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We perform a theoretical study of the coupled dynamics of two species of Bose-Einstein conden-
sates (BECs) in a double well potential where both the tunneling and the interatomic interactions
are driven periodically in time. The population difference between the wells of each species gives
rise to a two dimensional lattice in Fock space with dimensions given by the number of atoms in
each BEC. We use a Floquet analysis to derive an effective Hamiltonian that acts in this Fock space
and find that it contains an artificial gauge field. This system simulates noninteracting particles
in a tight binding lattice subject to an additional harmonic potential and vector potential. When
the intra-species interactions are attractive there is a critical value at which the ground state of the
Floquet operator undergoes a transition from a Gaussian state to a quantized vortex state in Fock
space. The transition can be quantified in terms of the angular momentum as well as the entangle-
ment entropy of the ground state with both showing sudden jumps as the intra-species interactions
become stronger. The stability of the vortex state vanishes in the thermodynamic limit.

I. INTRODUCTION

Synthetic dimensions are artificial extra dimensions
that mimic real spatial ones. They considerably expand
the range of complex quantum systems that can be simu-
lated using simpler, more easily controlled platforms such
as ultracold atoms [1, 2], photons [3, 4] and trapped ions
[5, 6], with examples of the internal and external degrees
of freedom that can be used to make synthetic dimensions
including harmonic oscillator [7], spin [8–11], momentum
[12–14], rotational [15], Rydberg [16, 17] and photon res-
onator [18, 19] states.

Another useful tool for quantum simulation is provided
by artificial gauge potentials. These mimic the action
of electric and magnetic fields on charges irrespective of
whether the underlying physical particles are charged or
not [20–23]. For ultracold atoms, a popular experimental
configuration is to load them into an optical lattice which
can then be periodically modulated to generate effective
gauge potentials [24–32]. The ability to simulate gauge
fields in a controlled and tuneable manner has opened
up new possibilities for investigating topological phases
[33–36], exotic phases of matter [38, 39], and the study of
quantum Hall physics [11, 40] on entirely different phys-
ical platforms to their original settings. Artificial gauge
fields not only provide a versatile experimental method
for probing fundamental aspects of quantum mechanics
and condensed matter physics but also enable new tech-
nological applications in quantum information processing
and quantum simulation [41–43].

Fock states provide yet another possible set of states
that can be used as building blocks for synthetic dimen-
sions. Unlike the more traditionally used internal and
external states listed above, Fock states are defined via
the occupation numbers of particles in the different avail-

able modes leading to the concept of a Fock-state lattice
(FSL) [44, 45]. Systems with a large number of par-
ticles and a limited number of modes are particularly
well-suited for constructing large synthetic dimensions in
this way because each mode acts as a single synthetic di-
mension, and the number of particles that can occupy a
mode serves as the length of the dimension. In this con-
text, particles with bosonic statistics are preferable due
to their ability to occupy the same mode simultaneously.
One example of a FSL is provided by photon states in
optical cavities; when two or three optical cavities are
coupled via a two-level atom such a FSL can realize the
Su-Schrieffer-Heeger (SSH) model or a Lifshitz topolog-
ical phase transition between a semimetal and a three
band insulator, respectively [45, 46]. Likewise, exper-
iments with superconducting circuits have successfully
constructed one- and two-dimensional FSLs which can
mimic both the SSH and Haldane models [47]. Of par-
ticular relevance to the current paper is a recent pro-
posal by one of us (JM) based on two species of atomic
Bose-Einstein condensates (BECs) confined in a double
well potential which realizes a two-dimensional FSL [48].
This system can simulate strong synthetic gauge fields by
intense periodic driving of the interactions between the
two species of atoms leading to topological behavior in
the form of chiral edge states.

Ever since the pioneering work by Onsager [49] and
Feynman [50], quantized vortices have been regarded
as the quintessential example of topological excitations.
The original system of interest was liquid helium II, and
subsequent experiments by Hall and Vinen [51, 52] con-
firmed that the circulation

∮
vs.dr is quantized in units

of h/m, where h is Planck’s constant, m is the mass of a
helium atom. vs is the velocity of the superfluid compo-
nent. Shortly afterwards it was realized that quantized
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vortices also form in type II superconductors in the pres-
ence of magnetic fields [53, 54]. In this latter case the
circulating current is charged and each vortex encloses
a quantum of flux h/2e where e is the electron charge.
More recently, quantized vortices have been intensively
studied in neutral atomic BECs where an external trap-
ping potential such as an optical lattice and/or harmonic
trap often plays an important role [55–57]. Quantized
vortices can also be generated in other types of fields
such as optical beams [58, 59], and these find techno-
logical applications, e.g. in superresolution fluorescence
microscopy [60].

In this paper we study vortices in a FSL by combining
elements of all the above mentioned systems. Specifically,
we perform a theoretical analysis of a pair of periodically
driven BECs in a double well potential. The periodic
driving induces a synthetic gauge field in the Fock space
of the system which is characterized by the boson occupa-
tion numbers of each well. For convenience we make the
assumption that particle number is conserved, however,
this is not necessary and our results are stable against
some particle loss. Due to the particle number conserva-
tion the Fock states of each BEC are uniquely identified
by a single number. These numbers serve as the coor-
dinates in a two-dimensional (2D) FSL, akin to the site
label of a 2D lattice in tight-binding models. We show
that for low energies the driven system mimics that of
a non-interacting ultracold atomic gas in a rotating har-
monic trap (rotating traps were an early method used to
create synthetic gauge fields in BECs [62, 63]). Within
the rotating frame, the Coriolis force assumes the role
of the Lorentz force experienced by a charged particle
moving in a uniform magnetic field. However, this pro-
cess has inherent limitations because the rotation exerts
a centrifugal force on the atoms causing the atomic cloud
to expand. As the rotation speed increases there comes
a point called the centrifugal limit where the cloud be-
comes unstable and flies apart. In interacting ultracold
gases vortex lattices can form and the centrifugal limit
marks the point where the number of vortices is com-
parable to the number of particles in the gas. The gas
becomes strongly correlated in this case which is referred
to as the quantum Hall regime because states analogous
to fractional quantum Hall states can form. Since our
system resembles a non-interacting rotating gas, there is
no vortex lattice present. However, when the FSL version
of the centrifugal limit is passed, a transition is triggered
and the ground state forms a vortex. The stability of the
vortex state depends on higher order ‘trapping’ terms
and finite size effects which forces the FSL to have hard
wall edges. We quantify this transition in terms of the
angular momentum in Fock space as well as the entangle-
ment entropy between the two BECs with both showing
a sudden increase in the vortex state.

In a previous paper we predicted that vortices occur
generically in the Fock space of spin systems following a
sudden quench, the vortices being part of the fine struc-
ture of quantum caustics [61]. However, no attempt was

made to specifically control the vortices. By contrast,
here we suggest a scheme for generating tuneable arti-
ficial gauge potentials in Fock space that lead to con-
trollable quantized vortices. This adds to the arsenal of
quantum simulations that can be performed in artificial
dimensions.

The rest of this paper is laid out as follows: in Sec. II
we describe the basic model that is assumed throughout
this paper, namely two different but mutually interact-
ing BECs in a driven double well potential. In Sec. III
we start from the Floquet operator describing the pe-
riodically driven system and derive from it an effective
Hamiltonian in Fock space for the total system that con-
tains an artificial gauge potential. We compare various
analytical predictions which can be made from this ef-
fective Hamiltonian against the exact Floquet theory in
the main results section, Sec. IV. These results include
the allowed energies and angular momenta of the vortex
state, density and phase plots of the wavefunctions in
Fock space, the dependence of the vortex transition on
the interactions and number of particles and finally we
show how the onset of a vortex in Fock space is associ-
ated with a jump in the entanglement entropy between
the two BECs. We give our conclusions in Sec. V. There
are also two appendices which give details of two of the
calculations presented in the main body of the paper.

II. MODEL

The system we investigate consists of a pair of BECs
in a double well potential undergoing time-periodic mod-
ulation. A single BEC in a static double well potential
can be thought of as a bosonic version of the Josephson
junction [64], and has been successfully realized exper-
imentally by trapping atoms in either an actual double
well potential [65, 66] or by using two different internal
states of the atoms in a single well trap [67]. In our case
we assume each of the two BECs is made from a dif-
ferent species of atom (alternative schemes involving a
single species of atom in incoherent mixtures of two dif-
ferent internal states in a double well potential or even
one species with four different internal states in a single
well trap are conceivable, as long as no interconversion
between the two ‘species’ takes place). For simplicity, we
will assume that there are an equal number of N parti-
cles of each species present, however this is not necessary
and any difference will simply cause the FSL to be rect-
angular in shape rather than square.

In the two-mode approximation each BEC possesses
just two modes, namely the ground states associated
with each well. A quantum many-particle description
can then be conveniently achieved by using Schwinger’s
mapping onto spin-N/2 angular momentum operators

[68]: Ĵ =
(
Ĵx, Ĵy, Ĵz

)
for one gas and Ŝ =

(
Ŝx, Ŝy, Ŝz

)
for the other. The labels x, y, z refer to the coordi-
nates for the abstract spaces where the spin-N/2 Bloch
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spheres are embedded rather than real spatial coordi-
nates. Picking out the z axis as the quantization axis,
the state of the system is fully described in the basis
of Fock states {|m,n⟩} where Ĵz|m,n⟩ = m|m,n⟩ and

Ŝz|m,n⟩ = n|m,n⟩. These states are labeled by half the
particle number difference between the two wells, so they
take integer values in the range −N/2 ≤ m,n ≤ N/2. In
the FSL, m and n label the x and y coordinates, respec-
tively. In terms of the left and right well modes the spin

operators for the first BEC are Ĵx = 1
2

(
â†RâL + â†LâR

)
,

Ĵy = − i
2

(
â†RâL − â†LâR

)
and Ĵz = 1

2

(
â†RâR − â†LâL

)
,

where âL (â†L) and âR (â†R) annihilate (create) parti-
cles in the left and right wells, respectively, and obey
the usual bosonic commutation relations. The Ŝ op-
erators act on the second BEC and are similarly de-
fined, but with the operators âL and âR replaced by

b̂L and b̂R etc. In the Fock basis, the Ĵx and Ŝx op-
erators are responsible for their respective species’ tran-
sition between wells, and hence they transform a Fock
state into a superposition of adjacent ones. For example,
Ĵx|m,n⟩ = C+(m)|m + 1, n⟩ + C−(m)|m − 1, n⟩ where
the factors are

C±(m) =
1

2

√
(N/2∓m)(N/2±m+ 1) . (1)

The particles from one BEC can engage in interactions
with particles from either the same or the other BEC, and
assuming standard short-range interactions they can only
interact when they are in the same well. This results in
terms of the form Ĵ2

z and Ŝ2
z and ĴzŜz for intra-species

and inter-species interactions, respectively [69]. A posi-
tive or negative sign in front of these terms determines
whether they are repulsive or attractive.

The modulation scheme we will use involves alternat-
ing between repulsive and attractive interactions between
the two BECs, alongside periodic pulses controlling the
tunneling of each BEC. The effect of one period T of
the modulation can be written in terms of the Floquet
operator

ÛF = e−iĤ−T/4e−iĤJδte−iĤ+T/2e−iĤSδte−iĤ−T/4 (2)

where

Ĥ± = −U
(
Ĵ2
z + Ŝ2

z

)
±WĴzŜz (3)

ĤJ = −JĴx (4)

ĤS = −JŜx . (5)

We take all of the parameters to be positive, so that
U > 0 controls the strength of always attractive intra-
species interactions, whereasW controls the inter-species
interactions which alternate between attractive and re-
pulsive. The tunneling between each well is controlled
by J and is pulsed once for each BEC each period for
a duration δt ≪ 1. We set both U and J to be the
same for each BEC, again for convenience, but they are

not required to be. However, it will become evident that
there are important values of the ratio U/J that cause
the ground state wave function to change significantly,
and so the ratio cannot be arbitrarily chosen.
The Floquet operator can be broken down into five

steps: 1) attractive intra- and inter-species interactions
for a duration of T/4, 2) tunneling of one BEC for a
duration of δt, 3) attractive intra- and repulsive inter-
species interactions for a duration T/2, 4) tunneling of
the other BEC for a duration of δt, 5) another attrac-
tive intra- and inter-species interactions for a duration of
T/4. The combination of these steps results in a swirling
effect in the 2D Fock space. This effect is reminiscent
of the response of electrons moving in 2D in response to
a uniform magnetic field pointing perpendicular to the
plane. One of us (JM) has previously suggested a similar
driving scheme to simulate large magnetic fields in the
same 2D Fock space to investigate quantum Hall physics
[48]. In this work, our main focus will instead be on sim-
ulating weak magnetic fields involving a small fraction of
a flux quantum through each plaquette in the FSL.
Achieving precise control over the parameters of the

system is important for the physical implementation of
the Floquet operator. Fortunately, the field of ultracold
atoms has seen substantial progress in control techniques
over the past couple of decades, and high levels of control
can be accomplished. Species-specific trapping potentials
[70] can be employed to independently control each BEC,
while the pulse process can be realized by abruptly mod-
ifying the amplitude of the laser that forms the barrier
between the wells for each BEC. Species-specific traps
and periodic driving have been used in recent experi-
ments involving ultracold atoms in double well potentials
to simulate lattice gauge theories [71, 72]. Both the intra-
and inter-species interactions can be controlled by using
an applied magnetic field to alter the scattering length
through a Feshbach resonance [73] where in the latter
case an AC-magnetic field is needed to generate the peri-
odic driving. This technique has previously been used to
create ultracold molecules where the interaction energy
is driven at the association frequency between atoms of
the same species [74] and of two different species [75, 76].

III. THE EFFECTIVE HAMILTONIAN IN
FOCK SPACE

As previously alluded to, the periodic driving is ca-
pable of producing a synthetic magnetic field in the 2D
Fock space formed by the eigenstates of the Ĵz and Ŝz

operators. Here, we will demonstrate the existence of the
magnetic field explicitly by deriving a low energy effec-
tive Hamiltonian with a state dependent vector potential.
To start, we note that the Floquet operator can be writ-

ten in terms of an effective Hamiltonian, ÛF = e−iĤeffδt.
Unfortunately, the exact form of Ĥeff contains an infi-
nite number of terms which can be seen by combining all
of the exponentials in Eq. (2) using the Baker-Campbell-
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FIG. 1. Path taken around a plaquette in the FSL. The mag-
netic flux Φ through the plaquette is defined in terms of the
phase accumulated as the system completes a loop around the
plaquette. What is not depicted in the image is the inhomo-
geneity in the FSL due to factors in Eq. (1) that come with
each application of the Schwinger spin raising and lowering
operators.

Hausdorff formula [77]. However, for very short pulse du-
ration, δt, the effective Hamiltonian can be well approxi-
mated by its zeroth order term in δt giving (a derivation
is provided in Appendix A)

Ĥeff/J ≈ − u

N

(
Ŝ2
z + Ĵ2

z

)
− 1

2

[
Ĵ+e

−i w
N Ŝz + Ĵ−e

i w
N Ŝz

+ Ŝ+e
i w
N Ĵz + Ŝ−e

−i w
N Ĵz

]
(6)

where the new scaled parameters are u = UNT
Jδt and

w = WNT
4 . We have explicitly written the Hamiltonian

in terms of the Schwinger spin raising and lowering op-
erators to highlight the phase factors which are analo-
gous to Peierls factors arising in tight-binding models in
the presence of a gauge potential. Indeed, it has been
demonstrated that the terms within the square brackets
of Eq. (6) closely resemble the Harper-Hofstadter model
and the spectrum generated from them gives rise to the
celebrated Hofstadter’s butterfly [48].

The synthetic magnetic flux per plaquette in the FSL
can be calculated by finding the phase accumulated from
one loop around a plaquette

Ŝ−e
−i w

N Ĵz Ĵ−e
i w
N Ŝz Ŝ+e

i w
N Ĵz Ĵ+e

−i w
N Ŝz |m,n⟩

= C+(m)2C+(n)
2ei∆θ |m,n⟩ (7)

where ∆θ = 2w/N is the accumulated phase. The re-
lation between the accumulated phase and the magnetic
flux is ∆θ = 2π Φ

Φ0
where Φ = BA is the magnetic flux

through the plaquette and Φ0 = 2π is the magnetic flux
quantum. The FSL lattice spacing is a = 1, so the area
of each plaquette is A = 1 and the magnetic field is then
B = 2w/N . Fig. 1 shows each step of Eq. (7) in a loop
around a plaquette in the FSL.

The synthetic magnetic field strength can be controlled
by the driving period T , or by the inter-species interac-
tion strength W , which also plays the role of the driv-
ing amplitude. We put w = 1 for the remainder of the
paper. As a consequence, owing to the presence of N
in w, this implies that the driving period is short or
the inter-species interactions are weak, or both. This
in turn means that the magnetic flux per plaquette be-
comes small, enabling us to perform a Taylor expansion
of the phase factors in Eq. (6), while neglecting terms
beyond quadratic order in w/N ,

Ĥeff/J ≈ − u

N

(
Ŝ2
z + Ĵ2

z

)
− Ĵx − Ŝx − w

N

(
ĴyŜz − ŜyĴz

)
+
w2

2N2

(
ĴxŜ

2
z + ŜxĴ

2
z

)
. (8)

The weak magnetic field allows us to further approxi-
mate Eq. (8) with the continuum approximation. This is

because the magnetic length, lB =
√

1/B =
√
N/2w is

much larger than the FSL lattice spacing, so eigenfunc-
tions of the Floquet operator do not ‘see’ the discretiza-
tion of the lattice. To make the continuum approxima-
tion, we first switch from the basis of the number dif-
ference between the two wells (i.e. the left/right modes)
to the basis of the number difference between the even
and odd modes (i.e. the even and odd combinations of the
left/right modes) which play the distinguished role of be-
ing the single particle ground and excited states in this
two mode system. This is accomplished with the unitary

transformation e−iπ
2 (Ĵy+Ŝy)Ĥeffe

iπ
2 (Ĵy+Ŝy). For the first

species this results in the spin operator transformations
Ĵx → −Ĵ ′

z, Ĵy → Ĵ ′
y, Ĵz → Ĵ ′

x where the prime indicates
the operators are in the ground and excited state basis.
Next, we perform the Holstein Primakoff transformation
[78]

Ĵ ′
z = −N/2 + â†â, Ĵ ′

− = â†
√
N − â†â (9)

which maps the spin operators to a single boson mode
where â annihilates a boson in that mode. Assuming
that we are dealing only with low energy states such
that ⟨â†â⟩/N ≪ 1, the new spin annihilation operator

can be approximated as Ĵ ′
− ≈

√
Nâ†. The various com-

ponents of the vector spin operator Ĵ ′ in the ground and
excited state basis can likewise be approximated as Ĵ ′

x ≈√
N/2 x̂, Ĵ ′

y ≈
√
N/2 p̂x and Ĵ ′

z = −N/2+(p̂2x+x̂
2−1)/2

where x̂ = (â† + â)/
√
2 and p̂x = i(â† − â)/

√
2 are the

quadrature bosonic operators.
The previous steps can be carried out in a similar way

for the second species which is governed by the Ŝ′ op-
erators. Taking care to replace the bosonic operators by

â→ b̂ in intermediate steps, one obtains the results Ŝ′
x ≈√

N/2 ŷ, Ŝ′
y ≈

√
N/2 p̂y and Ŝ′

z = −N/2+(p̂2y+ŷ
2−1)/2.

Note that we use the labels x and y to suggest new
coordinates in Fock space. In terms of the original
left and right well basis the new position operators are
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x̂ ≈
√

2/NĴz and ŷ ≈
√
2/NŜz. These coordinates are

not to be confused with the x, y, z coordinates used to

specify the original spin components Ĵ =
(
Ĵx, Ĵy, Ĵz

)
and Ŝ =

(
Ŝx, Ŝy, Ŝz

)
. Rather, we use (x, y) as contin-

uum versions of the discrete coordinates (m,n) from the
full quantum theory.

In terms of these coordinates the effective Hamiltonian
becomes

Ĥeff/J ≈ 1

2

[
|p̂− Â|2 + (1− u) |r̂|2

]
(10)

where we have omitted constant terms and terms of
O (1/N). The derivation of Eq. (10) from Eq. (6) can
be thought of as analogous to going to the Landau
level regime in the Harper-Hofstadter model with a har-
monic trap. The position and momentum operators are
r̂ = (x̂, ŷ), p̂ = (p̂x, p̂y) and Â = w/2(−ŷ, x̂) is the vec-

tor potential operator. For sufficiently large BECs, Ĥeff

is the Hamiltonian of a harmonically trapped charged
particle in a uniform magnetic field, B = ∇ × A = w
pointing in the direction perpendicular to the plane of
the FSL. The missing factor of 2/N compared to the
magnetic field calculated from Eq. (7) comes from the
scaling of the FSL area by 2/N when transforming from
the Schwinger spin operators to the quadrature opera-
tors.

The factor of unity in the harmonic trap strength
arises due to the state-space being composed of many-
body Fock states. Consequently, the tunneling between
Fock states becomes state dependent, as indicated by the
C±(m) factors in Eq. (1). This means that the tun-
neling becomes weaker as the edges are approached at
medge = ±N/2 and this weakening produces the effec-
tive harmonic trap around m = n = 0. The attractive
intra-species interactions, characterized by strength u,
also have harmonic dependence in Fock space but with
the opposite sign and hence work against the confine-
ment. This is because attractive intra-species interac-
tions makes it energetically favorable for the particles in
each BEC to clump into one well which promotes the
state being closer to the edges.

Equation (10) exhibits similarities to the single-particle
Hamiltonian describing a rotating atomic gas in an har-
monic trap. When expressed in a reference frame rotat-
ing with the trap this takes the form

ĤΩ =
1

2

[
|p̂− ÂΩ|2 + (ω2

⊥ − Ω2)|r̂|2 + ω2
∥ ẑ

2
]
. (11)

Nonetheless, there exists one major difference that will
play a crucial role in the formation of a vortex in the
ground state of the system. In rotating gas experiments
it is often the goal to have the rotation frequency ap-
proach the transverse trapping frequency, Ω → ω⊥, in
order to simulate Landau level physics. The point where
Ω = ω⊥ is the centrifugal limit and cannot be reached
because the system becomes unstable there. In Ĥeff , the
point u = 1 is analogous to the centrifugal limit. In the

thermodynamic limit N → ∞ it marks the point where a
ground state quantum phase transition takes place from
a normal phase (u < 1) where ⟨Ŝz⟩, ⟨Ĵz⟩ = 0 to a sym-

metry broken phase (u > 1) where |⟨Ŝz⟩|, |⟨Ĵz⟩| ≠ 0.
However, for finite N there are higher-order terms which
we neglected in the derivation of Eq. (10) which stabilize
the ground state. Indeed, finite system sizes must stabi-
lize the system because the FSL has hard wall edges since
one cannot have more particles in a well than exist in the
BEC. Therefore, the effective full ‘trapping potential’ in
the FSL for the finite N case more closely resembles the
combination of a quadratic-plus-quartic potential [79, 80]
and a box trap [81].

IV. RESULTS

A. Eigenenergies and Eigenstates

The spectrum and eigenfunctions of the effective
Hamiltonian given in Eq. (10) can be found exactly
and are expressed in terms of two quantum numbers:
nr = 0, 1, 2, . . . which comes from the 2D harmonic os-
cillator part of the Hamiltonian and is associated with
the number of radial nodes in the wavefunction, and
mz = 0,±1,±2, . . . which is the eigenvalue of the angu-
lar momentum operator L̂z = x̂p̂y − ŷp̂x. The spectrum
is

Enr,mz = 2ω (nr + |mz|/2 + 1/2)− wmz/2 (12)

where ω =
√

1− u+ w2/4 is the total harmonic trap fre-
quency which contains the additional contribution from
the magnetic field, w2/4. The eigenfunction for each pair
of (nr,mz) values is

ψnr,mz
(r, θ) = Cnr,mz

eimzθr|mz|e−ωr2/2L|mz|
nr

(ωr2)
(13)

which is expressed in cylindrical coordinates r =√
x2 + y2 and θ = arctan(y/x). Cnr,mz =(
ω|mz|+1nr!
π(nr+|mz|)!

)1/2
is the normalization constant and Lb

a(x)

is a Laguerre polynomial.
In this paper we focus on the ground state properties

of the system, so we take nr = 0 from now on. When
u < 1, the ground state energy is E0,0 = ω and the wave
function is simply a Gaussian centered at r = 0. In terms
of the two BECs, it is centered at m = n = 0 which is
the state with an equal number of bosons of each BEC in
each well. When u > 1, the centrifugal limit is surpassed
and Eq. (12) predicts that E0,mz

→ −∞ as mz → ∞.
However, this is only true in the thermodynamic limit.
For finite sized BECs there can be a unique ground state
with mz ̸= 0 which, according to Eq. (13), is a vortex
state with mz quanta of angular momentum.
In order to properly compare the energy spectrum

given in Eq. (12) of the effective Hamiltonian Ĥeff against
that of the exact fully quantum system we numerically
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diagonalize the Floquet operator in Eq. (2) and find its
set of eigenvalues {λi}. From these we obtain the set {ϵi}
of energies defined via the relation λi = e−iϵiδt. Because
these are quasi-energies (coming from a unitary opera-
tor) they are only unique in a range of size 2π/δt. In our
case, we only need to consider the states in this range
because we chose δt to be small enough such that 2π/δt
is much larger than any other energy scale in the system.

Once the energies {ϵi} have been found for the eigen-
states of the Floquet operator, the remaining challenge
is to find the accompanying values of their angular mo-
mentum quantum numbers {(mz)i}. This can be accom-

plished by computing the expectation value ⟨L̂z⟩ of the
angular momentum operator in each eigenstate. Revers-
ing all of the transformations that led to the effective
Hamiltonian given in Eq. (10) above, the angular mo-

mentum operator L̂z = x̂p̂y − ŷp̂x is converted back into
a many-body version in terms of the Schwinger spin op-
erators that takes the form

L̂MB
z =

2

N

(
ĴzŜy − ŜzĴy

)
. (14)

L̂MB
z represents the angular momentum operator in the

FSL and we expect its mean value ⟨L̂MB
z ⟩ to accurately

give mz when computed for the low lying energy states
well away from the edge of the FSL, which are the states
of primary interest in this paper. However, we note that
the correspondence between ⟨L̂MB

z ⟩ and mz can break
down for higher states due to the omission of terms that
depend on the number of particles as 1/N, 1/N3/2, . . ..

These terms were dropped in the derivation of Ĥeff and
lead to corrections that depend on the quadrature vari-
ables as x2y2, x2p2y, y

2p2x, . . .. As long as the states that
concern us are confined to small values of the quadrature
variables these corrections can be ignored, but for states
that extend out to larger values the corrections become
significant and mean that L̂MB

z is modified from the ex-
pression given above to one which no longer corresponds
to the canonical angular momentum operator.

Fig. 2 plots the energies {ϵi} versus their ⟨L̂MB
z ⟩ val-

ues for a range of eigenstates of the Floquet operator
[Eq. (2)]. Panel (a) is generated with no intra-species
interactions (u = 0) and shows the effect of having a
finite number of particles in each BEC: the black dots
are calculated numerically from the Floquet operator for
N = 60, whereas the red dots are E0,mz

with integer val-
ues of mz and correspond to the thermodynamic limit,
N → ∞, in which the effective Hamiltonian Eq. (10)
becomes exact. One can see that for the lowest energy
states ⟨L̂MB

z ⟩ gives values that agree well with integer

values of mz, but starting around ⟨L̂MB
z ⟩ = 8 the numer-

ical and analytic results begin to disagree. In view of
the previous discussion concerning finite size corrections
these results are to be expected because states with lower
angular momentum that have smaller orbits experience
smaller finite size effects, whereas those with larger angu-
lar momentum and hence larger radial extent experience
larger finite size effects.

FIG. 2. Floquet operator energies ϵi as a function of the
expectation value of the many-body angular momentum op-
erator ⟨L̂MB

z ⟩. The black dots in panel (a) give the five hun-
dred lowest lying energy states found numerically for N = 60,
whereas the red dots are given by E0,mz from Eq. (12) which
corresponds to the case of an harmonic trap with no higher
order trapping terms, i.e. assumes N → ∞. Panel (b) shows
a few of the lowest states for N = 60 for different values
of u where in the case of u = 1.05 the ground state devel-
ops nonzero angular momentum. In both panels w = 1 and
δt = 0.01.

The disagreement is at its extreme in the top right
of panel (a), where the energy required to increase the
angular momentum by a small amount begins to di-
verge due to the hard wall of the 2D FSL. The ap-
proximate size of the eigenstates can be estimated from
∂ψ0,mz

/∂r = 0 which gives rsize ≈
√

mz

ω . For u = 0, a
rough upper bound on the angular momentum which the
FSL can accommodate is given by the requirement that
rsize <

√
N/2 which means mmax

z = Nω/2. For the pa-

rameter values used in Fig. 2 we obtain ⟨L̂MB
z ⟩max ≈ 28.6

which is below the upper bound of mmax
z = 33. Panel

(b) shows the lowest energy states for different values of
u. When for u < 1 the ground state has zero angular
momentum. However, when u > 1 a dip can be seen at
⟨L̂MB

z ⟩ ≈ 1 indicating a ground state transition as u is
changed. Because the transition to nonzero angular mo-
mentum depends on the finite size of the system, it is
not a quantum phase transition in the strict sense that
requires the thermodynamic limit be taken.
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FIG. 3. Density and phase plots of the ground state of the
Floquet operator. Each row corresponds to a different value
of u: u = 1.015 for (a) and (b), u = 1.020 for (c) and (d) and
u = 1.035 for (e) and (f). In the phase plots (right column),
as u increases, the ground state transitions from no central
vortex in (b) to a singly quantized one in (d), then to a doubly
quantized one in (f). Vortex cores are points of undefined
phase, so the wave function must vanish at these points which
results in the holes in the probability distributions in (c) and
(e). The other parameters for the plots are w = 1, N = 90
and δt = 0.01.

B. Ground state vortex transition

We now turn to studying the ground state of the Flo-
quet operator in some detail. In Fig. 3 we plot both its
probability distribution and its phase above and below
the transition point. First, for u < 1 in panel (a) we
see that the ground state is simply a Gaussian centered
at m = n = 0 which agrees with the prediction in Eq.
(13). In panel (b), the phase at the center shows no sign
of a vortex, so this state has zero angular momentum.
There are vortices near the edges of the FSL, however,
the wave function is exponentially small in these regions,
so they give negligible contribution to the angular mo-
mentum. By contrast, for u > 1 panel (c) shows that the

FIG. 4. Finite size scaling of the vortex transitions. The black
curve in panel (a) plots the ground state expectation value of

the many-body angular momentum operator ⟨L̂MB
z ⟩GS versus

u which characterizes the intra-particle interaction strength,
for N = 60. The horizontal dashed red lines show the angular
momenta values mz which are the quantum numbers relevant
to the solutions of Ĥeff . Each step corresponds to an increase
in the quantization of the central vortex. For larger u, the
curve becomes smoother as the quantization breaks down due
to finite size effects. (b) |ui − 1| as a function of 1/N where
ui, i = 1, 2, 3, are the values of u where the first three steps
occur and u = 1 is the predicted vortex transition point. The
curves are best fits of the data to polynomials of quadratic
order. The parameter values are w = 1 and δt = 0.01.

distribution has a hole at the center and the phase has
also changed in (d), developing a singularity at the cen-
ter where the synthetic magnetic field punctures the wave
function. It is clearly shown that any circuit encircling
the center once will accumulate a phase shift of 2π, so
this is a singly quantized vortex. Once more, the stabil-
ity of this vortex state can be attributed to the existence
of finite size effects. These effects lead to an increase in
tunneling energy towards the system’s boundary result-
ing in confinement in Fock space that extends beyond
harmonic trapping. As u increases further, the ground
state becomes more spread until its width is similar to
the size of the doubly quantized vortex as seen in (e).
The phase plot in (f) confirms that a path around the
central phase singularity accumulates a 4π phase shift
signalling the presence of two magnetic flux quanta.
To further quantify the transition, we plot the ground

state value of ⟨L̂MB
z ⟩ as a function of u in Fig. 4 (a).
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As u is increased, the ground state wave function un-
dergoes a progressive widening in Fock space, such that
as the width of the wave function approaches the size
of the lowest angular momentum state there is sudden
quantized jump in the value of ⟨L̂MB

z ⟩. With further in-
crements in u, the wave function continues to spread,
approaching the size of the second lowest angular mo-
mentum state, leading to a second jump, and so on. The
red dashed horizontal lines are the integer values of the
angular momentum predicted by Ĥeff in Eq. (10). The
agreement between the analytic and numerical values is
best for low angular momenta, like the energies in Fig. 2
because these states are away from the edges. However,
as u increases eventually the width of the ground state
approaches the size of the FSL and the quantization of
the angular momentum breaks down as can be seen in
the upper parts of the curve in Fig. 4 (a). It is worth
noting that finite size effects are also responsible for the
first jump not occurring precisely at the transition value
of u = 1.
In the thermodynamic limit, the ground state is pre-

dicted to possess infinite angular momentum. As a con-
sequence, all jumps collapse into one infinitely high jump
at u = 1. To test this prediction, in Fig. 4 (b) we plot the
difference between the numerical value of the position of
the jump and unity, ui−1, as a function of 1/N . Here, the
index i = 1, 2, 3 corresponds to the values of u where the
first three jumps occur and corresponds to the bottom,
middle, and top curves, respectively. To analyze the be-
havior, the data of the first three jumps are fit separately
to second order polynomials which are extrapolated to
1/N = 0. The three curves approximately converge at
the origin with values of 0.0030 (red circles, first step),
0.0012 (blue squares, second step) and 0.0100 (black tri-
angles, third step). These results are consistent with the
collapse of the first three jumps to the same transition
point and we expect the same outcome for the higher-
order jumps. Thus, only in the thermodynamic does the
system become unstable at u = 1 which is analogous to
reaching the centrifugal limit of a rotating ultracold gas
in an harmonic trap.

C. Entanglement entropy between the two BECs

Quantized vortices in ordinary real space in BECs can
often be accurately described within the Gross-Pitaevskii
mean-field theory which does not involve entanglement.
It is therefore interesting to ask whether this is also the
case for Fock space vortices or whether there is intrinsi-
cally more entanglement that is generated. On the one
hand, the effective Hamiltonian in Fock space given in
Eq. (10) appears to be a single particle-type Hamilto-
nian. On the other hand, it should be remembered that
the two Fock space coordinates (x, y) each refer to differ-
ent BECs and since vortices couple the two coordinates it
seems that Fock space vortices may indeed be associated
with entanglement between the two underlying species of

FIG. 5. Ground state linear entanglement entropy between
the two BECs as a function of the attractive intra-species
interaction strength u. The steps in the linear entropy cor-
respond to successive transitions to higher quantized vortex
states. These steps occur at the same values of u as the steps
seen in Fig. 4. The horizontal dashed red lines are the pre-
dicted linear entanglement entropy values from Eq. (16). The
parameter values are w = 1, N = 60 and δt = 0.01.

atoms. We shall therefore consider the entanglement en-
tropy between the two BECs as another possible measure
to explore in relation to the vortex transition.
For u < 1, when there is no central vortex present,

the ground state wave function takes the form of a 2D
Gaussian located at the center of the FSL. This state is
similar to that which would occur if the two BECs were
not subject to driving or interacting with each other at
all. Consequently, in this state, we anticipate no entan-
glement between the two BECs. For u > 1 the two BECs
must cooperate to form the vortex state and so we ex-
pect there to be some entanglement. According to Eq.
(13), when nr = 0, the density matrix for any eigenstate
of the system is ρ = |mz⟩⟨mz|. In general, when one
BEC is traced out, the resulting reduced density matrix,
let it be ρx corresponding only to the first BEC, will be
mixed. The mixing can be quantified in terms of the lin-
ear entropy which is related to the purity of the reduced
density matrix

SL = 1− Tr[ρ2x] (15)

where Tr[ρ2x] is the purity of ρx. The linear entanglement
entropy has a minimum of SL = 0 for pure states when
Tr[ρ2x] = 1 and a maximum of SL = 1− 1/(N + 1) when
the reduced density matrix is completely mixed with a
purity of Tr[ρ2x] = 1/(N + 1). In terms of the wave func-
tions in Eq. (13), the linear entropy is (an explicit calcu-
lation can be found in Appendix B)

SL = 1−
∫
dA

∫
dA′ψmz (x, y)ψmz (x

′, y)∗

×ψmz (x
′, y′)ψmz (x, y

′)∗ (16)

where the integration is taken from −∞ to ∞ and the
wave functions are in Cartesian coordinates. We note
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that although we have used the reduced density matrix
ρx, which signifies a trace over the y-coordinate BEC,
we would get the same linear entropy expression if we
traced out the x-coordinate BEC because the coupled
BECs form a symmetric bipartite system. Indeed, Eq.
(16) treats the x and y variables on equal footing.

The first six values of the linear en-
tropy from Eq. (16) are (mz, SL) =
(0, 0), (1, 1/2), (2, 5/8), (3, 11/16), (4, 8/11), (5, 37/49)
which are plotted as horizontal red dashed lines in Fig.
5. The numerical data (black curve), calculated from the
ground state of the Floquet operator, exhibits distinct
jumps occurring at the same u values as those depicted
in Fig. 4. This confirms the idea that the entanglement
entropy undergoes a discontinuity during both the first
and subsequent vortex transitions. Eventually, once
again, finite system size effects become important for
large u and the jumps become smoother.

V. CONCLUSION AND DISCUSSION

We have shown that the periodic driving of weak in-
teractions between two species of BECs in a double well
potential generates a weak synthetic magnetic field in
the 2D FSL of the system. Like the effect of a mag-
netic field on electrons in a material, the synthetic mag-
netic field generates vortices in the wave function in the
FSL leading to states with quantized angular momen-
tum. With no or repulsive intra-species interactions, the
ground state has zero angular momentum because the in-
herent confining potential in the FSL prevents the ground
state wave function from spreading to a point where it
can acquire one quantum of angular momentum. How-
ever, when the interactions are attractive and larger than
u = 1 it becomes energetically favorable for the ground
state to spread and acquire nonzero angular momentum.
This state is only stable for a finite number of parti-
cles in each BEC. In the thermodynamic limit, its an-
gular momentum diverges because higher-order terms in
the confining potential, which are needed to prevent the
spreading of the wave function to infinity, vanish in this
limit.

We note that the transition to a vortex state in Fock
space under increasing interparticle interaction strength
corresponds to a sudden jump in the occupation num-
ber difference between the original real space wells of the
double well potential and is related to the macroscopic
quantum self trapping transition that is known to occur
in bosonic Josephson junctions [64, 65]. Here it is the
version that occurs for attractive interactions and hence
can occur in the ground state [69, 82, 83].

In rotating interacting cold gases, the healing length
plays a critical role in determining the size of a typical
vortex, which is usually much smaller than the overall
size of the gas. This can lead to the formation of a vor-
tex lattice [57, 84]. While there exist both intra- and
inter-species interactions among the particles within each

BEC in our system, their impact in Fock space differs. In
Fock space, these interactions provide the potential en-
ergy and the synthetic magnetic field, respectively. This
results in the state in Fock space exhibiting similarities
to a non-interacting Bose gas, implying the absence of
a healing length and therefore a vortex lattice. What
remains to shape the size of each vortex in Fock space
is the ‘trapping potential’ which has contributions from
the intra-species interactions and the tunneling factors in
Eq. (1).
A natural follow-on question to ask is whether inter-

actions can occur in Fock space in order to generate an
analogous quantity to a healing length and hence vortex
lattices. Although there may be many ways to simulate
interactions, the most obvious approach within the con-
text of this paper involves introducing a second pair of
two-mode BECs to serve as the degrees of freedom of a
second particle in the FSL. Contact interactions between
each pair of BECs can simulate interactions between the
two FSL particles and periodic driving within each pair
ensures both particles are influenced by a synthetic mag-
netic field. This approach can potentially lead to strongly
correlated states (in Fock space) and hence pave the way
for simulating more exotic forms of matter such as frac-
tional quantum Hall states [85].
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Appendix A: Derivation of Eq. (6)

Starting with the Floquet operator in Eq. (2), we split
it into two parts

ÛF = e−iĤ−T/4e−iĤJδte−iĤ+T/4︸ ︷︷ ︸
ÛF,1

e−iĤ+T/4e−iĤSδte−iĤ−T/4︸ ︷︷ ︸
ÛF,2

.

(A1)

Next, we make use of the fact that eiαĴzf
(
Ĵx

)
e−iαĴz =

f
(
Ĵx cos(α)− Ĵy sin(α)

)
(similarly for the Ŝ operators),

where f(x) is a general function of x, to rewrite the two
parts as

ÛF,1 = e−iĤUT/4eiJ[Ĵx cos(WŜzT/4)−Ĵy sin(WŜzT/4)]δt

×e−iĤUT/4

ÛF,2 = e−iĤUT/4eiJ[Ŝx cos(WĴzT/4)+Ŝy sin(WĴzT/4)]δt

×e−iĤUT/4

(A2)
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where ĤU = −U
(
Ĵ2
z + Ŝ2

z

)
. The scaled parameters, u =

UNT
Jδt and w = WNT

4 , are substituted in and we use the
Baker-Campbell-Hausdorff formula

eiδtÂeiδtB̂ = eiδt(Â+B̂)+ (iδt)2

2 [Â,B̂]+···, (A3)

keeping terms up to linear order in δt. The approximated
Floquet operator is then

ÛF ≈ exp

{
−iJ

[
− u

N

(
Ĵ2
z + Ŝ2

z

)
− Ĵx cos

(
wŜz

N

)

+Ĵy sin

(
wŜz

N

)
− Ŝx cos

(
wĴz
N

)

−Ŝy sin

(
wĴz
N

)]
δt

}
(A4)

and writing it as ÛF = e−iĤeffδt gives the effective Hamil-
tonian in Eq. (6) after transforming to spin raising and
lowering operators.

Appendix B: Derivation of Eq. (16)

With nr = 0, the density matrix for a state is ρ =
|mz⟩⟨mz| and in the position representation is

ρ =

∫
dA

∫
dA′|x, y⟩⟨x′, y′|ψmz

(x, y)ψmz
(x′, y′)∗ (B1)

where dA = dx dy and ψmz
(x, y) = ⟨x, y|mz⟩ is Eq. (13)

in Cartesian coordinates. Tracing out the y-coordinate
gives the reduced density matrix of the x-coordinate BEC

ρx = Try[ρ] =

∫
dA

∫
dx′dy|x⟩⟨x′|ψmz

(x, y)ψmz
(x′, y)∗

(B2)
and its square is

ρ2x =

∫
dA

∫
dA′

∫
dx′′ |x⟩⟨x′′|ψmz

(x, y)ψmz
(x′, y)∗

×ψmz
(x′, y′)ψmz

(x′′, y′)∗.

(B3)

Finally, the trace of Eq. (B3) will give the second term
in Eq. (16) in the main text.
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S. de Léséleuc, R. Bai, N. Lang, M. Fleischhauer, H. P.
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Colloquium: Artificial Gauge Potentials for Neutral
Atoms, Rev. Mod. Phys. 83, 1523 (2011).

[24] M. Aidelsburger, M. Atala, S. Nascimbéne, S. Trotzky,
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