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Abstract

We present a detailed study of top-£ classification, the task of predicting the k£ most probable
classes for an input, extending beyond single-class prediction. We demonstrate that several prevalent
surrogate loss functions in multi-class classification, such as comp-sum and constrained losses, are
supported by J-consistency bounds with respect to the top-k loss. These bounds guarantee consis-
tency in relation to the hypothesis set J{, providing stronger guarantees than Bayes-consistency due
to their non-asymptotic and hypothesis-set specific nature. To address the trade-off between accuracy
and cardinality k, we further introduce cardinality-aware loss functions through instance-dependent
cost-sensitive learning. For these functions, we derive cost-sensitive comp-sum and constrained
surrogate losses, establishing their H{-consistency bounds and Bayes-consistency. Minimizing these
losses leads to new cardinality-aware algorithms for top-£ classification. We report the results of
extensive experiments on CIFAR-100, ImageNet, CIFAR-10, and SVHN datasets demonstrating the
effectiveness and benefit of these algorithms.

1. Introduction

Top-k classification consists of predicting the k£ most likely classes for a given input, as opposed
to solely predicting the single most likely class. Several compelling reasons support the adoption
of top-k classification. First, it enhances accuracy by allowing the model to consider the top k
predictions, accommodating uncertainty and providing a more comprehensive prediction. This
proves particularly valuable in scenarios where multiple correct answers exist, such as image tagging,
where a top-k classifier can identify all relevant objects in an image. Furthermore, top-k classification
finds application in ranking and recommendation tasks, like suggesting the top £ most relevant
products in e-commerce based on user queries. The confidence scores associated with the top &
predictions also serve as a means to estimate the model’s uncertainty, a crucial aspect in applications
requiring insight into the model’s confidence level.

Ensembling can also benefit from top-k predictions as they can be combined from multiple
models, contributing to improved overall performance by introducing a more robust and diverse set
of predictions. In addition, top-k predictions can serve as input for downstream tasks like natural
language generation or dialogue systems, enhancing the performance of these tasks by providing a
broader range of potential candidates. Finally, the interpretability of the model’s decision-making
process is enhanced by examining the top k predicted classes, allowing users to gain insights into the
rationale behind the model’s predictions.

However, the top-k loss function is non-continuous and non-differentiable, and its direct optimiza-
tion is intractable. Therefore, top-k classification algorithms typically resort to a surrogate loss (Lapin
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etal., 2015, 2016; Berrada et al., 2018; Reddi et al., 2019; Yang and Koyejo, 2020; Thilagar et al.,
2022). This raises critical questions: Which surrogate loss functions admit theoretical guarantees
and efficient minimization properties? Can we design accurate top-k classification algorithms?

Unlike standard classification, this problem has been relatively unexplored. A crucial property
in this context is Bayes-consistency, which has been extensively studied in binary and multi-class
classification (Zhang, 2004a; Bartlett et al., 2006; Zhang, 2004b; Bartlett and Wegkamp, 2008).
While Bayes-consistency has been explored for various top-k surrogate losses (Lapin et al., 2015,
2016, 2018; Yang and Koyejo, 2020; Thilagar et al., 2022), some face limitations. Non-convex
"hinge-like" surrogates (Yang and Koyejo, 2020), inspired by ranking (Usunier et al., 2009), and
polyhedral surrogates (Thilagar et al., 2022) cannot lead to effective algorithms as they cannot
be efficiently computed and optimized. Negative results indicate that several convex "hinge-like"
surrogates (Lapin et al., 2015, 2016, 2018) fail to achieve Bayes-consistency (Yang and Koyejo,
2020). Can we shed more light on these results?

On the positive side, it has been shown that the logistic loss (or cross-entropy loss used with
the softmax activation) is a Bayes-consistent loss for top-k classification (Lapin et al., 2015; Yang
and Koyejo, 2020). This prompts further inquiries: Which other smooth loss functions admit this
property? More importantly, can we establish non-asymptotic and hypothesis set-specific guarantees
for these surrogates, quantifying their effectiveness? Beyond top-k classification, it is important
to consider the trade-off between accuracy and the cardinality k. This leads us to introduce and
study cardinality-aware top-k classification algorithms, which aim to achieve a high accuracy while
maintaining a small average cardinality.

This paper presents a detailed study of top-k classification. We first show that, remarkably,
several widely used families of surrogate losses used in standard multi-class classification admit
H-consistency bounds (Awasthi et al., 2022a,b; Mao et al., 2023f,b) with respect to the top-k loss.
These are strong consistency guarantees that are non-asymptotic and specific to the hypothesis set
H adopted, which further imply Bayes-consistency. In Section 3, we demonstrate this property
for the broad family of comp-sum losses (Mao et al., 2023f), which includes the logistic loss, the
sum-exponential loss, the mean absolute error loss, and the generalized cross-entropy loss. Further,
in Section 4, we prove it for constrained losses, originally introduced for multi-class SVM (Lee et al.,
2004), including the constrained exponential loss, constrained hinge loss and squared hinge loss,
and the p-margin loss. These guarantees provide a strong foundation for principled algorithms in
top-k classification, leveraging the minimization of these surrogate loss functions. Many of these
loss functions are known for their smooth properties and favorable optimization solutions.

In Section 5, we further investigate cardinality-aware top-k classification, aiming to return an
accurate top-k list with the lowest average cardinality k& for each input instance. We introduce
a target loss function tailored to this problem through instance-dependent cost-sensitive learning
(Section 5.1). Subsequently, we present two novel surrogate loss families for optimizing this target
loss: cost-sensitive comp-sum losses (Section 5.2) and cost-sensitive constrained losses (Section 5.3).
These loss functions are obtained by augmenting their standard counterparts with instance-dependent
cost terms. We establish J-consistency bounds and thus Bayes-consistency for these cost-sensitive
surrogate losses with respect to the cardinality-aware target loss. Minimizing these losses leads to
new cardinality-aware algorithms for top-k classification. Section 6 presents experimental results on
CIFAR-100, ImageNet, CIFAR-10, and SVHN datasets, demonstrating the effectiveness of these
algorithms.
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2. Preliminaries

We consider the learning task of top-k£ classification with n > 2 classes, that is seeking to ensure that
the correct class label for a given input sample is among the top k predicted classes. We denote by X
the input space and Y = [n]:= {1,...,n} the label space. We denote by D a distribution over X x Y
and write p(z,y) = D(Y =y | X = ) to denote the conditional probability of Y = y given X = z.
We also write p(x) = (p(z,1),...,p(x,n)) to denote the corresponding conditional probability
vector.

We denote by £:H,; x X x Y - R a loss function defined for the family of all measurable
functions J(,;1. Given a hypothesis set 3 € J{,);, the conditional error of a hypothesis h and the
best-in-class conditional error are defined as follows:

Cy(h,x) = L [e(h,z,9)] = Y. p(a,y)e(h, z,y)

|z

yey
“(H.x) = inf Cy(h.z) = inf h .
C; (3, @) = inf Cy(h, x) ;Lgﬁy%p(:v,y)f( ,T,Y)

Accordingly, the generalization error of a hypothesis £ and the best-in-class generalization error are
defined by:

8K(h) :( F; @[ﬁ(h,!’b,y)] :EI[ef(hva")]

Z,y)~

€¢(30) = inf €y(h) = inf Bo[C(h, 2)].

Given a score vector (h(xz,1),...,h(x,n)) generated by hypothesis h, we sort its components
in decreasing order and write h; () to denote the kth label, that is h(x,hy(z)) > h(z, ha(z)) >
.. 2 h(z,hyo1(x)) 2 h(z, hy(z)). Similarly, for a given conditional probability vector p(x) =
(p(z,1),...,p(z,n)), we write pi(z) to denote the kth element in decreasing order, that is
p(x,p1(x)) > p(x,p2(x)) 2 ... 2 p(z,pn(z)). In the event of a tie for the k-th highest score
or conditional probability, the label hy(x) or py(x) is selected based on the highest index when
considering the natural order of labels.

The target generalization error for top-k classification is given by the top-k loss, which is denoted
by ¢; and defined, for any hypothesis h and (z,y) € X x Y by

U (P2, y) = Lyethy (a),nhi(2)} -

Thus, the loss takes value one when the correct label y is not included in the top-k predictions made
by the hypothesis h, zero otherwise. In the special case where k£ = 1, this is precisely the familiar
zero-one classification loss. As with the zero-one loss, optimizing the top-k loss is NP-hard for
common hypothesis sets. Therefore, an alternative surrogate loss is typically used to design learning
algorithms.

A crucial property of these surrogate losses is Bayes-consistency. This requires that, asymptoti-
cally, nearly minimizing a surrogate loss over the family of all measurable functions leads to the near
minimization of the top-k loss over the same family (Steinwart, 2007).

Definition 1 A surrogate loss ¢ is said to be Bayes-consistent with respect to the top-k loss ¢
if, for all given sequences of hypotheses {hy,}, . € Han and any distribution, limy,, 0o E¢(hp) -
82- (j{all) =0 lmplles limn_,+oo Eek (hn) - Ezk (U—Cau) =0.

3
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Bayes-consistency is an asymptotic guarantee and applies only to the family of all measurable
functions. Recently, Awasthi, Mao, Mohri, and Zhong (2022a,b) proposed a stronger consistency
guarantee, referred to as J-consistency bounds. These are upper bounds on the target estimation
error in terms of the surrogate estimation error that are non-asymptotic and hypothesis set-specific
guarantees.

Definition 2 Given a hypothesis set H, a surrogate loss € is said to admit an H-consistency bound
with respect to the top-k loss U, if, for some non-decreasing function f, the following inequality
holds for all h € H and for any distribution:

f(&e,(h) = €5 (30)) < &g(h) - €5 (H).

We refer to €, (h) — €], (3() as the target estimation error and () — €7 (3() as the surrogate
estimation error. These bounds imply Bayes-consistency when JH = JH,j;, by taking the limit on both
sides.

We will study H-consistency bounds for common surrogate losses in the multi-class classifi-
cation, with respect to the top-k loss ¢i. A key quantity appearing in JH-consistency bounds is the
minimizability gap, which measures the difference between the best-in-class generalization error and
the expectation of the best-in-class conditional error, defined for a given hypothesis set J{ and a loss
function ¢ by:

M (H0) = €] (30) ~ E, [€} (3, 2)].

As shown by Mao et al. (2023f), the minimizability gap is non-negative and is upper bounded by
the approximation error A, () = €5 (I) = €7 (FHan): 0 < M(H) < Ap(F). When H = FHyy or
more generally Ap, () = 0, the minimizability gap vanishes. However, in general, it is non-zero
and provides a finer measure than the approximation error. Thus, J{-consistency bounds provide a
stronger guarantee than the excess error bounds.

We will specifically study the surrogate loss families of comp-sum losses and constrained losses
in multi-class classification, which have been shown in the past to benefit from J{-consistency bounds
with respect to the zero-one classification loss, that is £, with k£ = 1 (Awasthi et al., 2022b; Mao
et al., 2023f) (see also (Mao et al., 2023c,d,e,a; Zheng et al., 2023; Mao et al., 2024a,c,b; Mohri et al.,
2024)). We will significantly extend these results to top-k classification and prove J{-consistency
bounds for these loss functions with respect to ¢, for any 1 < k < n.

Note that another commonly used family of surrogate losses in multi-class classification is the
max losses, which are defined through a convex function, such as the hinge loss function applied to
the margin (Crammer and Singer, 2001; Awasthi et al., 2022b). However, as shown in (Awasthi et al.,
2022b), no non-trivial H-consistency guarantee holds for max losses with respect to ¢, even when
k=1.

We first characterize the best-in class conditional error and the conditional regret of top-k loss,
which will be used in the analysis of H-consistency bounds. We denote by SI¥l = {X ¢ S| [X| = k}
the set of all k-subsets of a set S. We will study any hypothesis set that is regular.

Definition 3 Let A(n, k) be the set of ordered k-tuples with distinct elements in [n]. We say that
a hypothesis set J is regular for top-k classification, if the top-k predictions generated by the
hypothesis set cover all possible outcomes:

Ve e X, {(hi(z),...,hg(x)):h e H} = A(n, k).
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Common hypothesis sets such as that of linear models or neural networks, or the family of all
measurable functions, are all regular for top-k classification.

Lemma 4 Assume that H is regular. Then, for any h € H and x € X, the best-in class conditional
error and the conditional regret of the top-k loss can be expressed as follows:

k
ey, (H,x)=1- ;p(w, pi())

k
ACq, 5¢(h, x) = ;(p(w, pi(2)) - p(x; hi(x))).

The proof is included in Appendix A. Note that, for k = 1, the result coincides with the known
identities for standard multi-class classification with regular hypothesis sets (Awasthi et al., 2022b,
Lemma 3).

As with (Awasthi et al., 2022b; Mao et al., 2023f), in the following sections, we will consider
hypothesis sets that are symmetric and complete. This includes the class of linear models and neural
networks typically used in practice, as well as the family of all measurable functions. We say that
a hypothesis set H is symmetric if it is independent of the ordering of labels. That is, for all y € Y,
the scoring function z —~ h(z,y) belongs to some real-valued family of functions F. We say that a
hypothesis set is complete if, for all (z,y) € X x Y, the set of scores h(x,y) can span over the real
numbers, that is, {h(z,y):h € H} = R. Note that any symmetric and complete hypothesis set is
regular for top-k classification.

Next, we analyze the broad family of comp-sum losses, which includes the commonly used
logistic loss (or cross-entropy loss used with the softmax activation) as a special case.

3. H-Consistency Bounds for Comp-Sum Losses

Comp-sum losses are defined as the composition of a function ® with the sum exponential losses, as
shown in (Mao et al., 2023f). For any h € 3 and (x,y) € X x Y, they are expressed as

(°MP (B, 3, y) = @( 3 eh(wyy’)—h(ay))’

y'+y

where ®:R, — R, is non-decreasing. When @ is chosen as the function ¢ ~ log(1 +t), t — t,
te1- ﬁ and t — é(l - (ﬁ)a) a € (0,1), £°°™P(h,z,y) coincides with the (multinomial)
logistic loss £)g (Verhulst, 1838, 1845; Berkson, 1944, 1951), the sum-exponential loss legp ™
(Weston and Watkins, 1998; Awasthi et al., 2022b), the mean absolute error loss £;,,c (Ghosh et al.,
2017), and the generalized cross entropy loss 4ce (Zhang and Sabuncu, 2018), respectively. We we
will specifically study these loss functions and show that they benefit from J{-consistency bounds

with respect to the top-% loss.

3.1. Logistic loss

We first show that the most commonly used logistic loss, defined as {10 (1, 7, y) = log( Yy'ey ey -h(z.y) ),
admits JH-consistency bounds with respect to ¢j,.
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Theorem S Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the logistic loss:

€4, (h) = €7, (F0) + M, (30) < k™ (€0, (h) = €, (30) + My, (30)),

where 1(t) = 15t log(1 - t) + 23t log(1 + ), t € [0, 1]. In the special case where A, () =0, for
any 1 < k < n, the following upper bound holds:

€ (h) - €7, (30) <k (&g, (h) - €, (30)).

The proof is included in Appendix B.1. The second part follows from the fact that when
A, (3) = 0, the minimizability gap My, (H) vanishes. By taking the limit on both sides,
Theorem 5 implies the J{-consistency and Bayes-consistency of logistic loss with respect to the top-k
loss. It further shows that, when the estimation error of £}, is reduced to € > 0, then the estimation
error of ¢}, is upper bounded by k1! (¢€), which is approximately kv/2¢ for € small.

3.2. Sum exponential loss

In this section, we prove J{-consistency bound guarantees for the sum-exponential loss, which is
defined as £y (h, 2, y) = Tyray @) =1(:y) and is widely used in multi-class boosting (Saberian
and Vasconcelos, 2011; Mukherjee and Schapire, 2013; Kuznetsov et al., 2014).

Theorem 6 Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the sum exponential loss:

€, () = €5, (30) + My, (30) < by (& geomn (R) = &eomp (3) + Mygemn (30)),

where )(t) =1 -+1-1t2, t €[0,1]. In the special case where Ageome (H) = 0, forany 1 <k <n,
the following bound holds:

€0, (h) = €5, (3€) < k™" (Eeggo (h) = Efeomn (30) ).

The proof is included in Appendix B.2. The second part follows from the fact that when
Ageomp (H) = 0, the minimizability gap Meome (3) vanishes. As with the logistic loss, the sum
exponential loss is Bayes-consistent and H-consistent with respect to the top-k loss. Here too,
when the estimation error of ley, is reduced to €, the estimation error of ¢, is upper bounded by
k=1 (€) ~ k/2e for sufficiently small € > 0.

3.3. Mean absolute error loss

The mean absolute error loss, defined as a0 (h, 2,y) =1 - [Zy,éj eh(x’y,)_h(x’y)]_l, is known to be
robust to label noise for training neural networks (Ghosh et al., 2017). The following shows that it
benefits from JH-consistency bounds with respect to the top-£ loss as well.

Theorem 7 Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the mean absolute error loss:

€0, (h) = &5, (F0) + My, (30) < kn(Eg,,. (R) - &;

mae (

5) + M, (30))

mae

In the special case where Apae(H) =0, for any 1 < k < n, the following bound holds:
Eq,(h) = €], (30) < kn(Eq,,.(h) - €], (30)).
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The proof is included in Appendix B.3. The second part follows from the fact that when
Av,,.. (H) = 0, the minimizability gap My, . (J) vanishes. As for the logistic loss and the sum
exponential loss, the result implies Bayes-consistency. However, different from these losses, the
bound for the mean absolute error loss is only linear: when the estimation error of /. is reduced to e,
the estimation error of ¢j, is upper bounded by kne. The downside of this more favorable linear rate
is the dependency in the number of classes and the fact that the mean absolute value loss is harder to
optimize Zhang and Sabuncu (2018).

3.4. Generalized cross-entropy loss

Here, we provide J{-consistency bounds for the generalized cross-entropy loss, which is defined
as lgce(hy2,y) = é[l - [nyey eh(z’y/)’h(x’y)]fa], a € (0,1), and is a generalization of the logistic
loss and mean absolute error loss for learning deep neural networks with noisy labels (Zhang and
Sabuncu, 2018).

Theorem 8 Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the generalized cross-entropy:

€0, (h) = &, (F0) + M (30) < k™ (&0, (h) = €] (F0) + My, (50)),

an® 2

1 1 ql-a
where (t) = L[[(Ht)la L ] - 1],f0r all o € (0,1), t € [0,1]. In the special case

(H) =0, for any 1 < k < n, the following upper bound holds:

€0, (h) = &}, (30) <k (&4, (h) — &, (30)),

The proof is presented in Appendix B.4. The second part follows from the fact that when
Ag,e. () = 0, the minimizability gap My, (H) vanishes. The bound for the generalized cross-
entropy loss depends on both the number of classes n and the parameter . When the estimation
error of /1, is reduced to ¢, the estimation error of £}, is upper bounded by kyp~t(e) ~ kv/2n%e
for sufficiently small € > 0. A by-product of this result is the Bayes-consistency of generalized
Cross-entropy.

In the proof of previous sections, we used the fact that the conditional regret of the top-k loss is
the sum of k differences between two probabilities. We then upper bounded each difference with the
conditional regret of the comp-sum loss, using a hypothesis based on the two probabilities. The final
bound is derived by summing these differences.

where Ay

gce

3.5. Minimizability gaps and realizability

The key quantities in our H-consistency bounds are the minimizability gaps, which can be upper
bounded by the approximation error, or more refined terms, depending on the magnitude of the
parameter space, as discussed by Mao et al. (2023f). As pointed out by these authors, these quantities,
along with the functional form, can help compare different comp-sum loss functions.

Here, we further discuss the important role of minimizability gaps under the realizability assump-
tion, and the connection with some negative results of Yang and Koyejo (2020).

Definition 9 (top-k-H-realizability) A distribution D over X x Y is top-k-H-realizable, if there
exists a hypothesis h € 3 such that P, ..o (h(z,y) > h(x,hg1(2))) = 1.
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This extends the H{-realizability definition from standard (top-1) classification (Long and Servedio,
2013) to top-k classification for any &k > 1.

Definition 10 We say that a hypothesis set I is closed under scaling, if it is a cone, that is for all
heH and o e R, ah € H.

Definition 11 We say that a surrogate loss ¢ is realizable JH-consistent with respect to ¢, if for all
k € [1,n], and for any sequence of hypotheses {h,}, . ¢ H and top-k-H-realizable distribution,
iy v00 E¢(hn) — €5 (H) = 0 implies limy, 100 Eg, (hn) = €, (3) = 0.

When H is closed under scaling, for & = 1 and all comp-sum loss functions £ = £iog, loxp ", {gce and

Uimae, it can be shown that € (3() = M,(J() = 0 for any H-realizable distribution. For example, for
¢ = {154, by using the Lebesgue dominated convergence theorem,

Mo, (90 < €5, (30) < lim €q,, (8h°)

— l 5(h*(x,y')—h*(z,y)) -
S log| 1+ ’Z e 0
y'#y
where h* satisfies P, ,y.p(h*(2,y) > h* (2, ha2(x))) = 1 Therefore, Theorems 5, 6, 7 and 8 imply
that all these loss functions are realizable JH-consistent with respect to £y_1 (¢; for k = 1) when X is
closed under scaling.

Theorem 12 Assume that H is closed under scaling. Then, {),g, fgggp, lgce and Uiae are realizable
H-consistent with respect to £y_1.

The formal proof is presented in Appendix C. However, for k£ > 1, since in the realizability
assumption, h(z,y) is only larger than h(z, hg,1(x)) and can be smaller than h(x,hi(x)), there
may exist an H-realizable distribution D such that My, () > 0. This explains the inconsistency
of the logistic loss on top-k separable data with linear predictors, when k = 2 and n > 2, as shown
in (Yang and Koyejo, 2020). More generally, the exact same example in (Yang and Koyejo, 2020,
Proposition 5.1) can be used to show that all the comp-sum losses, £iog, Loxp s Lgce and £imae are not
realizable H-consistent with respect to £;. Nevertheless, as previously shown, when the hypothesis
set H adopted is sufficiently rich such that M,(3() = 0 or even A;(H) = 0, they are guaranteed to
be H-consistent. This is typically the case in practice when using deep neural networks.

4. H-Consistency Bounds for Constrained Losses

Constrained losses are defined as a summation of a function ® applied to the scores, subject to a
constraint, as shown in (Lee et al., 2004; Awasthi et al., 2022b). For any h € H and (z,y) € X x Y,
they are expressed as
(= (h,y) = 3 @(=h(z,y),
y'#y

with the constraint )., ¢y h(x,y) = 0, where ®: R - R, is non-increasing. When ® is chosen as
the function ¢ — e, t = max{0,1 -t} t ~» max{0,1 -t} and ¢ — min{max{0,1-1¢/p},1},
p > 0, £ (h 1 y) are referred to as the constrained exponential loss egffpnd, the constrained
squared hinge 10ss £sq_pinge, the constrained hinge 10ss £pinge, and the constrained p-margin loss £,,
respectively (Awasthi et al., 2022b). We now study these loss functions and show that they benefit
from J{-consistency bounds with respect to the top-k loss.
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4.1. Constrained exponential loss

We first consider the constrained exponential loss, defined as ﬁgf(gld(h, T,Y) = Yyray e"@y)  The

following result provide J-consistency bounds for ng{tp“d.

Theorem 13 Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the constrained exponential loss:

1
€, (h) = &} (H0) + My (3) < 2k (e:gg%,d () = € esna (30) + Mygpea (iH)) 2,

In the special case where Agg%,d (H) =0, for any 1 < k < n, the following bound holds:

1
€ (h) - €5, (H) < 2k (%;tpnd(h) - c‘:;gitpnd(%))"’.

The proof is included in Appendix D.1. The second part follows from the fact that when
Apgstna () =0, we have Mggitpnd () = 0. Therefore, the constrained exponential loss is H-consistent

and Bayes-consistent with respect to ;. If the surrogate estimation error £ festnd (h) - Szcsmd (H) is
ex exp

¢, then, the target estimation error satisfies £, (h) — €] (H) < 2k\/e.

4.2. Constrained squared hinge loss

Here, we consider the constrained squared hinge loss, defined as pinge(h, z,y) = ¥, max{0, 1 + h(z,y") }2.
The following result shows that £sq_pinge admits an F(-consistency bound with respect to /.

Theorem 14 Assume that 3 is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the constrained squared hinge loss:

1
€4, (1) = €5, (F0) + M () € 26 (€ e (1) = € (3O + M (50)

qufhingc

In the special case where Ay (H) =0, for any 1 < k < n, the following bound holds:

sq—hinge

1

€0, (h) = €7, (30) <2k (Ery e (B) — €7, (30) 7
The proof is included in Appendix D.2. The second part follows from the fact that when the
hypothesis set 3} is sufficiently rich such that Ay, (3() = 0, we have M, H) =0. As
with the constrained exponential loss, the bound is square root: €. (h) - EZ‘qihinge (H)<e=>

€4, (h) = €} (3() < 2k \/e. This also implies that £sq-ninge is Bayes-consistent with respect to .

sq—hinge (

4.3. Constrained hinge loss and p-margin loss

Similarly, in Appendix D.3 and D.4, we study the constrained hinge loss and the constrained p-margin
loss, respectively. Both are shown to admit a linear J{-consistency bound and are Bayes-consistent
with respect to £, (See Theorems 18 and 19)
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5. Cardinality-Aware Loss Functions

The strong theoretical results of the previous sections demonstrate that for common hypothesis sets
used in practice, comp-sum losses and constrained losses can be effectively used as surrogate losses
for the target top-k loss. Nonetheless, the algorithms seeking to minimize these surrogate losses
offer no guidance on the crucial task of determining the optimal cardinality k for top-k classification
applications. This selection is essential for practical performance, as it directly influences the number
of predicted positives.

In this section, our goal is to select a suitable top-k classifier for each input instance x. For easier
input instances, the top-k set with a smaller k£ contains the accurate label, while it may be necessary
to resort to larger k values for harder input instances. Choosing % optimally for each instance allows
us to maintain accuracy while reducing the average cardinality used.

To tackle this problem, we introduce target cardinality-aware loss functions for top-£ classification
through instance-dependent cost-sensitive learning. Then, we propose two novel families of instance-
dependant cost-sensitive surrogate losses. These loss functions are derived by augmenting the
standard comp-sum losses and constrained loss with the corresponding cost. We show the benefits
of these surrogate losses by proving that they admit JH-consistency bounds with respect to the
target cardinality-aware loss functions. Minimizing these loss functions leads to a family of new
cardinality-aware algorithms for top-k classification.

5.1. Instance-Dependent Cost-Sensitive Learning

Given a pre-fixed subset X = {ky,...,k,, } c [n] of all possible choices for cardinality k, our goal is
to select the best k in the sample such that the top-k loss is minimized while using a small cardinality.
More precisely, let c: X x K x Y be a instance-dependent cost function, defined as

c(x,k,y) =Ll (h,x,y) + \C(k)

ey
= Lyethy (@), hi ()} + AC(K)

for some function C:[n] - R, and parameter A > 0. Let R be a hypothesis set of functions
mapping from X x K to R. The prediction of a cardinality selector r € R is defined as the cardinality
corresponding to the highest score, that is r(z) = argmaxy 7(x, k). In the event of a tie for the
highest score, the cardinality r(z) is selected based on the highest index when considering the natural
order of labels.
Then, our target cardinality aware loss function ¢ can be defined as follows: for all r € R, z € X
andyelY, _
Lr,x,y) =c(x,r(z),y). ()

For example, when the function € is chosen as ¢:+— log(t), the learner will select a cardinality
selector r € R that selects the best £ among X for each instance z, in terms of balancing the top-k
loss with the magnitude of log(k).

Note that our work focuses on determining the optimal cardinality k for top-k classification,
and thus the cost function defined in (1) is based on the top-k sets. However, it can potentially be
generalized to other settings, such as those described in (Denis and Hebiri, 2017), by using confidence
sets and learning a model r to select the optimal confidence set based on the instance.

(2) is an instance-dependent cost-sensitive learning problem. However, directly minimizing this
target loss is intractable. In the next sections, we will propose novel surrogate losses to address this

10
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problem. As a useful tool, we characterized the conditional regret of the target cardinality-aware loss
function in Lemma 20, which can be found in Appendix E.

Without loss of generality, assume that 0 < ¢(x, k,y) < 1, which can be achieved by normalizing
the cost function.

5.2. Cost-Sensitive Comp-Sum Losses

We first introduce a new family of surrogate losses, that we called cost-sensitive comp-sum losses.
They are defined as follows: for all (7, z,y) € R x X x Y:

Fom () = ¥ (1= e, by y) P (2, ).
keX

For example, when £°“™P = /,,,, we obtain the cost-sensitive logistic loss as follows:

Eog(rwray)

= Z (1 - C(.’/U, k, y))ﬁlog(r,x, k)
keX

= > (1-c(z,k,y)) log( > er(x’k,)_r(gg’k)). 3)
keX k'eX

Similarly, we will use ngglp, Egcc and Emao to denote the corresponding cost-sensitive counterparts for

the sum-exponential loss, generalized cross-entropy loss and mean absolute error loss, respectively.
Next, we show that these cost-sensitive surrogate loss functions benefit from R-consistency bounds
with respect to the target loss £.

Theorem 15 Assume that R is symmetric and complete. Then, the following R-consistency bound
holds for the cost-sensitive comp-sum loss:

Ex(r) = EH(R) + MHR) < ¥(Egomp (1) = Eiarnp (R) + Mzzomp (R));

In the special case where R = Ry, the following holds:

8Z(T) - 8%(R3H) S FY(E’ZVCOI“P(T) - 8'}0omp (RHH))7

where (t) = 2\/_ when (€°™P s either £1Og or Egﬁ?p, v(t) = 2v/nt when ™ g che; and
~(t) = nt when FEOMD g e

The proof is included in Appendix E.1. The second part follows from the fact that when R = Ry,
all the minimizability gaps vanish. In particular, Theorem 15 implies the Bayes-consistency of
cost-sensitive comp-sum losses. The bounds for cost-sensitive generalized cross-entropy and mean
absolute error loss depend on the number of classes, making them less favorable when n is large. As
pointed out earlier, while the cost-sensitive mean absolute error loss admits a linear rate, it is difficult
to optimize even in the standard classification, as reported by Zhang and Sabuncu (2018) and Mao
et al. (2023f).

In the proof, we represented the comp-sum loss as a function of the softmax and introduced a
softmax-dependent function §,, to upper bound the conditional regret of the target cardinality-aware
loss function by that of the cost-sensitive comp-sum loss. This technique is novel and differs from
the approach used in the standard scenario (Section 3).

11
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5.3. Cost-Sensitive Constrained Losses

Motivated by the formulation of constrained loss functions in the standard multi-class classification,
we introduce a new family of surrogate losses, termed cost-sensitive constrained losses, which are
defined, for all (r,z,y) e Rx X x Y, by

chmd(r,x,y) = Z C(l‘, k;,y)q)(—’f'(l', ]C)),
keX

with the constraint that 3, .y r(z,y) = 0, where ®:R — R, is non-increasing. For example, when
®(t) = e7!, we obtain the cost-sensitive constrained exponential loss as follows:

(G (r,,y) = Y o, kyy)er ™M),
keX

with the constraint that 3,y 7(z,y) = 0. Similarly, we will use qu_hinge, Eﬁnge and Zp to denote the
corresponding cost-sensitive counterparts for the constrained squared hinge loss, constrained hinge
loss and constrained p-margin loss, respectively. Next, we show that these cost-sensitive surrogate
loss functions benefit from R-consistency bounds with respect to the target loss ‘.

Theorem 16 Assume that R is symmetric and complete. Then, the following R-consistency bound
holds for the cost-sensitive constrained loss:

Ex(r) = EX(R) + MFR) < Y(Egana (1) = Eana (R) + Meaina (R));
In the special case where R = Ry, the following holds:

82(70) - 8%(:}%311) < PY(EZCStnd (71) - 82);05“1(1 (Rau))7

where ~(t) = 2/t when 7estnd s either Efgd or qu_hinge; ~(t) =t when 7estnd s either Elinge or Zp

The proof is included in Appendix E.2. The second part follows from the fact that when R = Ry,
all the minimizability gaps vanish. In particular, Theorem 16 implies the Bayes-consistency of
cost-sensitive constrained losses. Note that while the constrained hinge loss and p-margin loss have a
more favorable linear rate in the bound, their optimization may be more challenging compared to
other smooth loss functions.

6. Experiments

Here, we report empirical results for our cardinality-aware algorithm and show that it consistently
outperforms top-k classifiers on benchmark datasets CIFAR-10, CIFAR-100 (Krizhevsky, 2009),
SVHN (Netzer et al., 2011) and ImageNet (Deng et al., 2009).

We adopted a linear model for the base model A to classify the extracted features from the
datasets. We used the outputs of the second-to-last layer of ResNet (He et al., 2016) as features
for the CIFAR-10, CIFAR-100 and SVHN datasets. For the ImageNet dataset, we used the CLIP
(Radford et al., 2021) model to extract features. We used a two-hidden-layer feedforward neural
network with ReLU activation functions (Nair and Hinton, 2010) for the cardinality selector 7. Both
the base model 5 and the cardinality selector r were trained using the Adam optimizer (Kingma and
Ba, 2014), with a learning rate of 1 x 1073, a batch size of 128, and a weight decay of 1 x 107°.

12
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Figure 1: Accuracy versus cardinality on various datasets.

Figure 1 compares the accuracy versus cardinality curve of the cardinality-aware algorithm with
that of top-k classifiers. The accuracy of a top- classifier is measured by E, ,y.s[1 — £ (h, 7, )],
that is the fraction of the sample in which the top-£ predictions include the true label. It naturally
grows as the cardinality k increases, as shown in Figure 1. The accuracy of the carnality-aware
algorithms is measured by E(, ). 5[1 b2y (h, T, y)], that is the fraction of the sample in which
the predictions selected by the model  include the true label, and the corresponding cardinality is
measured by E(, .. s[r(z)], that is the average size of the selected predictions. The cardinality

selector r was trained by minimizing the cost-sensitive logistic loss Eog (Eq. (3)) with the cost
c(x,k,y) defined as li(h,z,y) + AC(k), where X\ = 0.05 and C(k) = log(k). We began with a
set X = {1} for the loss function and then progressively expanded it by adding choices of larger
cardinality, each of which doubles the largest value currently in X. In Figure 1, the largest set K
for the CIFAR-100 and ImageNet datasets is {1,2,4, 8,16, 32,64}, whereas for the CIFAR-10 and
SVHN datasets, it is {1,2,4,8}. As the set X expands, there is an increase in both the average
cardinality and the accuracy.

Figure 1 shows that the cardinality-aware algorithm is superior across the CIFAR-100, ImageNet,
CIFAR-10 and SVHN datasets. For a given cardinality k, the cardinality-aware algorithm always
achieves higher accuracy than a top-k classifier. In other words, to achieve the same level of accuracy,
the predictions made by the cardinality-aware algorithm can be significantly smaller in size compared
to those made by the corresponding top-k classifier. In particular, on the CIFAR-100, CIFAR-10
and SVHN datasets, the cardinality-aware algorithm achieves the same accuracy (98%) as the top-k
classifier while using roughly only half of the cardinality. As with the ImageNet dataset, it achieves
the same accuracy (95%) as the top-k classifier with only two-thirds of the cardinality. This illustrates
the effectiveness of our cardinality-aware algorithm.

13
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7. Conclusion

We gave a series of results demonstrating that several common surrogate loss functions, including
comp-sum losses and constrained losses in standard classification, benefit from J{-consistency bounds
with respect to the top-k loss. These findings establish a theoretical and algorithmic foundation for
top-k classification with a fixed cardinality k. We further introduced a cardinality-aware framework
for top-k classification through cost-sensitive learning, for which we proposed cost-sensitive comp-
sum losses and constrained losses that benefit from J{-consistency guarantees within this framework.
This leads to principled and practical cardinality-aware algorithms for top-k classification, which we
showed empirically to be very effective. Our analysis and algorithms are likely to be applicable to
other similar scenarios.
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Appendix A. Proof of Lemma 4

Lemma 17 Assume that H is regular. Then, for any h € H and x € X, the best-in class conditional
error and the conditional regret of the top-k loss can be expressed as follows:

k
ey (H,x)=1- ;p(x, pi())

k
ACq, gc(h, x) = ;(p(:r, pi(2)) - p(x, hi(x))).

Proof By definition, for any h € JH and x € X, the conditional error of top-k loss can be written as
k
Co (hyx) = 3" (2, 9) Lygthy (2),. b ()} = L = 2, p(x, hi(2)).
yeYy i=1

By definition of the labels p; (), which are the most likely top-k labels, C, (h, x) is minimized for
hi(x) = kmin(x), i € [k]. Since H is regular, this choice is realizable for some h € H. Thus, we have

k
€, (9¢,2) = inf €y, (h,x) = 1= ) p(e.pi(2)).
€ i=1

Furthermore, the calibration gap can be expressed as

k
ACy, 3¢(h,r) =€y (h,x) - € (H,x) = ;(P(% pi(x)) —p(x,hi(z))),

which completes the proof. |

Appendix B. Proofs of J{-consistency bounds for comp-sum losses
B.1. Proof of Theorem 5

Theorem 5 Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the logistic loss:

€ (h) = €5, () + My (H) < k;zp*l(eglog(h) & (30 + leog(ﬂf)),

where ) (t) = % log(1-1¢)+ % log(1 +t), t € [0,1]. In the special case where Ay, (3) = 0, for
any 1 < k < n, the following upper bound holds:

Eq, (h) - &, (30) < hy* (€, (h) - € (30)).

Proof For logistic loss /1., the conditional regret can be written as

M=

ACq, 3c(h @) = 3 p(@,9)log(hy 2, y) = Inf 5 p(,y)og (1, 2, y)
y=1

1

Y

3

> p(z,y)liog(h,z,y) —inf > p(x,y)log(hui, 2,y),
y=1 “eRy=l
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where for any i € [k], h,(z,y) = log(eh(m’Pi(x)) +u) y=hi(z) Note that such a

log (™M) — 1))y = py(x).
choice of 7, ; leads to the following equality holds:

p(xvy)glog(haxvy) = Z p(xay)glog(hu,ivxay)‘
y¢{hi(@),pi(z)} y¢{hi(z),pi(z)}

Therefore, for any ¢ € [k], the conditional regret of logistic loss can be lower bounded as

A eh(ahi(z)) eh(@.pi(x))
Cpyop 3c(hy ) 2 =p(a, hi(z)) 10g(w) - p(z,pi(r)) 10g(m)

eh(m7pz(z)) + l’L eh(zvhl(m)) — ,"L
+ ilelﬂlg(p(f’?, hi(x))log(W) +p(z, Pi(x))log(m))

eh(z7pi(x)) + I eh(m7hl(x)) -

= sup(p(x, h;(z)) 10g(—eh(x,hi(a:)) ) +p(x,pi(x)) log( eh(z,pi(z)) ))

neR

By the concavity of the function, differentiate with respect to p, we obtain that the supremum is
p(@,hi(2))ehil) p(z,p;(x))e(=:Pil=)
p(,hi(z))+p(z,pi(x))

achieved by p* = . Plug in p*, we obtain

Aeglog,g{(h,x)

p(x,h;i(x)) eh(@hi(z)) | h(z.pi(z))
p(z,hi(x)) +p(z, pi(z)) eh(@.hi(@)) )
x,pi(x eh(@hi(z)) | h(z.pi(z))
+p(x,pi(z))log p(w,pi()) ——
p(x,hi(x)) + p(z,pi(z)) eh(z.pi(x))
2p(z, hi(z 2p(z, pi(x
p(x, hi(x)) )+p($7pi(x))log( p(x,pi(z)) )

p(z,hi(z)) + p(z,pi(z)) p(z,hi(z)) +p(z, pi(z))
(minimum is achieved when h(z, h;(x)) = h(x, p;(z)))

> p(a, hi<x>>1og(

> p(z, hi(fv))log(

let S’L = p(xa pl(x)) +p(.’B7 h’L(‘T)) and A’L :p(ﬂf, pl(x)) —p(ﬂ?, hz(w)), we have
Sz—AZ Sl—Az Sl+Al SZ+A1
log( )+ log( )

2 SZ 2 Sz
! ‘QAZ' log(1 - Aj) + 12
= Y(p(z, pi(2)) = p(z, hi(2))),

where ¥ (t) = % log(1-1t)+ % log(1+t),t € [0,1]. Therefore, the conditional regret of the top-k
loss can be upper bounded as follows:

Aezlog,ﬂf(hv .’E) 2

>

log(1+ A;) (minimum is achieved when S; = 1)

k
ALy 3¢(h, ) = ;(p(x, pi(2)) ~p(w,hi(2))) < kv~ (ACy,, 5¢(h, 2))-

By the concavity of 1)1, take expectations on both sides of the preceding equation, we obtain

€4, (h) = €7, (F0) + My, (30) < k™ (€4, (1) = €7, (3) + My, (3)).
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The second part follows from the fact that when Aglog(fH ) = 0, the minimizability gap Mo, ()
vanishes. |

B.2. Proof of Theorem 6

Theorem 6 Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the sum exponential loss:

€1, (1) = €3, (90) + N, (36) < k™ (Eamo () — Eame (36) + Myegn (30,

where 1(t) =1-V1-1? t €[0,1]. In the special case where Acomp (H) = 0, forany 1< k <n,
the following bound holds:

€4, (h) = €7, (30) < k™ (€ ggome (h) = Efeoms (30)),

Proof For sum exponential loss ngg , the conditional regret can be written as

n

ACgomp g (h, z) = Zp(x Ylegp” (h,z,y) —,ilggff Zp(w,y)ﬁ‘éi?p(h,x,y)

y_
ZP(UC Wlep” (h2,y) - Inf Zp(w Wlexp” (hyuir ,y),
y:
where for any ¢ € [k], hyi(z,y) = log(eh(x’pi(x)) +u) y=hi(z) Note that such a

log (M@ ) — )y = pi(x).
choice of h,, ; leads to the following equality holds:

> pa )P (hxy) = > ()l (b, y).
y¢{hi(z),pi(z)} y¢{hi(z),pi(x)}

Therefore, for any i € [k], the conditional regret of sum exponential loss can be lower bounded as

mp T ex z,y p(z,hi(z)) + p(z,pi(2))
ACgomp ¢ (h, )Zy% p(h( 7y))|:exp(h(x,hi(:r))) EXP(h($7pi($))):|

S e (B! p(,hi(=)) p(z,pi(x))
*iﬂﬁ( 2 el ’y))[expw(x,pi(:c))w+exp<h<x,hi<x>>>—u])'
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By the concavity of the function, differentiate with respect to u, we obtain that the supremum is
exp[h(z,hi(2)) 1V/p(z hi(z))—exp[h(z,pi(z))]\V/p(z,pi(z))

achieved by p* = . Plug in ¥, we obtain

Aezcomp g_c(h, ﬂj)

exp

2
| PG i) i) (Ve@hi(@) + V(e pi(@))
> 2 exp((e0)| o e h@)) * exp(h(a, pu(@))) ~ exp(hle (@) « exp (e, ()

R () + [ 10 SRR ) - (VGG + o)

(Syrey exp(h(z,y')) 2 exp(h(x, pi(x))) + exp(h(w, hi(x))))
2
> 2p(@, hi(2)) + 2p(w, pi(2)) = (Vp(w, hi(2)) + (@, pi(2)) )
exp(h(.pi(x))) _ 4

(minimum is attained when sph@hi@)) = )

let S; = p(x,pi(x)) + p(x,hi(x)) and A; = p(x, pi(x)) — p(x, h;(z)), we have

2
Si + Az Sz - Az
Aezgigﬂpﬂ{(h,$) >25; - (\/ 5 + \/ 5 )

2
(1+2)7+(1-A):
2

>2|1-

(minimum is achieved when .S; = 1)

11— (A))?
=Y(p(z, pi(z)) - p(z,hi(x))),

where ¢(t) =1-+V1-1t2,t€[0,1]. Therefore, the conditional regret of the top-k loss can be upper
bounded as follows:

k
A4 () = Y (p(w. i) = plahi(2)) < k™ (ACygome o (h, ) ).

By the concavity of 1), take expectations on both sides of the preceding equation, we obtain
€ (h) = €7 (H) + My, (H) < kufl(eggggp(h) = € jeomp (30) + Mggggip(g‘f)).

The second part follows from the fact that when A gcomp () = 0, the minimizability gap WM ycomp (3()
vanishes. |

B.3. Proof of Theorem 7

Theorem 7 Assume that 3 is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the mean absolute error loss:

€, (h) = &5 (F) + My, (3() < kn(c‘lg (h)-&;

mae (

) + My, (30)).-

mae

In the special case where Apae(H) =0, for any 1 < k < n, the following bound holds:
€, (h) - &5, (30) <kn(Eq,..(h) - &, (90)).
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Proof For mean absolute error loss #y,,,¢, the conditional regret can be written as
n n
Ay, 5¢(hx) = Y p(x,y) bmac(h, ,y) — inf > 2(2,y) bmac(h, ,y)
=1 y=1

Yy
2 Z (2, y)lmac(h, z,y) — inf Zp(mv Y)lmae(Ppwis T, Y),
y=1 “ERyzl

where for any i € [k], hy,i(z,y) = log(eh(x"’i(‘”)) +u) y=hi(z) Note that such a

log (M@ ) — )y = pi(x).
choice of h,, ; leads to the following equality holds:

Z p(xuy)gmae(haway) = Z P($>y)€mae(hu,ia$>y)~
yé{hi(z),pi(z)} y¢{hi(z),pi(z)}

Therefore, for any ¢ € [ k], the conditional regret of mean absolute error loss can be lower bounded as
Aeémac,g{(h7 x)

> p(x, hz(x))(l -

exp(h(eb @) \, o exp(hepi()
zy,eyexp(hu,y')))*p( Pl ))(1 zyfeyexp<h<x,y'>))
e @) —p) o esp(hpde)
Zy/eyexp(h(%y’))) pla hi( ))(1 Yyeyexp(h(z,y')) ))

+ sup(—p(:c, pz(x))(l
R

e

By the concavity of the function, differentiate with respect to i, we obtain that the supremum is
achieved by p* = —exp[h(x, p;(x)]. Plug in ¥, we obtain
Aeemaeﬂ{(h’ .’E)
exp(h(z,hi(z))) exp(h(z, hi(z)))
Zy’eH exp(h(m,y’)) Zy’e‘j exp(h(a:,y’))

(p(x,pi(x)) ~ p(x,hi(2))) (a2 %)

2 p(z,pi(z)) p(z,hi(z))

>

SN

Therefore, the conditional regret of the top-k loss can be upper bounded as follows:

k
ACyy gc(h, ) = 3 (p(x, pi(2)) = p(x,hi(2))) < kn(ACq,,. 5¢(h, ).
i=1
Take expectations on both sides of the preceding equation, we obtain
Eﬁkz(h’) - Ezk(g{) + Mﬁk (9{) S kn(gémde(h) - gzmae(g{) + Mﬁmae (9{))

The second part follows from the fact that when A,_,_ (%) = 0, the minimizability gap My,_,_(H)
vanishes. |

mae
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B.4. Proof of Theorem 8

Theorem 8 Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the generalized cross-entropy:

€0, (h) = €7, (30) + My, (30) < kp™ (€ (B) = €7, (30) + My, (1)),

gece

a1 1 ql-a
where 1(t) = #[[(IH) — g(l_t) — ] - 1], forall a € (0,1), t € [0,1]. In the special case
where Ay, (30) =0, for any 1 < k < n, the following upper bound holds:

€0, (h) = &}, (30) <k (&4, (h) - &, (50)),

Proof For generalized cross-entropy loss £gce, the conditional regret can be written as

Aeégce,ﬂ'((h7 .'13)

= Zp(l',y)egce(h,.%',y) - lnf Zp(xﬂl/)ggce(haxay)
y=1

y=1 heH /=
Z Zp(wv y)ggce(haxa y) - lnf Z p(x7y)£gce(h,u,i7‘ray)a
y=1 “eRy=1
h(l‘,y), y¢{pz(x)vhz(x)}
where for any i € [k], h,i(z,y) = log(eh(I’pi(x)) +p) y=hi(z) Note that such a

log ("™ ™)) — 1)y = py(a).
choice of h, ; leads to the following equality holds:

Z P(%y)ggce(ha%y) = Z p($,y)€gce(h#7i,$,y).
yethi(z).pi(z)} yéthi(z).pi(z)}

Therefore, for any i € [k], the conditional regret of generalized cross-entropy loss can be lower
bounded as

aAGggwg{(h, Hf)

([ @) T, (T exphepda) |
> Pl hi( ”(1 [zyleyexp(hw,y'))] )”“ L ”(1 [zyfeyexpw,y'))])

i1 [t @) s (L [exp((a hi())) - p ]
*i‘iﬁ( pla:hil ”(1 [zy,eyexp(hu,y')) ] ) Pl pil ”(1 [zy,eyeXp<h(x7y'>) ] ))
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By the concavity of the function, differentiate with respect to p, we obtain that the supremum is

_1_ _1_
_ exp[h(x,hi(x))]p(x,pi(w))alfl —eXP[h(xvpi(?))]p(df,hi($))0‘71 . Plug in 11*, we obtain
p(x;hi(2)) =T +p(x,pi(2)) =T

achieved by p*

OéAeggcc,g{(h, $)

[exp(h(z, hi(2))) + exp(h(z, pi(2)))]p(@, pi(w)) _p(x,hi(m))[ exp(h(z, hi(2))) ]
Yyey exp(h(z,y)) [p(a, hi(2)) 7 + p(z, pi(x)) 7 | Zyey xp(hz,y))

> p(z,hi(z))
[exp(h(,hi(w))) + exp(h(a, pi(2)))]p(, hi(@)) = a_m pi($))[ exp(h(z,pi(2))) ]
Syeyexp(h,y")) | pla, hi(2)) 5T + p(a, pi()) =7 | Zyrey xp(h(z, ")

+p(z,pi(2))

qo

2p(z, pi(x))at
| p(,hi(2)) 7T + p(a, pi(x)) =T |

2p(ar, hy()) a1 i
| p(2,hi(2)) T + pla, pi(z))aT |

(( ;;S;Zg’(iz((—ff»)y)')))) > n% and minimum is attained when —iiigzgﬁzgggg =1)

> nia(p(:v,h,(x)) - p(z, hz(l’)))

- nia(pu, pi(2)) ol pi<x>>)

let S; = p(z,pi(2)) + p(x,hi(x)) and A; = p(x, pi(x)) — p(x, hi(x)), we have

_ 1 9l
1 ( (Si+A)TF +(S; - A)T=
2

Aeggcc’}((h, l’) >
an®

2

2

an®

- 1
1 ( (1+A)Ta + (1= A=

(minimum is achieved when .S; = 1)

= P(p(z, pi(2)) - p(x, hi(x))),

an®

1 1 ql-o
where ¢(t) = —L+ [(1+t)m;(1—t)1—7 ] - 1], t € [0, 1]. Therefore, the conditional regret of the

top-k loss can be upper bounded as follows:
& 1
ACq, gc(h,x) = 3 (p(x, pi(2)) = p(x, hi(2))) < k™ ALy, 3¢(h, 7).
i=1

By the concavity of /!, take expectations on both sides of the preceding equation, we obtain
gek (h) - Egk (j_(:) + Mzk (g-f) S kw_l(gegce (h) - gz.gce (j-c) + Mégce(g{))'

The second part follows from the fact that when Ay, (H) = 0, the minimizability gap My, (3)
vanishes. |
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Appendix C. Proofs of realizable J{-consistency for comp-sum losses

Theorem 12 Assume that H is closed under scaling. Then, {\,g, fg;glp, loce and Ui qe are realizable
H-consistent with respect to £y_1.

Proof Since the distribution is realizable, there exists a hypothesis i € H such that

Pay)~n (W (z,y) > b (2, ha(2))) = 1.

Therefore, for the logistic loss, by using the Lebesgue dominated convergence theorem,

M, (F) < &7, (30) < hm (C,gl  (Bh) = hm log[1+ )’ P (@y)=h" (@)

y'#y

For the sum exponential loss, by using the Lebesgue dominated convergence theorem,

Mgcomp(%)<eecomp(}c)< lim &peonr (5h) = lim 3 P @y)=h @) — ¢,

B—+o0 Y'Yy

For the generalized cross entropy loss, by using the Lebesgue dominated convergence theorem,

B—+o0 (¥ y’Ey

Mfgce(:]{) (g.() < hm Elgce(/@h) - lim _[1 _ 2 B (@y)=h* (z.y)) ] =0.

For the mean absolute error loss, by using the Lebesgue dominated convergence theorem,

- 4-1

- bm 1- Bk (y)-h* @) | _ .
(5 = Jim 1= 2 e 0

mae mae

() <& (30 < lim &
B—+oc0

Therefore, by Theorems 5, 6, 7 and 8, the proof is completed. |

Appendix D. Proofs of J{-consistency bounds for constrained losses
D.1. Proof of Theorem 13

The conditional error for the constrained loss can be expressed as follows:

eécsmd(hax) = ip(xvy)g(jﬁnd(hwr?y) = ip(:c,y) Z (b(—h(l',y,)) = Z(l —p(a:,y))@(—h(x,y)).

y=1 y=1 y'+y yey

Theorem 13 Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the constrained exponential loss:

1
Efk(h) Ezk (:}C) +Mzk(%) < 2k (Egcstnd(h) gfcatnd (j{) +M€g§(tpnd (j{))2

In the special case where Agg%,d (H) =0, for any 1 < k < n, the following bound holds:
1
€0, (h) - €, (30) < 2% (€ gesa () - ezcsmd(}o) 2
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Proof For the constrained exponential loss egffpnd, the conditional regret can be written as

M=

Aezgf{tp“d,ﬂ{(h>$) = p($7y)€§f(gld(hv x7y) - }llngf% Zp(xay)ggit;ld(hv a:,y)
S}

y=1
> 3 p(a,y)lan (hya,y) —inf 3 p(z,y) by (b, e, y),
y=1 MER?le
where for any i € [k], hyi(x,y) =1 h(z,pi(z)) + 1y =hi(z) Note that such a choice

h(z,hi(z)) - p y=pi(z).
of h,; leads to the following equality holds:

p(, )R (ha,y) = > p(a, )0 (b, @, y).
v (hi () pi(2)} ye(hi (2).pi(x))

Let g(z,pi(x)) =1 - p(x,pi(z)) and g(x,h;(x)) =1 — p(x, h;(z)). Therefore, for any i € [k], the
conditional regret of constrained exponential loss can be lower bounded as
Aeegitpndg.f(h, x)

; A h(z,pi(2)) _ Jh(@:hi(z))-p . h(z,hi(z)) _ h(@,pi(z))+p
> é?}ffiliﬂ%{q(x’ |t>z(»’6))(e e ) +q(z, hz(l’))(e € )}

2
= (\/q(az, pi(2)) - Va(z, hz(ar))) (differentiating with respect to u, h to optimize)

( a(a.hi(2)) - g(a,pi(2)) )

Va(z,pi(z)) +v/q(z, hi(z))
(q(z,hi(2)) - q(z, pi(x)))? (0<q(z,y) <)

(p(x,pi(x)) - p(x,hi()))*.

[\

[ING TN

Therefore, by Lemma 4, the conditional regret of the top-k loss can be upper bounded as follows:

N|=

k
Aegk,ﬂf(hv‘r) = ;(p(l‘, pz(x)) _p(l', hz(l‘))) < Zk(AGggi%nd7H(h,x)) .

By the concavity, take expectations on both sides of the preceding equation, we obtain

1
Eg, (h) = €], (30) + My, (3) < 20 ( € egipa (h) - atna (H) + Mygpna (30))".

The second part follows from the fact that when A esina () = 0, we have Mesna (H)=0. [ |
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D.2. Proof of Theorem 14

Theorem 14 Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the constrained squared hinge loss:

esq—hinge

1
(g—c) + Mesqfhingc (j{)) ’ °
(H) =0, for any 1 < k < n, the following bound holds:

1

Eﬁk (h) - Szk (9‘(:) S Qk (8£sq—hinge (h) (cjgsq hlnge( ))

Proof For the constrained squared hinge 10ss £5q_pinge. the conditional regret can be written as

Ezk(h) - Ezk (j{) + Mgk(g{) S Qk (gesqfhingc(h) - 8

In the special case where Aesq—hingc

Aegsq hmgmj}[(h x) = Zp(m Y)sq-ninge (P, x,y) — mf Zp Z, Y ) lsq-hinge (N, T, 1)
y=1

3

Z (1' y)‘gsq hlnge(h €T y) 1nf Zp(x y)gsq hlnge(h,u iy L, y)
y=1

where for any i € [k], hy,i(x,y) = h(z,pi(z)) +p  y=hi(z) Note that such a choice

h(z,hi(z)) - p y=pi(z).
of h,; leads to the following equality holds:

Z p(xay)esq—hinge(haxay) = Z p(xay)gsq—hinge(hu,iyajay)'
yé{hi(x),pi(z)} y¢{hi(z),pi(z)}

Let g(z,pi(x)) =1 -p(x,pi(x)) and ¢(z,h;(z)) =1 - p(z, h;(z)). Therefore, for any i € [k], the
conditional regret of the constrained squared hinge loss can be lower bounded as

ACq e t(hs 7) 2 ,gngf{sup{q(x,pi(x>)(max{o, L+ h(a, pi(2))}* = max{0, 1+ h(z, hi(x)) - u}?)
U peR

+q(z, hi(2))(max{0,1 + h(z, hi(2))}? - max{0,1 + h(z, p;(z)) + p}2)}

> +(a(pi() - g, hi(0)))?

(differentiating with respect to u, h to optimize)

= (p(,pil) - p, ha()))?

Therefore, by Lemma 4, the conditional regret of the top-k loss can be upper bounded as follows:

M\»—\

A€y, gi(h, ) = Z;(p(m ,pi(2)) = p(2,hi(2))) < 2k(ACe . ¢ (hy 7)) 2.

By the concavity, take expectations on both sides of the preceding equation, we obtain

(h)-&;

sq—hinge

(30) + Mésqfhinge ([]—[))% .

The second part follows from the fact that when the hypothesis set I is sufficiently rich such that
(H) =0, we have M,_ (F)=0. [ |

€4, (h) - €7, (30) + My, (3¢) < 2k(&

sq—hinge

bq hinge sq—hinge
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D.3. Proof of Theorem 18

Similarly, we study the constrained hinge loss, defined as pinge (h, 2,y) = X,z max{0, 1 + h(z,y")}.
The following result shows that £p,;,g. admits an H-consistency bound with respect to £;. The second
part follows from the fact that when the hypothesis set I is sufficiently rich such that Ay, (H) =0,
we have Mghinge (3() = 0. Different from the constrained squared hinge loss, the bound for ,jnge
is linear: &g, (h) - & inge (H) <e = &y (h) - & (H) < ke This also implies that £pinge is
Bayes-consistent with respect to £.

Theorem 18 Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the constrained hinge loss:

€0, (h) = €7,(30) + My (30) < (&0, (B) = €], (30 + Moy, (30)).
In the special case where Ay, (H) =0, for any 1 < k < n, the following bound holds:

8@)@ (h) - 8zk (j{) < k(gghinge(h) - 8;-hinge (j{))

Proof For the constrained hinge loss /},gc, the conditional regret can be written as

M=

A@ehinge,%(h, .’L‘) = p(ffa y)ﬁhinge(ha z, y) - }llngf{ Z p(l‘, y)ghinge(ha €, y)
Mo

1

Yy

3

2 p($, y)ghinge(ha z, y) — inf Z p(ZL’, y)ghinge(hu,ia z, y),
y=1 MERy:I

where for any i € [k], hyi(x,y) =1 h(z,pi(z)) +p  y=hi(z) Note that such a choice

h(z,hi(x)) -y =pi(z).
of h,; leads to the following equality holds:

Z p(xay)ghinge(hvxay) = Z p(xvy)éhinge(hu,iaxyy)'
y¢{hi(x),pi(z)} yg¢{hi(z),pi(z)}

Let g(z,pi(x)) =1 -p(x,pi(x)) and ¢(z,h;(x)) =1 - p(z, h;(z)). Therefore, for any i € [k], the
conditional regret of the constrained hinge loss can be lower bounded as

Aeﬁhinge,%(ha x) > }ilncffsup {q(:c, pi(x))(max{0,1+ h(x,p;(x))} - max{0,1 + h(xz, h;(z)) — u})
€ peR

+q(z,hi(x))(max{0,1+ h(x,h;(z))} - max{0,1 + h(z,p;(x)) + u})}
> q(x,hi(x)) - q(z, pi(x)) (differentiating with respect to y, h to optimize)
=p(z,pi(x)) - p(z, hi(z))
Therefore, by Lemma 4, the conditional regret of the top-k loss can be upper bounded as follows:
k

ACy, (b, x) = Z;(p(x, pi(2)) - p(x,hi(x))) < kACy,, . 5c(h, ).

1=
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By the concavity, take expectations on both sides of the preceding equation, we obtain
€0, (h) = €7,(30) + My (30) < (&0, (B) = €], (30 + Moy, (30)).

The second part follows from the fact that when the hypothesis set  is sufficiently rich such that
‘Aehinge(j{) = 0, we have thinge (H) =0. |

D.4. Proof of Theorem 19

The constrained p-margin loss is defined as £,(h,z,y) = ¥, min{max{0, 1+ h(z,y")/p},1}.
Next, we show that that £, benefits form H-consistency bounds as well. The second part follows
from the fact that when the hypothesis set J{ is sufficiently rich such that A, (}) = 0, we have
My, (3() = 0. As with the constrained hinge loss, the bound for /,, is linear: €, (h) - 82‘p(9’() <e=
€y (h) = &}, (H) < ke. As aby-product, £, is Bayes-consistent with respect to £

Theorem 19 Assume that H is symmetric and complete. Then, for any 1 < k < n, the following
H-consistency bound holds for the constrained p-margin loss:

€, (h) = &7, (30) + My, () < k (&4, () = €] (H) + My, (H0)).
In the special case where Agp(}[) =0, for any 1 < k < n, the following bound holds:
Eq,(h) = &5, (F0) <k (€, (h) - € (30)).
Proof For the constrained p-margin loss £, the conditional regret can be written as

A€y, 5¢(h,x) = Y p(x,y)lp(h,z,y) - inf > p(z,y)lo(h,z,y)
y=1

y=1

> p(z,y)ly(h,z,y) —inf Y p(z,y)l(hui z,y),
y=1 “ERyzl

where for any i € [k], hyi(x,y) =< h(z,pi(x)) +p y=hi(x) Note that such a choice
h(z,hi(z)) - y=pi(z).
of h,,; leads to the following equality holds:
Z p($,y)‘€p(h,$,y) = Z p(xvy)ép(hu,iaxay)'
y¢{hi(z),pi ()} y¢{hi(z),pi(z)}
Let g(z,pi(x)) =1 -p(x,pi(x)) and ¢(z,h;(z)) =1 - p(z, h;(z)). Therefore, for any i € [k], the
conditional regret of the constrained p-margin loss can be lower bounded as

Aegmg{(h,x)
> inf sup {q(a:, pi(x))(min{maX{O, 1+ M}, 1} - min{maux;{()7 1+ w}, 1})
he p

€7t peR p

+q(x, hi(x))(min{max{o, 1+ M}, 1} - min{max{(), 1+ w}, 1})}

p p
> q(z,hi(z)) —q(z,pi(x)) (differentiating with respect to y, h to optimize)

= p(z,pi(2)) - p(z, hi(x))
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Therefore, by Lemma 4, the conditional regret of the top-k loss can be upper bounded as follows:

!
ACy, 5c(h,z) = ;(p(l“a pi(7)) —p(z,hi(x))) < kACq, 5¢(h, x).

By the concavity, take expectations on both sides of the preceding equation, we obtain
Eq, () = €7, (30) + My, (30) < k(Eq, (h) - €], (30) + My, (30)).

The second part follows from the fact that when the hypothesis set J{ is sufficiently rich such that
Ag,(3) = 0, we have My, () = 0. [ |

Appendix E. Proofs of R-consistency bounds for cost-sensitive losses

We first characterize the best-in class conditional error and the conditional regret of the target
cardinality aware loss function (2), which will be used in the analysis of R-consistency bounds.

Lemma 20 Assume that R is symmetric and complete. Then, for any r € X and x € X, the best-in
class conditional error and the conditional regret of the target cardinality aware loss function can be
expressed as follows:

CH(R,2) = min Y p(z,y)e(a, k,y)
keX yeY

ACy 5¢(r,x) =Y p(x,y)c(z, r(x),y) - min Y p(z,y)e(w, k,y).
yeY X ey

Proof By definition, for any r € R and = € X, the conditional error of the target cardinality aware
loss function can be written as

Colr,z) = Z p(x,y)e(z,r(x),y).

yeY

Since R is symmetric and complete, we have

k
Cx(r,x) = ;}Elgf{y%p(x,y)dﬂz r(z),y) = gle%;p(:r,y)f/’(% k,y).

Furthermore, the calibration gap can be expressed as

AGZJ—C(T’ r) = Cy(r,z) - @%(93, x) = ij(@ y)e(x,r(z),y) - I]ile{l Zép(x, y)e(x, k,y),
ye ye

which completes the proof. |
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E.1. Proof of Theorem 15

For convenience, we let ¢(z,k,y) = 1 - c(z,k,y), @(x, k) = Xyeyp(z,y)c(x, k,y) € [0,1] and
er(@,k)

S(x, k) = S We also let kin (7) = argmingy (1 - q(z, k)) = argmingy ¥yey p(z,y) (2, k, y).

Theorem 15 Assume that R is symmetric and complete. Then, the following R-consistency bound
holds for the cost-sensitive comp-sum loss:

E7(r) = EH(R) + MHR) < ¥(Egcomp (1) = Eeomp (R) + Mieomp (R));
In the special case where R = Ry, the following holds:
E7(r) = Ex(Ran) < V(Egomp (1) = €5y (Ram))

where y(t) = Qﬁ whe;l?comp is either Eog or 272?(3“’; v(t) = 2¢/nt when feomp g Z;Ce,' and
~(t) = nt when £°™P is lye.

Proof CaseI: / = Eog. For the cost-sensitive logistic loss Eog, the conditional error can be written as

er(m,k)
Cq, (@) == plz,y) ) &z, k.y) bg(z—) == 3 log(8(x, k))g(z, k).

k/
yey Jeek prex €7 (k) fek

The conditional regret can be written as

AC; (o) = - ¥ log(8(e, k)l k) - ;ggg(— 5 1og(s<x,k))a<x,k>)

keX keX

>— > log(8(x,k))q(x, k) - inf (— log(8,,(xz,k))q(x, k ),
> log(8(r kN k) -~ (S a8t k)G k)
S(ZL',y), Yy ¢ {kmin(x)’r(w)}
where for any z € X and k € K, 8,(,k) = { 8(x, kmin(z)) + 1y =r(x) Note that

5(%"(@)‘# y:kmin(x)'
such a choice of 8, leads to the following equality holds:

. log(8(x,k))q(x, k) = 2 log(8,.(z, k))g(z, k).

k¢{r(z) kmin ()} ke{r(z) kmin ()}

Therefore, the conditional regret of cost-sensitive logistic loss can be lower bounded as

ACq  ac(hyx) 2 sup {q(%k‘min(x))[—log(s(%kmin(x))) +log(8(x,r(2)) — )]
& pe[=8(x,kmin(x)),8(z,r(x))]

+q(x,r(2))[-log(8(x,r(x))) +1log(8(x, kmin(x)) + u)]}-
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By the concavity of the function, differentiate with respect to u, we obtain that the supremum is

achieved by p* = q(“(z))8(g(’;(’ir)n)ji“;’)ﬁ%i(‘;(f()g)8)(:”’]“““(I)). Plug in p*, we obtain

A A g’j{(hax)

(82, r(2)) + 5(2 hnin ()72 Kugin ()
(2 Fonin (2)) (@ () + (2 7(2)))
(82,1 (2)) + 5(2 hin(2)))7 ()
8, () (@ K () + 2, (@)
2q(z, kmin(z)) 7 (e o 2q(z,r(x))
20 e (2)) + @ r(a)) + D08 G ) + ae (@)

(minimum is achieved when 8(x,r(z)) = 8(x, kmin(x)))

> q(x, kmin (7)) log

+q(z,r(x))log

> q(x, kmin(2)) log

. (@(z,r(x)) — G(, kin(2)))*
~ 2(q(z,r(2)) +G(~’E kmm(ﬂf)))
(a log 5+ blog 2> a+b > gU(L 2) ,Va,be[0,1] (Mohri et al., 2018, Proposition E.7))

. (@@, r(@)) o () |
- 4

0 <q(x,r(x)) +q(z, kmin(z)) < 2)

Therefore, by Lemma 20, the conditional regret of the target cardinality aware loss function can be
upper bounded as follows:

1

AC7yo(r,) = 7w, hin(2)) = T, r(2)) < 2(ACF4(r, ))?.

By the concavity, take expectations on both sides of the preceding equation, we obtain
1

Er) - EX(R) + M(R) < 2(82;10%(7") —EL () + Mg (9%))5.

The second part follows from the fact that Mz (Ran) = 0.
og

Case II: ¢ = (3, *. For the cost-sensitive sum exponential loss zgig‘p, the conditional error can

be written as

ecomp(’r z) =Y p(z,y) >, e(z, k,y) D, er(@R)—r(@k) - Z( LI 1)6(1:,/{).

yey keX k'+k! rac\S(z, k)

The conditional regret can be written as

ACgomn g(r,a) = ¥ (ﬁ . 1)q(x,k) _ g( 5 (Wlk) _ 1)q(m,kr))

keX keX
1 1
> -1)q(x, k) - inf ( ( —1)6 x, k ),
kEZK(S(:v,k) ) (5:1) He[=8(@ kmin (7)) 8(2,r(2))] k% Su(x, k) (5.1
S(ZL',y), y¢{km1n(x)’r($)}
where for any z € X and k € K, 8,(z,k) = { 8(x, kmin(z)) + 1y =r(x) Note that

5(%"(@)‘# y:kmin(x)'
such a choice of 8, leads to the following equality holds:

L l)q(:n,k) -

1
Z (
k¢{r(x),kml (I)} .S(:L’, k)

e
ké{r(x),kmin(x)}( S#(l’, k)
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Therefore, the conditional regret of cost-sensitive sum exponential loss can be lower bounded as

1 1
ACocomp (b, x) > sup {6(1", kmin(fﬂ))[ - ]
fexp” pe[=8(x,kmin(x)),8(x,r(x))] S(l" kmin(l')) 5(%, r(m)) H

+q($7r(x))[8(x,r(w)) ~ 8(@ kmin(2)) HL]}.

By the concavity of the function, differentiate with respect to p, we obtain that the supremum is
. * _ V E(x,r(x))S(:r:,r(a:))— V g(xzkmin(x))s(xykmin
achieved by yu” = VA Fin () /a1 (0)
Aez’compyi}{(h, x)

exp

(@) Plug in p*, we obtain

" 8@ k(@) S(er(@))  S(@ kwn(2)) + 8(z,1(x)))
2
> (Va(e, k() = Va(z, r(@))))

(minimum is achieved when 8(x,r(x)) = 8(z, kmin(z)) = %)
5 (@(x,r())) = G(&, kmin (2)))° i
(VaG.r@)) + Ve, k()

o @(,r(2))) =7, kuin(2)))*
a 4

e kuin(@) | dr(@)) (VI @) + Ve, @)

(Va+vb<2,Va,be[0,1],a+b<2)

Therefore, by Lemma 20, the conditional regret of the target cardinality aware loss function can be
upper bounded as follows:

1

ACq (1. @) = A, kunin(2)) = U, 1(2)) < 2( ACqromn 5 (r.2) )

By the concavity, take expectations on both sides of the preceding equation, we obtain

1
* % 2
Ex(r) - EX(R) + MAR) < 2(82§§§p(r) ~ o (R) + Mz«gigp(m)) ,

The second part follows from the fact that Mzeomp (Ran) =0.
exp

Case III: 7 = @Ce. For the cost-sensitive generalized cross-entropy loss che, the conditional
error can be written as

1 er(@,k) @ 1

¢z (T’,l'): p(x7y) E(.’E,k’,y)—(l—( 7 ) ):_ (l—S(x,k)a)q(x,k)
Lgce yZe;d Ig{ a Zk’eﬂ{ er(x,k ) a k%):C

The conditional regret can be written as

NG () = 3 (1= 8(e, k) ) ) - ;ggg(é S (1- 8z, k) Ya(x, k))

keX keX

1 1
> — 1-8(x,k))q(x, k) - inf — 1-8,(x,k)")q(x, k)|,
ak%:{( (. k)l k) ME[—S(w,kmin(l‘))75(w,r(x))](04 k%:c( e, K))aC ))
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S(ZL',y), y¢{km1n(x)’r($)}
where for any z € X and k € K, 8,(,k) = { 8(x, kmin(z)) + 1y =r(x) Note that

5(%"(@)‘# y:kmin(x)'
such a choice of 8, leads to the following equality holds:

LS -8k = N = (18w k)l k).

ke {r(z) kmin (2)} & keX kg {r(2) kmin (z)} & ke

Therefore, the conditional regret of cost-sensitive generalized cross-entropy loss can be lower
bounded as

1 _ o o
Al g(hyx) =~ sup {Q(xakmin(x))[_s(x7kmin($)) +(8(z,r(2)) = 1)"]
. O pue[~8(@kimin (2)) 8 (.1(x))]

+q(x,r(2))[-8(x,r(2))" + (8(2, kmin(2)) + M)a]}-

By the concavity of the function, differentiate with respect to p, we obtain that the supremum is
G0 (2)) T3 8 (2,0 (2)) (2 bomin () T3 S )

achieved by u* =
s 7 kg () T8 +3(r(2)) T

min(®)) plug in 1i*, we obtain

Aezrgceﬂf(h, :E)

> é(S(x, r(z)) +8(x, kmin($)))a(§(:n, kmin(m))ﬁ +q(x, r(m))ﬁ)

= (0. i ()3 i ()" = 0 7(@))8 ()"
> 27 (2 Fain (0) 5 2 r@) ) T = G i) - 3 (0))]

an®

-«

(minimum is achieved when 8(x,r(z)) = 8(z, kmin(z)) = %)

> (G(JJ, I’(Q?)) _a(kamin(x)))z.

4ne

1 1

1 1 \1l-«
((%) — 4> 2 (q-b)2 Va,be[0,1],0<a+b< 1)

Therefore, by Lemma 20, the conditional regret of the target cardinality aware loss function can be
upper bounded as follows:

1

ACqy(r,) = (., kuin(x)) ~(z,r(2)) < 207 (AC7, g (r.2))".

By the concavity, take expectations on both sides of the preceding equation, we obtain

Ex(r) — EH(R) + M{(R) < 2n% (Ezgce(r) & (R)+ Mzgce(az))?

The second part follows from the fact that J\/[Zyg . (Ran) =0.

CaselV: /= Zmae. For the cost-sensitive mean absolute error loss ENmae, the conditional error can
be written as

er(x,k’)
e[mae(r7$) = Zp(x,y) Z E(xakay)(l - (—)) = Z (1 —S(x,k))q(x,k)

k/
b=y ek Y pre €7 (@K ek
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The conditional regret can be written as

A, () = 3 (18 ) ) - nf( $(1- a0t b))
’ keX reR\ ke
> 1-8(x,k))q(x, k) - inf 1-8,(x,k))q(z, k)|,
TS (508G n)
8($7y)> y¢{km1n($)’r($)}
where for any z € X and k € K, 8,(,k) = { 8(@, kmin(z)) + 1y =r(x) Note that

S(x,l’($))—/1, y:kmin(x)'
such a choice of 8, leads to the following equality holds:

Z (1 - ‘S(:Ua k‘))ﬁ(ffa k) = Z (1 - S#($a k‘))ﬁ(ffa k)

keX keX
Therefore, the conditional regret of cost-sensitive mean absolute error can be lower bounded as

ACy,,.oc(h ) 2 sup {5(37, Fmin(2))[=8(2, kmin()) + 8 (2, r(x)) — ]
,LLE[*S(m,kmin(x))vs(m’r(x))]

e )50 () + 80 (0) ]
By the concavity of the function, differentiate with respect to p, we obtain that the supremum is
achieved by p1* = ~8(, kmin(2)). Plug in 11*, we obtain
Aezmae;}((h, x)
> (@, kmin(2))8(z, r(2)) - gz, r(2))8(z, r(x))
> %(6(:0, kmin(x)) —q(x,r(x))). (minimum is achieved when 8(x,r(z)) = %)

Therefore, by Lemma 20, the conditional regret of the target cardinality aware loss function can be
upper bounded as follows:

ACzg(r,x) = (%, kmin(2)) - q(z,r(x)) < n(AeZmﬁ(r, m)),

By the concavity, take expectations on both sides of the preceding equation, we obtain

Ex{r) — EX(R) + Mp(R) < n(E[mae(r) —Er (R)+ Jv[zmae(ﬂz)).
The second part follows from the fact that My (Ran) =0. |

E.2. Proof of Theorem 16

The conditional error for the cost-sensitive constrained loss can be expressed as follows:

eﬁstnd (’I”, .T) = Z p(xa y)zéStnd(ra x, y)
yey

= Zp(if7y) Z C(I,k,y)q)(—T(.’L’,k))

yeYy keX

= > G(a, k)®(-r(z,k)),

keX
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where G(z, k) = Xyey p(x,y)c(z, k,y) € [0,1]. Let kyin(z) = argming (z, k). We denote by
Doypit = et the exponential loss function, Dgq-hinge: t = max{0,1 - 1t}2 the squared hinge loss
function, ®pinge:t = max{0,1 ¢} the hinge loss function, and ®,:¢ —» min{max{0,1 - ¢/p}, 1},
p > 0 the p-margin loss function.

Theorem 16 Assume that R is symmetric and complete. Then, the following R-consistency bound
holds for the cost-sensitive constrained loss:

Ex(r) = EH(R) + MHR) € V(Ereana () = Erns (R) + Mina (R));

In the special case where R = Ry, the following holds:

Ex(r) = E3(Ran) € Y(Egrsna () = Exgina (Ran)),

where y(t) = 2v/t when "4 is either ngf;d or qu—hinge; y(t) = t when " is either Eﬁnge or Zp.

Proof Case I: / = égf(tpnd. For the cost-sensitive constrained exponential loss Kgf('gld,

regret can be written as

ACapa () = ¥ T, ke (=1 (2, k) = inf 3 T, k)P (-7, )

the conditional

keX keX
> Z Gz, k)Pexp(-7(z,k)) — inf Z (2, k) Pexp(—1u(z, k)),
keX HeR g
r(z,y), Y ¢ {kmin(x),r(z)}
where for any k € K, v, (2, k) = { (@, kmin(2)) + 1y = r(z) Note that such a choice

r(z, (@) =p Y= kmin(2).
of r,, leads to the following equality holds:

q(, k) Pexp (—r (2, k)) = > > G2, k) Pexp (—ru (2, K)).

k¢{r(m)7kmin(m)} ké{r(x)vkmin(x)} keX

Therefore, the conditional regret of cost-sensitive constrained exponential loss can be lower bounded
as

A(‘fzgi%ndﬂ(r, x)

1 1 . T(kamin(x)) _ T(CE,I’(CE))—/L 1 T(x’r(x)) _ T(kamin(x))"'/"
> i?afzifﬂg{qw’ kmm(m))(e e ) +q(z, r(m))(e € )}

2
= (\/ G, kmin(x)) = /q(x, r(w))) (differentiating with respect to u,  to optimize)

( T r(2)) - T, kuin(2) )
\/E]v(xy kmin(x)) + \/av(xa I’(I‘))

> (@) = A i () O <) < 1)

Therefore, by Lemma 20, the conditional regret of the target cardinality aware loss function can be
upper bounded as follows:

=

AGZ{]—((TVI) = ff(ﬂfv r(q:)) - Zf(xa kmin(SU)) < Z(Aezg%ndﬂz(’l“,x)) .
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By the concavity, take expectations on both sides of the preceding equation, we obtain

1
% 2
%@o-egy)+w%mog2@¢mmuo-eﬁmﬁm)+w%mmcm).
exp exp exp
The second part follows from the fact that Mena (Ran) = 0.
exp

Case II: /7 = lzq_hinge. For the cost-sensitive constrained squared hinge loss qu_hinge, the
conditional regret can be written as

AGZ hin mj{(rwx 2 Q(x k)q)sq hmge( T’(SE k)) 1nf Z q(x k')(I)sq hlnge( T(x k))
e keX reR ek
2 Z Q(:U k)q)sq hmge( ’l“(l’ k)) lnf Z Q(:U k)q)sq hlnge( ’l“”(l' k))
keX HeR geic
T'(.Z',y), y¢{kmin(x)7r(x)}
where for any k € I, 7, (2, k) = { 7(2, kmin(2)) + 1y = r(z) Note that such a choice

r(z,r(z)) - p Y = kmin(2).
of r,, leads to the following equality holds:

’C:f(xak)q)sq—hinge(_r(mak)) = Z Z z[(xak)q)sq—hinge(_ru(mak))'
k¢{r(z),kmin(z)} ké{r(z) kmin(z)} keX
Therefore, the conditional regret of cost-sensitive constrained squared hinge loss can be lower
bounded as

Z;q—hinge 1:R ( T’ :,U)

> injf{sup {q~(w, k:min(:n))(max{(), 1+ 7(z, kmin(2))}> - max{0, 1 + r(z, r(z)) - ,u}Q)
TeR LeR

+§(z,r(z))(max{0,1+r(z, r(2))}? - max{0,1 +r(x, kmin () + u}2)}

1
> Z(Ej(a:, kmin(2)) = 3z, r(2)))* (differentiating with respect to y, r to optimize)

Therefore, by Lemma 20, the conditional regret of the target cardinality aware loss function can be
upper bounded as follows:

1

ACqy(r,2) = T, 1(2)) = T, hmin()) < 2(AC7 o (ra)).

By the concavity, take expectations on both sides of the preceding equation, we obtain

sq—hinge»

Hms@pmmy4ﬁqueMWmamw@)y
The second part follows from the fact that szsqfhinge (Ran) = 0.

Case III: ¢ = ?hinge. For the cost-sensitive constrained hinge loss Zhinge, the conditional regret
can be written as

AC ghmge,y(r x) = kZ;C(J(:B k) Pringe (-7 (2, k)) —1nkaJ:<q(g; k) Ppinge (=7 (z, k)
> 3 G, k) Phinge(—r (2, k) = inf 3 G, k) Pringe(—7u (2, k),
keX HeR geic
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T(I’,y), y¢ {kmin(x)ar(x)}
where for any k € K, 7, (2, k) = { 7(2, kmin (@) + 1y =r(z) Note that such a choice

r(z, (@) =p Y= kmin(2).
of r,, leads to the following equality holds:

q(ka)(bhinge(_r(ka)) = Z 2 a(ka)@hinge(_ru(w7k))'
k¢{r($)’kmin(w)} ké{r(m)vkmin(:ﬂ)} keX

Therefore, the conditional regret of cost-sensitive constrained hinge loss can be lower bounded as

Ae?hinge,ﬂl(r’ x) > inggsup {q(a:, Fmin(2))(max{0,1 + r(z, kmin(2)) } - max{0,1 +r(x,r(x)) - u})
TeR LR

+q(z,r(z))(max{0,1 +r(x,r(x))} - max{0,1 + r(z, kmin(z)) + u})}
>q(z,r(x)) - q(x, kmin(x)). (differentiating with respect to u, 7 to optimize)

Therefore, by Lemma 20, the conditional regret of the target cardinality aware loss function can be
upper bounded as follows:

ACry(r,2) =q(z,r(2)) - 42, kmin(2)) < A(i‘zhingc’m(r, x).
By the concavity, take expectations on both sides of the preceding equation, we obtain

Ex(r) —EHR) + Me(R) < & (1) =& (R)+ DM, (R).

Zhinge
The second part follows from the fact that M@vh' Ny (Ran) =0.

CaselIV: /= Zp. For the cost-sensitive constrained p-margin loss 2“,,, the conditional regret can
be written as

ACq y(r,z) = 3 Qe k)@ (~r(x. k) ~inf 3 G, k), (-r(z, k)

keX keX
2 Z a($’k)@p(_r($7k)) - inf Z @v(ﬁ,k)(pp(_Tu(I,k)),
kek HeR fex
r(x,y), Y ¢ {kmin(x),r(z)}
where for any k € K, v, (2, k) = { (@, knin(2)) + 1y = r(z) Note that such a choice

r(z, (@) -p Y= kmin(2).
of r,, leads to the following equality holds:

> q(@,k)®,(-r(x, k)) = > > @(w, k)@ p(-rp(z, k).

k¢{r(z),kmin(z)} ke¢{r(2),kmin(z)} keX

Therefore, the conditional regret of cost-sensitive constrained p-margin loss can be lower bounded as
Aezpﬂ(r, x)
ki -
> inf sup {E]’(:c, k:min(x))(min{max{O, 1+ w}, 1} - min{max{o, 1+ M}, 1})

TeR LeR P p

+q(z, r(x))(min{max{O, 1+ M}, 1} - min{max{o, 1+ r(@: kin () + 'u}, 1})}

p p
>q(x,r(x)) - q(z, knin(x)). (differentiating with respect to u, 7 to optimize)
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Therefore, by Lemma 20, the conditional regret of the target cardinality aware loss function can be
upper bounded as follows:

ALgg(r,x) = gz, r(2)) = (2, kmin(2)) < A€ (1, ).
By the concavity, take expectations on both sides of the preceding equation, we obtain
Ex(r) - EX(R) + My(R) < & (1) - € (R) + Mz (R).

The second part follows from the fact that sz (Ran) =0. [ |
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