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Abstract

We introduce a new type of mappings in metric space which are three-
point analogue of the well-known Chatterjea type mappings, and call them
generalized Chatterjea type mappings. It is shown that such mappings
can be discontinuous as is the case of Chatterjea type mappings and this
new class includes the class of Chatterjea type mappings. The fixed point
theorem for generalized Chatterjea type mappings is proven.
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1 Introduction

Recently, Petrov [15] considered a new type of mappings in metric spaces, which can
be characterized as mappings contracting perimeters of triangles, and gave a fixed
point theorem for such mappings. He proved that such mappings are continuous, and
constructed examples of mappings contracting perimeters of triangle which are not
contraction mappings.

Definition 1.1 (Petrov [15]). Let (X, d) be a metric space with |X| ≥ 3. We shall
say that T : X → X is a mapping contracting perimeters of triangles on X if there
exists α ∈ [0, 1) such that the inequality

d(Tx, Ty) + d(Ty, Tz) + d(Tz, Tx) ≤ α[d(x, y) + d(y, z) + d(z, x)],

holds for all three pairwise distinct points x, y, x ∈ X.

Theorem 1.1 (Petrov [15]). Let (X, d), |X| ≥ 3 be a complete metric space and let
T : X → X be a mapping contracting perimeters of triangles on X. Then, T has a
fixed point if and only if T does not possess periodic points of prime period 2. The
number of fixed points is at most 2.

Moreover, Petrov and Bisht [16] introduced a three point analogue of the Kannan
type mappings [9].

Definition 1.2 (Petrov and Bisht [16]). Let (X, d) be a metric space with |X| ≥ 3.
We shall say that T : X → X is a generalized Kannan type mapping on X if there
exists λ ∈ [0, 2

3
) such that the inequality

d(Tx, Ty) + d(Ty, Tz) + d(Tz, Tx) ≤ λ[d(x, y) + d(y, z) + d(z, x)],

holds for all three pairwise distinct points x, y, x ∈ X.
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It is shown that such mappings can be discontinuous as is the case of Kannan type
mappings, and that the two classes of mappings are independent. Also, a fixed point
theorem for generalized Kannan type mappings is proved.

Theorem 1.2 (Petrov and Bisht [16]). Let (X, d), |X| ≥ 3 be a complete metric space
and let the mapping T : X → X satisfy the following two conditions:

(i) T (Tx) ̸= x for all x ∈ X such that Tx ̸= x;

(ii) T is a generalized Kannan type mapping on X.

Then, T has a fixed point. The number of fixed points is at most 2.

In [3], Chatterjea proved the following result which gave the fixed point for dis-
continuous mappings:

Theorem 1.3. Let (X, d) be a complete metric space and let T : X → X be a mapping
such that for every x, y ∈ X the inequality

d(Tx, Ty) ≤ λ[d(x, Ty) + d(y, Tx)], (1)

holds, where 0 ≤ λ < 1
2
. Then, T has a unique fixed point.

We note that the fixed point theorems due to Banach [1], Kannan [9] and Chatter-
jea [3] are independent, and that the latter two characterize the completeness of the
metric space (see Subrahmanyam [20]). The initial results proved by Chatterjea were
of great interest, and many novel directions of research and generalizations emerged
from the original result (see, for example, the papers [2, 4–8,10–14,17–19]).

In this paper, we give a three-point analogue of the Chatterjea type mapping. The
ordinary Chatterjea mappings form an important subclass of these novel mappings.
To emphasize the advances brought to the research field and the comprehensiveness of
the newly introduced class of mappings, examples of generalized Chatterjea mappings,
which are not Chatterjea mappings are constructed.

2 Generalized Chatterjea type mappings

Definition 2.1. Let (X, d) be a metric space with |X| ≥ 3. We shall say that
T : X → X is a generalized Chatterjea type mapping on X if there exists λ ∈ [0, 1

2
)

such that the inequality

d(Tx, Ty) + d(Ty, Tz) + d(Tz, Tx) ≤
≤ λ[d(x, Ty) + d(y, Tx) + d(y, Tz) + d(z, Tx) + d(z, Ty) + d(x, Tz)],

(2)

holds for all three pairwise distinct points x, y, x ∈ X.

Remark 2.1. Let (X, d) be a metric space with |X| ≥ 3, T : X → X be a generalized
Chatterjea type mapping on X and let x, y, z ∈ X be pairwise distinct. Consider
inequality (1) for the pairs x, z and y, z:

d(Tx, Tz) ≤ λ[d(x, Tz) + d(z, Tx)], (3)

d(Ty, Tz) ≤ λ[d(y, Tz) + d(z, Ty)]. (4)
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Adding the left and the right parts of the inequalities (1), (3) and (4) we obtain
(2). Hence, we get that every Chatterjea type mapping is a generalized Chatterjea type
mapping.

Example 2.1. Let X = {x, y, z}, d(x, y) = d(y, z) = d(z, x) = 1 and let T : X → X
be such that Tx = x, Ty = y and Tz = x.

Since d(Tx, Ty) = 1 and d(x, Ty) + d(y, Tx) = 2, T is not a Chatterjea type
mapping.

However,

M(x, y, z) = d(Tx, Ty) + d(Ty, Tz) + d(Tz, Tx) = 2

and

N(x, y, z) = d(x, Ty) + d(y, Tx) + d(y, Tz) + d(z, Tx) + d(z, Ty) + d(x, Tz) = 5,

so we have

M(x, y, z) ≤ 2

5
N(x, y, z).

Therefore, T is a generalized Chatterjea type mapping (λ = 2
5
). We note that in this

case, T has two fixed points.

The next theorem is the main result of the current paper which ensures that every
generalized Chatterjea type mapping that does not have periodic points of period two,
has fixed points, and the number of fixed points is at most two.

Theorem 2.1. Let (X, d) be a complete metric space with |X| ≥ 3 and let the mapping
T : X → X satisfy the following two conditions:

(i) T (Tx) ̸= x for all x ∈ X such that Tx ̸= x;

(ii) T is a generalized Chatterjea type mapping on X.

Then, T has a fixed point. The number of fixed points is at most two.

Proof. Let x0 ∈ X, x1 = Tx0, x2 = Tx1, . . . , xn+1 = Txn. Suppose that xn is not
a fixed point of the mapping T for every n = 0, 1, . . . . Then, we have xn = Txn−1 ̸=
xn−1 and xn+1 = T (Txn−1) ̸= xn−1 for every n = 1, 2, . . . . Hence, xn−1, xn and xn+1

are pairwise distinct. Taking in (2) x = xn−1, y = xn, z = xn+1 we obtain

d(Txn−1, Txn) + d(Txn, Txn+1) + d(Txn+1, Txn−1) ≤
≤ λ[d(xn−1, Txn) + d(xn, Txn−1) + d(xn, Txn+1)+

+ d(xn+1, Txn−1) + d(xn+1, Txn) + d(xn−1, Txn+1)],

by where we get

d(xn, xn+1) + d(xn+1, xn+2) + d(xn, xn+2) ≤
≤ λ[d(xn−1, xn+1) + d(xn, xn+2) + d(xn, xn+1) + d(xn−1, xn+2)].

Hence, we have

(1− λ)[d(xn, xn+1) + d(xn+1, xn+2) + d(xn, xn+2)] ≤
≤ λ[d(xn−1, xn+1) + d(xn−1, xn+2)].
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Using the triangle inequality

d(xn−1, xn+2) ≤ d(xn−1, xn) + d(xn, xn+1) + d(xn+1, xn+2),

we get

(1− λ)[d(xn, xn+1) + d(xn+1, xn+2) + d(xn, xn+2)] ≤
≤ λ[d(xn−1, xn+1) + d(xn−1, xn) + d(xn, xn+1)],

by where

d(xn, xn+1) + d(xn, xn+2) + d(xn+1, xn+2) ≤

≤ λ

1− λ
[d(xn−1, xn+1) + d(xn−1, xn) + d(xn, xn+1)].

Further, set for every n = 0, 1, . . .

dn = d(xn, xn+1) + d(xn, xn+2) + d(xn+1, xn+2).

Then, we have dn ≤ αdn−1 for every n = 1, 2, . . . , where α =
λ

1− λ
∈ [0, 1).

Hence, we get
dn ≤ αdn−1 ≤ α2dn−2 ≤ · · · ≤ αnd0.

Like in the proof of Theorem 2.4 from [15] we obtain that {xn} is a Cauchy
sequence. By completeness of (X, d) we get that {xn} has a limit x∗ ∈ X. Let us
prove that Tx∗ = x∗.

Since xn, xn+1 and xn+2 are pairwise distinct for every n = 0, 1, . . . , there exists a
subsequence {xn(k)}k≥0 such that xn(k), xn(k)+1 and x∗ are pairwise distinct for every
k = 0, 1, . . . . Taking in (2) x = xn(k), y = xn(k)+1 and z = x∗, we obtain

d(Txn(k), Txn(k)+1) + d(Txn(k)+1, Tx
∗) + d(Tx∗, Txn(k)) ≤

≤ λ[d(xn(k), Txn(k)+1) + d(xn(k)+1, Txn(k)) + d(xn(k)+1, Tx
∗)+

+ d(x∗, Txn(k)) + d(x∗, Txn(k)+1) + d(xn(k), Tx
∗)].

Hence,

d(xn(k)+1, xn(k)+2) + d(xn(k)+1, Tx
∗) + d(xn(k)+2, Tx

∗) ≤
≤ λ[d(xn(k), xn(k)+2) + d(xn(k)+1, Tx

∗) + d(x∗, xn(k)+1)+

+ d(x∗, xn(k)+2) + d(xn(k), Tx
∗)].

Taking the limit as k → ∞ we get

2d(x∗, Tx∗) ≤ 2λd(x∗, Tx∗),

by where d(x∗, Tx∗) = 0, so x∗ is a fixed point of T .
Now, suppose that there exist at least three distinct fixed points x, y and z. Then

Tx = x, Ty = y and Tz = z. By (2) we have

d(x, y) + d(y, z) + d(z, x) ≤ 2λ[d(x, y) + d(y, z) + d(z, x)],

which is a contradiction.
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Remark 2.2. Suppose that under the assumption of Theorem 2.1, the mapping T has
a fixed point x∗ which is a limit of some iteration sequence x0, x1 = Tx0, x2 = Tx1

. . . such that xn ̸= x∗ for all n = 1, 2, . . . . Then, x∗ is a unique fixed point.
Indeed, suppose that T has another fixed point x∗∗ ̸= x∗. Obviously, there exists

N ≥ 1 such that xn ̸= x∗ for all n ≥ N . Taking in (2) x = xn, y = x∗ and z = x∗∗

we obtain

d(Txn, Tx
∗) + d(Tx∗, Tx∗∗) + d(Tx∗∗, Txn) ≤

≤ λ[d(xn, Tx
∗) + d(x∗, Txn) + d(x∗, Tx∗∗)+

+ d(x∗∗, Txn) + d(x∗∗, Tx∗) + d(xn, Tx
∗∗)],

by where

d(xn+1, x
∗) + d(x∗, x∗∗) + d(xn+1, x

∗∗) ≤
≤ λ[d(xn, x

∗) + d(xn+1, x
∗) + d(xn, x

∗∗) + d(xn+1, x
∗∗) + 2d(x∗, x∗∗)].

Taking the limit as n → ∞, we get

2d(x∗, x∗∗) ≤ 4λd(x∗, x∗∗),

so d(x∗, x∗∗) = 0, which is a contradiction.

We present two examples of generalized Chatterjea type mappings, which are not
a Chatterjea type mappings, neither mappings contracting perimeters of triangles, nor
generalized Kannan mappings, nor Kannan mappings. These examples highlight the
contribution to the theory of fixed point theorems brought by Theorem 2.1.

Example 2.2. Let X = {A,B,C,D,E} and, as in Figure 1, let

d(A,B) = d(A,C) = d(B,C) = d(B,D) = d(C,E) = d(D,E) = d(D,F ) = d(E,F ) = 1,

d(A,D) = d(A,E) = d(B,E) = d(C,D) = d(B,F ) = d(C,F ) = 2,

and d(A,F ) = 3.

Figure 1: A generalized Chatterjea mapping
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Let T : X → X be such that TA = TD = TE = TF = F , TB = D and TC = E.
We have

M(A,B,C) = M(B,C,D) = M(B,C,E) = M(B,C, F ) = 3,

M(A,B,D) = M(A,B, F ) = M(A,B,E) = M(A,C,D) =

= M(A,C,E) = M(A,C, F ) = M(B,D,E) = M(B,D,F ) =

M(B,E, F ) = M(C,D,E) = M(C,D, F ) = M(C,E, F ) = 2,

M(A,D,E) = M(A,D,F ) = M(A,E, F ) = M(D,E, F ) = 0,

and
N(A,B,C) = 12,

N(A,B,E) = N(A,C,D) = 11,

N(A,B,D) = N(A,B, F ) = N(A,C,E) = N(A,C, F ) = N(B,C, F ) = 10,

N(B,C,D) = N(B,C,E) = 9,

N(B,D,E) = N(B,E, F ) = N(C,D,E) = N(C,D, F ) = 7,

N(B,D,F ) = N(C,E, F ) = 6.

We note that

M(x, y, z) ≤ 1

3
N(x, y, z)

for all three distinct points x, y, z ∈ X, so T is a generalized Chatterjea type mapping.
Since

d(TB, TD) = d(D,F ) = 1,

and
d(B, TD) + d(D,TB) = d(B,F ) + d(D,D) = 2,

T is not a Chatterjea type mapping.
We note that T has a unique fixed point. Moreover,

d(TA, TB) + d(TA, TC) + d(TB, TC) = 3

and
d(A,B) + d(A,C) + d(B,C) = 3,

so T is not a mapping contracting perimeters of triangles.
Since

d(TB, TC) + d(TB, TD) + d(TC, TD) = 3

and
d(B, TB) + d(C, TC) + d(D,TD) = 3,

T is not a generalized Kannan type mapping.
Also, d(TB, TC) = 1 and d(B, TB)+d(C, TC) = 2, so T is not a Kannan mapping.

Example 2.3. Let X = R, d(x, y) = |x− y| and T : X → X defined as

Tx =

{
0, x < 2

1, x ≥ 2.

If x, y, z are pairwise distinct and x < 2, y < 2, z < 2, then M(x, y, z) = 0.
If x, y, z are pairwise distinct and x ≥ 2, y ≥ 2, z ≥ 2, then M(x, y, z) = 0.
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For x < y < 2 ≤ z, we have M(x, y, z) = 2 and N(x, y, z) = |x| + |y| + |x − 1| +
z + |y − 1|+ z ≥ 2z + 2 ≥ 6, so

M(x, y, z) ≤ 1

3
N(x, y, z).

For x < 2 ≤ y < z, we have M(x, y, z) = 2 and N(x, y, z) = |x− 1|+ y+ |x− 1|+
z + y − 1 + z − 1 ≥ 2y + 2z − 2 > 6, so

M(x, y, z) ≤ 1

3
N(x, y, z).

Hence, T is a generalized Chatterjea type mapping.
We note that T has a unique fixed point.
Since

M(1.9, 2, 2.1) = 2

and
d(1.9, 2) + d(1.9, 2.1) + d(2, 2.1) = 0.4,

we get that T is not a mapping contracting perimeters of triangles.
Since

M(0, 1, 2) = 2

and
d(0, T0) + d(1, T1) + d(2, T2) = 2,

we obtain that T is not a generalized Kannan mapping.
Also, since d(T1, T2) = 1 and d(1, T1)+d(2, T2) = 2, T is not a Kannan mapping.
Moreover,

d(1, T2) + d(2, T1) = 2,

so T is not a Chatterjea mapping.
We note that T is a discontinuous mapping.
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