequality ¢ < s corresponds to the sequence of componentwise inequalities t; < s; fori=1,..., K.
It does not matter what the space Z is over which the functions f; are defined, as the monotonicity provides
enough structure to restrict the complexity of the class.

A monotonically-indexed class F should not be confused with a class F of monotone functions, which is
the class such that whenever f € F, then z; < z5 implies f(z1) < f(z2). This latter setting has been studied
classically; see, for instance, [42].

Our first result shows that monotonically-indexed function classes have small VC subgraph dimension,
as defined in [43].

Proposition 1. If F is monotonically-indexed, then its VC (subgraph) dimension is at most K + 1.

See Appendix for a proof of this claim. Our proof is inspired by Lemma 9.10 in |14], which provides a
proof in the case K = 1.

Finiteness of the VC dimension allows us to easily derive the following consequence, which is a functional
central limit theorem (CLT) for monotonically-indexed classes. To state the result, we consider the following
rescaled and centered process:

1 n
Gu(t) = ﬁ(;m(z» —Ef(Z)-
Proposition 2. Let F denote a monotonically-indexed function class. If the elements of F are right-
continuous and uniformly bounded, in the sense that

sup sup | f(2)] < oo,
feF zeZ

then the process G,, converges in distribution to a centered Gaussian process G with covariance kernel
C(t,s) = E[ft(2) fs(Z2)] — E[f:(Z)IE[fs(Z)].

This result is almost an immediate consequence of our Proposition [1, Theorem 19.14, and Lemma 19.15 of
[43]; for details, see Appendix [B.1]

Comparing general monotone functions to indicators: One interesting interpretation of Proposi-
tion [2] arises in the case K = 1. Let F be a monotonically-indexed function class; let G and C' denote
the limit process and kernel associated with G,, as guaranteed by Proposition [2} Additionally, suppose for
simplicity that F(t) = Efi(Z) also satisfies F'(0) = 0 and F(1) = 1 (the general case can be reduced this
case by translation and rescaling). Then, we consider a hypothetical process where we sample Z/ in an i.i.d.
fashion according to the CDF F. We consider the following process:
1 n
G,.(1) = = ( oz <} - Fl)).
=1

By Proposition We have that G/, converges to a centered Gaussian process with covariance kernel C’(t, s) =
F(t A s)— F(t)F(s). Interestingly, we also see that the limit processes G,G’ and their covariance kernels
C, ' are related via

C'(t,s) = C(t,s) + A(t,s), where A(t,s) =E[f(tAs,Z) — fi(Z)fs(Z))].
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It is straightforward to check that A is a positive semidefinite kernel on [0, 1] x [0, 1], and we obtain
G =G+W,

where W is a centered Gaussian process on [0, 1] with the covariance A. Asymptotically, this relation shows
that the empirical process associated with a monotone function is stochastically no larger than that of a
corresponding CDF.

4.2 Proofs of main results

We now present the proofs of our main results, Theorems [I| and [2, and sketch the proof of Lemma [1| on
validity of the bootstrap.

4.2.1 Proof of Theorem [1l

In Appendix we prove the following result for function classes which are monotonically-indexed by a
single parameter, which can be seen as a generalization of the DKW inequality.

Theorem 4. Let F = (fi)iep0,1] denote a monotonically-indeved function class, with K = 1. Then, the

rescaled and centered process
n

6t = = (L (h(7) ~ E2)
satisfies
P{ sgp G,(t) > x} \Y P{ SLtlp —G,(t) > :v} < e exp(—2x?),
for all x > 0.

Theorem [1| now follows by taking A = z, and identifying
Z; =(X;,Y;) and  fi(Z;) =£(Ce(X;),Y;), fori=1,...,n.

Note that the monotonicity assumption in Section (decreasing) is the reverse of the one for monotonically-
indexed classes (increasing).

4.2.2 Proof of Theorem [2|

We first identify Z; = (X;,Y;) and fi(Z;) = £(C¢(X;),Y:), as in the proof of Theorem |1} Then Theorem
follows from Proposition [2] because for any z, right continuity in ¢ can be assumed without loss of generality
by redefining f:(z) at the discontinuity points, which are countably many due to monotonicity, and uniform
boundedness holds because 0 < f;(z) < 1.

4.2.3 Proof sketch of Lemma 1l

let D, = Z4,...,Z, be ii.d, and let the centered, rescaled bootstrap distribution be

n

GL(t) = % (Z(Mn,i - l)ft(Zi)>

i=1
where M,, ~ Multinomial(n,1/n,...,1/n).

The functional CLT in Theorem [2 holds if and only if the bootstrap distribution is accurate, in the sense
that the conditional law of G} | D,, converges to the distribution of G, in probability. The conclusion follows
by a version of the continuous mapping theorem that holds for bootstrap distributions. See Appendix
for details.
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5 Discussion

We have presented an approach to distribution-free predictive inference that allows post hoc optimization of
bounded, monotone risk functions. Unlike most existing work, our bounds are uniform, enabling exploratory
revision of levels after seeing the data.

An alternative would be to set « ahead of time via data splitting. Neither approach is better than the
other in general [44]. But in the machine-learning problems that motivate our work, where uncertainty
quantification may be one component of an overall complex engineering system, the property of uniform
bounds seems particularly useful. It allows the choice of t to be a complex function of other components of
the system.

Our best performing methods, based on the bootstrap, have asymptotic validity but do not have provable
finite-sample validity. This is a familiar issue—the inequality of Theorem [I]is akin to a Hoeffding inequality,
whereas the bootstrap is akin to a central limit theorem. This begs the question: it possible to derive an
analog of a Bernstein inequality—a tight, variance-aware, finite-sample bound? Such a result was recently
demonstrated for binary losses [45], and we defer further investigation to figure work.

Another natural question concerns the extension of the present tools to confidence bounds for truly
non-monotone risks, rather than near monotone risks or combinations of them. The method of Learn Then
Test [3] achieves finite-sample risk control in the binary setting by gridding the space of parameters into p
points and performing tests at each point to assess whether the risk is below a level «, with multiplicity
correction. That work, however, does not estimate the underlying dependencies between the tests, a task at
which bootstrap methods succeed asymptotically.
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Experimental details

A.1 A concentration inequality

The following bound is drawn from the work of [6]:

. 1
L*(t) = inf {p >0: nax Ki:(p;t) > 5}'

cey

where K is referred to as a capital process in i, defined in terms of further quantities:

Ki(p;t) = H {1=A;()(¢;(t) = p)}, where

g MY 60

= a2 = MAF T () — (1)

1479

' né?_ (t)

() min{l, 210g§(1/5)}.
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Theorem A.1 (Based on Theorem 3 of [6]). For any parameter t and any finite sample size n,

P(L(t) < LT () > 1-0.

As L(t) is simply the mean of a bounded random variable, the same conclusion can hold for simpler
upper bounds L7 (), such as the Hoeffding bound, but typically Waudby-Smith and Ramdas’ bound seems
tighter than any other bound with proven finite-sample validity.

In the present setting, however, this bound is only pointwise valid, not uniform; that is, it is not simul-
taneously valid for all ¢ € [0, 1], or any other subset T C [0, 1] which is not a singleton.

A.2 More details for MS COCO

In this section, we provide additional detail regarding how we computed the quantities discussed in Section
[LT and Section [3 for the MS COCO dataset.

Splitting the MS-COCO dataset. The 2014 MS COCO dataset [5] consists of about 200K labeled
images, of which ~120K are designated as either training or validation images. The label of each image
X € X isavector Y € {0,1}%, corresponding to which of 80 classes are present in the image. We separated
the 120K train/val images into three splits.

Split 1: Training a classifer. Half of the images went to a split for training a TResnet model [46] for
29 epochs, which computes logits given X; we obtained a model of scores f : X — [0,1]% by converting the
raw logits using a sigmoid activation, and a classifier C; via equation (|1.1)). The model was cached for every
epoch.

Split 2: Choosing the best epoch. A second split of 1K images was used to choose from the epochs
the best performing classifier in terms of mean average precision (mAP), namely epoch 5. We obtain a final
classifier C;.

Split 3: Calculating performance metrics. Denote the remaining third split of ~60K images from
the train/val set as Dcoco. The MS COCO image/label pairs (X,Y’) can be thought of as samples from
some joint distribution of MS COCO-type images. But we do not know this distribution and cannot sample
from it; in particular, we do not know ground truth risks, such as the FNR, from which to exactly calculate
performance metrics such as miscoverage.

(Some notation: Let L(t; D) denote an empirical risk calculated using data D, and similarly let L (t; D)
denote some upper bound. Let D} denote a sample of size n with replacement from D, and let true,, be an
iid sample of size n from the true distribution of MS COCO images.)

To compute a surrogate quantity, on each simulation we randomly split Dcoco into two halves, a holdout
set H and a sampling set S; we picked n points with replacement S;; using these n points, we computed

t from optimizing a trade-off (see Section |A.3)), where t takes values on an even grid of 500 points in [0, 1];
and then we evaluate performance metrics by treating L(t; H) as ground truth.

For example, we approximate anywhere miscoverage, which is
P (L(t) > L*(t; truey) for all ¢ € [0, 1]) :

by the surrogate
P (ﬁn(t,H) > LF(t;87) for all t € [0,1] | DCOCO) ,

so the probability is taken over the split of Dcoco as well as the sample of size n from S. The function
L, (-;H) serves as a surrogate for the true mean L(-), computed using a holdout set, and the sample of
n points S serves as a surrogate for sampling n points iid from the true distribution of MS COCO-type
images.
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Figure 10: Four different risks on the MS COCO distribution, and an empirical estimate of them based on
n = 300 data points.

A.3 MS COCO losses and risks

Consider the classifier from Split 2 of Appendix The following are multi-label classification losses used
for the MS COCO dataset:

_ S HIC(X))k = 0,[V]e = 1}
1V, Y] =13
_ S Gk =1, [Y]e = 0}
1V Y, H[Y] =0}
_ S G (X)) = 1,[V], = 0}
1V i G (X)), =1}
_ Y ek =13

lrnp (Ci(X),Y)

lrpp(C(X),Y)

lrpp(Ci(X),Y)

ESetSize (Ct (X)a Y)

K b
and the resulting risks are as follows:
FNR(t) = E[lpnp(Ci(X),Y)]
FPR(t) = E[lrpp(Ci(X),Y)]
FDR(t) = E[frpp(C(X),Y)]
SetSize(t) = E[lsetsize(C¢(X),Y)]

An illustration of these risks is displayed in Figure Technically, the ground truth plotted in blue is
actually computed based on a holdout dataset H, and the empirical estimate from sampling n = 300 points
from a disjoint dataset S; see Appendix for details.

Risk tradeoffs. All the risks are provably monotone, except for FDR, which appears to be nearly mono-
tone. Since FNR is the only one which is decreasing, it makes sense to trade all the others off of FNR.

In particular, let £ = argminteﬁw(ﬁn(t),Qn(t)), where L,,, Q,, represent given empirical risks, and ¢

aggregates them in some way. The constraint 7, = {t: L,(t) < r} models the idea that L, too large would
be intolerable; we set r = 0.1 in the experiments. Usually, this constraint was non-binding.

We changed A<p7ﬁ, and Q depending on the experiment. Specifically, Figure |§| computes the tradeoff
conservatism E[LT(t) — L(t)] for different choices of ¢, L, and @, depending on the risk being controlled:
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FNR control: L is empirical FNR, Q is empirical FPR, and ol q) =4+q.

e FPR control: L is empirical FPR, Q is empirical FNR, and ¢(f, q) = £ + q.

e FDR control: L is empirical FDR, Q is empirical FNR, and v, q) = fdist((ﬁ, q),1line((1,0), (0, 1)))

SetSize control: L is empirical SetSize, Q is empirical FNR, and oL, q) = —dist ((E, q),line((1,0), (O, 1)))

Here, dist((¢,q),line(A, B)) refers to the distance between the point (¢,q) € R? and the closest point
that lies on the line between A, B. Maximizing this distance finds the “elbow” on an ROC type curve

(L(t), Q(1))-

B Proofs

B.1 Proofs of Lemmas and Propositions

To prove Lemma [l we will draw upon two textbook theorems, written in the notation of Section In
particular, let D, = Z1,..., Z, be i.i.d. with common distribution P, and define

G (1) = % (Z(Mw - 1)ft<Zi>> ,

i=1
where M,, ~ Multinomial(n,1/n,...,1/n).
The first is a central limit theorem for bootstrap processes.

Theorem B.1 (Theorem 2.6 (i, ii) from [14]). A function class F is P-Donsker if and only if
Gy —G
in distribution (conditionally on Dy, in probability), and also G, is asymptotically measurable.

Next, following the notation of the textbook [14], let the Banach spaces D = ¢°°(F) and E = R have the
uniform norm. We have the following continuous mapping theorem for bootstrap processes.

Theorem B.2 (Theorem 10.8 from [14]). Let g : D — E be continuous, and assume that the map taking
M, — h(G}) is measurable for every bounded, continuous h : D — R. Then if G, converges in distribution
to a tight process G (conditionally on D, in probability), then g(G}) converges in distribution to g(G)
(conditionally on D,,, in probability).

Proof of Lemmal[l]l First, a minor note. This lemma was stated in the notation of Section [2} it remains true
as stated using the notation of Section [4] and it is easy to translate between the two.

Now the fact that G, converges in distribution to a Gaussian process G is the definition of F being
a P-Donsker class. Hence we may use Theorem to claim that G} converges in distribution to the
Gaussian process G (conditionally on D,,, in probability). Now we may plug this into Theorem using
g(F) = supyeo,1) =F(t), after the continuity and measurability conditions are checked. But the continuity
follows from the continuity of the uniform norm, and the measurability certainly holds, so the conclusion of
Theorem holds, which gives the result. O

Proof of Proposition[1. Consider a set of distinct points P = {p1,...,px+1} € Z xR, and let S; = {(z, s) :
fi(2) < s} denote a subgraph. Essentially, we perform the classical calculation of the VC dimension of
half-intervals in R¥.

Suppose w.l.o.g that for every k, py € S; for some ¢, and define = inf{r: 3t s.t. t; =r,pr € Si}, the
smallest ¢; such that S; picks out py. Define t7* = maxjye (k] t;k We now consider two cases.
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If there is k' such that ¢} ,, < ;* for all j, then whenever P\ {px'} C Sy, then t; > ¢;* for each j. This
implies that t; > ¢7 ., for all j, so by monotonicity, P C S, so S; cannot pick out the conﬁguratmn P\ {px }.

If instead for every k, we have ¢}, = ¢;* for some j, then since j € {1,...,K}and k € {1,..., K + 1},
there must exist &', k" such that ¢ ,, = ¢33, = ¢;*. In this case, the two-point set {pj/,py} cannot be
shattered, because if there is ¢ satisfying py: € S, pxr € Si, then

*k gk * gk
t] — tj,k/ S t] < tjyk// — t] 3

which is a contradiction.

O

Proof of Proposition[d. From Theorem 19.14 and Lemma 19.15 of [43], if a “suitably measurable” function
class has finite VC dimension and uniformly bounded, then it is P-Donsker. The definition of P-Donsker is
precisely the convergence given in the result.

Suitable measurability is a technical condition that [43] does not define, but he does note that it is
sufficient that there is a countable collection of functions G in which for each f;(-) we can find a sequence
g, 9%, ... Z — R satisfying lim,, ,o, ¢™(2) — fi(2) at each z. By the right continuity of f;, it suffices to
take G equal to the subset of F where t is rational. O

B.2 Proof of Theorem [3l

The following proof uses the same core idea as that of Theorem 1 of [38], except that we extend their original,
nonasymptotic examples to the present asymptotic setting of the bootstrap. Also, we use the notation of
Section [2 rather than their general notation, which enables a less abstract proof.

In addition to the notation of Section [2| we set additional notation for the proofs and two lemmas. Let
the realized set of selected t be denoted as

Tr={t: La(t) <7},
let the population sublevel set be denoted as
Tr={t:L.(t) <7},

let the predictive set of selected ¢, with known mean, be denoted as

+ . (jglob
T, _{t.L(t)<r+ \/ﬁ}’

and let the predictive set of selected ¢, with estimated mean, be denoted as
= 2 {glob
TH={t:L,t) <r+222
" { ) " vn

Though we do not directly use this fact, the predictive sets have the property that when an independent
copy of L, is observed, and hence an independent copy of the realized set 7., the predictive sets contain the
new realized set with high probability.

For each ¢, let the one-sided and two-sided confidence sets for L(t) be

Bl(t,'Tﬁ){y:ySIA/n(t)Jr N

and




They are confidence bands when interpreted as functions of ¢.

Finally, let G refer to the Gaussian process of Theorem [2} it is the process to which the empirical process
V/n(L,(t) — L(t)) is convergent.

Now we establish a lemma on the convergence of bootstrap quantiles.

Lemma 2. If Ggiop = info{q : P(Dy > q | Dpn) < dglob)} is the conditional 1 — dg10n quantile of D,, ., and
for any T, Goc(T) = infy{q : P(D;, . (T) > q | Dn) < d10c)} is the conditional 1 — dioc quantile of D, (T),
then
@glob R gglob
and
quoc(,];—i_) £> Qloc (7;")’

where ggion = infy{q : P(supyepo1) [G(t)] > q) < oc)} is the limiting global quantile, and qioc(T;) = infy{q :
P(supser. G(t) > q) < dioc)} is the limiting one-sided quantile.

Proof. First, equation holds as an immediate consequence of Lemma Next, note that D, ,(7,F) can
be expressed as

_ 4\ * dglob
Dy (T:7) S Gu(t) UL =7+ ~7F)
By Lemma [1} the conditional law of G} converges to that of G in probability, and the process 1{L(t) <
r+ qL\/%b} converges to the constant function 1{L(t) < r} = 1{¢t € 7,} in probability, so by Slutsky’s lemma,
the conditional law of

Gr(t) - {L() <7+ %;f}

converges to the law of

Gt) - {te T}

in probability. Finally, by a similar application of Theorem as in the proof of Lemma [I] the conditional
law of D, (T,*) converges to that of sup,c;- G(t) in probability. This directly implies equation . O

Second, we establish the key lemma of the proof, which mirrors Lemma 1 of [38].
Lemma 3. For any n, the inequality
P(L(t) € By(t, T ) for all t € T,) > P({L(t) €By(t, T forall t € T}
AND {L(t) € Ba(t, [0, 1]) for all £ € [0,1] })
holds.

The two events in the right-hand side have been bracketed for clarity. Note that these events depend on
the sample size n, but this dependence has been suppressed.

Proof. Because By (t,T1) C By (t, T2) when 71 C Ta, it is sufficient to show the inclusion
T.CcTrcTt
on the event L(t) € Ba(t, [0, 1]) for all ¢t € [0, 1].

On this event, the first inclusion holds because L(t) < Ly (t) + dglon/+/n for all t € [0,1], giving the chain
of implications

Ln(t) <7 = Lo(t) + dgion/V/n < 7+ daiob/ vV = L(t) < 7+ glon/ V7.

The second inclusion holds because Ly, (t) < Ly (t) + dglon/+/ for all t € [0,1], giving the chain of implications

L(t) < 7+ Ggiob/ V1 = L(t) + Ggion /1 < 7+ 24g1on/ V1t = Ln(t) <7+ 24gion/ V7. O
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Proof of Theorem[3. We wish to show that the event

Gioe(7,7)
vn

occurs with probability at least 1 — (6 4+ 0(1)). Observe that we may re-express this event as the event

{L(t) < L(t)+

, simultaneously for all ¢ € ’ﬁ}

{L(t) €Bi(t,7,F), forallte '7;} .

Applying Lemma (3] we can lower bound the probability of this event in terms of two events with easier-
to-handle sets T:

P(L(t) € By(t, T ) for all t € T,) > P({L(t) €By(t, T for all t € T}

AND {L(t) € Ba(t, [0,1]) for all ¢ € [0, 1}})

Rewrite the right-hand side as

P({VA(L(t) = Lu(t)) < Goe(T;H) for all £ € 7,7} AND {VAIL(E) ~ Lu(t)] < Gy for all ¢ € [0, 1]}),

which can be further re-expressed as

P({ sup (VAL = L(0) - LL(0) <7+ Bb) < (7)) axp { b VAIL() = Ln(0)] < daon}).

and by the union bound, this is greater than

1— P(t;gpl] (Vn(L(t) — Ly (t)) - 1{L(t) <7 + q\g/lgb} > Gioc(T,F )) — P(tSE)p1 V|L(t) = L ()] > qglob).

Now applying the functional central limit theorem (Theorem , Lemma and Slutsky’s lemma, this equals

1=P( sup (1) 1{t € o} < @oe(T:)) = P(sup [6(8)] < ggion) — 0(1),

tefo,1] t€[0,1]

where we have assumed each ¢ and g represent exact quantiles as in Lemma 2} this is fine to assume because
this quantity lower bounds the case where they are not exact quantiles.

Importantly, 7, is not a random set, but is deterministic, so because goc(7;) and ggob are quantiles,
definitionally we have that the previous display is lower bounded by

1- 6100 - 5g10b - 0(1) =1- (6 + 0(1>)’

as claimed.

B.3 Proof of Theorem {4

To prove this theorem we need two lemmas.

Lemma 4. Let (Y (t))ier be a real-valued stochastic process with bounded sample paths. Let ¢ : R — R be a
convex, non-decreasing function. Let V = sup, E[Y (¢) | Z] and V* = sup, Y (t). Then

Elp(V)] < E[p(V7)].
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Proof of Lemmal[j First, note that for any function f : R — R with sup, f(t) < oo, then if ¢ : R — R is
monotone increasing and continuous,

w(sgp f@®) = sup e(f(t))-

The direction ¢(sup, f(t)) > sup, p(f(t)) follows by using monotonicity. The direction y(sup, f(t)) <
sup; ¢(f(t)) follows from continuity: ¢(f) < sup, p(f(t)) for any f in the range of f, so take an increasing
sequence f1, fa,... converging to sup, f(t).

We get the chain of inequalities, noting that ¢ must be continuous due to convexity:
Elp(sup E[Y (1) | Z])] = Elsup o(E[Y () | Z])] < E[sup Elp(Y'()) | Z]]
< E[E[sup ¢(Y (1) | Z1) = Efsup (Y (1))] = El(sup Y (1))
where the first inequality is Jensen’s. O

The next lemma concerns what we call the “Bentkus transform,” defined in [47]. For any function
S :R = R, define the log-concave hull S° as the smallest function such that S < S° and x — —log S°(z) is
a convex function. If S is a survival function, define its Bentkus transform as

CGE(X-n 1
B[S](x) = r<£ (x—1)4 r<.fac (x—71)4 /7, Sly) dy,

where X ~1— 5.
Lemma 5. For a survival function S, for all x € R,
(i) (i)
S(z) < B[S|(z) < eS°(z).

Proof. Inequality (i) can be shown by Markov’s inequality, applied to the random variable (X — 7). In-
equality (ii) is proved in more generality as Lemma 4.2 by [4], or alternately Lemma 1.1 [47]. O

[4] attributes this lemma to [48], and a special case to Kemperman, citing Ch. 25 of [13]. It seems to be
well-suited for proving extremal results for random variables that are the “least averaged.”

For instance, it was used to prove Theorem 1.2 of [4], which showed that binary random variables are,
in some sense, more stochastic than variables bounded in [0, 1]. Meanwhile, Ch. 25 of [13] demonstrates a
DKW inequality for independent but not identically distributed random variables by showing that the iid
case is the most stochastic. Evidently, these results are related to ours.

Proof of Theorem [} Let h(t,Z) := fi(Z), and we extend its domain to ¢ € R by taking h(t, Z) = 1 whenever
t > 1, and h(t,Z) = 0 whenever ¢t < 0; then

sup H,(t,Z) — H(t) =sup H,(t,Z) — H(t),
te[0,1] teR

so from now on we take suprema over R, and show

P(sup+(Hn(t, Z)—EH,(t,Z)) > ;v) < eexp(—22?),
teR

which implies the result with the + sign (the — sign is exactly similar).

The right-continuity assumption implies that, for each Z, h(t, Z) is a CDF of a random variable supported
on [0, 1]; that is, it is non-decreasing, right-continuous, and h(1,Z) = 1. Then, conditionally on each Z;, let
T; be a random variable drawn according to the CDF h(-, Z;), and define

Y(t)= Vi (; ST <) - H(t)) .

i=1
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Letting Z = (Z1,...,Zy), it follows that
EY (1) | 7] = v (jl > nt.2:) - H<t>> — (H () — H(1)).

Let V = sup, E[Y(¢) | Z] and V* = sup, Y(¢). Set ¢, : @ — (z — )4, an increasing convex function, and
applying Lemma [d] we have for any = > r

Eler (V)] _ Eler(V")]
pr(z) T er(@)

Let S denote the survival function of V' and S* of V*. Then taking infimums in r on both sides, we can
write an inequality between two Bentkus transforms:

B[S](x) < B[S™](x).
Applying Lemma [5] gives
S(x) < elS7]°(x),
and finally, observe that the (one-sided) DKW inequality [35] implies S*(z) < exp(—222) . Since the right-

hand side is log-concave, in fact [S*]°(z) < exp(—222). So ultimately

S(z) = P(§2§+(H"(t’ Z) — EH,(t, Z)) < eexp(—22?),

as claimed. O

Inspecting the argument leading up to equation (B.3]), we can extract a fact that may be of independent
interest; a weaker version was also stated by [49]. It concerns the increasing conver ordering of random
variables (see, e.g., [50], Section 4.A).

We write A <ijex B, read as “A is less than B in the increasing convex order,” if Ep(A) < Ep(B) for all
non-decreasing, convex . Let S4,Sp denote their survival functions.

Corollary B.1. Whenever A <icx B, then Sa(z) < eS%(z).
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