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Non-invertible symmetries of quantum field theories and many-body systems generalize the concept of sym-
metries by allowing non-invertible operations in addition to more ordinary invertible ones described by groups.
The aim of this paper is to point out that these non-invertible symmetries act on local operators by quantum
operations, i.e. completely positive maps between density matrices, which form a natural class of operations
containing both unitary evolutions and measurements and play an important role in quantum information the-
ory. This observation will be illustrated by the Kramers–Wannier duality of the one-dimensional quantum Ising
chain, which is a prototypical example of non-invertible symmetry operations.

INTRODUCTION

In recent years, the concept of symmetries has received
generalization in various directions in the theoretical study of
quantum field theories and of condensed-matter systems. One
such generalization is to allow certain non-invertibility in the
symmetry operations involved, and the resulting structure is
now known under the name of non-invertible symmetries and
is an active area of research. Important examples of such op-
erations have been known for decades before this fashionable
name was coined, however, and the most prototypical one is
the Kramers–Wannier duality transformation D of the Ising
model. This transformation commutes with the Hamiltonian
at criticality, and as such plays a role analogous to ordinary
symmetry operations. That said, it does not quite square to
one but rather satisfies

D2 = 1 + g (1)

where g is the Z2 symmetry of the Ising model, as explained
in great detail e.g. in various works [1–5].

There is a conceptual question, however. Ordinary invert-
ible symmetries are implemented by unitary transformations.
When we say we allow non-invertible symmetry operations,
exactly which class of operations do we allow ourselves to
use?

The aim of this letter is to answer this question, by point-
ing out that they act locally by quantum operations, a notion
prominent in quantum information theory and in the analysis
of open quantum systems. Here, quantum operations form a
natural class of processes which can be performed on quan-
tum systems, including unitary evolutions, measurements, the
introduction of ancillary degrees of freedom and tracing them
out, and so on. They are defined to be linear transformations
which map density matrices to density matrices. As such, they
have to satisfy a certain positivity property, known under the
name of complete positivity. Details on these notions can be
found e.g. in [6].

Before proceeding, we note that this answer was actually

already given in the context of two-dimensional continuum
conformal field theory treated using von Neumann algebras in
a series of works by Bischoff and collaborators [7–11], but the
discussions there unfortunately use mathematical notions un-
familiar to many of theoretical physicists. Here we would like
to demonstrate that this observation holds much more gener-
ally in a language more understandable to us. We also note
that the answer was practically known in the case of one-
dimensional spin chains to the authors of [12], in which it was
shown that any non-invertible symmetry operation can be re-
alized by unitary quantum circuits and measurements, based
on their formulation of dualities as matrix product operators
[13, 14]. As such, the authors do not claim much originality in
this letter; rather, the intention of the authors is to disseminate
this important observation to a wider audience of physicists.

The rest of the letter is organized as follows. We first give
a brief review of quantum operations and non-invertible sym-
metries, and then provide a very general argument that non-
invertible symmetries act on local operators by quantum oper-
ations. As the argument would be rather abstract, we will then
illustrate the idea concretely using the case of the Kramers–
Wannier duality transformation of the one-dimensional quan-
tum Ising chain. We will conclude with a number of remarks.

GENERALITIES

Quantum operations

We start by recalling the concept of quantum operations.
We will be brief; for details, the readers are referred to the
standard textbooks, such as [6]. Given a density matrix ρ

describing a quantum system with the Hilbert space H, we
consider an operation of the form ρ 7→ ρ′ = E(ρ). First, to
preserve the statistical interpretation of density matrices, we
require that E(sρ1 + (1 − s)ρ2) = sE(ρ1) + (1 − s)E(ρ2).
This motivates us to define E as a linear map on the space
of operators on H. Second, density matrices ρ have posi-
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FIG. 1: (a) Symmetry actions as walls in space (shown horizontally) and time (shown vertically). From left to right: as an
action on the Hilbert space of states, as a wall implementing a twisted boundary condition, and as an operation on local

operators. (b) Fusion of two D walls, here represented as actions on the Hilbert space of states.

tive eigenvalues; such operators are called positive operators.
Then, E should map positive operators to positive operators;
such maps are called positive maps. Now, the operation E
also acts naturally on operators on the enlarged Hilbert space
H⊗CN , where CN describes decoupled auxiliary degrees of
freedom. We require that E should act on operators on H⊗CN

positively for all N ; such an E is called a completely positive
map. Quantum operations are then defined to be completely
positive maps on operators on a Hilbert space H; these oper-
ations include both unitary evolutions and measurements, and
are also called as quantum channels, depending on the sub-
field of physics.

A natural subclass of quantum operations is defined by the
condition that tr E(ρ) = tr ρ, meaning that E preserves the
total probability and describes the entire outcome of an oper-
ation rather than a specific subset. Such a completely positive
map is called trace-preserving.

So far we used the Schrödinger picture where the opera-
tion E acts on the density matrices. We can instead use the
Heisenberg picture and think of the operation as acting on
observables as O 7→ E#(O), by postulating tr E#(O)ρ =

trOE(ρ). This E# is also completely positive. When E is
trace-preserving, E# satisfies the condition E#(1) = 1 and
is called a unital map. In the rest of the paper we always use
the Heisenberg picture and we drop the superscript # from the
notation. For convenience, we will slightly weaken the unital
condition to allow a scalar-multiple: E(1) ∝ 1.

Any quantum operation E on operators on H is known to be
represented as the combination of (i) introduction of an ancil-
lary Hilbert space H′, (ii) a unitary evolution on the combined
system H⊗H′, and (iii) removal of the ancillary Hilbert space
H′ by a measurement or by the partial trace. When we regard
H′ as the environment, this can be interpreted as describing
the noise introduced by the environment; when we regard H′

as the measurement device, this procedure gives the effect of
a measurement onto the target system.

More generally, we can use an entirely different Hilbert
space H′′, a linear map V : H → H′′, and a representation

π of the algebra of operators on H′′. Then the combination
E(O) := V †π(O)V is a quantum operation, and this form is
known as the Stinespring representation of E .

Non-invertible symmetries

Let us next review the concept of non-invertible symme-
tries. Again we will be very brief; more details can be found
in various lecture notes, e.g. [15–20]. An ordinary symmetry
operation g of a quantum system described by a Hilbert space
H is given by a unitary operator Ag on it. When g acts locally
in a many-body or quantum field theory setting, we can con-
sider a wall Wg in space, across which we twist the system by
g. For a system on a circle with one such wall, this represents
a twisted boundary condition. The resulting Hilbert space is
the twisted one Hg. The action of Ag can also be considered
as the insertion of a wall in spacetime, spread along the spa-
tial direction. Then the action g(O) of g on an operator O

supported in a region of the space is given by wrapping the
wall Wg around the operator, which is equivalent to A†

gOAg.
See Fig. 1a for an illustration of the discussions so far.

One important feature of these walls is that they can be
freely moved in space and time as long as they do not hit
other operators. Another feature is that they fuse according
to the group law, Wgh = WgWh, and as such they are invert-
ible: WgWg−1 = 1. These two features are independent, and
non-invertible symmetries are obtained by dropping the sec-
ond property.

A prototypical example of non-invertible symmetry oper-
ations is the Kramers–Wannier duality transformation of the
Ising model. In the language of the one-dimensional quan-
tum Ising chain, this transformation exchanges the Hamilto-
nians

∑
i(aXi + bZiZi+1) and

∑
i′(bXi′ + aZi′Zi′+1). The

operator AD implementing this exchange on a closed chain
however does not square to identity, and is known to satisfy
A†

DAD = 1+Ag, where Ag =
∏

i Xi is the Z2 symmetry op-
eration. As we will review in more detail below, this duality
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FIG. 2: Action of a non-invertible symmetry X on a local
operator O, making it manifest that it is a Stinespring

representation of a completely positive map.

transformation can be implemented locally on the Ising chain.
Correspondingly, we can consider the duality wall WD which
fuses according to the rule WD†WD = 1+Wg. See Fig. 1b for
an illustration of the ideas described here. Note that the action
D(O) of a non-invertible symmetry D on an operator O, im-
plemented by wrapping the wall WD around the operator, is
no longer equivalent to A†

DOAD.

Non-invertible symmetries act locally by quantum operations

We are now able to demonstrate our main claim that non-
invertible symmetries act locally by quantum operations. The
demonstration is surprisingly simple and general, see Fig. 2.
Consider the action of a non-invertible symmetry operation X
on an operator O acting on H. As shown in the figure, we first
go from the original Hilbert space H to the Hilbert space HXX

with a wall WX and another wall WX inserted, by a linear map
V . We then act by the operator O on HXX, which we denote
by πXX(O). We now come back to the original Hilbert space
H by V †. Then we find

X (O) = V †πXX(O)V, (2)

which is precisely a Stinespring representation of a com-
pletely positive map. This argument is very general, and does
not assume whether the theory is defined in continuum or on a
lattice. It does not assume that we have tensor-product Hilbert
spaces either. The argument is admittedly very abstract, how-
ever. We will now make it more concrete by studying the case

of the Kramers–Wannier duality wall explicitly.

KRAMERS–WANNIER DUALITY

We consider a one-dimensional spin chain, with each site •
described by a qubit |0⟩, |1⟩ spanning a Hilbert space H(•) =
C2. We use X , Y , Z to denote the Pauli matrices acting on
the qubit. We consider the Z2 symmetry g acting on the qubit
by X .

We take the convention that the wall | implementing g sits
in between two sites as in · · · • •|• • · · · . The Hilbert space
for this chain will be denoted as H(· · · •i | •i+1 · · · ); then the
motion of the wall by one unit is given by

H(· · · | •i · · · )
Rg,i:=Xi−−−−−−→ H(· · · •i | · · · ), (3)

and the insertion of two walls at the same place is a trivial
operation:

H(· · · •i •i+1 · · · )
Vgg,i:=id−−−−−→ H(· · · •i || •i+1 · · · ). (4)

Let O be an operator supported on the sites from j to k, with
j < k. Our definition leads to the local action of g given by

g(O) = (XkXk−1 · · ·Xj)O(X†
j · · ·X

†
k−1X

†
k), (5)

exactly as expected.
Let us next discuss the wall implementing the Kramers–

Wannier duality D, which was already studied in great detail
in [1–5]. We take the convention that the wall sits on top of a
site, as in · · · • •• · · · . Then the motion of the wall to the right
by one unit is given by

H(· · · •
i
•i+1· · · )

RD,i+1:=UH
i+1U

CZ
i,i+1−−−−−−−−−−−−−→ H(· · ·•i•

i+1
· · · ), (6)

where UCZ acts on two qubits by the controlled-Z gate

⟨s′t′|UCZ |st⟩ = δs
′

s δt
′

t (−1)st, (7)

and UH acts on a single qubit by the Hadamard gate

⟨t′|UH |t⟩ =
√
2
−1

(−1)t
′t. (8)

Two walls are introduced by the following operation:

VDD,i : H(· · · •i •i+1 · · · )
⊗|0a⟩−−−→ H(· · · •i •

a
•i+1 · · · )

R†
D,a−−−→ H(· · · •

i
•
a
•i+1 · · · ),

∈ ∈

|· · · sisi+1 · · ·⟩ 7−−−−−−−−−−−−−−−−−−−−−−−−→
√
2

1
2R†

D,a |· · · si0asi+1 · · ·⟩
(9)

i.e. tensoring the state |0⟩a ∈ H(•
a
) of the ancillary qubit and detaching one of the walls to the left [21].
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Again let O be an operator supported well within the sites
from j to k, with j < k. Our definition leads to the local
action of D given by

D(O) = V †
DD,k

(RD,kRD,k−1 · · ·RD,j)×

O(R†
D,j · · ·R

†
D,k−1R

†
D,k)VDD,k (10)

For example, let

H =

k′−1∑
i=j′

(aXi + bZiZi+1) + aXk′ (11)

be the standard Hamiltonian of the Ising chain restricted to the
sites j′ to k′. Assuming j ≤ j′ and k′ ≤ k, we can use the
formula above to compute the local action of D, and we find

D(H) =
√
2

k′−1∑
i=j′

(aZi−1Zi + bXi) + aZk′−1Zk′

 , (12)

as expected for a local action of Kramers–Wannier duality.
With some efforts, we can show that

R(D2(O)) = O + g(O) (13)

in general, where R is the operation to move an operator one
unit to the right [22]. For example, for j < i < k, we can
easily check

D(Zi) = 0, (14)

which is compatible with (13), as g(Zi) = −Zi.
Before proceeding, we note that the implementation of

Kramers–Wannier duality operation and broader classes of
non-invertible symmetries by quantum circuits and measure-
ments was discussed in many other places, e.g. [12–14, 23–
29].

CONCLUDING REMARKS

In this letter we gave a general argument that non-invertible
symmetries act on locally-supported operators by quantum
operations. We also illustrated this observation in the concrete
case of the Kramers–Wannier duality of the one-dimensional
quantum Ising chain, where we can explicitly see the introduc-
tion of an ancillary qubit in a specific state, the action of uni-
tary operator on the combined system, and then the removal
of the ancillary qubit.

The authors admit that what they have here is simply a cu-
rious observation, and that it was already noted several years
ago in the context of algebraic quantum field theory in [7–11],
and that it was essentially understood in the context of spin

chains in [12–14]. The author thinks that it was still worth-
while to spend a few pages to explain this observation in a
language understandable to more theoretical physicists, espe-
cially because this observation might open a fruitful flow of
ideas between two actively researched areas.

For example, we can ask what the Petz recovery map on
the quantum operation side corresponds to, if any, on the side
of non-invertible symmetries. Is it related to existence of the
dual X for any non-invertible operation X such that XX con-
tains the identity? Another natural question is to ask if the
property of a general quantum system, not necessarily associ-
ated to quantum field theory or quantum many-body systems,
would be affected or constrained in any way by the existence
of a non-invertible symmetry structure. For example, the ex-
istence of an ordinary symmetry often leads to degeneracy in
the spectrum. Can we say anything interesting about the spec-
trum of a Hamiltonian, if it is assumed to be invariant under
two quantum operations D and g satisfying D2 = 1+ g? The
authors hope to come back to these questions in the future,
and the authors would also welcome other researchers to do
so.
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