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CRITICAL EXPONENT GAP AND LEAFWISE DIMENSION

OMRI NISAN SOLAN

ABSTRACT. We show that for every nonarithmetic lattice I' < SL2(C) there is
a gap er > 0 such that for every g € SLa2(C) the intersection SLo(R)Ngl'g~—! is
either a lattice in SLa(R) or has critical exponent §(SL2(R)NgTg™1) < 1—er.

1. INTRODUCTION

In his landmark work, Margulis [23] showed that there are no irreducible nonar-
ithmetic lattices in higher-rank semisimple Lie groups (see Definition 2.1 of arith-
metic lattice). However, there are nonarithmetic lattices in SLo(R) and SLo(C) and
more generally SO(n, 1) for n > 2. This paper focuses on nonarithmetic lattices in
G = SL3(C). There are several constructions for such lattices. One such construc-
tion is given by Gromov and Piatetski-Shapiro [19] as the fundamental group of a
certain surgery of two arithmetic hyperbolic manifolds. Some other constructions
can be found e.g. in [40, 33].

A recent result of Mohammadi and Margulis [25] and of Bader, Fisher, Miller
and Strover [1] gives a geometric sufficient criterion for a lattice I' < G to be
arithmetic, namely, if there are infinitely many totally geodesic surfaces in H?/T.
This is equivalent to G/I" having infinitely many periodic SLo(IR)-orbits. The Bader,
Fisher, Miller and Stover result is more general in that it deals with lattices in
SO(n, 1) for any n > 3.

A notable distinction between arithmetic and nonarithmetic lattices is the follow-
ing. Let SLa(R).z be an orbit for some z € G/T". If T is arithmetic and stabgr,, ) ()
is Zariski dense in T', then a theorem of Borel and Harish-Chandra [3] says that
stabgr,, (r)(z) must be a lattice as well. In the nonarithmetic case, this is no longer
true. One can quantify the “size” of a Zariski dense subgroup A < SLy(R) by its
critical exponent:

Definition 1.1 (Critical exponent). Let A < SLy(R) be a discrete subgroup. Define
the critical exponent of A by
log #(Bst, ) (£) N A)

0(A) = limsu .
(A) m sup 7

Here Bgr,,r)(R) is a ball in SLy(R) around the identity, with respect to the natural
metric which will be specified in Section 2. If A is a lattice, then §(A) = 1, and this
is the maximal possible critical exponent.

The main result of this paper is the following theorem.

Date: April 10, 2024.

This research was supported by ERC 2020 grant HomDyn (grant no. 833423).
1



2 OMRI NISAN SOLAN

Theorem 1.2 (Critical exponent gap). Let T’ < G be a non-arithmetic lattice. For
every g € G define

I'y = SLy(R) NgTg~" = stabgr, &) (7r(9)),
where mr(g) image of g in G/T', and consider the critical exponent 6(I'y). Then
there is an ep > 0 such that for all g € G one of the following holds:
(1) 6(Ty) <1—er;
(2) Ty is a lattice.

To show that this ey cannot be chosen uniformly we prove the following.

Theorem 1.3. For every € > 0 there is a nonarithmetic lattice ' < G and g € G
such that T'y is not a lattice but §(I'y) > 1 —e.

Remark 1.4. It seems likely that in the homogeneous space G/I' we construct in
Theorem 1.3 there are infinitely many orbits SLa(R).7r(g) so that 6(I'g) > 1 — ¢,
but we do not know how to show it.

1.1. Application to polynomial equidistribution. We will relate Theorem 1.2
to a recent result of Lindenstrauss, Mohammadi, and Wang [22]. Let I' < G be a

lattice. Let
1 s et/? 0
ww=(y 5) a0=( la)  wrem

and let € G/T. Ratner’s Equidistribution Theorem (See [31, 30, 32]) shows that
u(s).z equidistributes in some homogeneous subspace of G/I". More formally, the

sequence of measures
1 T
HTx = T/ 5u(s).zd8
0

converges to the Haar measure on a homogeneous subspace. Moreover, unless x

lies in a u(s)-invariant homogeneous subspace, pr T, mg,r- Lindenstrauss,
Mohammadi, and Wang [22] effectivized this claim whenever T" is arithmetic. [22,
Thm. 1.1] can be seen to be equivalent to the effectivization of Ratner’s Equidis-
tribution Theorem. Informally and inaccurately, it states that either a(t)pi o is
exp(— * t) close to the Haar measure mg, r or one of the following algebraic ob-
structions occurs:

e u(s)z is exp(— xt) close to a periodic orbit SLy(R).2" of volume exp(— % t)

for all t > 0.

e 2 lies too deep in a cusp of G/T.

Lindenstrauss, Mohammadi and Wang also give a version of their theorem for
nonarithmetic lattices in G ([22, Thm. 1.3]), but its statement is more complicated
as it cites another, more complicated, type of obstruction, unrelated to periodic
SL(2, R)-orbits or cusp excursions, e.g. that the initial point is close to a point 7 (g)
for which I'y is Zariski dense but not a lattice. And indeed, this potentially is an
obstruction: suppose that € G/I" has a stabilizer A = stabgy,, )z < SLa(R) with
critical exponent §(A), and suppose §(A) is very close to 1 (its maximal value). This
allows a(t)u(s).x to return ©(exp(d(A)t)) times to a ball Bgy,,®)(1).2 for s € [0,1].
This gives an lower bound of exp((6(A) — 1)¢) on the distance of ur , and the Haar
measure mg -

Therefore, if one wants also for a nonarithmetic lattice a polynomial equidistri-
bution theorem analogous to [22, Thm. 1.1], the first step is to bound §(A), which
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is done by Theorem 1.2. In a follow-up to this paper, we will show the following
polynomial unipotent equidistribution result.

Corollary 1.5 (Polynomial unipotent equidistribution in nonarithmetic lattices).
For every xg € G/T and large enough R (depending only on X and the injectivity
radius of xg), for any T > R?, at least one of the following holds.

(1) For every ¢ € CX(G/T),

< S(p)R™".

/0 o (allog T)u(r))dr — /G L imar

where S(p) is a certain Sobolev norm.
(2) There exists x1 € G/T' such that the orbit SLa(R)xy is periodic and

dgr(wo, 1) < RAlog T)AT 1.
The constants A and k1 are positive and depend on X but not on xg.

The Sobolev norm used here is the same as in [22]. See [25], [1] for a finiteness
result of the periodic orbits in Option 2 in the above corollary.

Remark 1.6. The proof of Theorem 1.2 is via a limiting argument, invoking elements
of [1] and uses Ratner’s Measure Classification Theorem. Hence, Theorem 1.2 is
not effective, which implies the same regarding the constants in Theorem 1.2 and
Corollary 1.5. Similarly, the results of in [25] and [1] prove that for nonarithmetic
T there are only finitely many SLo(R) periodic orbits without any estimate on their
number. In contrast, the constants in [22] are explicit in principle; cf. also [21,
Thm. 1.4].

1.2. Structure of the proof of the gap in critical exponent. As mentioned
above, the proof of Theorem 1.2 combines results from [1], with some extra ergodic
theoretic arguments. In [1], the first step assumes to the contrary that there is
a nonarithmetic lattice I' < G for which there are infinitely many periodic orbits
(SL2(R).zx)52, for z = mr(gr) € G/T'. Then, using Ratner’s theorem (or more
precisely a result of Mozes and Shah that relies on this theorem as well as the
Dani-Margulis linearization method), the authors show that the sequence of Haar
measures on these periodic orbits converges to the Haar measure, i.e.

k—o00
MSLy(R).z, — 7+ MaG/r-

In our case, I'y, = stabgy,(r)(7x) are not lattices, so the Haar measures on them
are infinite. Instead, we will use for each k the Bowen-Margulis-Sullivan measure
px corresponding’ to Iy, on SLo(R).zg. It has an entropy hy, (a(1)) = §(Iy,).
An a(l)-invariant measure on G/T" can have any entropy < 2, so these entropies
are certainly far from being maximal entropy. Thus we cannot show that such a
measure is close to Haar using only the uniqueness of measure of maximal entropy
on G/T (See e.g. [4], [39, §11]). However, all of the entropy of these py comes “from
the SLy(R) direction”. This intuition can be formalized to say that the u-leafwise
dimension (see Definition 3.7) of py is almost everywhere §(I'y, ) which is close to
the maximal value 1. This leads us to the ergodic component of the proof, Theorem
3.9 below. This theorem enables us to utilize this large dimension to show that any

n fact, we use Bowen-Margulis-Sullivan measures corresponding to finitely generated sub-
groups of I'y, so that the measure will be finite. We ignore this subtlety for the introduction.
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weak-* limit is SLo(R)-invariant, and is of interest by itself. However, there is yet
work to be done to show that the limit is the Haar measure mg,r, as there may
be an escape of mass, or positive mass to SLo(R)-periodic orbit. To rule out these
options we use linearization methods and Margulis functions.

1.3. Structure of the construction of a lattice I' with small gap. As for
Theorem 1.3, its proof can be divided to three main parts.

Part 1, construction of a homogeneous space: We implement a construc-
tion of a nonarithmetic lattice given by Gromov and Piatetski-Shapiro [19], who
construct a nonarithmetic space G/T" in the following way: Take two (carefully con-
structed) arithmetic spaces G/T'; and G/T'2, and identify isomorphic codimension-1
submanifold V; C H3/T;. Cut H3/T; along V; for each i = 1,2 to obtain two hy-
perbolic threefolds with isomorphic boundaries. Finally, glue these manifolds along
their boundaries to obtain a compact hyperbolic threefold of the form H3/T". The
lattice I" is the non-arithmetic manifold we look for.

Part 2, construction of an orbit: To construct the element g required by
Theorem 1.3, we construct the orbit SLy(R).7r(g) as follows. Take a periodic
SLa(R)-orbit H.zg in G/T'; for some ¢ = 1,2. Denote its projection to G/T'; by Sp.
This is an immersed hyperbolic surface. Cut Sy along V; into finitely many pieces,
and consider the image S; in H3/T" of one of these pieces. This yields an immersed
hyperbolic surface So = H?/I';, C H3/T' contains S;. We show that by properly
choosing Sy and S; we can ensure that I'y, is not a lattice.

Part 3, estimation of the critical exponent in the form of high Haus-
dorff dimension: The estimation of the critical exponent of I'y, uses Sullivan
[36, Thm. 1], which reduces the estimation of the desired critical exponent to an
estimation of the Hausdorff dimension of the collection of geodesic in Sy that orig-
inates form a point py € Sy and do not intersect V;. Viewing this problem in the
universal cover of Sy, the inverse image of V; is a union of geodesics. This reduces
the question of giving a lower bound on the Hausdorff Dimension of set of rays from
po on Sy avoiding V; to the following two claims on an immersion ¢q : H? — H?/T;.

° L L(V;) is composed of many hyperbolic lines in H?. Then there is a lower
bound on the distances of these lines from one another,

e For every collection L of lines in H? that are far from one another, and
every point pg € H? not on any of these lines, the dimension of the set of
geodesic rays from pg that do not hit any of the lines is large.

The first point follows from arithmetic considerations. The second can be reduced
to an estimate of the dimension of a certain Cantor set.

1.4. Structure of the paper. In Section 2 we introduce several notations and
conventions. Section 3 is divided into three parts: In Subsections 3.1 and 3.2 we
recall a nonstandard definition for the leafwise measures and some of its properties.
In Subsection 3.3 we introduce the leafwise Markov chain and complete the proof
of Theorem 3.9.

In Section 4 we prove Theorem 1.2. The section is divided into three parts:
Subsection 4.1 states several claims which will be of use in the next subsection.
Subsection 4.2 follows the discussion at Subsection 1.2, and shows that a certain
sequence of measures py, on G/T" converges to the Haar measure. We prove SLa(R)-
invariance, use Lemma 4.7 (whose proof is left to Section 5) to exclude escape
of mass in the limit and any nontrivial homogeneous component, and finally use
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Ratner’s theorem [32] to conclude that the limit is the Haar measure. In Subsection
4.3 we conclude the proof of Theorem 1.2 by adapting the work of [1] to our setup.
In Section 5 we use a linearization method and Margulis functions to prove Lemma
4.7. Section 6, which is independent of the rest of the paper, is dedicated to the
proof of Theorem 1.3.

1.5. Further research. A natural question is to prove an effective version of The-
orem 1.2.

Question 1.7. Find an effective formula for an er depending on the lattice ' < G
such that there are only finitely many SLa(R)-orbits SLa(R).7r(g) such that 1—ep <
§(Ty) but T'y is not a lattice. We expect er to depend on the spectral gap of G/T,
however, it may depend also on the arithmetic nature of T'.

The example given by Theorem 1.3 inspires us to formulate the following more
optimistic question. We do not know if it helps to answer the previous one.

Question 1.8. Let I' < G be a lattice. Is it true that there are only finitely many
SLa(R)-orbits of points x = mr(g) in G/I' with I'y Zariski dense in SLa(R) for
which there does not exist an arithmetic lattice T1 < G such that SLa(R).x lift
bigectively to G/A where A =T1NT and A is Zariski-dense in G? Can one find a
finite collection w of arithmetic lattices such that for every point x = wr(g) in G/T
with Zariski dense I'y the orbit SLo(R).x lifts to G/A with A=T1NT and Ty € w,
except perhaps for finitely many SLa(R)-orbits?

One can also consider the analogous of Theorem 1.2 to nonarithmetic lattices in
more general R-rank 1 groups.

We now discuss possible extensions of Theorem 3.9 referred to above, and use
similar notations. Let B = R x R using the exponent action of R on R.

Question 1.9. Let (ug)32, be a(t)-ergodic invariant probability measures on a lo-
cally compact second countable space X on which B acts continuously. Suppose
that there is a weak-+ probability measure limit oo = limg_ o0 i with ergodic de-
composition [y pZ djis (). Show that

(1.1) / dim" pZ dpioo () > lim sup dim™ g,
p's

k—o0

with the convention that dim" pZ = 1 if pZ is not u-free.
One can try to extend this to actions of more general semi-direct products.

Acknowledgment. I thank my advisor, Elon Lindenstrauss, for introducing me
to the topic, and for his guidance, support, and constructive feedback throughout
the process of writing this paper.

2. NOTATIONS

Definition 2.1 (Homogeneous dynamics notations). Let G = SLy(C) and I' < G
a lattice. We say that I' is arithmetic if there is an algebraic group G/Q and a
homomorphism with compact kernel f : G(R) — G whose image is open in G and
I is commensurable to f(G(Z)). From now on we assume that I is nonarithmetic.

Recall that a(t) = diag(e'/2,e7%/2) and u(s) = <1 s

0 1) for all £,s € R, generates
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a subgroup B < SLy(R). The group B is isomorphic to R x R, with the exponent
action. Denote by nr : G — G/I" the standard projection.

Definition 2.2 (Metric notations). For every metric space X, we will always denote
its metric by dx, and whenever there is a natural base point to the space we denote
by Bx(R) a ball of radius R around the base point.

Let dg be the unique Riemannian metric on G that is right G-invariant and left
SU(2)-invariant, normalized so that

et’2 0
da (( 0 e—t/2>) = [t],

for all ¢ € R. This metric restricts to a Riemannian metric dgp,,®) on SLa(R)
and gives rise to the standard hyperbolic metrics dys,dyz on H® = SU(2)\G and
H? = SO(2)\ SL2(R), respectively. This makes H? a right G-space and H? a right
SLa(R)-space. Since dg is right invariant, it descends to a Riemannian metric dg/p
on G/T.

Definition 2.3 (Measure notations). For every measure space (X, u) and a mea-
surable function f : X — R, we define u(f) = fX fdp and f - p the measure
U+ [, fdp on X. For every two measurable spaces (X, u), (Y,v), we denote by
u X v the product measure on X x Y.

Definition 2.4 (Law of a random variable). Let (X, X) be a space together with a
o-algebra. Let u be a probability measure on X. Whenever we think of X as a prob-
ability space, then any measurable function y : X — Z to any other space (Z, B),
is called a random wvariable. Denote by Law(y) = y.u the pushforward probability
measure on Z. For every two random variables y; : X — Z1,y2 : X — Z5, measur-
able with respect to the o-algebras B1,Bs on Z1, Z5 respectively, we define a ran-
dom variable Law(y1|y2) : X — {probability measures on Z;} as follows. Let B =
y;lBg be the o-algebra of all the information on X given by ys. Let x — M%/z be the
conditional measure, and Law(y1|y2)(z) = (y1)« U%g- Similarly, if y1,ys, ..., Yy, are
random variables, then we denote Law (y1|y2, 3, - - -, Yn) = Law(y1|(y2, Y3, - - -, Un)),
where (Y2, 93, ..., Yn) is the tuple random variable.

Definition 2.5 (Entropy notations). For every p1,...,px € [0,1] with p; +pa+---+
pr = 1, denote

k
H(py,..-.px) = — Y _ pilogp;.
=1

For every space X, a measure p on X with countable support, denote

H(p)=- > u({p})logu(p).
pEsupp ()
Removing the countable support assumption, let 7 be a partition of X. Denote

Hy(r) == p(A)log pu(A).
AeT
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For every © € X denote by [z], the unique element in 7 containing x. Now,
whenever we think of X as a probability space and function from X as random
variables, let y : X — S be a random variable with a countable image. We denote

H(y) = H(y.p) = Hy({y™" (2) : = € Im(y)}).
Let y1,y2 be two random variables, such that given y,, the random variable y;
has countably many options, that is, Law(y;|y2) is almost surely a measure with
countable support. Then we denote H(y1|y2) = [y H(Law(y1|y2))duyz. Similarly,
if y1,...,yn are random variable, then we define

H(yily2,y3, -, yn) = Hy1l(y2,y3, - - yn)) = / H(Law (y1|y2, Y3, - - - s Yn))dpiy2.
X

3. LEAFWISE MEASURES

The purpose of this section is to prove Theorem 3.9 below. We will define the
leafwise measures and leafwise dimension in Subsections 3.1 and 3.2, and recall
some of their properties. At the end of Subsection 3.2 we state Theorem 3.9. In
subsection 3.3 we introduce a different approach to the leafwise measures, and use
it to prove Theorem 3.9.

3.1. The leafwise measures. Let X be alocally compact second countable (LCSC)
space, R » X be a continuous action via u(s) : X — X for every s € R. Let u be a
measure on X, not neccessarily u-invariant. We assume that p is u-free, that is, p
almost every point z € X is not fixed by u(s) for all s € R. We recall the following
characterization for leafwise measures, which is equivalent to the one given in [12,

§3].

Definition 3.1 (Anti-convolution of a function with a measure). Let f : R — R
be a nonnegative function with fR s)ds = 1. Denote

Sy = [ Fls)ul=s)pds

Theorem 3.2 (Fubini construction of Leafwise measures). There is a measurable
map y > iy, which associates to every y € X a locally finite measure py, on R,
which satisfies the following properties:

(1) for every s € R and y € X we have
(3.1) Ha(s).y < TEpy, where T°:R =R, T°(r)=r—s.
(2) Let
(3.2) w=F.(uxmg), where F:XxR—=>XxR, F(z,s)=(ul—s)z,s),

where p X mg is the product measure on X X R. Let f : R — R be a
nonnegative integrable function with fR s)ds =1, and set f XXxR—->R

be defined by f(x,s) = f(s). For S¢p-almost every y € X, we have

(3.3) 0 < iy (f) < o0 and
P f o
(3.4 Fra= [ 6 RS,

Here we use the notations regarding measures from §2.3, and mp : X xR —
R is the projection.
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The map y — py, 1s unique in the following sense. If y ,u‘;*l and y u‘;’Q
are maps satisfying the above conditions, then for p-almost every x € X we have

u,1 u,2
o<y

Remark 3.3 (On Eq. (3.4)). A different way to write the left-hand side is

(fomr) - w = Fupx(f-mg)),

where F' is as in Eq. (3.2).
An alternative way to write the formula (3.4) is that for every compactly sup-
ported function and continuous function g : X x R — R

(3.4)
1 u
/X @)y, = /X e / 9(y.9)f(5)du2 (5)dS5u(y), Vg € Co(X X R).

Corollary 3.4. In the notations of Theorem 5.2, note that F71((f o mg) - w) =
(fomr) - (1 x mg). Applying this to Eq. (3.4) and projecting to X, we obtain

[ (s=uls)y)(fpy)
(3:5) = /x 1 (f)

Reduction of Theorem 3.2 to [12, §3]. We will describe the statement of [12, §3],
restricted to our R action. Denote by Bx the borel o-algebra of X. Consider the
infinite measure u X mg on X x R. Define ¥ : X x R — X by ¥(z,s) = u(—s).x
and let C = U=1(Byx). Let fy : R — R be a positive continuous integrable function.
Lift fo to a map fo : X x R = R by fo(z,s) = fo(s). The conditional measures
of fo-(pxmg) = pux (fo-mg) with respect to the o-algebra C are denoted
(fo- (ux mR))g, for y € X x R. This measure lies on the atom [y]¢ of y which is

of the form {(u(s).z,s) : s € R} = U~'(z) for = ¥(y) € X, and (fo - (1 ¥ mR))g
depends only on the atom, that is, only on z, and is supported on this atom. Define

pa on R so that

(3.6)

(fo - (% mR))g = fo-a®u®, where a®:R— X xR, a”(s)=(u(s).z,s).

dSyu(y).

Then [12, §3] ensures that Eq. (3.1) holds in a u-invariant set X’ C X with
p(X') =1

We will now deduce our formulation of the result. To ensure that Eq. (3.1) holds
everywhere, we redefine 2 := 0 for ¢ X’. This implies that Eq. (3.1) holds for
all v € X.

As to the second condition, Eq. (3.6) implies that fo - aZu® = a®(fo - p2) is a
probability measure for all x € X’. That is, pu%(fo) = 1. In addition,

Fo- (ux mg) = / (o~ (1 x m))Cd(fo - (1 x mz))(y)
(3.7) X

= [ Forarmtaw o (e x ma)) (@),
X

To simplify Eq. (3.7), first notice that

U fo - (nxmr)) = Wu(p x (fo-mr)) = Sp,p.
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Second, we can multiply Eq. (3.7) by fy 1 and obtain

(3.8) poxcms = [ atyizdSuo).
X

Applying F, to Eq. (3.8) we obtain

(3.9) Pulpxcme) = [ 6, Lo o)

where the denominator could be added since it is almost surely the constant 1. This
formula is equivalent to Eq. (3.4), for f = fo, after multiplying with f. To obtain
it for general nonnegative f € L'(R) with [, f(z)dz = 1, we multiply Eq. (3.8)
with the function f: X x R — R defined by f(z,s) = f(s):

B10) P (fom) = FPecma) = [ 6% SRS (o)

From Eq. (3.10) we deduce that for Sy, y-almost every € X we have f-p is a finite
measure. Since f - u2 = 0 if and only if p(f) = 0 we deduce that we may restrict
the integral in the right-hand side of Eq. (3.10) to Xo = {z € X : p3(f) = 0}.

(3.11)

[ [y pe(f)

R (o) = [ oux i asunte) = [ e S R as )
B Iy _ oy
= o ) ) = Joo @),

where

_ pz (f) .
ﬂfA§fdug(f0)deou( )s

and last equality of Eq. (3.11) holds since ps is supported on X,. To compute
pg, project Eq. (3.11) to X. The projection of the right-hand side is py. The
projection of the left-hand side is Syu, and hence Syu = py. Therefore, Eq. (3.11)
is equivalent to Eq. (3.4). Eq. (3.3) from the equality Syu = py, the definition of
ty, and the fact that Syp is a probability measure.

To show the uniqueness of the measures u}, note that we have established an
equivalence between Eq. (3.4) applied to fp and

- c ax'uu
(fo- (mxmg))y = fo — 75~
Y 15 (fo)
for fo - (1 X mg)-almost every y and & = W(y). Since the conditional measures
are uniquely defined almost everywhere, we deduce that 7 is uniquely defined S,
almost surely.

O

The following claims follow from the uniqueness of the characterization of The-
orem 3.2.

Claim 3.5 (Equivariance of Leafwise measures). If o : X — Y is an injective map
of LCSC spaces, R A Y, and
a(u(s).z) = d'(s).a(z), Vi e X, s €R,
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then for p-almost every x € X,

(3.12) R

Moreover, there is a set X' C X that is u invariant and has p(X') = 1 such that
Eq. (3.12) holds for all x € X'.

Claim 3.6 (Rescaling of the action). Suppose that 8 # 0, and define the rescaled
action R A X by w'(s).x = u(Bs).z. Then p-almost every for all z € X have
(3.13) By oc (s 1)l

Moreover, there is a set X' C X that is u invariant and has p(X') = 1 such that
Eq. (3.13) holds for all x € X'.

3.2. Leafwise dimension. We will discuss measures p on an LCSC space X. We
require that there is a measurable action B ~ X where B = R x R is defined as
in Homogeneous Dynamics Notations 2.1. Our measures p will be A-invariant and
u-free, and we will analyze their u-leafwise measures.

Definition 3.7 (Leafwise dimension). Let X be an LCSC space with a continuous
action B ~ X. Let p be an A-invariant u-free probability measure on X. We say
that p has u-leafwise dimension § and write dim"(u) = § if for p-almost-all z,

. 1 u —t —t _
(3.14) Jim —log uy([—e™,e7]) = —d.
If u is ergodic, then dim"(u) exists. This existence is proved in the homogenous
setting in [11, Thm 7.6(i)]. However, their proof works for our setting as well.
One can relate leafwise dimension to entropy. This will be useful in Section 3.

Theorem 3.8 (Relation of leafwise dimension to entropy). Let A C SLa(R) be a
discrete subgroup and p an a-invariant and ergodic probability measure on SLa(R)/A.
Then

hy(a(t)) = [t] dim® (1.
This theorem is proved in [11, Thm 7.6 (ii)].
The main result of this section is the following:

Theorem 3.9. Let ()5, be a(t)-invariant and ergodic probability measures on
an LCSC space X on which B acts continuously. We further assume that for every
k the measure py, is u-free. Suppose that the u-leafwise dimensions

(3.15) dim® gy, 222 1.
Suppose that there is a weak-+ probability measure lmit poo = limp_oo(pr)72 -

Then piso ts u-tnvariant.

3.3. The leafwise Markov chain. In this subsection, we will prove Theorem
3.9. To prove this theorem we need some macroscopic way to view the leafwise
dimension, as opposed to Definition 3.7, which views it as a limit of a leafwise
measure of very small intervals. To do this we introduce a Markov chain, somewhat
similar to the one introduced in Furstenberg [17]. The properties of the Markov
chain are summarized in the following lemma.
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Lemma 3.10 (The leafwise Markov chain). Let X be an LCSC topological space, let
B ~ X be a continuous action and let p be an A-invariant ergodic u-free measure.
Then there is a function p: X — [0,1] such that

(3.16) [ )1 p@)dSs, o) = din () og 2.
X
(3.17) / wzdSI[DYI)u(x) = S]l[O,l)/“’L’
X
where
(318) Wy = p(x)(sa(log 2).x + (]- _p(x))(su(l)a(log 2).x*

Fix an a-invariant and ergodic u-free measure p on X.

Claim 3.11 (Almost no periods). In this setting,
w({x € X :staby(z) # I}) = 0.

The claim is fairly standard, see for instance [11, Lem. 7.12] in the homogeneous
case.

Consider the dynamical system with space X x [0, 1), measure vy = u X mp 1),
and action Ty(z, s) = (a(log(2))z,2s mod 1), which preserves 1. Conjugate it by

F:X x[0,1) - X x[0,1), F(z,s) = (u(—=s)z, s).
We obtain a dynamical system (7, X x [0,1),v), where
1y [0,1)
(319) Z/—F 1/0 = / 6y mdSI[O 1)“( )

and T(y,s) = (u(b1(s))a(log?2)z,2s mod 1), where b;(s) is the 271 bit of the bi-
nary point in the binary expansion, s = Y=, 27'b;(s), where b;(s) € {0,1}. Let
po = (Yo, s) be a sample point in the probability space (X x [0,1),v). A different
interpretation of Eq. (3.19) is the following almost sure equalities,

(320) Law(y()) = Sll[o,1)'“”
tylio,1)

3.21 Law(s|yo) = —24——.

(.21 ) = Lo, 1)

Denote by mx : X x [0,1) = X the projection. For every n > 1 let p,, = T"pg and
for every n > 0 denote y, = mx(p,) . One can see that

(3.22) yn = a(nlog2)u(s,)yo,
where s, = Y1 27%,;(s). Let X’ = {z € X : p2([0,1)) > 0}. It has a full
S1y,,, #-measure from Eq. (3.3). Define
12([0,1/2)) /
p(x) =4 mOD) z €X',
0, otherwise,

and let w, be as in Eq. (3.18).

Claim 3.12. The stochastic process (yn)or, is a stationary Markov process, with
the v-almost always law

(3.23) Law(Yn|Y0, Y1, - - s Yn—1) = Law(Yn|yn—1) = wy, -
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Proof. Tt will be sufficient to show that the RHS and LHS of 3.23 coincide. Indeed,
by Eq. (3.22) and Claim 3.11, Law(y»|yo, Y1, - - -, Yn—1) = Law(yn|Sn—1,¥0). Now,

(3.24)

M";o ([snfl Sn—1+27"))
gy (Isn—1,8n—1+277F1))"
oy ([sn—1427 " sn_1+27"11))
M;O ([sn—1,8n—1+277F1))

3.21) | Sn—1; with probability
Law(sn|sn—1,90) ~ =
Sp—1+ 27", with probability

We wish to apply Claims 3.5 and 3.6 to yo. Since u(s)yo ~ p we deduce that yo € X’
almost surely, where X’ is one of the sets in Claims 3.5 and 3.6, and hence these
claim are applicable. Similarly, v, € X’ almost surely for all n > 0. Apply Claim
3.5 for the a((n — 1)log2)-action, which takes the u(s) action to u'(s) = u(2"s)-
action. Hence

3.6 _ r(3.22) _ ,
By & (80 277 hs) gty = (5 2778l (nm1) log 2pusn—1 )0

3.5 n— u (3.1) n— u
x (s+2 15)*Nu(sn_1)yo (5= 2""1s) (s> 5 — Sn—1)x My,

= (s 2" (s — Sn—1))xHy, -
Thus Eq. (3.24) implies the desired. O
This shows Eq. (3.17).

Proof of Eq. (3.16). Let C = [ H(p(z), 1—p(z))dSy, ,, u(z). Then C = H(y1]yo).
The Markov chain property implies that
C = H(ynlyn-1) = HYn|yn-1,---,y0) = H(bn(8)[bn-1(s),- .., b1(s), %0)-

Hence
(3.25)

H(bn(s)abn—1(5)7" |y0 Z H |bm 1( ) . bl(s)vy()) =nC.

m=1
Denote by 7, = {[m2™",(m +1)27") : m = 0,...,2" — 1} the partition of [0,1).
Rewriting Eq. (3.25) using Eq. (3.21), we obtain

(326) / H yol10,1) Tn) dS]l[o,l):u(yO) =nC.

uyo ([o, 1))
It follows from Lemma 3.13 below and the Dominated Convergence Theorem that
C = dim"(p) log 2. O
Lemma 3.13. For u-almost-allz € X, andfor allt € R such that p2([t, t+1]) # 0,

denote My = (x — x —t). ;‘(‘[Efitiﬂ Then LH(M,,,7y) 27 dim® () log 2.

This lemma will follow from the following Lemma. Let
Tn ={[m27",(m+1)27") : m € Z},
denote the partition of R. For every s € R denote by 7,,(s) the unique partition

element in 7, containing s.

Claim 3.14. Let v be a locally finite measure on R satisfying that for v-almost-all
s € R,

t—o0

1
(3.27) . logv([s — €', s+ e]) —/= A.
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— 00

Define the function u, : R — R by u,(s) = —2logv(7,(s)). Then u, ———»
Alog?2 locally in L'(R,v). That is, for every finite interval I C R,

/|un(8) ~ Alog2| du(s) 2222 0,
I
Proof of Lemma 3.18 using Claim 3.14. Let
1 u —t t—o0
Xgoodo =2 € X : —;log,ugﬂ([—e ce ) = dim® () ¢ -
As mensioned in Definition 3.7, u(Xg00d,0) = 1. Let

for p>-almost all s€R
Xyooan = {w € X 1% }
good,1 . .

we have u(s)z€Xg004,0

This set is u-invariant by Eq. (3.1). We will now show that ;1(Xgo0q,1) = 1. Let
f R — R be a positive integrable function with fR fds=1.

. )69 / Jr £ (50) Lusoypexg, oy (50)
0= 00 Y ds
go0d0) 15 (f) ()

/ / f]R SO u(so u(sl)IGXqDod OdME(Sl)x(SO)
Nu(sl)x(f)

Thus, the positivity of f implies that for y x mg-almost all z,s; € X X R,
(3.28) Ha(sy)e ({80 € R u(so)u(s1)z € Xgpq0}) = 0.

By Eq. (3.1), Eq. (3.28) is independent of s;. Therefore, for u-almost-all x € X
we have Eq. (3.28) with s; = 0, which is equivalent to & € Xgp0q,1. Hence,
N(Xgood,l) =1

By Eq. (3.1), for every @ € Xgo04,1 the measure p% satisfies the condition of
Claim 3.14. This conclusion implies the desired result.

f(=s1)dsidp(z)

O

Proof of Claim 3.14. We will first show that it is enough to prove this claim under
some simplifying assertions. It is sufficient to prove the convergence for intervals
I = (a,a+ 1) with @ € 1/2Z. Then we may restrict v to I, while preserving the
property for v-almost all s € I. Translating v, we may assume that v is supported
n (0,1). Normalizing v to a probability measure does not change the result as
well. We may now prove that u, T A log2 in L'(R,v), under the assumption
that v is a probability measure on (0, 1).
Let € > 0 be small numbers and n an integer going to oco. By Eq. (3.27), for all
sufficiently large n there is S C (0, 1) of volume v(S) > 1 —¢ such that for all s € §
and for all ¢ > nlog?2,

1
5 logr([s—es+e ) — Al <e.

We will next show that fol( U, — Alog2)~dy =250, where for every € R we
have x* = max(z,0) and z~ = (—x)*, so that x = 27 — ™. Let

_={s€]0,1):up(s) < Alog2 —c}.
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Then J_ is a union on 7, elements. Note that J_ NS = (. Indeed, if s € J_N S,
then we get the following contradiction:

1
Alog2 —e > uy(s) = - log v(7mn(s))
1
> - logv([x 4+ e ™82 2 — 7 1982]) > (A —¢)log 2.

Consequently, v(J_) <1 —v(S) < e. This implies that

1
/(uanlogQ)*dV</ (uanlogQ)*dqu/ (un — Alog2)~dv
0 <

Up >0

< Av(J_)log2+e(1—v(Jo)) <e(Alog2+1—wv(J)).

Taking ¢ — 0 implies that fol(un — Alog2)~dv —= 0.
We will now show that fol (un — Alog 2)*dy 2222 0. Define

Jy=|J{I €m 30 = 127" with 3ev(I') > v(I)},

which satisfies

(3.29) v(J)) =Y v(I) <3 v(I') < 6e,

I 1,1’

where the sums are over I,1" as in the definition on J/ . The rightmost inequality
of Eq. (3.29) holds because each Iy € 7,, can appear as I’ at most twice. Let

A={lern:ICJUSY, Jo=|JL
IcA
We can estimate
C:=v(Jg) <v(Jy) +v(S9) < 6e+e.
Thus

1
/ (up — Alog2)tdy = / (un — Alog2)Tdv +/ (up, — Alog2)*dv
0 Ji <

(3.30) => v <; logv(I) — A)+ + ) () <:L logv(I) — A)

IceA Ietp\A

+

To bound the sum over I € A

+
> u() (_i log v(I) — A) < % > —v(I)logv(I)

IcA IcA

(3.31) = —Clog¢+ > ¢ Z ( ) < —Clog¢ + ¢log2.
n i C ¢

The last inequality holds since ( (CI)) IeA 18 a probability vector on at most 2" and

hence the maximal entropy it can have is nlog2. For the other summand, let
Ier,\ A Since I ¢ A we deduce that INJ, =0 and I NS # (. Thus there is
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selInS withs¢ J).
1 1 sETL Y .
—logu(l) = ——logu(ma(s)) < ——log(er(mn(s) U (Tals) = 27") U (7a(s) +27")))

(3.32)
loge

1 s€s 1
§fﬁlog(sv([sz*",s+2*”])) < fﬁ(logsfn(AJrs)):Aquf "

Combining Egs. (3.30), (3.31), (3.32) we deduce that for all n sufficiently large

loge

1
/ (up — Alog2)Tdv < —Telog(7e) + Telog2 + & —
0
Taking € — 0 implies that fol(un — Alog2)tdy === 0. The desired follows. [

Proof of Theorem 3.9. For every k = 0,1,..., let p*,v* as in Lemma 3.10 con-
structed for p*. Let f € C.(X) be a continuous compactly supported function.
Then

S]l[‘ll)'uk(f) - % (a(IOg 2)'51[0,1)Mk) (f) - % (a(log 2).51[011)Mk) (f)

= [ ()~ 3) sat0g200)+ (1-pt0) ~ 3 ) Sa(0)alI0p2)) ) e, )
<l [ Jpto) = a0 220

The convergence follows from Eq. (3.16). Hence we get an equality of the weak-x
limits

(3.33) Sl[o,l)luoo (IOg 2). Sll[o 1)/’6 + a(log2).5q (o, 1)“’

inductively applying (3.33) to itself, and using a(log2)u(1) = u(2)a(log 2), we get

2" -1

Z u(i)a(nlog?2).Sy, ,, 1™

=0

Hence (u(1)St, s> = S10,,#>)(f) < 2| flloo for every f € Co(X). Taking
n — oo we deduce that Sy, , 4 is u(1) invariant, and hence u(k)-invariant for
every k € Z. Note that a(—nlog2)Sy, , u> is a(—nlog2)u(k)a(nlog2) = u(27"k)-
invariant, for every k € Z. On the other hand,

1

S]l[o 1)/1' 2n

1 1
a(—nlog2)Sy, , n™ :/ a(—nlog2)u(—s).u>ds :/ u(—27"s)a(—nlog2).u>ds
0 0

where the last equality follows from the a-invariance of u*°. Since p*° is a weak-x*
limit of measures with more and more invariance, we obtain that p* is invariant
to u(lU,—,2 "Z), and hence to the entire u-action. O
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4. PROOF OF THEOREM 1.2

In this section, we will prove Theorem 1.2, conditioned on Lemma 4.7. The
proof is an adaptation of [1], and is composed of four components, which we will
enumerate from last to first. The last component is [1, Thm. 1.6], whose outcome
contradicts the nonarithmeticity assumption we assumed. The third is a reduction
of our problem to [1, Thm. 1.6]. We will do this similarly to [1, §3]. However, two
new ergodic components will be needed for this part, namely, Theorem 3.9, and
Lemma 4.7. This section will focus on the reduction to [1, Thm. 1.6].

4.1. Notation and preliminaries.

Theorem 4.1 (Properties of Bowen-Margulis-Sullivan measures). Let A < SLy(R)
be a finitely generated discrete group. Then there is an a(t)-invariant probability
measure of mazimal entropy, px on SLa(R)/A with

hu(a(t)) = [¢|6(T).

See for instance [36]. To bound from below the critical exponent we will use the
following claim:

Theorem 4.2 (Approximation of critical exponent). For every 0.5 > ¢ > 0, there
is R. > 0 such that the following holds. Let A < SLa(R) be a discrete torsion-free
subgroup such that §(I') < 1 —¢ for some e > 0 and AN Bsp,w)(e” 1) = {1} for
some R > R.. Then

(4.1) #A N Bgp,my(R) < 170198,

(42)  msiye ({1 € Bsiym (R) : #{y €T - yh € Bsm (R)} > e 70197 1)
< e1=e/DR,

To use this, we need to replace I' with a torsion-free subgroup of finite index.
To do so we need two claims. The first is a special case of [29, Cor. 6.13], and the
second will be proved in the appendix.

Claim 4.3. Ewvery finitely generated subgroup in a A < G has a torsion-free sub-
group of finite indez.

Claim 4.4. For every two subgroups A1 < As < SLa(R) with [A2 : Aq] < oo, we
have §(A1) = §(As).

4.2. Beginning of the proof. Recall that for every g € G we define I'y = gI'g~' N
SLo(R). We first use Claim 4.3 to replace I' with a finite index subgroup which
is also torsion-free. The critical exponents of the subgroups I'y do not change by
Claim 4.4, hence we may assume from now on that I' is torsion-free, and apply
Theorem 4.2 to its subgroups.

The contrary Theorem 1.2 is the existence of a sequence (g;)?2; C G such that
k—oc0

§(I'y,) —— 1 but I'y, is never a lattice. Note that if there is an element gy € G
such that §(I'y,) = 1 but I'y is not a lattice, the sequence (gy)72; may be the
constant sequence gg. We assume to the contrary that such a sequence exists.

Claim 4.5. For every k > ko there is a finitely generate subgroup I'y < T'y, such
k—o0

that §(T'y) ~—=% 1. In addition, Tj, " = SLy(R).
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Proof. For each k > 0 by the definition of critical exponent, we can find arbitrarily
large Ry > 0 so that

#BSLQ(R)(Rk) N ng > 6Rk(5(r‘k)*1/k).

Let T'y = <BSL2(R)(R;€) n ng>. We now choose Ry, sufficiently large to apply The-
orem 4.2 and deduce that

6(Tk) > 1 —10(1 — 6(T')) — 10/k.

k—oc0

Thus §(T'y;) —— 1. The subgroups (I'y)?2, are finitely generated by their defini-
tion. For every k > 0 sufficiently large, §(I'x) > 0 and hence T}, = SLy(R). O

Let pj, be the Bowen-Margulis-Sullivan probability measure on SLy(R)/T'y. It
is a(t) invariant. Define ri : SL2(R)/T'y, — G/I' as the map sending 7, (x) —
7r(zgg). Then define py, = (rx).(1},). We wish to show that py LN mg - By

k—o0

Theorem 4.1, h(p},) = 6(T'y) —— 1. The following is a simple fact on the entropy
of ergodic systems:

Claim 4.6. Let (X1,11,T), (X2, va, To) invertible ergodic systems and f : X1 — Xo
a factor map with countable fibers, such that fivy = vo and foTy =Ts o0 f. Then
th (Tl) = hl’z (TQ)

We will use it as follows: factor i : SL2(R)/T'y, — G/T as

7k : SLa(R) /Ty~ SLy(R) /T, — G/T

Note that 7} is one-to-one and r}, has countable fibers. Hence

k 4.6 3.8 .. 3.5 .. .
12 hpg,) = A7) wpy) = dim®((r)pty,) = dim® () (rg)wpth,) = dim® ().

We introduce now the geometric nondegeneracy lemma, which excludes degen-
erate limits to the sequence pi. We will prove it in Section 5.

Lemma 4.7 (Geometric nondegeneracy). Let uy be a sequence of a(t)-invariant

probability measures on G/T such that dim" puy, 5200 1. Then Wi has no escape of
mass, that is,

sup liminf pu(K) = 1.
KCG/F k— oo
compact

In addition, there is no nontrivial convergence to a periodic SLa(R)-orbit of G/T. In
other words, let g € G such that T'y is a lattice. The SLo(R)-orbit SLa(R).7r(g) C
G/T is thus a closed set. Suppose that uy(SL2(R).7mr(g)) = 0 for every k. Then

sup liminf g (K) = 1.
KC(G/D\SLa(R).mr(g) 700
compac

Consequently, restricting to a subsequence of k we may assume that puy hroo,

oo, Where [ is a probability measure. By Theorem 3.9, poo is u-invariant. By
Theorem 3.9 applied for the negative time a(t) action, together with the transpose
inverse action of B on G/T, we obtain that ji., is u-invariant. Hence 1o, is SLa(R)-
invariant. Let poo = [y p% dpco(z) be the SLy(R)-ergodic decomposition. Then
by Lemma 4.7, we deduce that s (SLa(R).7r(g)) = 0 for every periodic orbit
SLa(R).7r(g). Thus pZ (SL2(R).mr(g)) = 0 for peo-almost every x € G/T'. By
Ratner’s Measure Classification Theorem [32], pZ, is algebraic, i.e., there exists a
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connected intermediate group SLy(R) < L* < G such that p% is the Haar measure
on a periodic L®-orbit. However, we showed that L* # SLy(R) almost surely. One
can see that there are no nontrivial connected intermediate subgroups between
SLy(R) and G, and hence p?, is the constant measure me/p, which implies that

Hoo = Mg T-
4.3. Completion of the proof using rigidity - lifting the measures to a

projective bundle. The weak-* convergence py, hoo, mg,r is what we need to
initiate the reduction to [1], with the measures uj supported on the dense orbits
SLo(R).7r(gk), in place of the infinitely many periodic orbits. The proof goes the
same, except for one point, where we need to prove some extra invariance. We will
recite some details up to that point from [1, §2].

Definition 4.8 (Witness of the non-arithmeticity). Let £ be the field generated
by traces of the adjoint representations of I'-elements. Here G is thought of as
a real algebraic group, thus ¢ C R. The field ¢ is a number field ([34], [7], [28],
[18]) contained in R. The inclusion map is a real embedding o : £ — R. By [41],
there is an f-algebraic group G which is an /-form of the image of G under the
adjoint homomorphism such that Ad(T) lands in G(¢). In other words, there is
an isomorphism ¢/ : AdG — G(R)( such that when we consider the composition
t=1t0Ad: G — G(R) we have ((I') C G(¥). Since I' is nonarithmetic, there is a
place v € S(¢) such that

b= (G(0) = G(6,)) otfr : T — G(L,)

does not factor continuously through I' — G, and the image ¢, (') does not lie in a
compact subgroup of G(¢,).

Claim 4.9 (Construction of invariant points). Up to restricting to a subsequence
of k-s, there is an irreducible algebraic G({,)-representation V independent of k
and a point P, € P(V'), for which the following holds.

(1) Consider the action T ~P(V') induced by the homomorphism 1, composed
with the G(¢,) action on P(V). Then Py is T} invariant, where 'y =
9y Trge CT.

(2) The representation V' is in fact a representation of H({,), where H is the
image of G under the adjoint representation. As such it is a faithful rep-
resentation of H(L,).

The proof mimics one-to-one parts of [1, Prop. 3.4], however, we recite the main
details.

Proof. For each k = 1,2,..., consider I‘ék = g,;lfgkgk =I'N g,zl SL2(R)gr € G.
Consider now the ¢-Zariski closure of L(F}]k) in G. This is an f-algebraic subgroup
L; C G. The localization at o is

Li(®) = ¢ (g7 Tougr ) = tgr" SLa(R)g):

Thus Ly is an SLs-form over ¢, and in particular, is three dimensional. Since
SLo(R) is not a normal subgroup of G, we deduce that Ly is not a normal subgroup
of G. Let g = Ad(G) and [, = Ad(Lg) be the algebraic adjoint representations.
The exterior product A\® g(¢,) is an ¢,-algebraic representations of G(£,). The 3-
dimensional subspace [(£,) of g(£,) induces a vector pi € A’ g(£,), well defined
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up to multiplication by scalar. Since Ly is not a normal subgroup of G, it follows
that pi is not G(¢,)-invariant. Thus, it projects nontrivially to some nontrivial
irreducible G(£,)) sub-representation V of A® g(£,). Denote this projection by 7y
Restricting to a subsequence we may assume that V' is constant, that is, independent
of k. The point P, = [rv (pi)] € P(V) is Lg (¢, ) invariant. It is not G(¢, )-invariant,
as this would imply that V is one-dimensional, but G(¢,) is a semisimple group and
has no nontrivial one-dimensional representations. Thus one observes the first point
of the claim. The second follows from the construction, except for the faithfulness
part. It follows in the same way as in [1, Prop. 3.4]. O

Consider the right action G x P(V) ~ T by (g, P)y = (g7, t,(y1)P). Consider
the P(V)-bundle G x P(V)/T", and the projection 7@ : G x P(V) — G x P(V)/T.
Forgetting the P(V') coordinate yields a projection p : G x P(V)/I' — G/T". It has
a left action by SLy(R), acting only on the G coordinate. The following claim is
analogous to the result of [1, Prop. 3.4] in our setting.

Claim 4.10. There is an SLs(R)-invariant measure fi on P(V) x G/T" such that
Pxft = MG r-

Proof. Consider the point Q = (gk, Px) € G x B(V), Q) = 7(Qx) € G x P(V)/T,
and the map 7}, : SLy(R) — G xP(V)/T defined by h — hQj,. This map is invariant
to 'y from the right, indeed,

7. (hy) = Qi = 7 (hygi, Pr) = 7(hgrgy, "9k, Pr)
= 7(hgrgy vk to (g v i) Pi) = 7 (hak, Pr).

The fourth equality follows from the fact that Py is g,;lI‘k gk invariant, and the last
follows from the definition of the quotient map 7, which is the quotient by the right
I-action. Hence we may define 7, : SLo(R) /Ty, — G x P(V)/T as the descent of 7.
Thus in fact we factored rg : SLo(R) /Ty — G/T as a composition of SLy(R)-maps,
ry, = por. In a diagram,

SLy(R) /Ty — %> G x B(V)/T

\ J/)
G/T

Therefore, the measure py = (rg)«p), on G/T lifts to probability measures iy =

(71 )« pt), satisfyies that p,fi = pp. Similarly to py, we obtain dim"(fy) Lt N

Since (ur )3, weak-* converges to the probability measure me,r and the fibers
of p are compact, we deduce that there is no escape of mass in (fix)x, and hence
we may restrict to a subsequence of k-s and assume that fiy weak-x converges to
a measure i, satisfying that p.ft = mg,r. By Theorem 3.9, the measure i is u-
invariant. By Theorem 3.9 applied for the negative time a(t) action, together with
the transpose inverse action of B on G/I', we obtain that fi is ul-invariant, and
hence SLa(R)-invariant. O

The existence of such a measure fi is required in [1, Thm. 1.6]. The rest of the
proof is now identical to the reduction of [1, Thms. 1.1 and 1.5.] to [1, Thm. 1.6].
[1, §3.4] implies the compatibility assumption of [1, Thm. 1.6], and hence its result



20 OMRI NISAN SOLAN

holds, and shows that in fact ¢, : I' = G({,) extends to a continuous homomor-
phism G — G(¢,), which contradicts the assertion made in Definition 4.8. g

5. PROOF OF LEMMA 4.7

The proof of Lemma 4.7 employs the linearization method. Linearization is a
general technique, introduced by Dani and Margulis [10], and it uses representations
to control the distance to homogeneous subvarieties.

In Subsection 5.1 we introduce the notion of (e; Ty, T} )-additive Margulis func-
tion. In Subsection 5.2 we prove Lemma 4.7, assuming a representational descrip-
tion of certain geometric notions, and prove them in Subsections 5.3, 5.4.

Remark 5.1. The results in this section are related to Mohammadi and Oh [26,
Thm. 1.5]. In [26] the authors prove a separation result for closed SLg(R)-orbits in
geometrically finite quotients of G. To do so, Mohammadi and Oh show that the
Bowen-Margulis-Sullivan measure on one SLa(R)-orbit must be separated from the
other SLy(R)-orbit. In this section, we also prove a separation result of measures
and closed orbits. Although we allow our measures to be more general than Bowen-
Margulis-Sullivan’s measures, they are the ones in our application.

The proofs in this section and [26] share several similarities. First, the repre-
sentation framework is similar. Second, both approaches use a Markov operator,
though a different one. Third, we use a Margulis function similar to [26]; however,
their Margulis function satisfies the Margulis inequality everywhere, while ours sat-
isfies it only with high probability. The reason for this difference is how each paper
effectivizes the high dimension of the leafwise measures p for the Bowen-Margulis-
Sullivan measures p.

Here we use Lemma 3.10. Mohammadi and Oh [26] use a different way to
s (=)
s ([=1,1])1/%
all z and for all r € (0,2]. Here ¢’ is either § or 1 — 2(1 — §). For our purposes this
approach cannot be applied, since it requires a uniform bound for the p of all our

1, which we were not able to obtain.

effectivize the dimension, by using a uniform bound < p for p-almost-

5.1. (e;Tp, T1)-additive Margulis function. In this section, we introduce the no-
tion on (e&; Ty, Th)-additive Margulis function and prove some results on the notion.

Definition 5.2 ((g;7p, T1)-additive Margulis function). Let (X, u) be a measure
space, * +— v, a measurable map from X to measures on X such that p =
Jx vedu(x). In other words, (X,z +— v,) is a Markov chain and y is a station-
ary measure. A measurable function o : X — [0,00) is called (g;Tp, T1)-additive
Margulis function for some Ty > T > 0 large and € > 0 if the following conditions
hold:

M-a) For p-almost all z € X, and for v -almost all y € X, we have a(y) €
Oé(.CC) + [7’1717 Tﬂ
M-b)

(5.1) 1] <{x eX: Ty <alr)<Ty+ /X oz(y)dl/z(y)}) <e.

Having equality to 0 in Eq. (5.1) is an additive version of the standard definition
of a Margulis function.
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Lemma 5.3. In the setting of Definition 5.2,
1 To + T

(5.2) p{zr e X :a(x) >t}) < oglt/Th] =1 + T g,

for allt > 3T7.

Proof. For every interval I C R denote
Ar={z e X : a(z) € I},

By = {x € Ar:a(z) < To+ /X oz(y)dy:c(y)} .

For every t; > Ty, to > t; + 211, we use the stationarity of p and Condition
(M-a) to obtain

/ aau) < [ [ alwavaut)
Afey +Ty 42 -] Aty ta]

<[ (@) - Todula) + w(Bl )+ (T + T1).
Aty tg]
Canceling common terms yields
(5.3) Top(Apy t07) < (1 + T0)p(Apy by 41y)) + top(Apy—y 10)) +(To +T1).
Replacing t5 by ty 4+ nT} for some n yields different bounds
(5.4)
Tou(Ap,y ty4nti])
< (1 + 1) Aty 4y +my)) + (B2 + 0T (At (1)1 to+ny)) +€(To + T1).
Now, note that

ngl>iélf(t2 + nT1) (At (n—1)Ty t24+n11]) = O

Otherwise we have (A, 1n7, to+mnmy]) > for some 6 > 0 and all n

5
tot(n+1)T1
sufficiently large, but this is a divergent series. Taking liminf over n in Eq. (5.4)

gives us

(5.5) Top(Aft, ,00)) < (b1 + T (A, b, +1)) +(To + Th).
Let n > 3 and n > m > 1. Substitute ¢t; = mT; to Eq. (5.5) and get
(5.6)

Top( At 00)) < Top(Apnry o0)) < (M + DT (At (me1ymy)) +€(To +T1)-

Now, for every n consider

On = min(m + 1)(Apmry (m1)13))-

We deduce that pu(Ap,r,,(m+1)1)) > T Ti‘i) , and by additivity,
G| T16n
1> p(Airy (e 1y1)) Z p— 1 T “(logn —1).

Altogether, §,, < Plugging this to Eq. (5.6) yields
T

~logn—1

To
Ti(logn—1)"

Top(Apnr, 00)) < +¢e(To + Th).
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Hence, for all t > 3T,
1 To+T)
< € ,
- IOth/le —1 TO
as desired. O

/”'(A[t,oo))

Remark 5.4. The summand TOZIL Tic in Eq. (5.2) is tight, and cannot be improved.
0

Claim 5.5. In the setting of Definition 5.2, suppose that o : X — [0,00) is an
(e;To, T1)-additive Margulis function with To > T1/2, and 8 : X — [0,00) is a
function satisfying Condition (M-a) for Ty and

(5.7) uG}eX:ﬂ@+ﬂagm@<7yﬁéﬂ@m%@%)<a

Then v = max(0, «— 2Ty, 5—5T1) is a (2¢; 2Ty — Ty, Ty ) -additive Margulis function.
Proof. One can easily see that +y satisfies Condition (M-a) for Ty. Let Tj) = 275 —T3.
We claim that

Xv_badz{xeX:Tlgfy(x)<T6+/
X

w(y)dul-(y)} |

is contained in the union of the sets X _pag and Xg_paq estimated in Egs. (5.1) and
(5.7) respectively. Indeed, let © € X, _paq be generic in the sense that it satisfies
Condition (M-a) for o and 8. We have

~Tj < /X Y(y)dvs(y) — () = /X (v(y) = (v(&) = T))dwa(y) = Th

Note that the integrand of the right-hand side is almost surely positive. Now denote
o =a—2T1,8 = B — 5T and distinguish between the following three cases:
Case-a) y(z) = d'(z) and f'(z) < o/(z) — 2T7.

Case-b) y(z) = f'(x) and o/ (x) < §'(z) — 2T7.

Case-c) o/(x), [ (z) > y(x) — 2T7.

In (Case-a), for v, (y)-almost all y,

d(y) 2o (e) ~ Ty 2 B'() + Ta 2 B'(y).
In addition, since v(z) = &/(x) > T;, Condition (M-a) for o show that o'(y) > 0,
which implies that v(y) = o/(y). Consequently,

T, < /X(v(y) — (y(z) = T1))dva(y) — Th
- /X (o (y) — (o (x) — T1))dvaly) — T
- /X (a(y)  (ale) — T))dva(y) - T

Since a(x) = o'(z) + 2T = y(x) + 271 > T} we have © € X, _paq.
In (Case-b), for almost all y we have v(y) = 8'(y) as in the previous case. The
inequality —Tj < [ (B(y) — (B(z) — T1))dv,(y) — Ty follows as well. Since

a(z) = o (z) + 271 < y(z) = f'(z) = B(x) — 511,
we deduce that € Xg_paq.
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In (Case-c),

~To < | (v(y) = (v(z) = T1))dva(y) — Th

((y) = (v(z) = )" + (Bly) — (v(x) = T0)F) dva(y) — T

IN

IA
——

((aly) = (alz) = Th)) + (Bly) — (B(x) — Th))) dva(y) — T,

where zt = max(x,0) for all z € R. Hence either

(5.8) /X (aly) — (afz) — Twaly) > 2= T0 oy 1
(5.9 [ 66 - @) - Tty > L~ 1y -1y
X

If Eq. (5.8) holds, € X _pad. Indeed, to show that a(z) > Ty, we use
a(z) =d(z) + 2Ty > v(z) > Th.
If Eq. (5.9) holds, € X3_paq. Indeed, to show that 5(z) > T1 + a(x), we use
B(x) = B'(x) + 5Ty > ~(z) + 3Ty > o/ (x) + 3Ty = az) + T1.
Consequently, X _pad € Xa—bad U Xg—bad, and hence p(Xy_pad) < 2e. O

5.2. Proof assuming representational description. The proof of Lemma 4.7
will go as follows: given a closed SLa(R)-orbit S we will find a height function on its
complement (G/T")\ S which measures both how close a point is to .S and how deep
it is in the cusp. Then we show that it is an (e; Ty, T1)-additive Margulis function
with respect to the leafwise Markov chain.

We will first describe representation-theoretic ways to view the cusps of G/T" and
with the periodic SLo(R)-periodic orbits in it. Note that the normalizer of SLa(R)
in G is an index 2 extension SLy(R) <« N(SLa(R)) < G, and more explicitly,

N(SLy(R)) = SLa(R) U {ih : h € May2(R) with deth = —1}.
Any periodic orbit S = SLa(R).7r(gs) is contained in the periodic N(SLg(RR))-orbit
S = N(SL2(R))mr(gs). Let Cuspsp denote the set of cusps of G/T.

Lemma 5.6 (Description of the cusps of G/T" using representations). There exists
a 2 dimensional complex representation V' of G equipped with a norm || — ||, and
a I'-invariant subset Vousps, C V' such that for every g € G all the vectors in
9-Vousps, N{v € Vi |[v]| < 1} has the same length. This implies that the function
Qcusps, 1 G — [0,00) defined by

) =logllgvll, if|lg.wv]| <1 for some v € Viousps,.s
aCuspsF - i
0, otherwise,

is well-defined. Moreover, we claim that cgusps, @5 continuous, right I'-invariant,
and descends to a proper map Qcusps,|a/r : G/T' = [0,00), that is, aCusps,. |5}F([0, T)) =
aéiSpSF([O,T])/F is compact for every T > 0.

For the rest of the paper, we will use atcysps. both as a function on G and G/T'.
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Remark 5.7. For every v € Vousps,. the set {nr(g) : [|g.v]| < 1} is a cusp neighbor-
hood, and 71 (g) gets deeper in the cups the smaller ||g.v|| is.

Lemma 5.8 (Description of N(SLz(R))-periodic orbits using representations).
There exists a 4-dimensional real representation W equipped with norms || — ||,
such that the following happen: There is a vector wg € W such that such that
SLa(R) = stabg(wo), and N(SLa(R)) = stabg({£wo}). Let W/wy = W/Rwy =
wg be the quotient space. It is an irreducible SLy(R)-representation (equivalent to
Sym2 of the standard representation). Let my, : W — W/wy, be the standard pro-
jection. Let S = N(SLa(R))mr(gg) be a periodic N(SLy(R))-orbit, wg = ggl.wo be
a vector which is stabilized by g§1N<SL2(R))g§ up to sign and Wg = T.wg. Define
ag: G — RU{oo} by

(5.10) ag(g) = Jnax —log ||, (g-w)]|-
Then

(1) ag is continuous and attains oo only on mp ' (S).
(2) There is Cg > 0 such if ag(g) > 2acusps.(g) +Cs for some g € G then for
every w € Wg exactly one of the following holds
o —log|mu, (g.w)| = as5(9),
o —log [mu, (9-w)l < 2acusps; (9) + Cs-

We postpone these lemmas’ proofs to Subsections 5.3 and 5.4. Now that we
have the height function, we recall that Lemma 3.10 gives us a the leafwise Markov
chain on the space X with stationary measure Sy, , i and a transformation law
T — Vg(gk)

(5.11) *) {a(log 2)x with probability p® (x),
. % =

given by

* u(1)a(log?2)y with probability 1 — p®*) ().

where p(®) : X — [0, 1] satisfies

/ Hp® (@), 1 - p® (2))dSy , , k() = dim® (ux) log 2.
X

Fix a positive integer ¢ to be specified later.

Definition 5.9 (Iteration of the leafwise Markov chain z yék)). The ¢ iteration

of the Markov chain z — ug(uk) is defined by

xo ng]’z) = /X /X - /X 61Zd1/a(c’z)_l(mg)du§f)_2(ch,l) e dyég)(ml)dyﬁ)(mo).

In other words, given xy we sample z; via V§0)7 then sample xo via V;-l), and

so on, until we sample x, via VO(CIZ)_“ and ué’;’é) = Law(z¢|zo). Explicitly, z; =
u(b;)a(log2)x;_; for all i = 1,...,¢ where

b — 0 with probability p*)(z;_1),

’ 1 with probability 1 — p®) (z;_1),

chosen independently of by, ...,b;_1. Altogether,

¢
xp = u(be)a(log 2)u(be—1)a(log2) - - - u(by)a(log 2)zg = u (Z 2€_ibi> a(nlog 2)xo.

=1
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Let b = Zle 2¢=1h; and denote pgk’e) (zg) := P(b = j|x) for every j = 0,1,...,2—1
so that

(k,0)

T = {u(j)a(ﬁ log 2)x¢ with probability p;""" () for each i = 0,...,2¢ %

We have seen in Eq. (3.25) that

ket kb kb
/XH (Pé )($0)7P§ )(ffo)wu,]?;z,)l(xo)) d(S1;.,, k) (T0)

= H(x¢|zo) = £dim" uy log 2.

(5.12)

Since the map q1,...,qn — H(q1, ..., ¢,) obtain its maximal value only at H(1/n,...,1/n) =

log n, we obtain the following observation.

Observation 5.10. For every § > 0 and n > 0 there is € > 0 so that the following
holds. Suppose that [, H(pi(z),p2(2),...,pn(2))dv > (1 —¢)logn, where (Z,v) is
a probability space and py,...,p, : Z — [0,1] has p1 + -+ + p, = 1. Then

(5.13) V({ZEZ:|pi(z)—%|<5, Vi=1,...n})>1-3

Let 6 > 0 to be determined later. By Observation 5.10 and Eq. (5.12), for all k

large enough as a function of £ and & we have Sy, , p(X g(ﬁff)) > 1— 6, where

XD =y e X« [p(y) — 27 <o forall i = 0,...,2" —1}.

We will now recall the following property of SLo(R)-representations.

Claim 5.11. For every nontrivial irreducible real or complex representation W of
SLa(R) with highest weight n equipped with a norm || — ||, there is Cyw > 0 such
that for every m > 0 and for every w € W\ {0},

nm log 2

3 Cw.

2m—1

1 .

g > log|[u(ia(mlog2).w| —log||w| >
i=0

Proof. Note that there is Cy > 0 such that for all s € [-1,1],w € W we have
llog |[u(s).w|| — log||wl||| < Co. Let x1 denote the maximal weight character on W.
This is a character satisfying xw (a(t).w) = €™*/?xyw (w). Then

(5.14)

om _q

1 1 277’1,
o Z log ||u(é)a(mlog 2).w|| > 271/ log ||u(s)a(mlog2).wl|ds — Cy
i=0 0

1 1
= / log ||la(mlog 2)u(s).w||ds — Cy > / log |xw (a(mlog 2)u(s).w)|ds — Cy
0 0

1
= % log 2 —l—/ log |xw (u(s).w)|ds — Cy
0
Now consider the function
1
FiWA{0} 5 RU{—00),  flw)= / log | (u(s).w)|ds.
0

It satisfies Va € R*, f(aw) = log|a| + f(w), hence is determined by its values on
the unit sphere. One can see that it is continuous. We wish to show that it attains
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real values, (in contrast to —oo). For that, we need to have that for every w # 0,
the polynomial s — xw (u(s).w) does not vanish. This is a standard result on SLo-
representations, which follows from their classification as homogeneous polynomials
of degree n. Hence, f has a lower bound on the unit sphere, that is, for some C; € R,
for all w € W with ||w|| =1 we have f(w) > —C;. Hence

Yw e W\ O, f(w) > =C4 +log ||w]|.

Thus we can bound the right-hand side of (5.14) by

1
o2 +/ tog [xaw (u(s)0)|ds — Co > " log 2 — s + log ]
0

The desired inequality follows for Cy = Cy + Cj.
O

We now have a representation-theoretic tool to construct our (g; Ty, 1 )-additive
Margulis functions.
Claim 5.12. Let k,£ > 1 and consider the Markov chain (G/T', Sy, 1),1116,1/1(/C Z))
The functions 2acusps,. and ag satisfy Condition (M-a) with Ty = £log2 + Cy
respectively for some Cy > 0.

Proof. There is Cy > 0 such that
e for all v € V'\ {0} and s € [-1,1] we have ‘log ”uﬁS Hv\l < Cy/2,

e for all w e W\ {0} and s € [—1,1] we have ‘log (s ‘w\l‘ < (Y.

llwl

Note that for all t € R,

a0
'lg ol
’ Jla(t)w]|

ool

The desired follows from the definition of the functions and the Markov chain. 0O

<t/2 for all v e V\{0},

<t for all we W\ {0}.

Claim 5.13. In the setting of Claim 5.12, there exists &g such that for all § € (0, dp)
the function 2acusps,. s (0; To, T1)-additive Margulis function, for

Ty =llog2+ Cy+ 1, Ty = Llog 2 — 2Cy — 24Ty,

provided that Ty > 0 and Sl[o,l)ﬂk(XgU;ff)) >1—90. Here Cy is as in Claim 5.12
and Cy as in Claim 5.11.

Proof. Let Ty = Clog2 + Co + 1. Let z = mr(g) € X" with 20cusps,. () > T1.
In particular, acusps.() = —log|lg.v|| for some v € Voygps.. As in the proof

of Claim 5.12, we deduce that for every y = u(i)a(flog2)x € supp (vg (k ’)) for
i=01,...20

—2log|[u(i)a(flog2)g.v|| > —2log||g.v|| — T1 = 2ccusps,. () — T1 > 0.
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Thus, by its definition, acusps. (y) = —log|lu(i)a(flog2)g.v||. We estimate

/ 20Cuspsy. () dv 0 (y)
X
21

= 2O“Cuspsr + 2 Z p(k Z) aCuSpSF (u(Z)a(f log 2)y) — QCuspsp (CE))

zex 00 2” 1
goo .
< 200Cuspsy. (1) + 2 Z 2- acuspsr (u(?)a(flog2)y) — acusps,. (¥)) + 206Ty

2¢—1

_ —¢ [u(i)a(flog 2)g.v|| Y
= 20Cusps, (T) — 2 Z 27 log ool + 266Ty
5.11

< 20Cusps, (z) — Llog2 + 2Cy + 2657

Consequently, 2ccusps,. is a (0; Tp, T1)-additive Margulis function, with Ty = £log 2—
20y — 260T. O

Claim 5.14. In the setting of Claim 5.12, there exists £ > 1 large and dg > 0 small
such that for all 6 € (0,0¢) the function max(0, acusps, — 211 — Cg,a5 — 611) is a
(20; T}, Tv ) -additive Margulis function, for some T}, < T1, provided that k > ks for
some ks depending on §.

Proof. Let x = mr(g) € ngofda) with ag(z) > 277 + 2acusps. () + C5. Then

ag(x) = —log||mw,(g-w)|| for some w € Wg. As in the proof of Claim 5.12, we
deduce that for every y = u(i)a(flog2)x for i = 0,1,...,2¢ 1

—log [, (u(i)a(flog 2)g.w)|| > —log || Tw, (g-w)|| = T1 = ag(z) —T1
> 2O‘Cuspsr (117) + 17 + CS > 2OlCuspsF (y) + CS-

Hence, Lemma 5.8 point 2 implies that ag(y) = —log ||my, (u(i)a(¢log 2)g.w)||. As
in the proof of Claim 5.14, we deduce that

[ asarEN) < ag(e) - elog2-+ Cuv + 24T,

Let T} = min(¢log2 — Cy — 2¢0Ty,¢log2 — 20y — 2¢6Ty). Let £ be sufficiently
large so that

Ty Klog 2+Cp+1

2 2 ’

For § > 0 sufficiently small, T > T37/2. Thus, applying Claim 5.5 for & = acusps,
f = max(ag(r) — T1 — C5,0), Ty and T} we deduce that max(0, acusps, — 271 —
Cg,ag — 6T) is a (20; 2T} — Ty, T1)-additive Margulis function, as desired. O

min(¢log2 — Cy,Llog2 — 2Cy) >

Claim 5.14 and Lemma 5.3 imply that
1
l 0,th))>1— ———.
1m ,U/k:( Cuspsp S’([ ’ ])) - loth/Tﬂ -1

Since @ysps,.,s I8 continuous and proper on (G/I')\ S, and attains values in [0, c0),
we deduce the result of 4.7. g
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5.3. Proof of Lemma 5.6. We will prove a more general version of Lemma 5.6,
which works also for SLy(R), and later use it to understand periodic SLa(R)-orbits.

Definition 5.15 (General setting). Let FF = R or C and H = SLy(F). Up =
{ur(s) : s € F} where up(s) = (é i) Let a(t) = diag(e/?,e7%/2) for t € R, and
Ky be either SO(2) or SU(2) the maximal compact subgroup in H.

We will use this setting for the rest of the subsection.

Claim 5.16 (QR Decomposition). Any element g € H can be represented uniquely
and continuously as g = ka(t)up(s) fort € R,k € Ky, and s € F where F, H,
Ky, and up are as in Claim 5.19.

Definition 5.17. Let B} = {(8 ab1> € SLo(F) : |a| = 1}. Let M < B} be a
lattice, that is, a discrete subgroup such that B}./M has finite volume. For every
such lattice, the intersection M N U is a lattice in Ur and hence of finite index in
M.

Let H>, = {ka(—t)up(s) : k € Ky,t > 1,5 € F} for every 7 € RU{—00}. Then
H; is preserved by the right B action, and for every lattice M < B} denote
Dy = H>- /M. Explicit computations show that Dy has finite volume via the
Haar measure on H.

Claim 5.19 is a reformulation of [38, Prop. 5.11.1.] when we replace a ho-
mogeneous space H/I' by the corresponding hyperbolic manifold HF¥/T', where

2, if F=R
=7 1 " Tt states that lattice quotients H/T' are composed of a com-
3, if F=C.
pact part as well as disjoint sets of the form D), and will help us prove this both
Lemmals 5.6 and 5.8.

Definition 5.18 (Quotient product). For every two discrete subgroup My, Ms < H
and an element hg € H such that halMlho C Ms, the map h — hhg descends to
a map

.’El—>.’130h01H/M1—)H/M2.

Sometimes we will use this notation to denote the restriction of — e hg into subsets
of H/M;. To avoid confusion, whenever we use this notation, we will specify the
source and target of — e hg.

Claim 5.19 (Siegel domains). Let H = SLo(F), with FF =R, C. Let " be a lattice
in H. Then there is a finite set Cuspsp parameterizing the cusps of H/T, that
satisfies the following properties:

S-1) For every ¢ € Cuspsy there is a chosen element g. € H.
S-2) For every ¢ € Cuspsy the group M. = By Ng.Lg. ! is a lattice in By and
satisfying g ' M.g. < T.
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S-3) Let D.r = Dy, » for every 7 € R. The map
(5.15) —eg.:D._oo=H/M.— HJT,

restricts to a bijection on the image (— ® gc)|p., : Deo = Dco ® ge, and
the map (— o gc)|p., : Deo — H/T is proper.

S-4) The images D.g ® g. for c € Cuspsy are disjoint, and the complement
(H/T)\ Ucecusps,. Pe,o ® ge is precompact.

Definition 5.20. Consider the representation Vi = F2. Denote its standard basis
by e1,e2. It has the standard Euclidean norm || — ||. Note that H>, = {h € H :
|her]] < e7/2}. Let asiegel : H — R be asiegel(h) = —log||hey || satisfying that
whenever h = ka(—t)up(s) is the QR-Decomposition of h, then asicgel(h) = t/2.
This function is Bj-invariant from the right, hence descends to agieger : H/M — R
for every lattice M < B%.

Definition 5.21 (First definition of acusps,. : G — [0, 00)). Define acysps, : G/T" —
[0, 00) by

)

OSiegel(2), @ =z ® g. for some ¢ € Cuspsp, z € D,
Q' Cuspsp (JJ) = .
0, otherwise.

Here — o g, is defined as in Eq. (5.15). We see that it is proper and continuous.

Definition 5.22. For any ¢ € Cuspsy consider the vector v, = g-t.e; € V. Let
VCU-SPSF = UcECuspsF F'UC < VF

Corollary 5.23 (Reformulation of Lemma 5.6 in the general setting). The function
QCusps, - H — [0,00) satisfies

—log ||h.v]|, if [|hv]| <1 for some v € Vouspsy.
0, otherwise.

(5.16) ACuspsy (B) = {

Proof. Suppose that v = hy.v. = hyg;*.e1 € h.Veusps,., satisfies that || < 1 for
some h € H,c € Cuspsp. Then hyg, ! € H>q, and hence mr(h) = mar. (hyg, ') @ ge
and Qcusps, (B) = asicgel(hyg: ') = —log|[v]|. Here — o g, is defined as in (5.15).
This implies Eq. (5.16).

(]

This claim proves Lemma 5.6 when using F' = C. We recall the following corol-
lary, which is well known but follows easily from Corollary 5.23.

a b

Definition 5.24. Let Br = {(0 a1

) :bGF,aEFX}7 and note that Brp =

. b
staby Fe1. Note that the restriction asiegel| B : Br — R sends agiegel ( (g al) ) =

—log a is a homomorphism.

Corollary 5.25. Let h € H. The following are equivalent:
(1) The trajectory a(—t)nr(h) diverges as t — oo.
(2) h = hogey for hg € Bp,c € Cuspsp,y €T.
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Proof. The trajectory a(—t)mrr(h) diverges as t — 00, iff acusps,. (a(—t)mr(h)) 1o,
0o. Let tg > 0 be such that for all ¢ > ¢y, we have acusps.(a(—t)mr(h)) > 0.
Let v € Vousps, satisfy that acusps,. (a(—to)mr(h)) = —log|la(—to)h.v||. The two
functions f1 : t = acusps, (a(—t)7r(h)) and fo : t = —log |la(—t)h.v|

are continuous,

coincide at t = g,

satisfy that fi(¢) > 0 for all ¢ > ¢y, and

for every t > tg, if fo(t) > 0, f1(t) = f2(¢).

We deduce that for all ¢ > ¢ty we have f1(t) = f2(t), that is,

t—o0

aCuspsF (a(_t)ﬂ-l—‘(h)) = - IOg ||a(—t)hv|| — 0.

t—o0

This is equivalent to a(—t)h.v —— 0. Note that

a(—t)h.v 1290 <= ho= hyg t.ey € Fey <= hyg,' € Bp.

The desired equivalence follows. The desired follows. ([

5.4. Proof of Lemma 5.8. We now return to our original setting with I' < G, as
in Definition 2.1. Let S = SLy(R).7r(gs) be a periodic SLa(R)-orbit in G/T". Let
A = stabgr,r) 7r(gs) = gsTgs' NSLy(R), and 74 : SLy(R) — SLa(R)/A denote
the standard projection. Since S is a periodic SLa(IR)-orbit, it follows that A is a
lattice in SLy(R). Let S = N(SLy(R))7r(gs) be a periodic N(SLo(R))-orbit.
Remark 5.26. The distinction between S and S bears no mathematical difficulties.
If stabn(sr,(r)) Tr(9s) € SLa(R), then S = S U ggS, where gy = (O !

—i 0
N(SL(R)) \ SL2(R). Otherwise S = S = goS.
Let
(517) — 0 gg SLQ(R)/A‘)G/F,

be defined as in Definition 5.18. In particular, it defines an isomorphism — e gg :
SLy(R)/A =5 S, which enables us to use Claim 5.19 for F' = R to describe its cusps.
We will need the following claim which describes how the cusps of S sit inside the
cusps of G/T.

Claim 5.27 (How the cusps of S sit in the cusps of G/I'). Let cy € Cusps, be a
cusp of SLa(R)/A. Then there are

(1) a unique cusp cr ., = cr € Cuspsp;

(2) hcA S B([j;
(3) and ., €T
such that
(518) hcAgcr’YcA = Gcpds,
(5.19) M., = hey Mo h,' N Bj.

Proof. By Corollary 5.25 applied for SLy(R)/A, we deduce that a(—t)mwa(gc,) di-
verges in SLa(R)/A as t — co. Thus t(a(—t)ma(ge,)) = a(—t)7mr(ge, gs) diverges in
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G/T as t — oco. Corollary 5.25 applied for G/I" now implies Eq. (5.18). To show
Eq. (5.19), use the notation a® = b~1ab for conjugation and note that

—1 -1 _—1 —1
M., = BN A%r = B NT9s % = B N er Mea

— he
= B0 (19 nBz) ™ = B0 (M)

Observation 5.28. Using (5.19) we may apply Definition 5.18 and define

(5.20) z+> z®he, : SLa(R) /M., — G/M,,.
Eq. (5.18) shows that for every z € D, oo = SLa(R)/M,., with g € SLy(R),
(5.21) (209cy) @95 = (20 hey) @ ger-

Equivalently, the following diagram is commutative,

—eh

(5.21) Dey oo —> Dep oo
l.gcA —®gep
SLy(R)/A —2 ~ G/T

A useful corollary is the following:

Corollary 5.29 (Only the cusps of S reach deep into the cusps of G/T"). There
is a constant Tr s > 0 such that the following holds. For every point o € S with
Qcuspsy. () > Tr.5, is of the form

2o =(209ger,,)®gs for 2z € D,

(5.22) ( er.cy) o
OZCuspsF (IO) = aCllSpSA (ZO) + aSiegel(hcA)~

Proof. For every cusp ca € Cuspsy, let T,, = max(—asiegei(hc,),0) + 1 and cr =
cr,c,- Let 21 € DCmTcA7 and let 1 = (21 @ g.) @ gs (5:21) (21 ® hey ) ® gep- Since

aSiegel(zl L4 hcA) = aSiegel(Zl) + aSiegel(hcA) >0
we deduce that z; e he, € Do and hence x; satisfy Eq. (5.22). Therefore, by
Point (S-4), the set

Shad = {xo € S that does not satisfy Eq. (5.22)}

is precompact and we can take Tt g = supg, , QCusps.-
O

Observation 5.30. Observing the definition of agige1, we notice that it has no local
maxima on SLz(R). In view of Corollary 5.29 and Eq. (5.22), acusps, has no local
maxima on S N aalllspsr((TF7s’ 00)).

We introduce the representation W.

Claim 5.31. There is a 4-dimensional irreducible real representation W = R*

of G and a vector wy € W, such that SLa(R) = stabg(wg) and N(SLa(R)) =

stabg ({£wo}). G preserves the real quadratic form Q(x1, 2,23, 24) = 23 — 25 —

23—z on W of type (1,3), satisfying Q(wo) = —1.
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Proof. We first introduce W as the space of Hermitian 2 x 2 matrices, on which G
acts by g.A = g *Ag~!. Here g* refers to the complex conjugate of the transposed
matrix, and g~* = (¢*)~!. The quadratic form det is preserved by the G action.
Identify W with R* using the basis

10 10 0 1 0 1
e (66 )05 )
The remaining follows with wo = ( % §). g
Recall that wg = gg'.wg and Wg = Iwg.

Claim 5.32. The set Wy s discrete.
Proof. Denote by msy,,(r) : G — G/ SL2(R) the natural projection. Note that

g-e1—=TsL, (k) (9)
~/

Ws CR={weW:Qw)= -1} = G/ SLa(R),

and R is closed in W. Hence to verify that I'.wg is discrete in W, it is sufficient to
verify that 7y, (r) (Fggl) is discrete. Suppose that there is a sequence of points

—1y t—00
TSLy(R) (Vidg ) —— YooTSLy(R) (90),

for v1,72,... € I and go € G. Hence there is a sequence of matrices h; € SLy(R)
such that

1—00

(5.24) Vigs hi = go.
Inverting and projecting to G/T" we deduce that
mr(hi ' gs) == mr(gy')-

Since mr(h; 'gs) € S and S is closed, also mr(gy ') € S. Since S is a closed or-
bit, for some ¢ > 0 sufficiently small (depending on g¢p), for every p € S with
der(mr(gy "), p) < e we have p = h.rr(gg ') for some h € SLa(R) with dgy, gy (h, I) =
O(dg/r(mr(g5"),p)). Here dgp, () is the right invariant Riemannian metric on
SLy(R). It follows that for sufficiently large i, there is h; € H such that

(5.25) mr(hi hitgs) = mr(ge ),

and dsr, ) (h;, 1) ooy, Eq. (5.25) is equivalent to
(5.26) g5 hih}; € Tgo.

However, Eq. (5.24) and the size estimate for h; imply that
(5.27) igs hihi = go.

for all i sufficiently large. Consequently, msr, () (’yiggl) = Ts1,(r)(g90) for all i
sufficiently large. This means that every converging sequence in FSLQ(R)(Fggl)
fixes on its limit, which implies that this set is discrete, as desired.

We can now prove the remaining of Lemma 5.8. To construct avg we consider

the quotient map and projection m,, : W = R* — R3 sending (z;)}_; to (z;)?_;.
Thus we consider the standard norm on R3 and Define ag : G — R LI {oo} by

(5.28) ag(g) = sup —log 7w, (g-w)|-

weWg
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Claim 5.33. The supremum in Eq. (5.28) is attained and the function ag is
continuous.

Proof. Let R = {w € W : Q(w) = —1} and £ : R — R U {co} be defined by
g(w) = —log ||y, (w)]||. Note that R; := ¢£=1([t, 00]) is compact for all t € R. Since
Wy is discrete, g.Wy is discrete as well for all ¢ € G, hence R; N g.Wjs in a finite
set, for every t € R and g € G. Rewrite Eq. (5.28),

(5.29)  ag(g) =sup{f(w) : w € g.Wg} =sup{l(w) : w € g.Wg,l(w) > ag— 1}
(5.30) =sup{l(w) : w € g W5 N Ray_1}.
The rightmost supremum in Eq. (5.29) ranges over a finite set and must be attained.
Let C' C G be a compact subset. We will prove that ag is continuous on C'. Then
the infimum

_ ) > e

2o = inf ag(g) 2 inf £(g.wg),

satisfies zc € RU {oo} by the compactness of C. The set

Wso=WsNC 'R,
is finite by the discreteness of Wg. Then for all g € G,

ag(g) = sup{l(w) : w € g. Wz, l(w) > z¢}
= sup{l(w) : w € g.(WgNg ' Rz,)} = sup{l(w) : w € g. W5}

However, Wg  is finite, and hence ag is continuous on C. Since G is locally
compact, this implies that a g is continuous everywhere. (I

Proof of Claim 5.8 Point 1. Let g € G. Note that ag(g) = oo if and only if there
exists v € T such that 7, (975" -wo) = 0. Since Q(gvg5".wo) = Q(wo) = —1
and twq are the only vectors w € kerm,, satisfying Q(w) = —1 we deduce that
gvg;l.wo = 4wq, and hence g'yggl € N(SL2(R)). Altogether, we have the equiva-
lence

ag(g) =00 < g € N(SLa(R))gsT = 7r1?1(§).

It remains to show the Point 2. We will use the following claims:

Claim 5.34. There is a form W : V xW — R that satisfies the following conditions

(1) ¥ is G-invariant in the sense that ¥(g.v, g.w) = ¥(v,w) for allv € V and
weW.

(2) ¥ is linear in W and Hermitian in V.

(8) It satisfies that |¥(v,wo)| = inf esr, ) [|9-v]2.

(4) If the infimum is nonzero then it is attained.

Proof. Since V = C? and W is the space of hermitian matrices, we can define the
form ¥(v,w) = v*wv, where v* is the complex conjugate of v, thought of as a row
vector. Writing v = (2) € C?, algebraic manipulations show that

U (v, wp) = 2Im(xy) = det(v,v)/i.
Here, by det(v,v) we refer to the determinant of the matrix whose columns are
v, 0. Suppose that U(v,wg) = 0. Then g € R, which is equivalent to saying that
v is proportional to a real vector. We know that SLo(R) can shrink arbitrarily
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real vectors, which implies inf egsr, r) [lg-v[|> = 0. Suppose now that 2Im(zy) # 0.

Then the two vectors denote by v; = # and vg = ”27’ are real. Hence,

U (v, wp) = det(v,v)/i = —2det(vy, va).
Note that ||[v]|? = |lv1 + ive||? = ||v1]|? + ||ve]|?>. One can verify that
(5.31) [2det(vy,v2)| < [loa]® + [Jvz|?

for every pair of real vectors. Moreover, equality holds in Eq. (5.31) if and only if

vy L vg and |lv1]] = ||ve||. Since whenever v; and v, are linearly independent, there
is always h € SLa(R) such that g.v; L g.vy and ||g.v1]| = ||g.v2||, the desired result
holds. O

Claim 5.35. There is € = =eépg = e~ 2Tr.s > 0 such that for all v € Vousps, and
w € Wz we have that either \I'( w) =0 or [¥(v,w)| > epg.

Proof. Let v = *ylgc_rl.el € Vouspsp, W = 72951.100 € Wz be two vectors with
0 # |¥(v,w)| <e. Let go = g5y, ', be a matrix satisfying that go.w = wo. We
deduce that gov satisfy that ¥(v,w) = ¥(go.v, wo).

By Claim 5.34, there is hy € SL2(R) such that |¥(go.v,wo)| = |V (hogo.v, wo)| =
|lhogo-v||?. Then QCuspsy (hogo) = —log|lhogo.v|| > Tr,s. However, for every hy
sufficiently small,

1
acusps. (h1hogo) = —log [|h1hogo-v|| < 3 log [¥(hogo-v, wo)| = acuspsy. (hogo),

which implies that — 3 log |¥ (v, w)] is a local maximum of aicusps,. at 7r(hogo) along
the SLg(R)-orbit SLo(R).7r(go) = S. This contradicts Observation 5.30, and hence
the equation 0 # |U(v,w)| < e.

t

Claim 5.36. Consider the space

W0+:{w:¢l(el,w):0}:{<2 I)}cw,

which contains wo and is the space of a(t) nmoncontracting elements in W. Then
for all k € SU(2),w € WO ¢t >0,

17w, (ka(t).w)|| < e[| mu, (k.w)]-

Proof. Here we will use the matrix description of W, and will distinguish between
the matrix multiplication denoted without a dot, and the group action on the
representation w, denoted (g, w) — gw : G x W — W. We will prove the claim
with the Hilbert-Schmidt norm given by

¢ |- e
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This norm is proportional to the one given by the basis Eq. (5.23). Let w = (0 a)

b ¢
and define wy = (2 8) ,Wo = (8 S) Then

([, (Fa(t) w)| < [|7w, (ka(t).wi) | + [[7w, (ka(t).ws) ||

< 7w (Bawn)[| + €[, (kw2 || < € ([|w, (kwi) | + 7w, (kaw2) )

< €' (||mwy (k)| + 2[|mw, (kw2)l]) < € ([T, (kw)| + 2[[k.ws )

= ' (||, (k.w) | + 2|c])
To interpret ¢ in matrix terminology, note that

c=tr(w) = tr(kwk™") = tr(k*wk ™) = tr(kaw) = tr 7y, (k.w).

Hence we may continue the estimate
e ([|wo (kaw) || + 2 61 Ty (k-w)) < € (|| (k) || + 2270y (k0) 1)
(1 + 2V2)e! |, (kw) || < 4€t |7, (k.aw)]|.

O

Proof of Lemma 5.8 Point 2. Let Ty > 0 to be determined later, Xcomp,l CGhea
compact set so that

Xeomp,t = 71 (Xeomp,1) = (G/D\ | Dero ® ger = @G, (10, T0/2]),

cr€Cuspsp

where aEiSpSF is the preimage map of acysps. : G/T' — [0,00), and —eg,,. is defined
as in Claim 5.19.

For every g € G denote by

Blg) = nf {r > 0: M G L S G

Note that 5(g) > 0 for every g € G. Indeed, otherwise there exist wy,ws € g.Wg
such that ||y, (w1)|| = [|[7Tw, (w2)]| = 0 and {xw1} # {Fws}. But kerm,, N {w €
W : Q(w) = =1} = {£wo}, which contradicts this existence of two different such
vectors. Denote by §p = minj(comp . B>0, and set Cg = —logdp + 2log2 + 1.

Suppose that ag(g) > 2acuspsry(g) + Cjg for some g € G. Since ag(g) > 0 there
is 71 € T such that ag(g) = —log ||7mw, (g71.wg)||. Suppose that gys.wg is another
vector with —log [|Tw, (972-ws) || 2 20ccusps;. (9)+Cs, and {£g71.ws} # {+g72.ws}.
Let w; = v;.wg € Wg. By the definitions of Cs and d§y we deduce that 5(g) < do,
and hence 7r(g) ¢ Xcomp,1-

Remark 5.37. This shows that Claim 5.8 Point 2 holds provided that wnr(g) €
Xecomp,1 for any C% > —log dp, and in particular, for C% = —logdp + 1.

We deduce that for some v € Viousps, We have acusps,. (9) = —log||g.v|| > To/2.
To estimate ¥ (v, w;), note that there is a constant Cy > 0 such that for all v/ €
V,w' € W with [|o/|], |w’|| < 1 we have |¥(v',w’)| < Cy (direct computation leads
t0 Co = v/3). Then |¥(v,w)| = [¥(g.0, g.ws)| < Collg.vlPlg-will < Coe=™ g
for i = 1,2. To estimate ||g.w;||, note that there is a constant C; > 0 such if w’ € W
satisfies ||my,w’]] < 1 and Q(w’) = —1 then ||w’|| < Cy (direct computation leads
to C1 = v/3). This shows that ||g.w;|| < Cy, and hence |¥ (v, w;)| < CoCre~To. Set
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Ty = —log(er 5/(CoC1))+1 for er 5 as in Claim 5.35, and deduce that ¥ (v, w;) =0
fori=1,2.
Suppose that

(5.32) V=YV = Vg, €1,

for some v € T" and ¢ € Cuspsp. QR-Decomposition 5.16 shows that one can
represent

(5.33) 9795 = ka(—t)uc(s)

for some k € K¢,t € R, s € C. Since ||gyg;t.e1] = ||lg-v]| < e~ T0/2
|ka(—t)uc(s).eq|| = e*/2, it follows that t > Tj.

For every 7 > 0 write g, = ka(—t + 7)uc(s)ge,y™ ! = ka(r)k™lg. Let 7 =
t — Tp > 0. Note that

and |lgyg.,tell =

ACuspsy. (970) = —10g [[gr,-v|| = —log[[ka(—To)uc(s)-e1[| = To.

Consequently, 7r(gr,) € Xcomp,1, and Remark 5.37 is applicable for g,,. However,
let us estimate — log ||g-, -wi]|-
Note that || g.,.w;|| = ||ka(m0)k~1g.w;||. Denote w; = k~'g.w; and notice that

(5.32)+(5.33)
) = Y

0=V(k tgv,w k™ ka(t)uc(s)gery g e, wh) = U(a(t).er, w)) = e"¥(er,w)).

Hence ¥(ey,w}) = 0. Now we may apply Claim 5.36, and deduce that

5.36
1T (gro-wi )| = (17w, (Ra(10).wi) || < 4€™ [|wq (kw))[| = 4€™ |7, (g-wi) |-
Therefore,

- 1Og ||7Tw0(g7'o'wi)” > - log ”ﬂ—wo (ng)H -2 10g2 — 70
> 20cusps;. (9) + C5 — 2log2 — 7o
= 2OZCuspsF (grg) —logdp + 1.

This contradicts Claim 5.8 Point 2 as shown in Remark 5.37 for mr(g+,) € Xcomp,1-
O

6. EXAMPLE WITH LOW &r

In this section, we Prove Theorem 1.3. The section is divided into five subsec-
tions. In Subsection 6.1 we construct a nonarithmetic lattice I' such that G/TI" is
glued from two homogeneous subspaces G/T'1, G/T'5. In Subsection 6.2 we construct
an orbits H.z in G/T', which comes from a piece of a periodic orbit in G/T';. Then
we reduce the problem of evaluating §(stabg(z)) into two independent problems.
One arithmetic and one geometric. We then solve them in Subsections 6.3 and 6.4
respectively.

6.1. Construction of a lattice. In this subsection, we will construct a sublattice
I' < G and show that it is nonarithmetic.
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General setting. Let Q ((z;)i-;) = 2% — 3 — 2} — 23 be a quadratic form. Let
WeP be R* thought of as row vectors, on which SL4(R) acts from the right, and we
consider @ as a quadratic form on W°P. Here we will use

G =950(3,1)° = {g € SLy(R) : Q(w.g) = Q(w), Yw € W°P}°,

which is isogenic to SLa(C), via the action of SLo(C) on W as in Claim 5.31. Recall
that H? is a right G-space, where here we identify

H? = {w € WP : Q(w) = 1,w; > 0}.

Let po = (1,0,0,0) € H?, and note that K¢ := stabg(p) is the maximal compact
subgroup in G and is a copy of SO(3) embedded in G by the action on the last
3 coordinates. Let H = SO(2,1)°, embedded in SO(3,1)° by action of the first
3 coordinates. The H action preserves the sign of the last coordinate, that is, it
preserves

H? = {v € H® : vy = 0} C H?,
(H*)* = {v € H® : 04 > 0} C H?,

The maximal compact subgroup in H is Ky = K¢ N H and is isomorphic to SO(2)
acting by rotations on the second and third coordinates of W°P.

The arithmetic components. Recall that I'(7) = ker(SL4(Z) — SL4(Z/7)) < SL4(Z)
is a finite index torsion free subgroup. Let A, Ao > 0 be big integers = 1 mod 8
such that A;/As is not a rational square. Let

Qi = T2? — 23 — 23 — Ajal € L[y, w9, 13, 14) fori=1,2,
be quadratic forms on W°P. Define
SO(Qi,Z) = {v € SL4(Z) : Q;(w.y) = Q;(w) Yw € W}.

This is a subgroup of SO(Q;,R), which is a lattice in it by Borel and Harish-
Chandra’s Theorem [3]. Let SO(Q;,Z)" = SO(Q;,Z) NT(7). This is a lattice in
SO(Q;, R) and torsion-free. Let I'; = g; ' SO(Qy, Z)'g; where g; = diag(v/7,1,1,VA;).
Then I'; is a torsion-free lattice in G. Note that, I's = HNI'y = HNT5 is a lattice

in H similarly constructed from the quadratic form Q3 = 723 — 23 — 23.

Claim 6.1. For i = 1,2 we have vol(G/T;) = Q(A}/Q).

K3

The proof relies on a certain arithmetic aspect of I'; and is given in Subsection
6.3.

Claim 6.2. The lattices I'1, 'y are cocompact in G and I's is cocompact in H.

Proof. For a quadratic form @ in d variables, the lattice SO(Q,Z) is cocompact if
and only if Q(v) # 0 for all v € Q?\ {0} (see [42, Prop. 5.3.4]). Hence it is sufficient
to show that Q;(v) # 0 for all v € Q*. However, one can normalize v so that v € Z*
and one of its coordinates is odd. Then there are no solutions modulo 8. (]
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Construction of a hybrid manifold. Fix ¢ = 1,2 and consider the manifold M; =
H3/T; the submanifold V' = H?/I's, and the cover M = H?/T'3 of M;. These are
indeed manifolds since I'; has no torsion elements. Let p : H3 — M, pi - H? — M;,
7; : M — M; for each i and p3 : H> — V denote the standard projections. We
think of V as a subset of M.

H3

N

M1<$MT>>M2

Claim 6.3. The projection 7; : M — M; restricts to an embedding on V.
V

TN

Ml-«TM—TZ»Mg

The proof relies on a certain arithmetic aspect of I'; and is given in Subsection
6.3. Denote by V; = 7;(V). By Claim 6.3 this is a submanifold.
We can now describe a new hyperbolic threefold R.

Definition 6.4 (A hybrid manifold). Cut M, along V;. The resulting manifold
M¢£" is a hyperbolic threefold with a hyperbolic surface boundary composed of two
isometric copies of V;, namely, Vi+, V.”. Near Vii, the manifold M is locally
isometric to H? U (H?)*. Glue Mf"* to Mg by gluing V;" to V, and V;~ to V,'.
The resulting manifold is an orientable compact hyperbolic threefold R.

For i = 1,2 the embeddings x; : M{"* — R, and the projections o; : M — M;.
Connectivity of R.

Theorem 6.5. For each i = 1,2, the manifold M; \ V; is connected provided that
A; is sufficiently large.

Proof. Assume to the contrary that M; \ V; is not connected. This implies that
M, =V,u Mf UM, , where Mii are the different connected components of M;\ V;.
We will estimate vol(M:F). Since the matrix g_; = diag(1,1,1, 1) normalize T';,
it acts on M;. Since the g_; action replaces the two sides of V' in M, it replaces
the two sides of V; in M;. Thus vol(M;") = vol(M; ) = 1 vol(M;). By Claim 6.1,
vol(MF) = 2 vol(M;) = Q(Ail/Q). This implies that the Cheeger constant

of vol(0S) < vol(V;)
scu; min(vol(S), vol(M; \ S)) ~ min(vol(M;"), vol(M;))
By Burger’s inequality [6], we deduce that A1 (M;) = O(h(M;)*+h(M;)) = O(A;l/z),
where A1 (M;) is the minimal nontrivial eigenvalue of minus the laplacian operator
—A on M;. By Property (7) for congruence subgroups in arithmetic groups (See
[35, 20, 5, 8]), there is an absolute constant Ag such that A;(M;) > Ag. This

contradicts our previous estimate A\;(M;) = O(Ai_l/Q), as desired. O

h(M;) = = 0(A; ).

We conclude that R is connected.
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Remark 6.6 (Avoiding property (7)). The use of property (7) is the least elementary
piece of the arguments in this section and can be avoided, as Theorem 6.5 is not
necessary to the proof, and is only provided to give the reader a better picture of
R and simplify the terminology.

Since R is a connected compact hyperbolic threefold, we deduce that R = H3 /T’
for some cocompact lattice I' < G, which is our desired nonarithmetic lattice. Since
A1/As is not a square we get the following theorem.

Theorem 6.7 ([19, §2.9]). The lattice I is non-arithmetic.

6.2. Reduction of Theorem 1.3 into arithmetic and hyperbolic questions.
In this section, we will reduce the construction of an element g as in Theorem 1.3
to an arithmetic question.

Definition 6.8. For every complete hyperbolic manifold M and a point p € M
denote by Ray, the collection of geodesic rays v : [0,00) — M originating from
p = 7(0). The derivative at 0 gives a metric isomorphism Ray,, = Gim M—1

Claim 6.9. Let A < H be a subgroup and U C H?/A be a precompact open subset.
Then for every p € U we have

H.dim({y € Ray, : v(t) € U Vt > 0}) < 4(A).

Proof. Let ma : H? — H2/A denote the standard projection. Let Uy C H? be
precompact open set so that ma(Up) = U and denote U = 7, (U) = Uxea Uo-A
Let A = (A€ A: Up.AN Uy # B). Since Uy is precompact and A discrete, it follows
that the set of generators we wrote to A’ is finite and hence A’ is geometrically
finite. We will use Sullivan [36, Thm. 1] to give a lower bound on §(A’) < §(A).

Let p € Uy be a preimage of p and note that there is a bijection between rays
Ray, and Ray; that gives an equality of the Hausdorfl dimensions

H.dim ({7 € Ray, : 7(t) € U ¥t > 0}) = H.dim ({y € Ray; : 7(t) € U ¥ 2 0}) .

Denote X = {’y € Ray; : (1) € U vt > 0} and let v € X. We will show that

lim; o y(t) € OH? in fact lies in the limit set D(A’).

Since ({t € [0,00) : ¥(t) € Up.A})aen is an open cover of [0, 00) by bounded sets,
there is a sequence t) = 0 < t; <t < ... such that lim;_, t; = 0o and a sequence
(Aj)720 € A so that A\g = I and for all j =0,1,... and for all ¢ € [t;,#;11] we have
v(t) € Up.A;. Note that for all j =1,2,... we have that vy(¢;) € Up.\; N Up.Aj_1.
Hence /\j_lz\]-_l € A’'. By induction we deduce that A; € A’ for all j > 0. This
implies that

Jim y(¢) = lim §.A; € D(A).
Hence the limit embeds X in D(A’) which implies that

36, Thm. 1] 5

H.dim(X) < H.dim(D(\)) (A') < 5(A).

Direct computation shows that the normalizer N(H) of H is given by
N(H)=HUgoH,  go=diag(1,1,-1,-1).
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Observation 6.10 (The relation between H-orbits and immersed hyperbolic sur-
faces). Let 7, : G/T — H?/T be the standard projection. Any H-orbit H.7r(g) in
G/T is projected to an immersion ¢, : H?/T", — H?/T", where I'}, = gT'g~' N N (H).
The immersion is not necessarily bijective, however, the self-intersection is a count-
able union of geodesics, that is, the set {p € H?/T', : ¢~ *(«(p)) # {p}} is a countable
union of geodesics in H?/T",.

On the other hand, every immersion of open hyperbolic surface vy : U — H3 /T’
that satisfies that the self-intersection is a countable union of geodesics factors as
Lty = g 0t for some g € G, where ¢o: U — H2/F’g is an isometric embedding.

Definition 6.11 (Semi-periodic immersed hyperbolic surface). Let H.zy be a pe-
riodic orbit in G/T'1, where zg = 7, (g). Assume that it is not the periodic orbits
7r, (H) or 7r, (Hgo), whose projection to M lands in Vi. Let 1o : H2/A — M,
denote the corresponding immersion of hyperbolic surface, where A = (I'1); =
gT19; ' N N(H) is a lattice in N(H). Then H2/A is a finite volume compact space.
Let U; be a connected component of (H2/A)\ ¢5'(Vi). Then o restricts to an
embedding tg|y, : Uy — M$U. Let t; = x1 0 to|ly, : U1 — H3/A. By Observation
6.10 the immersion ¢; factors as ¢1 = tg, 0 to for some g2 € G, 1o : Uy — HQ/F’gz.
Then ¢y, : H?/T, — H*/T is a semi-periodic surface.

Reduction of Theorem 1.3 into two propositions. Let go, A, U1, t1, 92,12 as in Defi-
nition 6.11. Since V; is a hyperbolic surface in M; that differs from uo(H?/A),
we deduce that ;' (V}) is a union of geodesics in H/A, and hence U; has finite
diameter. Hence t5(U) is precompact in H?/T" . Let p : H?/Ty, — H?/T" denote
the standard projection. It is a proper covering map of index at most 2. Hence
p~1(e2(U1)) is precompact in H?/Ty,. Let p € p~!(:2(U1)). It follows that

5(Ty) > H.dim({~ € Ray, : 4(t) € p~ (2(U)) ¥t > 0})
(6.1) = H. dim({'y € Ray,,) : 7(t) € 12(Uh) Vt > 0})
= H.dim({y € Ray,, : v(t) € Uy Vt > 0}).
for p' = 1ap(p) € Uy C H?/A. Let ma : H? — H?/A denote the projection. We will
express the right-hand side of Eq. (6.1) by this universal cover. Let p € wxl(p' ).

Since U; is the connected component of (H?/A)\ t5 ' (V1), we can lift each geodesic
ray to the universal cover H? of U; get an equality

(6.2)
H.dim({y € Ray,, : y(t) € Uy Vt > 0}) = H.dim({y € Ray; : y(t) ¢ L Vt > 0}),
where £ = 7' (15" (V1)) is a union of lines. we now introduce the following propo-

sitions on L.

Proposition 6.12. Let ¢ : H? — M; be a locally isometric immersion. Then the
set Lo = ¢(TH(V1) is a union of hyperbolic lines such that for every two geodesic
lines €1 # 0o C L we have dyz(l1,02) > %logAl +0(1).

Proposition 6.13. Let £ C H? be a union of lines so that for every two geodesic
lines €1 # 3 C L we have dyz (€1, 42) > A. Then

H.dim({y € Ray, : y(t) ¢ L Vt > 0}) > 1 - O(1/A),
for every p € H2\ L.
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The combination of Propositions 6.12 and 6.13, together with Eqgs. (6.1) and
(6.2), show that §(I'y,) > 1 — O(1/log A1).

Leaving the proofs of these propositions to the next subsections, it is left to find
0,90, A, U1, 11, g2, 12 as in Definition 6.11 so that I'y, is not periodic. It follows from
[16, Thm. 4.1] or [2, Prop. 12.1.], that if 1o(H?/A) intersects Vi non-orthogonally
then I'g, is not periodic. Such an immersion exists by the density of closed H-orbits
in G/Fl .

O

6.3. Behavior of the arithmetic space near the cutting plane. In this section
we prove Proposition 6.12, as well as claims 6.3 and 6.1. We begin the section by
linearising the distance from a hyperbolic plane in H?.

Linearization of the distance from a hyperbolic plane.

Definition 6.14 (The representation W). Let W =2 R* denote the standard rep-
resentation of SLy4(R) on which it acts from the left. Note that the quadratic form
Q(z1, 79,73, 74) = 23 — x5 — 23 — 23 is preserved by the G action (this time thought

of as a quadratic form on W), similarly to the case with W°P.

Observation 6.15 (Identifying H? in H?). Let 7k, : G — H? denote the standard
projection. Note that stabg(wo) = H and
Kewo = {(0,we, ws,ws)" : wh +wi +wi=1}={wecW:Qw)=—1,||w| =1}.
Hence

{geG:|lgw||=1}={g € G:gwy € Kgwy} = K,H.

_ =12
Hence KgH =y (H?).

Definition 6.16 (Hyperbolic geometry relative to a hyperbolic plane). Let ¢ :
H? — R be the signed distance form H?, that is,

dz(p, H?), ifp € (H3)T,

@(p) = § —dp=(p,H?), ifpe (H3),
0, if p € H2.

Note that ¢ is differentiable and the gradient is of fixed size 1.

Through every point p € H? passes a unique geodesic &R — H3 with £p(0) = p,
which is orthogonal to H? and oriented towards (H?)*. These geodesics forms a
foliation of H3, and satisfy ¢(&,(t)) =t for all p € H?,t € R. For every h € H
we have that &, , = &,.h. Recall wy = (0,0,0,1)" € W, and define ¢ : G — R
by ¥(g) = (g.wo)1. Since ¢ is invariant from the left to Ky it descends to a map
P H? = R.

Claim 6.17. For every p € H? we have sinh(p(p)) = ¥ (p).

Proof. Both functions p — 9(p) and p — sinh(p(7k.(p))) are invariant from the
right to H, which allows us to test this equality only on points of the form &, (t) =
(sinh(t), 0,0, cosh(t)), on which the equality holds. O

Corollary 6.18. Let H2.g; be a hyperbolic plane and ps = 7k (g2) be a point.
Then dgs (p2, H2.g1) = log |lg2g; "-wol| + O(1).
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Proof. Using Claim 6.17 we deduce that
dygs (p2, H?.g1) = digs (p2-97  H) = [0(p2-97 1)

"27 [sinh ™ ((g2971))| = [sinh ™ ((g2g1 " wo))l-

The result follows from the fact that for every vector w € W with Q(w) = —1 we
have
|sinh ™ (w1)| = log [Jw]| + O(1),
which is a direct computation. (I
Denote by Cj the implicit constant in Corollary 6.18 so that
(6.3) ‘ng(pg,HQ.gl) —log Hgggfl.w()H’ < (.
Finally, we prove the following claim

Claim 6.19. Let v € W so that Q(v) = —1. Then there are k. k' € Kg and t € R
such that K'a(t)k.v = wy and cosh(t) < |jv]|.

Proof. Express v = (v1,vs,v3,v4)". For some k € Kg, we have k.v = (v1,v5,0,0)?

with v4 > 0 and v} — (v4)? = —1. This implies that for some ¢’ > 0 we have v; =

sinh ¢’ and v5 = cosh(¢'). In particular cosh(t’) < ||v| and a(—t')k.v = (0,1,0,0)".
100 0

The desired follows for t = —t' and k' = (0 0o —1 ) O
Arithmetic properties. Fix i = 1,2 for the entire subsection. Consider the vector
wo = (0,0,0,1) € W and the set Wr, = T';.wg C W.

Claim 6.20. Let v € Wr,. Then either v = wy, or ||v|| > \/A4;/7.

Proof. Let Wy = Z* be the integer vectors in W = R*. By the definition of T;
we deduce that I'; preserves that lattice Wz ; = \/Zigi_ "Wy ¢ W, where ¢; =
dlag(\/?a 17 17 \/Zl)

Let v € Wp, \ {wo} C Wz,. Note that Q(v) = —1. Assume to the contrary

that v € Rwg. Then we must have v = —wy. However, since I';-s action on Wz ;
descends to a trivial action on Wz ;/7Wz ;, we deduce that Wr, N —Wrp, = @, which
contradicts v = —wy. Hence we have v ¢ Rwg. Let j = 1, 2,3 be an index satisfying

A if j— 2,3,
T\ WVAYVT, =10
Hence ||v|| > /Ai/T. O

(v); # 0. Then since v € Wz,; we must have |(v);]

Claim 6.21. There is ¢ > 0 independent of A; such that for all g € G there is at
most one z € g.Wrp, such that ||z|| < cAM*

b
Proof. Suppose that z # 2z’ € ¢.Wp, and ||z, ||7']| < cAil/4. Assume that
(6.4) z=gywy and 2z = gy .wp.
Every z € ¢.Wr, has Q(z) = —1. Applying Claim 6.19 to z, we get that there are
k k' € Kg and ¢t € R with cosh(t) < ||z]| < CA3/4 such that Ka(t)k.z = wy. In
particular, e! < QCA;/ 4 Substituting z = gv.wq to the previous equality, we obtain
k'a(t)kgy.wo = wg. Using H = stabg(wg), we deduce that k'a(t)kgy € H.

Since I'; N H = T'3 is cocompact in H (see Claim 6.2) and independent of
A;, there is C > 0 such that for every h € H there is v3 € H N T; such that



CRITICAL EXPONENT GAP AND LEAFWISE DIMENSION 43

l73hllop < C. Here we use the operator norm defined by the action on W. Ap-
plying this to (kK'a(t)kgy)~! € H, we deduce that for some v3 € H NT; we have
3 (k'a(t)kgy) = lop < C. Set

(6.5) h = vys3(K'a(t)kgy)™!, satisfying |hllop < C.

Then hk'a(t)k.z = wo. Denote v = hk'a(t)k.z = wy and v' = hk'a(t)k.z’. We will
now estimate v’. Note that

v = hk'a(t)k.2 @ hk'a(t)kgy' .wo (05 37"y awe € W,

By Claim 6.20, we obtain that ||v'|| > /A4;/7. On the other hand,
1< 1111 k() Bllop < A [Bllope’ < cAi’™ - C - 2eA;" < 2cPC A},

Therefore, choosing ¢ for which ¢? < ﬁ, we obtain a contradiction to Claim 6.20
and the desired uniqueness follows. ([l

Claim 6.22. Let A = 1log A; — Cy+logc = O(log A;), wehre Cy is as in Eq. (6.3)
and c as in Claim 6.21. Define

S ={pecH:dpH?*) < A}.
Then for every v € T';, either
(1) v € T3 and then Sy = S,
(2) or~y ¢ H and then Sy NS =.

Proof. If v € H then the first option holds. If v ¢ H, assume to the contrary that
Tk (g) € SeyNS. Then

(6.3) 1
log ||g.wo|| < d(mkg (g),HQ) +Co< A+ Cy= ZlogAZ— +loge

Similarly,

(6.3) 1
log |lgy " o] < d(?TKG(g),HQ.’}/) +Co< A+ Cy= ZlogAi +logc

Hence, by Claim 6.21 we deduce that gy~ '.wg = ¢g.wg, which implies that v € H.

This contradicts the assumption and completes the proof. ([l
The following corollary is immediate.

Corollary 6.23. For every two different hyperbolic planes H2.v, H?.~' for~,v €T
we have dys (H?.y, H2.~") > 2A. O

Corollary 6.24 (Strengthening of Claim 6.3). Recall the projection p : o —
H3 /T3 = M and recall the standard projection 7; : M — M;. Let S = p(S). Then
Tilg is one to one.

Proof. Assume that for pi,ps € S we have 7;(p1) = 7;(p2). Choose p; € p~*(p;)
for j = 1,2. Since 7; 0 p = 7p, agrees on P, pe we deduce that for some v € I'; we
have p; = po.y. Hence p; € SN S.y. Claim 6.22 implies that v € I'3, which in turn
implies that p; = py. This proves the injectivity of 7; on S. O

Proof of Claim 6.1. In view of Corollary 6.24 it is sufficient to show that vol(S) =
QA3

K2
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Recall the map ¢ : H® — R form definition 6.16. Its gradient is of fixed size 1.
This implies that for every set Q C H3,

(6.6) Vol(Q?) = /00 Area (2N~ (1)) dt.

Recall the foliation {¢, : p € H?} of H? form definition 6.16. This gives a
parametrization H? — ¢~ 1(ty) for every to € R by p — &,(to). This parametriza-
tion can be seen to expand the Riemannian metric by cosh(t). Therefore, for every
QCH2ty > 1,

(6.7)
vol({&p(¢) : t € [—to,t0],p € Q}) = Area(Q)/ i cosh?(t)dt = ©(e' Area(R)).

—to
~ The function ¢ is H invariant and hence descends to a function ¢ : H3/T3 =
M — R. For every h € H, we have that &, 5, = ,.h. Thus, the foliation {, descends
to M as follows: for every ¢ € V = H?/T'5 there is a geodesic &, : R — M, and
these geodesics form a foliation of M. Choosing a fundamental domain © C H? to
V = H2/T3 we deduce from Eq. (6.7) that
vol(S) = vol({&,(t) : t € (—A, A),q € V}) = vol({&,(t) : t € (= A, A),p € Q})
= O(c*Area(Q)) = O(VA;Area(V)).

Since Area(V) is fixed we deduce that vol(S) = ©(v/A;). By Corollary 6.24 we
obtain vol(M;) = Q(v/A;). The equality vol(G/I;) = Q(vol(M;)) completes the
proof. (I

Proof of Proposition 6.12. Let ¢ : H? — M; be a locally isometric immersion. Re-
call the standard projection p; : H® — M;. Then ( factors as ( = p; of for some
isometric embedding 5 :H? — H3.

Note that since V; = p;(H?) we have

pi (Vi) = pi Hpi(E?) = | ) H2y.
yel';

Hence

yel;

This is a representation of (~1(V;) as a union of lines. To complete the proof we
need to show that for every «y,~’ for which (~1(H?2.y) # (~1(H?.%’) we have

- 1
dy2 (¢ HH ), ¢ HH? ) > 25 log A; + O(1).
However, since f ~1 is an isometric embedding we obtain
- - 6.23
digz (C™H(H? ), (THHY)) 2 dygs (H2 7, H2 ) > 24
|

6.4. Proof of Proposition 6.13. To prove Proposition 6.13, we will first rephrase
it as a question on an estimate of the Hausdorff dimension of a certain Cantor set,
and then bound it.
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Reformulation of Proposition 6.13. Let L = |J,¢; ¢ such that for every ¢1,{; € L
we have dyz(¢1,¢2) > A. We may assume without loss of generality that A > 10.
Let p € H?\ £. Denote by U the connected component of H? \ £ containing p.
Denote by L’ C L the collection of lines composing the boundary of U. Denote by
D(U) C 9H? the limit set of U. Since U is convex,
D(U) = {qg € 0H : [p,q) C U}.
Hence we have an equality of Hausdorff dimensions
H.dim({v € Ray, : v(t) ¢ LVt > 0}) = H.dim({y € Ray, : v(t) € U V¢t > 0})
= H.dim(D(U)).
For every geodesic line £ C H? \ {p} denote by ¢, y, € OH? the limit points of £ so
that the ray [p,x¢) can be rotated less then 7 degrees counterclockwise about p to
obtain [p,y,). Denote by I, C OH? the open interval with the boundary points z;

and y,, which lies on the other side of £ than p. Then D(U) = 0H?*\ ¢, IL. The
intervals I, are disjoint.

Claim 6.25. If (1,5 are nonintersecting lines in H2 \ {p} then

(68) Sinh(d(glﬂ 22)/2) = \/| [xfl y Llo Yl s yﬂl} |7

where [a, b;c,d] = % is the cross ratio on P} = OH?.

Proof. The choice to labeling of the limit points of /1, £5 ensures that and ¢, , y¢,, e, , Yo,
are in this circular order on OH?. Up to an isometry, we may assume that
Ty, = etayfl = _etyxfz = _layb = 1;

where ¢ = dy2(¢1,¢3). Then Eq. (6.8) is a direct computation. O

Identify H? with the Poincaré half-plane model in CU{co}. Sample one ¢, € L’
Up to an isometry we may assume that xp, = 1,y,, = 0 so that |p — 1/2| < 1/2
and Iy, = PL\ [0,1]. Let L” = L'\ {{o}. Then I, = (z4,y,) for every £ € L" and
D(U) = [07 1] \ UZEL(Ifa yf)a where

L-a) for all £ € L" we have z; < y; € (0,1);

L-b) for all £ € L” we have 2£1=%2) > ginh(4/2)2;

Gy v ) ey )

Lc) for all £1,¢, € L" we have m > sinh(A/2)2.
Denote A" = sinh(.A/2)? > 5000.
Lower bound on the dimension of the Cantor set D(U).

Observation 6.26. The function a,b,c — W

and monotone decreasing in a,c whenever a, b, c > 0.

is monotone increasing in b

Definition 6.27 (A random variable in z in D(U)). We construct a random se-
quence of decreasing intervals [0,1] = Jo D J1 D Jo D -+ such that Jgy; is
one of the three thirds of J;, for every k. That is, if J, = [ag,ar + 37F], then
Jpr1 = laps1,apr1 + 37571 for some apyy € {ap,ar + 3% ap +2-37F 1)
We will show how to sample iteratively Ji,Jo,J3,... so that so that for every
{e L"”, k>0 we have

(6.9) |J N Ig| < 37FL,
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Note that Eq. (6.9) is satisfied for Jy = [0, 1] as for every £ € L” we have
xe—ye (20 1 1
:I,’g(].*yg) - .A/ - 3
Suppose that we have constructed Ji that satisfies Eq. (6.9). We say that Jj is a
regular interval if for all £ € L" we have |J, N I;| < 37572, and irregular interval

otherwise. If Ji is a regular interval, we may choose each of the three thirds of J
to be Ji41. We sample Jy 1 uniformly from these three thirds.

|Je N Ip| = ¢ —ye <

Claim 6.28. If J;, is irregular, then the interval £ € L" with |J, N I, > 372 s
unique.

Proof. Otherwise there are ¢y # {5 € L” with |Jx N Iy,| > 37572 for i = 1,2. This
implies that gy, — z¢, > 37%~2. Assume without loss of generality xy, > y¢,. Then
since the two intervals intersect J;, we get that z,, — ye, < 3%. Then

I < (xb - yfl)(yb - :17@1) < 37k (2 3k2 + 37}6)

N = =99
(Wl - 9%)(1/42 - :Egz) 3—2(k+2)
which is a contradiction. The last inequality follows from Observation 6.26 applied
toa= Yer — Ty 2 3_k_27 b= L, — Yoo < 3_k7 C="Ye, — Tuy > 3_k_2. |

Consequently, if Jy is an irregular interval, then there is a unique ¢ € L” such
that |Jx NIy, | > 37572, By Eq. (6.9) we obtain that |J, NI, | € [37%72,37k1).
Hence at least one of the three thirds J of Jj satisfies J N I;, = () and hence we
choose Ji 11 uniformly among these intervals. For every £ € L”, eihter £ = ¢} and
then Ji11 NI, =0, or £ # {, and then

| Jir NI < | Je NI < 37572,

Hence Ji11 satisfies Eq. (6.9), as desired for the iterative process to continue. Let
z be the unique element in (o, Jk.

Claim 6.29. Sample z as in Definition 6.27. Then z € D(U).
Proof. By its definition z € [0,1]. Suppose that z € I, for some ¢ € L”. Then

since I, is open, for some k we have J, C I,. However, by Eq. (6.9) we have
|Jpy N 1| < 37%=1 < 37% = |J;|. This contradicts J; C Iy and hence z € [0,1] \
UeeL I, = D(U)~ U
Claim 6.30. For every J = [a/3™,(a + 1)/3™] we have

P(Jy = J) < 3—(1—1/,4”)m-s-17
where A” =logg A — 5 > 2.
Proof. Let F, ={k=0,...,m—1: J; is an irregular interval}. Let k1 < ks € F,,.
Then Ip, NJy, # 0, I, N g, 41 = 0 and I, NJy, # 0. This implies that £y, # £y, .
Note that |, | > 37%~2, Loy, | > 37k2=2 and since both intervals intersect Ji, we
deduce that dr(Iy,, , Ir,,) < 3%, Applying Observation 6.26 and Point (L-c) to
Iy, , 1y, we deduce that

3—k1 (3—k1 _|_3—k1—2 +3—k2—2)
3—k1—2 . 3—k2—2

A< <303k

Hence ks — k; > logy A” — 5. Therefore, #F,, < m/(logs A —5) + 1. Note that
when sampling Ji1 iteratively for k =0,...,m —1, if k ¢ F,, then Ji; is sampled
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uniformly between the the three options. Hence the probability J,, was sampled is

at most
1 1

3m—#Fm — 3m—m/(logg A’—5)—1"

[
Consequently, for every J = [a/3"™, (a+1)/3™] we have P(z € .J) < 3~ (1=1/A)m+1,

This fact, together with Claim 6.29 and standard covering arguments shows that
H.dim(D(U)) >1-1/A"=1-0(1/log A') =1 - 0(1/A).
This concludes the proof of Proposition 6.13.

APPENDIX A. PROOFS OF CRITICAL EXPONENT-RELATED RESULTS

Here we gather a few proofs that are fairly standard, and unrelated to the rest
of the paper.

Proof of Theorem 4.2. Recall the Laplace-Beltrami operator A on C*(A\H?). It
is self-adjoint. The Elstrodt formula (see [13, 14, 15, 27, 37, 9]) relats the maximal
eigenvalue A\g(A) with the critical exponent as follows,

e if §(A) < 1
(A1) ~ho(&) = {g(A)(l —§(A) if 5(A) > 2

We deduce that —X\g(A) > e(1 —¢) > ¢/2.

Let 29 be the SO(2)-invariant point in the hyperbolic plane H?, and 7% : H? —
A\H? the quotient map. Note that 7* locally preserves the measure, hence defines
amap 7} : L'(H?) — L'(A\H?) by (72f)(2) = 3 c(xa)-1(a) f(¥). One can see
that 72 commutes with e*2.

To do so, let f = 1(By(1)). This is an element of L?(H?) with ||f|> < 1. The
computation of the Heat kernel [24] shows that

p+1 _e+n?
(A.2) A f(z) = T R

where p = dy2(x, o).

Let g = 72 f, and estimate ||g||?.

lgl* = /A \H2g(p)2dmA\Hz(p) = / g9(7™(q))dmup (q)

Bya (1)

(A.3)

A
< max ™ .
omax 9(m*(q))

For every ¢q € Byz(1),
9(ma(q)) = #{g € A: gq € Bu=(1)}
< #AN {g € SLy(R) : 9B (1) N B (1) # 0} = #AN K,
where K is a compact set. The assumption on the minimal element in A promises

that g(ma(q)) < €%3°E and hence ||g||? < %3¢F.
To prove Eq. (4.1), we will estimate <g, eRAg>. On the one hand,

<976RA9> < ”9”263,\0(A) < V3R RA(A) < (0.3¢R,—Re/2 _ —0.2¢R

On the other hand,

(9:¢g) = (wl f,ef*Pg) = /B ) e2g(m™ (p))dms (p).
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For any point p € Byz(1) we have
("2g)(p) = (x2e"2 F)(p) = Y (" ))(Ap) > > (€2 ) (Ap)

AEA )\EA(‘IBSLZ(R)(R)

dsiymy (A €) +1 _ im0’
Z Te IR

~
=S

)\EAQBSLz (R) (R)

Z 1 _p  #ANBsL,w)(R)

R3/2 € - eRR3/2
AEANBgr,, &) (R)

>

Altogether, e 0-2¢F > %W, which implies that #A N Bgp,®)(R) <

R3/2e(1-026)R " and hence, for R sufficiently large as a function of ¢ we have Eq.
(4.1).
To show Eq. (4.2), denote

X = {h € Bgr,w)(R) : #{y €' : vh € Bgr,w)(R)} > 6(170.15)3} 7
X' = {q € By2(R) : #{y €T :vq € By2(R)} > 6(1—0.15)3} S X.

We will estimate ||e*®g||?. On the one hand,

”etAg”? < 672t)\2(A)HgH2 < efeReo.BaR _ 670'7€R.

On the other hand, similarly to Eq. (A.3),
(A.4)

le*2g|1* = /A \HQ(etAg)(p)QdmA\w(p) = /H (AN ) Op)dmga (p)

AEA

Using (A.2), we deduce that whenever p € Bgp,(r)(R), we have (e’ f)(p) >

ﬁe’R. Consequently, we can use for every p € X’ the integrand in the LHS of

Eq. (A.4) is roughly bounded from below by
1 2
(1-01e)r [ _L+ —R
>e . e .
()
Hence, to estimate |e/2g||?,
o1 1\ mge(X))
4ol > () 001 () = R
Altogether,
Mo (X) < M2 (Xl) < Re(l-i—O.lE)R . 6—0.7ER _ Re(l_O'GE)R,
which proves Eq. (4.2). O
Proof of Claim 4.4. Let k = [Ag : A1]. Let X be a system of representatives for
y
the right cosets in Aa/A;. The inequality (A1) < §(Aq) is simple. As for the
other inequality let € > 0, let R > 0 be a big number such that Bgr,,®)(R) N Az >

ef0(A2)=¢/2) "and denote r = dsi, ) (X, I). For every A € Bgr, ) (R)NAg, let 2 €
X such that AA; = 2 Ay. The collection Yr = {x)_\l)\ t A€ Bsp,m)(R)NA2} C Ay
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is of size ef(9(A2)=¢/2) /i and lies in Bgr, ®)(R+ 7). For R sufficiently big we have

ke” < ef¢/2 and hence
#YR > 6R<6(A2)_E/2)/k > eR(§(A2)—5/2) .er—Rs/Q — eR(é(AQ)—s) e’ > e(R+r)(5(A2)—5)’
as desired. 0
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