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We theoretically study the inverse Faraday effect (IFE), i.e., photo-induced magnetization, in two-
dimensional Rashba spin-orbit coupled electron systems irradiated by a circularly polarized light.
Quantum master (GKSL) equation enables us to accurately compute the laser driven dynamics,
taking inevitable dissipation effects into account. To find the universal features of laser-driven
magnetization and its dynamics, we investigate (i) the nonequilibrium steady state (NESS) driven
by a continuous wave (CW) and (ii) ultrafast spin dynamics driven by short laser pulses. In the
NESS (i), the laser-induced magnetization and its dependence of several parameters (laser frequency,
laser field strength, temperature, dissipation strength, etc.) are shown to be in good agreement with
the predictions from Floquet theory for dissipative systems in the high-frequency regime. In the
case (ii), we focus on ferromagnetic metal states by introducing an effective magnetic field to the
Rashba model as the mean field of electron-electron interaction. We find that a precession of the
magnetic moment occurs due to the pulse-driven instantaneous magnetic field and the initial phase
of the precession is controlled by changing the sign of light polarization. This is well consistent with
the spin dynamics observed in experiments of laser-pulse-driven IFE. We discuss how the pulse-
driven dynamics are captured by the Floquet theory. Our results provides a microscopic method to

compute ultrafast dynamics in many electron systems irradiated by intense light.

I. INTRODUCTION

Controlling static or low-frequency properties of sys-
tems by applying an higher-frequency external field is
called Floquet engineering (FE) [1-4]. The FE is based
on the Floquet theorem for differential equations. Ap-
plications of Floquet theorem has a long history [5, 6]
since 19-th century, while in the last decade, the con-
cept and techniques of FE have widely penetrated in the
fields of condensed-matter and statistical physics. From
the experimental viewpoint, the development of laser sci-
ence has stimulated studies of FE because FE is a typical
non-perturabtive (non-resonant) effect of the external os-
cillating field and hence laser or intense electromagnetic
waves are very helpful to realize FE.

Inverse Faraday effect (IFE) has long been explored in
magneto-optics field [7], while it could be viewed as one of
the most typical FEs in solids from the modern perspec-
tive of condensed-matter physics. The IFE refers to the
laser-driven non-equilibrium phenomenon that a magne-
tization or an effective magnetic field emerges when we
apply a circularly polarized light to magnetic materials.
This could also be regarded as a ultrafast angular mo-
mentum transfer from photons to electron spins in solids.
The IFE has been predicted in the mid 20-th century [8—
10], and the basic mechanism of IFE in solid electron
systems was first revealed by the theoretical work of
Ref. [9]. Nowadays, IFE has been observed in various
magnetic materials [11-15] and even low-frequency-laser
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(THz-laser) driven IFEs in magnetic insulators (spin sys-
tems) has been also studied from the microscopic view-
point [16-19].

Previous studies [9, 20] tell us that a spin-orbit interac-
tion (SOI) is essential and necessary for the emergence of
laser-driven magnetic field (or magnetization) in solids.
In solid electron systems, the necessity is naturally under-
stood because if the AC electric field of laser is assumed
to be the main driving force of IFE, the field cannot di-
rectly couple to electron spin degrees of freedom and the
SOl is the unique term connecting the laser field with the
spins in the Hamiltonian. It is proved that a spin-orbit
(SO) coupling (and the resulting magnetic anisotropies)
is also necessary in the IFE of spin systems [16-19).

Although (as we mentioned above) the IFE has long
been investigated [9, 20-23], its microscopic theories have
not been well developed for electron systems in solids. In
particular, the analyses based on the perspective of FE
have less progressed. The purpose of the present study is
to develop such a microscopic theory. We focus on two-
dimensional (2D) square-lattice Rashba SO coupled elec-
tron models irradiated by circularly polarized light [20]
as a simple but realistic stage of IFE. To extract essen-
tial or universal features of IFE, we will concentrate on
two different setups in the laser-driven electron system.
The first setup is the laser-driven non-equilibrium steady
states (NESSs), which are realized by waiting for a long
enough time from the beginning of laser application. The
second is the ultrafast spin dynamics when the system is
irradiated by a short laser pulse.

One should note that dissipation effects, i.e., effects
of a weak interaction between the electron system and
a large environment is very important and inevitable to
consider both setups. In fact, the quantum state of the
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system is expected to approach to a NESS due to the
balance between the energy injection by laser and the
energy loss by dissipation. Inversely, if we continuously
apply a laser to an isolated system in solids, it is usually
burnt [24, 25]. In addition, if we ignore the dissipation
effect, the energy given by a laser pulse always remains
in the electron system and it would yield non-realistic
spin dynamics, e.g., a long-time spin oscillation with no
relaxation.

To take dissipation effect into account, we will utilize
the approach of quantum master (GKSL) equation [26—
29]. So far, many theories for FE have been developed
under the assumption that the target system is approx-
imated by an isolated quantum system. On the other
hand, some theoretical methods for FE in dissipative sys-
tems have also gradually progressed [18, 19, 30, 31]. Rely-
ing on the theories of dissipative systems, we will capture
some important characteristics of IFE.

The paper is organized as follows. Section II is devoted
to the explanation about the SO-coupled electron model
and the numerical computation method based on GKSL
equation. Based on these instruments, we analyze the
CW-laser driven NESS in Sec. III. We demonstrate that
the IFE in the NESS is basically captured by the Floquet
theory for dissipation systems [18, 19] in a sufficiently
high-frequency regime. In Sec. IV, we discuss IFE driven
by a short laser pulse. Since a precession of spin moment
has been often detected in such short-pulse IFE for mag-
netic materials (see Fig. 4), we prepare a ferromagnetic
metal state in an electron model, by introducing a mean-
field Zeeman interaction. We show that a pulse-driven
precession is well reproduced within our model and it can
be understood from the Floquet-theory viewpoint. Fi-
nally, in Sec. V, we summarize our results and comment
on a few issues related to IFE. In Appendix, we explain
the relationship between GKSL and Bloch equations, a
simple extention of the Floquet formula for dissipation
systems [18, 19], and additional numerical results.

II. MODEL AND METHODS

In this section, we define our model of a 2D SO coupled
electron model, an applied circularly polarized laser, and
the GKSL equation we will use.

A. Hamiltonian

We focus on a SO-coupled tight-binding model on a
2D square lattice. The Hamiltonian is defined by

Hpwm = Huop + Hso, (1)

where we have introduced the index “PM” which stands
for paramagnetic. The first term Hyop represents the
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FIG. 1. (a) Two-dimensional square lattice. The lattice con-
stant is set to a = 1. Vectors e, and e, are respectively
unit vectors connecting neighboring two sites along the x
and y directions. (b) Schematic illustration of applying a
circularly polarized laser whose propagating direction is per-
pendicular to the square lattice in the z—y plane. In this
setup, the effective magnetic field driven by laser (i.e., the
emergent field of IFE) points to the z direction. (c) En-
ergy bands of the Hamiltonian, Eq. (1), at thop =1€V and
ar =0.5eV. Some representative points in the Brillouin zone
are defined as I' = (k; = 0,ky = 0), X = (ke = 7, ky = 0),
and M = (k; = mky = m). We set the Fermi surface
at ep =—3eV (thop =1€V), which is depicted by the green
dashed line. (d) Fermi surface of the panel (c¢). Arrows in-
dicate the spin orientation of electrons on the Fermi surface
in the momentum space. Due to the SO coupling, a so-called
spin-momentum locking occurs [32-34].

spin-independent kinetic term, which is given by

oy D (ci,+mcw+h.c.), 2)

ro="l,i=z,y

Hhop =

where tpop is the hopping strength, ¢l (cr,) is the cre-
ation (annihilation) operator of the spin-o electron resid-
ing on a site r = ley +me, (¢, m € Z) of a square lattice.
These operators cT and c,, satisfy {cm,ci,g} = Op g
and {¢pg, Crip} = {cm, i -} = 0. As shown in Fig. 1(a),
e, and e, are respectively unit vectors connecting neigh-
boring sites along the x and y directions and the lattice
constant is set to a = 1. The symbol o =1 ({) corre-
sponds to the z component of electron spin S* = 1/2
(—1/2). The second term Hgo is a Rashba SOT [32-36],
which is defined by

HSO = - 5 E E |:( Uy o’o’cr+eu Cro'!

T o,0'

- i(ax)gglcl+eyacrg/) + h.c.} . (3)

Here, 04, . represents the Pauli matrices, and ar de-
notes the strength of Rashba SO coupling. The Pauli



matrices 0, , induces a mixing between spin-1 and | elec-
trons, and hence Hgo can be viewed as a spin-dependent
hopping term.

and ¢p, as
1 L
CI‘O’ = ﬁ Z e ik TCLJ’ (4)
k

where k = (k;, k,) is the wave vector on the Brillouin
zone for the 2D square lattice and N is the total num-

ber of sites. Fermion operators C,]:m and cp, satisfy
{Ck;g7CL/U} = 6k,k’ and {Ck(nck’a} = {C"];;gvc};:’g} = 0.
Substituting Eq. (4) into the Hamiltonian, we have

Hpop = —2tnop » . Y coski(cf,cko +hoc),  (5)
k i=(z,y),0

We define the Fourier transforms of cI,U

and

Hso = agr Z {[ Oy)oor Si kg

k,o,0’

—(04)oor sink }ckgckg + h.c. } (6)

These representations show that the Hamiltonian Hpy
is block diagonalized in the momentum k space, and one
can obtain energy eigenvalues via the diagonalization in
each k subspace as follows:

0
Hou — ZCT <5k: nk)c _ ZDT ( : Ek>Dkv
e
(7)
where e, = —2tpop(cosky + cosky), me = ar(isink, +

sinky), Ck = T(Ck,T,Ck7¢), and Dk. = T(dk)g,dhl) =
UrCk. The energy eigenvalues is given by

Ey =ce+lml  (8)

These values are defined such that EF < E¥.
matrix Uy, is defined as

U = (“fi “:) (9)

| and vk =

E{e =€k — |77k|7
The unitary

with uk = \/gl’:] - :t%. The energy bands of
Eq. (8) are shown in Fig. 1(c). In this study, the Fermi
energy ep is fixed at €p/tho, = —3.0, which is depicted
in Fig. 1(c). The corresponding Fermi surface in the k-
ky plane is given in Fig. 1(d). This parameter setup is
almost the same as the previous study of IFE in Ref. [20].

At the end of this subsection, we define a few spin-
related operators as the present work considers the laser-
driven spin moments. The « component of total spin
is denoted by S{y, = >, Sy and those per one site are
defined as

s¢ = Sq/N. (10)
In addition, we define the “spin” in the momentum space
as

1
~CO o,y (11)

a _
Sk_2

For instance, the z component of total Spin is given by
Sha = Y85 = X 5000 =} Yok
= EZ {nikdhdkf + idi_dm}, (12)
2 4= Llnk| |77k

where Cy. = T(cy. 4, ¢ ). Here, we have used the unit of
h =1 and we will often use it throughout this paper.

B. Laser

In this study, we will consider two types of lasers. The
first type is a continuous wave (CW), whose AC electric
field is given by

E(t) = Eo(1 — e "/70)(cos wt, sinwt, 0), (13)

where FEj is the strength of electric field and w is the an-
gular frequency of CW laser. We make the strength of
the field gradually approach to Fy, by introducing a pa-
rameter 79. We will focus on the nonequilibrium steady
states (NESSs) driven by a long-time application of CW
laser and therefore 7y is not important. The correspond-
ing vector potential A(t) is defined as — ftfn dt' E(t') in
the Coulomb gauge, where t;,; = 0 is the initial time.

Another type is a laser pulse with a Gaussian wave
shape. Its electric field is defined by

E(t) = Ege 217 (coswt, sinwt, 0), (14)

where 7 represents the width of the pulse and we have set
7 t0 10v/2h/thop = 14h/thep. For example, if we set w =
thop/fi, T corresponds to about three cycles The vector
potential for the pulse is given by A(t) = — ft dvE(t),
where the absolute value of initial tlme \t1m| "should be
sufficiently large compared with 7. We note that the
electric fields of the above two types of lasers are spatially
uniform, i.e., E(t) is independent of spatial coordinate .
This condition is valid because the size of the laser spot
is usually much larger than the lattice constant a (the
length scale of 1.0-0.1 nm).

To take the effect of the AC electric field into ac-
count, we use the Peierls formalism. In this formal-
ism, each hopping term ciacr+eia/ should be replaced
with exp[—iZ A(t) - €;]cl, Crie,or When we apply an AC
electric field to the 2D model of Eq. (1). Here, e
(> 0) is the electron charge, ¢ is the speed of light,
and we will often use the unit of e = 1 and ¢ = 1 in
this paper. Through the Peierls formalism, the time-
dependent Hamiltonian of the laser-driven 2D electron
model Hpn(t) = Hyop(t) + Hso(t) is given by

:—2thopz Z cos(A;(t) + k;)

k i=(z.y),0

H hop

X (C]Tcg-cka + h.C.), (15)



and

Hso(t) = an 3 {[(0y)oer sin (Aa(t) + k)

!
k,o,0

— (04)0or sin (Ay(t) + k‘y)} cjwckgf + h.c.}.

(16)

With the 2 x 2 matrix form, we can express the Hamil-
tonian as

Hpwi(t) =) HEw(?),
k

- 2 o

where g 4(t) and 7, 4(t) are defined as

€k, A(t) = —2tnop[cos (Ag(t) + kg) + cos (Ay(t) + ky)],
M, A(t) = aglisin (A, () + k) + sin (A, () + ky)]. (18)

An important point is that even if we apply laser to the
system, the time-dependent Hamiltonian, Eq. (17), is still
k-diagonal.

C. GKSL Equation

To analyze the laser-driven quantum dynamics in 2D
Rashba electron models, we use the GKSL equation [26—
29], which is a Markovian equation of motion for the
density matrix [37-40] including dissipation effects. As
we mentioned, our Hamiltonian of laser-driven systems
is block diagonalized in the momentum k space even af-
ter the application of laser [see Eq. (17)]. Therefore, we
may independently analyze the time evolution of density
matrix at each k subspace. The GKSL equation for a
subspace is defined as

ot _ —i[HE\ (1), o8] + D*(p* 19

ar pmit); P p°) (19)
where p*(t) is the density matrix for the k subspace. The
first commutator corresponds to the unitary dynamics
driven by the Hamiltonian and the second term DF(p*)
represents the efect of dissipation and is given by

ol gt
D*(p*) = D TH(LEPELE — S{LE LY. P (20)
ij

Here, a constant Ffj represents the strength of dissipa-

tion and ij refers to a jump (or Lindblad) operator,
whose index (i,7) denotes each relaxation process. The
application of GKSL equation to our 2D electron models
means that the dissipation dynamics is also assumed to
be k-diagonal. Complicated scattering processes would
occur during relaxation processes in real materials, but
we expect that various essential features of laser-driven
dynamics can be captured by using the phenomenologi-
cal dissipation term D* of the GKSL equation. In fact,
recent studies [41-44] support this expectation.

We assume that the jump operators do not change the

electron number and such a relaxation process is nat-
ural in real experiments in solids. From this assump-
tion and the free electron Hamiltonian of Eq. (17), one
sees that GKSL dynamics exists only in the one-particle
subspace at each wavevector k, whereas empty and two-
particle states at k are invariant under the time evolu-
tion. Namely, only upper- or lower-band occupied states
[see Fig. 1(c)] contribute to the laser-driven dynamics in
our model. In this setup, the size of the density matrix
p®(t) is reduced to 2 x 2. This property is very helpful
to reduce the cost of numerical computation.

In the present study, we define the jump operators
as Li—“j = ’E:“) <E]k, where ‘Elk> denotes i-th one-
electron eigenstates of the time-independent Hamiltonian
Hl'.fM\ A—o and Ef is the corresponding i-th eigenenergy
(i = 1,2) under the condition of E¥ < E¥. Furthermore,
we determine the dissipation constants Fi—“j such that the
GKSL equation satisfies the detailed balance, relaxing
the system towards the equilibrium state of HE,|a—o.
Such constants Ffj are given by

v exp(—BEY) .
exp(—BEf) + exp(—ﬁEf) > (173),

I =0, (i=j), (21)

where ~ represents the k-independent dissipation
strength, 8 = k[%T is the inverse temperature. In zero
temperature limit of 3 — oo, we find I'¥, = ~ and
'k, = 0. This indicates that in the two-level system at
each k space, only the jump operator L¥, = |E{“> <E§‘
contributes to the dissipation dynamics and induced a
transition from the excited state to the ground state.
We note that the off-diagonal jump operator L¥, with
Eq. (21) induces both longitudinal and transverse relax-
ation processes (see Appendix B).

On the other hand, the diagonal type of Lf,i controls
the strength of transverse relaxation (dephasing). We
should note that the system cannot reach a thermal equi-
librium state if the GKSL equation has only diagonal

type jump operators Lfl (see Appendix B 2). The present

k _
rk —

work will not argue the effects of Lfl because from a few

calculations, we have verified that L¥; is not so important
for IFE in our model.

If we focus on our 2D Rashba free-electron model of
Eq. (17) at T = 0, the one-particle states at the initial
time ¢;,; = 0 exist only in the doughnut regime between
two Fermi surfaces in Fig. 1(d). Therefore, it is enough
to numerically solve the GKSL equations with k being
in the doughnut regime as we consider the laser-driven
dynamics at 7' = 0.

The expectation value of any observable A at time ¢ is
defined by

(A) = S Te[Apk(1). (22)
k

Using this formula, one can compute the time dependence
of physical quantities in principle.



III. NONEQUILIBRIUM STEADY STATES

In this section, we study the 2D Rashba electron
model irradiated by a continuous-wave (CW) laser of
Eq. (13). The time parameter 79 of Eq. (13) is fixed to
507 /thop throughout the numerical calculations in this
section. The time-dependent Hamiltonian is given by
Hpwm(t) = Huop(t) + Hso(t) [see Egs. (15) and (16)]. We
focus on the nonequilibrium steady state (NESS) that
is realized if we take a sufficient time after applying a
circularly polarized laser. From our setup of Fig. 1(b),
a laser-driven magnetic field and magnetization are ex-
pected to emerge along the z direction. Therefore, the z
component of spins, s* and sj,, are the main targets of
this section. To consider the properties of the NESS, it
is useful to observe a time averaged expectation value of
an observable A as follows:

(Ay) = / " dt(A),. (23)

lo—1

Here, t1,2—tini (tini = 0 is the initial time) should be much
larger than typical time scales of hi/thop, T = 27/w and
h/~ if we want to observe the expectation value for the
NESS. In addition, time interval ¢; — t5 should be suf-
ficiently larger than the laser period T, if we focus on
the time-independent laser-driven value. In the numer-
ical computation of this section, we set t1 = 300h/thop
and to = 40071/thop. In all the numerical calculations of
this paper, we divide the full Brillouin zone into 200 x 200
points, which corresponds to N = 200 x 200.

A. Floquet Theory

As we already mentioned, when a CW laser is ap-
plied to the 2D Rashba model, a NESS arises due to
the balance between the energy injection and dissipa-
tion. The density matrix for such a NESS can be an-
alytically obtained through the recent Floquet theory
approach [18, 19] if we restrict ourselves to the high-
frequency regime. In this subsection, we compute laser-
driven magnetization in the NESS by employing the Flo-
quet theory and high-frequency expansion [1, 45].

First, we shortly explain the derivation of the density
matrix for the NESS [18]. Applying the high-frequency
expansion to the GKSL equation in each k subspace, we
derive the effective GKSL equation

d

Cft Z[HgEv Pk
which describes the lower-frequency dynamics than the
laser frequency w. Here, the time-independent Floquet
Hamiltonian H¥ is defined as

= LEp" = [+ D*(%),  (24)

Hk]

where the Fourier components of the Hamiltonian H¥ =

7 fOT‘“ dt HE\(t)e™! (n € Z). The 0-th order term HY
is interpreted as the time-averaged Hamiltonian. From
Eq. (24), the density matrix of the NESS can be written
as p*(t) S PRuss(t) = e9Mpk - The micro-motion
operator G is a time-periodic function satisfying G(t) =
G(t+T,), describing faster dynamics rather than the laser
frequency. The remaining matrix g% does not evolve in
time and is defined by

Eeﬂpoo =0. (26)

For a certain class of periodically driven systems, H(’f =
HE,; holds, in which the simple analytical formula of the
density matrix p¥peq(t) has been derived [18]. On the
other hand, for the case of H¥ # HE,,, we have to slightly
extend the formula and consider the w dependence of H¥.
Our model of the 2D Rashba model irradiated by laser
corresponds to the latter case. After some algebra (see
Appendix C), the time-independent part of the density
matrix gk = > i pk; |EF) (E¥| is given by

P’fl = Flfz/%
P§2 = F1261/%

pk: _ <Ek‘ AH?E ’E2> ( pk ) (27)
12 — 22/

(EY — EY) —iv/2
P’zcl = P’zcl .

in the high-frequency regime. Here, AHE, = HE, — HF.

Using these results, we can generally compute observ-
ables of the NESS in an analytic way. From the definition
of time-averaged expectation value in Eq. (23), ((s},)) is

interpreted as Tr[sfp%]. Combining this interpretation
with Eq. (27), we have

_ (BF| Al |BY) (2% - B
(BF — EE)? + 7/

Furthermore, from the formula of Eq. (25), we can easily
estimate the Floquet Hamiltonian as [20]

E
H5E2< 4 02>HII;M

(Plfl - P’2c2)- (28)

1
— Beg(k) §c,iazck +0w™), (29
where
o B2
Beg (k) =2 23 % cos(k,) cos(ky). (30)

From the fashion of the Floquet Hamiltonion, the pa-
rameter Beg(k) can be interpreted as the k-space effec-
tive magnetic field driven by circularly polarized laser.
In fact, Beg(k) changes its sign if the laser polarization
changes from right to left handed (w — —w). As the first

term of Eq. (29) corresponds to HY = (1 - 4—2)HPM,

the second term AHE is expressed as

1
AHfg = ~Bui(k) 5CLo-Ce +O(w™),  (31)

From Eqgs (28) and (31), we find the relation ((s}))



2 2
ar Ey
w3

, which leads to

1 a% E?

((5) =3 (S} ox 2B (32)
at least in a sufficiently high-frequency regime. This
power-law behavior has already been predicted by the
theories of IFE in isolated electron systems [9, 20]. Equa-
tion (32) shows that the same power law for the laser-
driven magnetization holds even in laser-driven “dissipa-
tive” electron systems.

B. ~ and T Dependence

In the remaining part of Sec. III, we will discuss the
properties of the NESS with numerical computation of
the GKSL equation. This subsection is devoted to the
dissipation () and temperature (T") dependence of the
laser-driven magnetization ((s*)). We stress that the
GKSL formalism makes it possible to discuss the v and
T dependence whereas a standard method based on
Schrodinger equation cannot treat the effects of dissipa-
tion and temperature.

Figure 2(a) shows the v dependence of the numerically
computed spin moment per one site ({(s*)) at T = 0. On
the other hand, ((s*)) can also be computed as Eqgs. (28)
and (32) under the condition of a sufficiently high fre-
quency. In Fig. 2, we plot this analytic result of the
Floquet theory as well. One sees that (as expected) the
value of ((s*)) monotonically decreases with the growth
of the dissipation strength v and the analytic result well
agrees with the accurate numerical one. It is also shown
that even if v becomes close to the order of ty,op,, the laser-
driven magnetization (({s*)) still remains at the same or-
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FIG. 2. Laser-driven magnetization ((s*)) as a function

of (a) the dissipation magnitude (vy) and (b) temperature
(T). Other parameters are chosen to be eaFEy/thop = 0.1,
ar/thop = 0.1, and fiw/thop = 1.0. In panel (a), v changes
0 < ¥/thop < 0.4 at T = 0. Red points and white circles re-
spectively correspond to the result of the numerically solved
GKSL equation and that of the Floquet high-frequency ex-
pansion [see Egs. (28) and (32)]. In panel (b), we depict the
results of 7v/thop = 0.2 and 0.3. Red and green points are nu-
merical results of the GKSL equation, while wgite square and
triangles are those of the high-frequency expansion. Temper-
ature is changed from kT /tnop = 0.0 to 0.05, which corre-
sponds to about 500K for t1o, = 1eV.

der as the value at v — 0. We have verified that the
magnetization at the limit of v — 0 and 7" = 0 is in
agreement with that in the previous study [20], which is
computed from the solution of Schrédinger equation.

Next, we consider the T' dependence of ((s*)). As we
mentioned in Sec. ITC, in the case of T' = 0, it is enough
to analyze the GKSL equations in the doughnut regime
between two Fermi surfaces shown in Fig. 1(d). At finite
temperatures, the possibilities of the appearance of one-
particle states becomes finite in full Brillouin zone. How-
ever, if we consider a sufficiently low temperature regime
(kBT < thop), the effect of the area outside the doughnut
regime would be still negligible for the analysis of ((s*)).
Under this simple approximation, we here discuss the T'
dependence of ({s*)) by solving the GKSL equations only
in the doughnut regime. Figure 2(b) represents the T" de-
pendence of numerically computed ((s?)) and the same
quantity computed by the Floquet high-frequency expan-
sion. One sees that these numerical and analytical results
agree with each other in a semi-quantitative level. The
laser-driven spin moment is shown to monotonically de-
crease with increasing T, while the figure also shows that
the laser-driven magnetization is stable against temper-
ature change if 7" is small enough compared with ty,,p,
i.e., the typical energy scale of the electron system. It is
found that even when T is chosen to be room temper-
ature, the laser-driven magnetization takes the value of
the same order as at 1" = 0 for tpop, = leV.

C. AC-field Dependence

In this subsection, we consider the effects of the fre-
quency w and the intensity Fy of the AC electric field
on the laser-driven magnetization in the NESS. Figure 3
shows the w and Ey dependence of the numerically com-
puted ((s*)) at T = 0. As we already shown in Sec. IIT A,
{(s*)) is proportional to E2/w? for |Ey/(hw)| < 1, i.e.,
for a sufficiently high-frequency regime [see Eq. (32)].
Figure 3(a) and (b) clearly indicate the power law holds
in the high-frequency regime, while ((s*)) deviates from
the law when |Ey/(fw)| becomes larger. In fact, one
finds from Figs. 3(c) and (d) that the numerically com-
puted exact value of ((s*)) deviates from the result of
the Floquet high-frequency expansion for |Eq/(hw)| 2 1.
As we already mentioned, this power law of the laser-
driven magnetization is the same as that in dissipation-
less IFE [8, 9, 20].

In experiments of IFE, ultraviolet to infrared laser has
been usually used. Roughly speaking, their photon en-
ergy is the same order as the energy scale of solid elec-
tron systems, i.e., hw ~ thop. Figure 3 tells us that in
the case of w ~ thop, the magnitude of the AC elec-
tric field should increase up to eaEy ~ thop to maximize
((s*)). However, we have to note that in experiments,
Ey can approach at most 1 to 10 MV /cm, in which eaEj
is usually much smaller than tyep.
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FIG. 3. [(a), (b)] Log-log plot of ((s*)) as a function of laser
frequency w (a) and intensity Ey (b). Red and green points
respectively represent the results of numerical calculations
for v/thop = 0.2 and 0.3. The solid lines are fitting curves
obeying the power law Fa /w3. Other parameters are set to
OcR/tth = 0.1, k’BT/thop =0 and ean/thop = 0.1. For in-
stance, eaEy/thop = 0.1 corresponds to Ey =2 MVem ™! and
hw/thop = 1.0 does to w/2m = 0.24PHz when tno, =1eV.
[(c), (d)] Linear plot of ((s*)) as a function of w (c) and Eo
(d). Panel (c) [(d)] corresponds to panel (a) [(b)]. Green tri-
angles represent the numerical calculation results for v = 0.3
and white triangles the results of the Floquet high-frequency
expansion.

IV. LASER PULSES

In the previous section, we have studied properties of
the NESS that occurs after a long-time application of CW
laser. The NESS is very useful to capture the essential,
universal features of FE phenomena including IFE. How-
ever, short laser pulses (not CW) have been widely used
in experiments of IFE [11-15]. Therefore, here we ex-
plore the ultrafast spin dynamics driven by a short pulse
of circularly polarized laser. Here, “ultrafast” spin dy-
namics means that it is faster than typical time scale of
electronics, while (as one will see soon later) it is slower
than the laser period T,,.

The electric field of the laser pulse was already defined
in Eq. (14). The pulse length 7 and the initial time ¢;,; are
respectively fixed to about 14h/t,, and —600%/thep in
our numerical calculations. We explore the pulse induced
IFE by numerically solving the GKSL equation for laser-
pulse driven electron systems. For simplicity, we focus
on the zero temperature case (T = 0) in this section.

A. Ferromagnetic Metal

In the case of CW laser, electron spins are polarized
along the effective magnetic field created by the circularly
polarized laser, as shown in Eqs. (28)-(32). However,
when a short laser pulse is applied to electron systems,
a pulse-driven magnetic field immediately disappears be-
fore the electron spins becomes polarized. Instead of spin
polarization, a precession of the magnetic moment is in-
duced by the pulse-driven instantaneous magnetic field
if we consider IFE in a metallic system with a magnetic
order. Such a precession has been observed in several ex-
periments of IFE [12, 14, 15]. Let us consider the setup
of IFE shown in Fig. 4: A laser pulse with circular po-
larization is applied to a 2D ferromagnetic metal with
a ferromagnetic moment along x axis. The laser-driven
instantaneous magnetic field (Bypg) is parallel to the z
axis and its direction becomes positive and negative, de-
pending on the helicity (right- and left handedness) of
laser. To theoretically discuss the ultrafast precession,
we hence should prepare a magnetically ordered electron
state. For simplicity, we focus on a ferromagnetic metal
state like Fig. 4. To this end, we extend the 2D param-
agnetic Rashba model of Eq. (1) to a 2D electron model
with a ferromagnetic moment, whose Hamiltonian is de-
fined as

Hym = Hpm + Huirr, (33)
where Hypr is given by
- 1
Hypr = —B,S{,, = — B, Zk: 50,20,;01@. (34)

The index “FM” means “ferromagnetic” and the final
term Hypr is an Zeeman coupling due to a magnetic field
B, and has been introduced to generate a finite ferro-
magnetic moment along the S* axis like Fig. 4. One may
consider that this Zeeman term emerges from a mean-
field treatment for electron-electron interactions includ-

FIG. 4. Schematic image of IFE driven by pulse of circularly
polarized laser (CPL) with (a) right- or (b) left handedness.
The laser-driven 2D electron system on the z-y plane has a
finite ferromagnetic moment along the S* axis and the inci-
dent pulse enters along the z axis. The arrow of Birg means
the direction of an instantaneous magnetic field induced by
the pulse IFE. The direction of Birg is expected to be con-
trolled by changing the light polarization from right (left) to
left (right) circular types. Black arrows stand for the expected
precession motion of the spin moment.



ing Coulomb interaction, Hund coupling, etc [46]. How-
ever, we here regard the effective field B, as a merely free
parameter to realize a ferromagnetic metal state. In this
section, we use this mean-field Hamiltonian to investigate
the ultrafast spin dynamics driven by laser pulses.

The model of Eq. (33) can be easily solved because it
is a free-fermion type. In the k space, the Hamiltonian
reads

_ T €k e — By /2
Hev = zk: Cr (771*c ~ B,/2 £k )Ck' (35)

From this Hamiltonian, one can compute expectation val-
ues of arbitrary observable in the equilibrium state.

As the magnetization induced by B, is important in
this section, we here introduce two expectation values
associated to the spin moment:

M, :<Sa>tim’
(0% 1 (03
Socc :m kez <5k>tini~ (36>

Here, M, stands for the o component of magnetization
per site at the initial time t = t;y;, i.e., in equilibrium
state before the application of a laser pulse. On the other
hand, Ny is total number of the occupied one-particle
state at 7= 0 and ), ... means the summation over
all the one-particle states at T" = 0, which is equivalent
to the doughnut area between two Fermi surfaces of the
model Hry. Therefore, S&.. indicates how many electron
spins are polarized along the « axis in all the one-particle
states in Brillouin zone: The saturation value Sg,. = 1/2
corresponds to the state where all the electron spins in
one-electron occupied states are fully polarized at T = 0.
Figure 5(a)-(d) show the energy bands and Fermi sur-
faces of the ferromagnetic metal model of Eq. (35) with
finite mean fields B, at Fermi energy er = —3tphop. One
sees that Fermi surfaces gradually change with B, in-
creased. Figure 5(e) and (f) are respectively the mag-
netization curves of S%.. and M, as a function of B, at
T = 0. They tell us that SZ.. is almost saturated for
B, > 0.5tnop, while M, still monotonically increase to-
gether with B, even if B, is beyond 5t¢,. When B, is
much larger than tpep (By > thep), two energy bands E¥
and E¥ are massively separated. As a result, the lower
band is completely occupied by electrons with S* = 4+1/2
polarization (E¥ < ep) and the higher band is empty
(E¥ > er). This situation corresponds to the satura-
tion of M,. However, we want to consider a realistic
ferromagnetic metal state within our simple mean-field
model. In real ferromagnetic metals [46], the deviation
between spin-1T and spin-| electron numbers is usually
relevant only near the Fermi surface. From this argu-
ment and Fig. 5(e), we should tune the value of the mean
field, for example, in a range 0.01 < By /thop < 0.2 such
that SZ,. takes a moderate value far from the saturation
value 1/2. In fact, as we will explain in Appendix D, if
we start from almost saturated ferromagnetic state with

Sz . ~ 1/2, even strong laser pulse can induce a quite
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FIG. 5. [(a), (c)] Energy bands of the mean-field ferromag-
netic model of Eq. (33) at (a) a weak spin moment M, = 0.08
and (c) an almost saturated moment M, = 0.49. Parameters
are set to thop =1€V and ar/thop = 0.5. The Fermi energy
is fixed to ep = —3tnop. [(b),(d)] Panels (b) and (d) respec-
tively correspond to the Fermi surfaces for the cases (a) and
(c). [(e), (f)] Magnetization curves of (e) SZ.. and (f) M, as
a function of B, for ar/thep = 0.5 and kT /thep = 0.0.

small precession motion of the spin moment because the
spin moment is strongly locked due to the considerably
large field B,.

When the effect of laser pulse is introduced in Eq. (33),
it is enough to replace Hpy to Hpy(t) using the Peierls
formalism like Sec. II B. However, we should note that
we use the vector potential for the laser “pulse” field of
Eq. (14) instead of CW laser. The time-dependent pulse-
driven Hamiltonian is given by

Hewm(t) = Hem(t) + Huer- (37)

This Hamiltonian is still k-diagonal like the case of CW
laser. Using Eq. (37), we will numerically solve the GKSL
equation.

B. Pulse induced Precession

In this subsection, we discuss the numerical results of
the spin moment induced by pulse laser. For simplicity,
the numerical computation will all be done at T' = 0 in
this section. Figure 6(a) shows the spin moment of (s*),
as a function of time ¢ in a ferromagnetic metal state with
a moderate value of SZ7,.. The dotted lines represent the
actual time evolution, while the solid lines represent the

extracted slow modes that is defined as

1 t+T,,
- dt' A(s®)y
STl N T

where we have taken a time average over 27, and we have
introduced A (s%), = (s%), — (s), = and (s¥%) = =0.
The gray area indicates the full width at half maximum
of the laser pulse, namely, the time interval during which

Sslow (1)
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<Sa>t - <5a>tim

and (s*7%),

[(al)-(a3)] Time evolution of (s*),, (s¥),, and (s*), computed by the GKSL equation for a ferromagnetic metal
state in the model (37) with “magnetization” SZ.. = 0.248 (corresponds to M.

= 0.0046) at T = 0. Here, A(s%), =

t

= 0. Dotted lines denote (s%), themselves, while solid lines are the slow modes defined by

83w (t) = 52 HT: dt' A{s®)y. Red and blue colors respectively correspond to right circularly polarized (Aw/thop = 1) and

2T, Jt—T,
left circularly polarized (hw/thop =

—1) pulses. The gray region denotes the width of laser pulse: The laser intensity is strong

enough in this range. [(b1), (b2)] Plot of slow mode of panels (al)-(a3) in the three-dimensional space (ttnop/h, (s7), , (sY),).
Other parameters are chosen to be eaEy = 0.5, ar /thop = 0.1, k8T /thop = 0, ¥/tnop = 0.01, and 7 ~ 1474 /thop.

laser intensity is strong enough.

The most remarkable part in Fig. 6(a) is the behavior
of the slow mode of (s¥);. From Fig. 4, we can expect that
a clear precession arises in the y component of spin in our
setup and the initial “phase” of the precession driven by
a right-handed light (w > 0) deviates by m from that by
a left-handed one (w < 0). One finds this phase differ-
ence in (s¥); of Fig. 6(a2). The phase difference has been
indeed observed in several experiments of pulse-driven
IFE [12, 14, 15] and is a definite evidence for the emer-
gence of an instantaneous magnetic field (Brpg in Fig. 4)
by a circularly polarized laser pulse. In real magnetic
materials, the characteristic frequency of the precession
(i.e., slow mode) is determined by the spin-wave eigenen-
ergy [46]. Our model does not include the correlation
between spin moments in neighboring sites and hence
cannot reproduce the precession with the spin-wave fre-
quency. To take the spin-wave nature into account in
the microscopic level, we have to analyze laser-driven dy-
namics in correlated electron systems on a lattice such
as Hubbard models, more realistic multi-band correlated
electron models, etc. It is an important future issue of the
research of IFE. We however emphasize that a slow pre-
cession and the phase difference can be captured within
our free-fermion model for a ferromagnetic metal. Here,
we again note that the slow precession is fast compared

)

with typical time scale of electronics. “Slow” means that
it is slower than the laser frequency and we may refer to
this mode as “ultrafast” spin dynamics.

Figure 6(a) also demonstrates that the slow modes of
()¢ for right- and left-handed lights are almost degen-
erate. This behavior can be understood from Fig. 4.
Namely, if the time evolution of (s%); is sufficiently close
to the ideal precession on the S*-SY plane like Fig. 4,
a phase difference does not appear in (s*); and it arises
only in (s¥);. One can also find from Fig. 6(a3) that
(s*); slightly increases (decreases) during the application
of right-handed (left-handed) laser pulse. This could be
interpreted as the growth of spin moment by the instan-
taneous magnetic field Bipg.

Figure 6(b) depicts the trajectories of the pulse-
driven slow dynamics in the three-dimensional
(tthop/h, (s7), , (s¥),) space, from which one can vi-
sually understand the precessions generated by right
and left circularly polarized pulses. The corresponding
movie is in Ref. [47].

C. Time-dependent Effective Hamiltonian

Here, we consider how one can understand the preces-
sion mode of Fig. 6 from the Floquet-theory perspective.
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FIG. 7. [(al)-(a3)] Panels (al)-(a3) depict the time evolution of slow modes of (s7),, (s¥),, and (s*), in the case of circularly
polarized laser pulse at T' = 0. Each panel includes the numerical results estimated by three models of Eqgs. (37), (40), and (41).
CPL+ and CPL— respectively stand for right (fw/thep =1 > 0) and left (Aw/thop = —1 < 0) circularly polarized laser pulses.
Light red (CPL+) and light blue (CPL—) curves are the results of Eq. (37). Orange dotted (CPL+) and blue dotted(CPL—)
lines are those of Eq. (40). White diamond (CPL+) and black diamond (CPL+) marks are those of Eq. (41). [(b1)-(b3)] Panels
(b1)-(b3) represent the Fourier spectra of spr as a function of arbitrary frequency € in the case of right circularly polarized
pulse. We use the log plot and the value of the vertical axis is measured from the maximum value of log;, |sgr(£2)|. Red line
is the result of Eq. (37), blue area is that of Eq. (40), and orange area is that of Eq. (41). In panels (b1)-(b3), we define the
characteristic angular frequency Qg.,, that is the lowest peak position of log,, |s3r(€2)| and is much smaller than the laser
frequency w. Other parameters are chosen to be M, = 0.0046 (S5.. = 0.25 and By /thop = 0.1), ttop = 1, eaFo/thop = 0.5,
R /thop = 0.1, and ~y/tnhop = 0.01.

For this purpose, let us first remember the case of a CW _ 4t B.lk lc’r C

' E F 0.Ck + Hyrr. (40
laser. In the case, the Floquet high-frequency expan- & ot )2 k Fr- (40)
sion enable us to lead to the time-independent Floquet

Hamiltonian, which is given by Furthermore, the laser-driven magnetic field Beg (k) is

expected to be more significant rather than the correc-

oW _ Eg I tion to Hpy. Hence, we also introduce another effective
FE = \ -7 42 ) 'PM Hamiltonian:
1 Pulse _ —4t? /12 1 T
- Z Beff(k)§c,:0z0k + Hurr, (39) Higs® (1) =Hpwn — ™'/ Z Beﬁ(k)ickgzck
k
k

where Beg = 20} EZ/w? cos(ky) cos(ky) [see Eq. (29)]. + Hpr (41)
In the case of laser pulse, on the other hand, the high- ~ These Hamiltonians, HE2"¢(t) and HEES®(t), are ex-
frequency expansion is no longer applicable in principle. pected to describe the slow dynamics, whose time scale
However, we can expect that the expansion is still valid is slower than the laser period T,,.

for a short time interval, which is somewhat longer than

the laser period T,. Under this rough expectation, we We compare the numerically exact results of (s*); with
may introduce the effective Hamiltonian (time-evolution  those derived from HERS®(t) or HEESe(t). To this end,

operator) for the case of laser pulse, by replacing Ey with we here define the Fourier transform of the magnetization
Eoe="/(7/2)* in Eq. (39). Therefore, the effective Hamil- a8

tonian for laser pulse is given by 2 (Q) = A (s, gy, (42)
e—2t% /7 12 —o0

Hpg™(t) = (1 - % Hpm where A (s%), = (s%), — (s%), = and (s¥?), = 0. Fig-

ure 7 (al)-(a3) represents the slow precession motion of

spins after the laser pulse passes. Each panel includes the
numerically exact result of s§_ (¢) and the spin moments
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FIG. 8. [(a),(b)] Log plot of |sgr(Qfow)| as a function of

the frequency w (a) and the field strength Ey (b) of laser
pulse. The frequency g, is determined as the lowest peak
position of |sgr(2)|. Red [white] triangles are the numeri-
cal result of combining the original mean-field Hamiltonian
Hpwm(t) [the effective Hamiltonian HESS®(#)] with the GKSL
equation. In panels (al)-(a3), the laser intensity is chosen to
be eaEo/thop = 0.5, while in panels (b1)-(b3), the laser fre-
quency is set to fw/thop = 1.0. Fitting dotted lines in panels
(a3) and (b3) are proportional to EZ/w®. Other parameters
are thop = 1, aR/thOp =0.1, 'y/thop =0.01, and 7 ~ 14ﬁ/th0p.
The dotted fitting lines in two panels of |sfr(QSow )| are pro-
portional to E3 /w®.

(s%); computed by the effective Hamiltonians HE3se(¢)
and HE35e(). These three panels show that the Hamil-
tonian HE3¢(¢) well describes all the components of slow
spin motion although the amplitudes of (s¥**); somewhat
deviates from the exact results of sJ . (¢). They also tell
us that even a simpler Hamiltonian HES5®(#) can repro-
duce the precession of (s¥%); with the accurate frequency
(although it cannot describe the z component of spin).

Figure 7 (b1)-(b3) show the Fourier transforms s¢p.(Q)
for a right circularly polarized pulse. We plot results esti-
mated by three methods: Numerically exact calculation
by the GKSL equation, the numerical result based on
HEe() and that based on HEESC(t). The estimation
of HES¢(¢) is shown to well agree with the exact result in
the lower frequency regime of Q < w, while HES5®(¢) can
describe the low-frequency modes for the y and z com-
ponents of spin and cannot do the x component. These
results are consistent with the upper panels of Fig. 7.
In particular, one finds from panels (b2) and (b3) that
both models of Egs. (40) and (41) can capture the lowest-
frequency peak structures of sfn(Q).

We here define the characteristic frequency Qf . as
the lowest peak position of sg(Q2) that is smaller than
the laser frequency w. The positions of Q0 = are depicted
in Fig. 7(b). Figure 8 shows sg(03,,,) as a function of
the AC electric field Ey and the laser frequency w. It is
found that sgr(02%,,,) computed by combining the effec-
tive Hamiltonian (40) and the GKSL equation is in good
agreement with the numerically exact result. This means
that the Hamiltonian (40) works well to describe the dy-

11

namics that is slower than the laser frequency. Moreover,
Figs. 8(a3) and (b3) demonstrate that sg(Q7,,,) obeys
the line oc E2 /w? like Eq. (32). It implies that the Flo-
quet picture still survives even for the case of a few cycle
laser pulse.

From these results of Figs. 7 and 8, we conclude that
the effective Hamiltonian for the laser-pulse driven sys-
tems, Egs. (40) and (41), can capture the lower-frequency
dynamics and the pulse-driven IFE can be viewed as a
short-time FE.

D. Importance of Relaxation

Finally, we discuss how important the dissipation
terms of the GKSL equation is when we consider the lase-
pulse driven IFE. To this end, we introduce the Gabor
transformation

o]

st (1) = / doe= 0% A sy, i (43)
— 0o

where ¢ = 0.1A/thop. This quantity tells us how the fre-

quency components of (s*), are distributed at each time.

This is also referred to as short-time Fourier transform.

Figure 9 (al)-(a3) and (b1)-(b3) show the above Ga-
bor transforms for the case of laser pulse as a function
of the frequency €2 and time ¢. Panels (al)-(a3) are the
results by the GKSL equation for the model (37) with
a finite dissipation strength v = 0.03 ¢y, Whereas pan-
els (b1)-(b3) corrspond to the results without dissipation
term (7 = 0). The latter results are shown to be almost
the same as the former in the higher-frequency regime
(Q > Q. .), whereas one finds that the low-frequency
behavior of the latter clearly deviates from the result
with a finite dissipation: In the case of v = 0, the low-
frequency dynamics (including the precession in Fig. 6)
survives for a long time. From Fig. 9(c1)-(c3), we find
the amplitude of the pulse-driven precession mode still
remains at least in ¢ ~ 8007/thop.

The typical relaxation time of electron spins is in the
range of 1ps—1ns [7, 46, 48-56] in magnetic materials.
Therefore, the never-ending tails of the low-frequency
regime in Fig. 9(b1)-(b3) are non realistic and it indi-
cates the importance of taking the dissipation effect into
account when we consider the laser-pulse driven dynam-
ics.

V. CONCLUSIONS AND DISCUSSIONS

In this study, we have theoretically investigated the
IFE driven by continuous (pulse) waves for paramagen-
tic (ferromagnetic) states in 2D Rashba electron models.
The quantum master (GKSL) equation makes it possible
to handle the spin dynamics driven by both pulse and
continuous waves. Moreover, it also enables us to take
the dissipation effects into account unlike the standard
approach of Schrodinger equation. We emphasize that
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the dissipation plays the significant roles to realize the
NESS in the case of CW (see Sec. III) and to describe
the spin dynamics in the case of laser pulse (see Sec. IV).

In Sec. III, we have investigated the NESS that arises
due to the balance between the energy injection by CW
laser and the energy dissipation. We demonstrate that
the laser-driven magnetization and its nature can be
captured by the Floquet theory for dissipative systems
in the high-frequency regime. We analytically and nu-
merically prove that the power law of magnetization,
((s*)) o EZ/w3, holds in the NESS. With the GKSL
equation, we predict the T and 7 dependence of IFE in
a quantitative level. For example, for a typical value of
thop, the laser-driven magnetization is shown to remain
large enough even when T is as high as room tempera-
ture.

Section IV is devoted to the analysis of the short-
laser-pulse driven IFE. We have focused on ferromag-
netic metal states by introducing a mean-field type Zee-
man interaction and computed the pulse-driven ultrafast
spin dynamics in the ferromagnetic state by using the
GKSL equation. We find that a pulse-induced instan-
taneous magnetic field leads to a precession of the spin
moment, which has been often observed in experiments
of IFE. Furthermore, by introducing time-dependent ef-
fective Hamiltonians, we show that the precession can
be understood from the Floquet theory perspective. We
note that when even “a few” cycle pulse is applied, the
Floquet picture is still useful to understand some essen-

tial properties of the laser-pulse driven systems.

Our results indicate that the GKSL equation [26-29]
and the Floquet theory for dissipative systems [18, 19]
are useful to deeply understand Floquet-engineering phe-
nomena in solids including IFE, in which the dissipation
effect is usually inevitable. On the other hand, (as we
discussed in Sec. IV B) the pulse-driven precession with
the spin-wave frequency cannot be reproduced within our
free electron model. The development of a microscopic
theory for such a spin-wave precession mode is an inter-
esting feature issue. The analysis of dissipation effects
beyond the GKSL equation [57-59] is also important in
broad fields of non-equilibrium physics.
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Appendix A: Typical values of parameters

When we theoretically study laser-driven systems, we
should consider realistic values of many parameters. The
number of them is generally much larger than that in
equilibrium systems. Here, we prepare two tables, in
which typical values of important parameters are listed.

Appendix B: Relation between GKSL and Bloch
Equations

In this study, we have treated dissipation effects by
using the GKSL equation. Below, we explain that the
GKSL equation encompasses the (optical) Bloch equa-
tion [60], which has been often used to describe photo-
induced dynamics in semiconductors. We assume that
the system is given by a two-level quantum model, whose
2 x 2 Hamiltonian denotes H. The GKSL equation for
the density matrix p is written as follows:

dp

1
=i+ (Lupth = St L0} ). B

where L,, is a jump operator describing a dissipation
process. We note that the dissipation term in Eq. (B1)
can be re-expressed as Eq. (20) by changing the defini-
tion and normalization of L,,. In the two-level system,
arbitrary operator A is given by A = 5 Za 0,21 L Aaoq,
where o, , . are Pauli matrcies and oy is the 2 >< 2 unit
matrix. The density matrix p is hence expressed as
p= % Zazo,z,y,z Pa0q and the determination of the den-
sity matrix is equivalent to giving the vector of three
coefficients p = (pg, py, p-). Similarly, the Hamiltonian
H and each jump operator L,, may be respectively de-
fined by three-component vectors H = (H,, H,, H,) and
L., = (Lm,z, Lm,y, Lm,-). Using these instruments, one
can exactly map the GKSL equation to the following dif-
ferential equation:

Ty xrz
d Pz T Tm 7-m Pz
e pr+Z I A
2 T Tot T \P=
+iY  (Lm x L},) /2, (B2)
m

where 71 = (|Lmit1|> + |Lm.i+2|?)/2 (Here, z, y, and
z respectively read 1, 2, and 3 mod 3) and 7 =
(Lim,jLm,i* + Ly, ;" Ly,i)/4 for i # j. The trace conser-
vation of p leads to the traceless nature of Tr[L,,] = 0.

The jump operators are here determined such that
p(t) approaches to an equilibrium state of the time-
independent Hamiltonian Hgat: The full Hamiltonian is
given by H(t) = Hgtat +0H (t). To quantitatively discuss
the jump operators, we prepare the eigenstates of Hgtat-
Two energy eigenstates of Hgio are defined by |F;) and

|E2), whose eigenenergies Ej o satisfy F1 < Es. In this
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setup, the density matrix

o= 1B = (g o) (B3)

corresponds to the ground state.

To consider the relation between the GKSL and Bloch
equations, we somewhat restrict the form of the jump
operators: Each L,, is assumed to be proportional to o,
oy = (0y+i0y)/2 or o_ = (0, —i0y)/2. For example, we
do not consider the case where L,, is given by a linear
combination of ¢, and o4. Under this constraint, the
matrices in the second term of Eq. (B2) possesses only
diagonal components 7. Similarly, the vector L x LT
can have only the z component.

1. Absence of o,

Here, we consider the case where jump operators do
not include any diagonal component. Two jump opera-
tors are defined by

Ly :\/EOHL = \/1—‘712|E1> <E2‘7
Ly = VL1 |Ez) (Ed. (B4)

This setup corresponds to the GKSL equation we have
defined in Sec. II C: The relation between the jump op-
erator in Sec. IIC and that in Eq. (B4) is given by

Lo = L1/+/T'12 and Loy = La/+/T'91. The equation of
motion for the density matrix is

F210'_ =

o (1], - 22 (B5)
1
dp P
T::[pr]y_ﬁ (B6)
Tio—T2;
dp. Pz = T1o4T
= [H — = fatla B7
o = H >l T : (B7)

where 1/T| = (I'12+T'21)/2 and 1/T)) = I'12 +T'o;. This
equation is nothing but the same form as the Bloch equa-
tion. If we regard the vector p as a classical spin, T and
T may be respectively interpreted as the longitudinal
and transverse relaxation times. Like Sec. IIC, if I'y;
satisfy the detailed balance condition
vyexp(—BE;) L

F’L] exp(fﬂEz) +eXp(*ﬂEj) (Z 7&])7 (BS)
the system relaxes to the equilibrium state of the time-
independent Hamiltonian. In fact, we find that the factor
in the final term of Eq. (B7) satisfies

Lo =T exp(—pBE;) — exp(—(Es>)
= o i = <p2>eq’ (Bg)
g +T' Zi:Lz exp(—pLE;)
where (- - - )eq denotes the expectation value of an equilib-

rium state. Moreover, one finds 7' = 27}. Namely, the
use of Eq. (B4) corresponds to the Bloch equation un-
der a special condition that the relaxation times satisfy
T, =2T). At T=0 (8 — c0), I'yy = 0 and <pz>eq =1.
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TABLE I. Several quantities that are used when we consider laser-driven electron systems. In the second column, we define
typical quantities in the dimensionless fashion. The symbol “d]” means “dimensionless”. In the third column, we show typical
values of these quantities under the condition that the dimensionless parameters are fixed to Eédl) =1, hw@ =1, 7@ =1,
@ =1 and v =1 and we set thop = 16V and a = 5A. See Ref. [20].

parameter dimensionless parameter

E((Jdl) — 1, @ =1, 7 —q, @) @) — 1

Strength of laser electric field Eédl) = eaFEo/thop

Strength of laser magnetic field Bédl) = gupBo/thep = gu(Eo/c)/thop

laser angular frequency Fw( @) = hw [thop

Temperature kT = kT /thop
strength of dissipation 'y(dl) = 7/thop
time t 9 = ¢ t,0p /R0

Eq ~20MVem ™!
By ~6.67T

£ ~ 242 x 10°THz
T~ 1.16 x 10* K

v =1eV

t ~0.66 fs

TABLE II. Laser energy flux for reference field strengths. See Ref. [41].

Eo =1MVem ™!

Strength of laser magnetic field (Bo) 0.33 T

Laser energy flux (I)

1.3GWem ™2

2. Existence of o,

In addition to L; 2, we introduce another jump opera-
tor with a diagonal component:

/YL
L3: %O’z.

From Eq. (B2), the GKSL equation with three jump op-
erators Lq o 3 are expressed as

(B10)

dp, 1 1

=[H — =+ =) ps B11
3 = Hxrl, <TJ_1 +Tl2>p., (B11)
dpy 1 1

=[H =+ = B12

Lip—Toy

dp. Pz~ TioqT

=[H x p], — ——ztla1 (B13)
dt z T

where I/Tll = (Flg + Fgl)/z = ’)//2 and 1/TL2 =YL
This is also equivalent to a Bloch equation. The longi-
tudinal relaxation time is 7} = 1/, while the transverse
relaxation time is given by T, = (1/T11 + 1/T12)"! =
2/(y + 2v1). That is, one sees that the additional jump
operator Ls contributes to only transverse relaxation pro-
cess and it is not sufficient to make the system relax to
an equilibrium state. This is because L3 does not include
any transition between the ground state |F1) and the ex-
cited one |E3). We can control the magnitude and ratio
of 'y and T} by tuning the dissipation strength of jump
operators, v and v, . This control is impossible when we
have only Li2. We note that 27 > 7', holds in this
Bloch (or GKSL) equation [61, 62].

It is noteworthy that recently there has been a few
advancement in theoretical studies that argue some issues
about the relaxation-time approximation in the GKSL
equation [57-59].

Appendix C: Density matrices in NESS

In this section, we consider the density matrices of
the laser-driven NESS in GKSL equations. We focus
on the GKSL equation for laser-driven time-periodic sys-
tems with a static jump operator like Eqgs. (19) and (20):

dp(t)

8L — Lp(t) = —ilH (1), p(8)] + Dlo(1),

where p(t) is the density matrix, H(t) = H(t + T,,) is
the time-periodic Hamiltonian, and D(p(t)) is the dissi-
pation part with a static jump operator L,,. For the dis-
sipative quantum system, we can apply the Floquet high-
frequency expansion [18, 19] like the case of Schrodinger
equations for isolated systems. To this end, we divide
the time evolution operator into three parts as follows:

U(t,0) = eg(t)pﬂleffe—g(o)7 (C2)

where U(t,0) is the time evolution operator, G(t) =
G(t + T,) is the micromotion operator describing the
faster dynamics than the laser period T,, = 27 /w, and
Leg is the time-independent Lindbladean describing the
slow dynamics. Via the high-frequency expansion for L.g
and G(t), we obtain the following effective equation of
motion for the slow dynamics [18]:
dp(t)

L = Laeplt) = —ilHrs, p(t)) + D(p(t))

where time-independent Flouget Hamiltonian Hpg is
given by Hrg = Ho + ), W + O(wfz) and H,
is defined from the Fourier transform of H(t): H(t) =
>, Hoe ™™t (n € Z). Here, we define

p(t) = et p(0) (C4)
and po = limy_,p(t). Using them, the density matrix
for the NESS is given by

a5

pnEss(t) = €7 poo,

(C1)

(C3)

(C5)



and we find that p(t) satisfies

(e

dt
Because G(t) gives an oscillating factor to the density
matrix, the main time-independent nature of the NESS
is written in po. From Eq. (C6), we see that po is the
solution of

= Eeffﬁ(t)' (06)

Leffﬁ(t) =0. (07)

Below we will explain the explicit form of p, in some
representative setups.

1. Ho = Htat

In laser-driven systems, the Hamiltonian is generally
given by

H(t) = Hggar + 0H(t), (C8)

where Hgiat is the time-independent part and dH (t) =
0H(t + T,) is the time-dependent periodic part. First,
we consider the case where

HO = Hstat- (09>

This condition often holds in periodically driven systems.
In addition, we assume that jump operators are given by
L;; = |E;) (E;| and the corresponding coupling constants
I';; satisfy the detailed balance condition,

Tje PP =Ty e PEi (i # ),
;=0 (C10)

such that for §H(t) = 0, the system approaches to
the equilibrium state of Hg.t. Here, E; is the i-th
eigenenergy of Hgtat and |E;) is the corresponding eigen-
state. The solution of the NESS under the condition of
Egs. (C9) and (C10) is given in Ref. [18]. For simplicity,
we restrict ourselves to the non-degenerate case: E; # E;
for i # j. Here, we shortly review the result of Ref. [18].

To obtain the density matrix of the NESS, it is con-

venient to divide po, into the diagonal part /3(0‘? and the

(od)

off-diagonal one ps © as follows:

PO =" B (Bl P = Y oM B (B,
k k(1K)

(C11)

where po = (d) + p(Od) Equation (C7) means

(Epn| Lot foo | Em > = 0. Focusing on the dissipation part,
we have

(En| D(poc) [ Em)

where v, = % > ;(Tin+T4m). Secondly, considering the
commutator part —i (E,| [HrFg, foo] | Em), We obtain

—i(Ep — Ep)p™™ —i(p™" — p"") (En| AHpg | Em)

(C12)

- ’Ynmpnm(l - 6nm)a
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— i (En|[AHrg, V] |Em) — (m #n)

(C13)
— i (Bn| [AHyg, 520 | E,) +Z nip" = Linp™) =0,

'Ynmpnm =0,

(m =n) (C14)

where AHpg = Hpg — Hp. By using these equalities,
we can obtain p*. From Eq. (Cl14), we find that the
diagonal elements p* satisfies >, (T'yip™ — Dinp™) = 0
in the (1/w)® order. Therefore, we have

PD = pean + O(w™2), (C15)
where pcan is the canonical distribution
—BEx |\ (E

DK€ | Ex) (Ex| (C16)

pcan - Zl e*ﬂEl

Using this result, we also obtain the off-diagonal ele-
ments:

pY = owm + O(w™?),
where opg is defined as
(En|AHpg|Ep)
(En — Em) — tYm

(C17)

<E |JFE|E > (p?anipgn)

(C18)

This off-diagonal part represents the Floquet engineering.

2. HO # Hstat

In the following, we consider the case where Hy #
Hgiat, while Egs. (C8) and (C10) hold. In this case,
Eq. (C12) still holds, whereas we have to slightly modify
the calculation below Eq. (C12). First, we divide Hy into
two parts as follows:

Hy=H" + HY, (C19)

where H ) and H, (1) are respectively (’)(wo) and O(w‘l).
Moreover we deﬁne

AHS) = Heg — HY, (C20)
as an extension of AHpg. The Floquet Hamiltonian is
given by Hrg = Héo) + AHE%) and AHI%) is O(w‘l).
These new parameters are useful to estimate the density
matrix in terms of the power 1/w. The remaining task is
to compute the matrix elements (E,| Loftfoo |Em). The
diagonal (m = n) and off-diagonal (m # n) elements are
computed as

— (™™ = ") (En| HE” + AHL) | Epn)
0 D ~(o
z<E|[H£>+AHéE% D) |En)
(m # n)
—z’<En|[HéO + AH, 62N | Ey) +Z nip"

’Ynmpnm =0,
(021)

T pnn)

=0. (m=n) (C22)



Here we have used the Hermitian natures (p™™)* = p"™

and (E,,| Ho |E,)" = (En| Ho |Ep).

For simplicity, below we restrict ourselves to two-level
systems, in which indices m and n take only two values of
1 and 2. In such two-level systems, the above equations
are reduced to

(i (Bl B + AH | En) i (B HY + AH | )
Y )9 " ) | (Bl AH | Br)
+ (Bl HY" |En) | =0, (m #n) (C23)
ip"" [(Bal Hy” + AL |By)

— ip™ (Bl Hy” + AHg |Eo)] + (Cup™ = Tap™)
=0. (m=n#k) (C24)

Solving these four equations, we can obtain all the matrix
elements of p'!, p'2, p2!, and p?2. The result is

p11 - —Flg —|— QIHI{G*F}

ATm{G*F} —~ ~’
12 (T2 —T'a1) 21%
= —F =
P T Am{GFY—~ "
—T'21 + 2Im{G*F}
22 21
= 2
P ATm{G*F} —~ (C25)
where v = 2715 and we have defined
F=—-iG/J,

G = (Er| HY |Ea) + (Bx| AHLY | Es)

J=i((Ey| H® + AHY 1B — (B, H® + AHY |E
i((Ex[Hg " + AHypy [Er) — (B2 Hy W + AHyy | E))
+ /2. (C26)

To obtain an explicit form of the density matrix in the
high-frequency regime, we expand F' and Im{G*F} in
terms of 1/w and we define

F=FO4+F® 4 F@ 4. ...
m{G*F} = FO 4 7O L 7@ 4 ... (C27)

where F(™) and F(™) are respectively the (1/w)™-order
terms of F'and Im{G*F'}. As aresult, the density matrix
in the NESS is given by

1
Pt =T —2(F0 + FU)

4 _
vt 2FO)4F® 4 O(w™?),

p'2 = (T2 = Tay) (= (FO) 4 F0) /2 — 4F O F1) /52)
+ O(w*Q) = p*7,

1
p*? = X(Fm —2(FO 4 7))

4 _
+ 3221 — 2FONYFL 1 0(w™?), (C28)

where we have introduced new parameters

2y
A= (B By 1B P+,
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k= (B HY |Ey) — (Bo| HY |E2))? + (v/2)%. (C29)

At the end of the subsection, we comment on a simple
case of H(()O) = Hgat. In this case, the computation flow
of Appendix C1 is still applicable if Hy and AHpg are
respectively replaced with Héo) and AHpg + H(gl).

3. HO = CHstat

Here, we shortly consider a special case of Hy # Hggag
in two-level systems. Namely, we consider the case where
Hy is proportional to Hgtat: Hyp = C'Hgiat with C being a
constant independent of w. In this case, (E,| Hy |Ey,) =
C8pmFEy, holds and it leads to A =, FO = F) = 0,
and F = % +O(w™?2). Hence, the diagonal
components of the density matrix po, are

e BEk
> e hr
The off-diagonal components p*! (k # [) are

w_ (Ex|AHpg|E) 4 B
N C(Ek — El) _ Z'fy/2 (pcan pcan) + O(w )
(C31)

Equations (C30) and (C31) are still applicable in
generic multi-level systems if we replace v/2 with vy in
Eq. (C31).

pHr = pk  +OW™?) = +O(w™?). (C30)

Finally, we consider the case that a “diagonal” jump
operator Ly = |FE;){E;| exists under the condition of
Hy # Hgay- For simplicity, we focus on two-level sys-
tems. As in Appendix B2, the diagonal jump operator

is given by
L3 = “% 0.

For this setup, the dssipation term of the GKSL equation
is written as

(C32)

Dip)= Fij[LijPLZj*%{LLLmPH
i.4(i79)
tlmsord - S {Ebisp}], (c33)

where off-diagonal jump operators L1321 are assumed to
satisfy the detailed balance condition of Eq. (C10). Com-
puting the matrix elements (E,| Lefrpoo |Em) with the
dissipation term of Eq. (C33), we can obtain the generic
formula for the density matrix in the NESS. The result is
almost the same as Eq. (C28), but we should respectively
replace the parameters A and x with

<2
A=y +2v0) [ (B HY |E1) 2+,

K



= (B HY | B — (Bo| H |B2))? + (7 + 27.0)?/4.
(C34)

The generalization to multi-level systems is straightfor-
ward.

Appendix D: Additional results of pulse-driven
precession

In Sec. IV B, we have analyzed the laser-pulse driven
spin dynamics in a ferromagnetic metal state with mag-
netization being a moderate value (S%,, = 0.248). As we
mentioned, the reason why we choose a moderate value
SZ . = 0.248 is that in real metallic magnets, only a part
of conducting electrons near Fermi surface contribute to
the magnetic order [46]. In this section, besides such
a realistic setup, we show the numerical results of spin

dynamics in two extreme cases: The first case is the para-
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magnetic metal state without mean field (B, = 0) and
the second is a nearly saturated state with SZ.. — 40.5.

From Fig. 10(a), one sees that there is no pulse-driven
precession of the y component of electron spins in the
paramagnetic state. This is expected because we have
no magnetic moment unlike Fig. 4. Instead, we find that
the laser pulse induces a small magnetization along S*
axis and it may be interpreted as a short-time version of
IFE in the NESS. The panel (b) shows that in the nearly
saturated state, the y and z component spins has only a
very fast oscillation, whose frequency is the same as the
laser one w. The numerical result indicates that FE does
not occur well in this state. This would be because the
direction of spin moment is strongly locked by a strong
mean field B, and laser cannot change their direction
and magnitude well.

From these results, we can conclude that the ferro-
magnetic metal state with a small or moderate magne-
tization, that we have used in Sec. IV, is close to a real
setup of IFE in magnetic systems.
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