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Abstract

Integrable deformations of a class of Rikitake dynamical systems are constructed by deforming
their underlying Lie-Poisson Hamiltonian structures as linearizations of Poisson–Lie structures on
certain (dual) Lie groups. By taking into account that there exists a one-to one correspondence
between Poisson–Lie groups and Lie bialgebra structures, a number of deformed Poisson coalgebras
can be obtained, which allow the construction of integrable deformations of coupled Rikitake systems.
Moreover, the integrals of the motion for coupled systems can be explicitly obtained by means of
the deformed coproduct map. The same procedure can be also applied when the initial system is
bi-Hamiltonian with respect to two different Lie-Poisson algebras. In this case, to preserve a bi-
Hamiltonian structure under deformation, a common Lie bialgebra structure for the two Lie-Poisson
structures has to be found. Coupled dynamical systems arising from this bi-Hamiltonian deformation
scheme are also presented, and the use of collective ‘cluster variables’, turns out to be enlightening
in order to analyse their dynamical behaviour. As a general feature, the approach here presented
provides a novel connection between Lie bialgebras and integrable dynamical systems.
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1 Introduction

It is well-known that for any Lie algebra (g, [ ·, · ]g) we can consider the dual vector space g∗ and the
Poisson algebra of smooth functions C∞(g∗) endowed with the Poisson bracket

{f, g} (ξ) = ⟨ξ, [df, dg]⟩ , ξ ∈ g∗, f, g ∈ C∞(g∗),

where ⟨, ⟩ is the pairing between g and g∗. This Lie–Poisson bracket is given by a set of fundamental
Poisson brackets which are just the Poisson analogues of the Lie brackets defining g.

Let us now consider a generic N -dimensional (ND) dynamical system defined by the Lie-Poisson
structure associated to a given finite-dimensional Lie algebra g together with a Hamiltonian function
H ∈ C∞(g∗). The Hamilton equations of motion of the system will be given by the system of ODEs

ẋi = {xi,H} , i = 1, . . . , N , (1.1)

where xi are coordinate functions on g∗. By construction, the set of Casimir functions Ci of the Lie-
Poisson structure provides a set of integrals of the motion in involution for such a system, and level sets
of the Casimir functions define the symplectic leaves of the Lie-Poisson structure.

The problem of finding integrable deformations of such a system admits many solutions. A first obvious
family of integrable deformations can be obtained just by modifying the Hamiltonian H and by preserving
the Lie-Poisson algebra and its Casimir functions Ci. Indeed, more interesting integrable deformations
will be the ones obtained by considering nontrivial deformations of the underlying Lie-Poisson structure
together with the associated deformed versions of the Casimir functions.

In the three-dimensional (3D) case the latter construction is straightforward, since we recall that the
algebra of smooth functions on (x, y, z) endowed with the bracket

{x, y} = f
∂F

∂z
, {y, z} = f

∂F

∂x
, {z, x} = f

∂F

∂y
, (1.2)

define always a Poisson structure for any choice of the smooth functions f(x, y, z) and F (x, y, z), and
the Casimir function for the Poisson structure is just F (x, y, z) [1]. Therefore if we consider an initial
3D Hamiltonian system defined by a Hamiltonian function H and a pair of functions (f, F ), any de-
formed Casimir function Fη(x, y, z) such that limη→0 Fη(x, y, z) = F (x, y, z) provides a deformation of
the bracket (1.2) that, by construction, will generate an integrable deformation of the system defined by
H. Indeed, H could be further modified in terms of new parameters, and this secondary deformation (in
terms of the Hamiltonian) would superpose to the previous one by preserving integrability.

The aim of this paper is to show that, among this infinite zoo of possible integrable deformations,
there exists a distinguished and very restricted subclass of deformations that preserves the additional
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Poisson coalgebra symmetry that exists for any Lie-Poisson dynamical system, which was introduced
in [2] and is based on the existence of a coproduct map that endows the Lie-Poisson algebra with a
Poisson coalgebra structure. In this framework, the integrable deformation arises as a consequence of the
existencie of a compatible deformed version of the coproduct map, which is just the group law of a dual
non-abelian Poisson-Lie group. Moreover, the essential property of such Poisson coalgebra deformations is
the fact that the deformed coproduct map provides coupled pairs of deformations of the initial system in a
systematic and constructive way, which was introduced in [2, 3, 4, 5], latter applied to 3D Lotka-Volterra
systems in [6] and further generalised to some bi-Hamiltonian systems in [7, 8]. In this framework, the
deformed coproduct map of the deformed Casimir functions will give rise to the integrals of the motion
of the deformed system, thus providing its complete integrability (in the Liouville sense) structure.

In this paper we complete this approach by analysing explicitly the very restricted number of integrable
deformations of a given relevant type of dynamical systems (the Rikitake ones) that are endowed with
a deformed Poisson coalgebra symmetry. Through this specific example we will show that all possible
Poisson coalgebra deformations for a single Lie-Poisson system can be explicitly obtained and are in one
to one correspondence with the nonequivalent classes of Lie bialgebra structures of the dual Lie algebra
g∗ (in the sense of Lie bialgebra theory) that is associated to the initial Lie algebra g. This fact is based
on the well-known result by Drinfel’d that states that Poisson-Lie structures on a given Lie group are
in one to one correspondence with Lie bialgebra structures on its Lie algebra [9]. As a consequence we
show that, in general, the Lie bialgebra classification problem for a given Lie algebra (which is essential
in the theory of quantum deformations of Lie algebras and groups [10, 11]) turns out to be also relevant
in dynamical systems theory.

Moreover, through the examples here presented and by making use of the so-called ‘cluster variables’ [3]
we will get a deeper insight into the dynamical properties of the coupled integrable deformations of the
Rikitake systems that will be obtained through Poisson coalgebra deformations. In particular, these
variables provide a neat picture of the coupled system dynamics as a set of global ‘collective’ variables
with the same dynamics of the uncoupled system plus another set of variables which encodes the coupling
arising from each Lie bialgebra structure. Also, we will illustrate the strong compatibility constraints that
arise when trying to obtain Poisson coalgebra deformations that preserve the bi-Hamiltonian structure
that exist for certain Lie-Poisson Rikitake systems.

The paper is organized as follows. In the next Section the class of integrable Rikitake-type systems is
reviewed, together with the Lie-Poisson Hamiltonian structures that underly their integrability. Specif-
ically, we will select the three types of integrable Rikitake systems that will be considered in the paper
(called A, B and AB). In Section 3, the interpretation of Poisson-Lie groups as (coalgebra) deformations
of Lie-Poisson algebras is presented, and the construction will be illustrated through the specific case
of the Lie-Poisson (1+1) Poincaré algebra, which will be the relevant one in the rest of the paper. In
Section 4, the Poincaré Poisson coalgebra symmetry of an integrable Rikitake system of type A will be
presented. Furthermore, we prove that bi-Hamiltonian deformations with Poisson coalgebra symmetry
does not exist for the Rikitake system of type B. Finally, a Poisson-Lie group structure suitable for the
construction of a bi-Hamiltonian deformation for the Rikitake AB system will be presented. In Section
5, we compute the integrable deformations of the Rikitake system arising from the Poisson-Lie structures
constructed in Section 4. In Section 6, the coupled systems arising from the Poisson-Lie symmetry for
the Rikitake AB system will be explicitly obtained. Finally, a section including some comments and open
problems closes the paper.

2 Lie-Poisson algebras for Rikitake systems

The Rikitake system [12], which describes the dynamics of two connected identical frictionless disk dy-
namos, is a well-known model of the (aperiodic) Earth’s geomagnetic field reversals. Following [13], we
consider the generalized Rikitake dynamical system given by

ẋ = −µx+ y(z + β1), ẏ = −µy + x(z − β2), ż = α− xy, (2.1)

where µ, β1, β2 and α are real constants (the original Rikitake system [12] is the one with β2 = 0). The
integrability properties of the system (2.1) have been thouroughly studied [14, 15, 16] (see also [17, 18,

3



19, 20, 21] and references therein). Moreover, (integrable) deformations of the Rikitake system have
attracted a considerable attention (see [22, 23, 24, 25]).

There exist two distinguished families of integrable cases for this dynamical system (A and B), where
µ = 0 arises always as a common integrability condition. In the sequel we describe both integrable
families together with their associated Lie-Poisson algebras, and we shortly review the ways in which
integrable deformations for them can be constructed.

2.1 Case A

When α ̸= 0 and β1 = β2 = µ = 0 the system

ẋ = y z, ẏ = x z, ż = α− xy. (2.2)

has a Lie–Poisson Hamiltonian structure provided by the Hamiltonian function

HA =
1

2
(x2 + z2)− α log(x+ y), (2.3)

and the Poisson structure given by the Lie-Poisson (1+1) Poincaré algebra [14, 17]

{x, y} = 0, {x, z} = y, {y, z} = x. (2.4)

Therefore, the dynamical system (2.2) is recovered as Hamilton’s equations, namely

ẋ = {x,HA} = y z, ẏ = {y,HA} = x z, ż = {z,HA} = α− x y. (2.5)

Both the Hamiltonian (2.3) and the Casimir function of the Lie-Poisson (1+1) Poincaré algebra given by

CA =
1

4

(
y2 − x2

)
(2.6)

are integrals of the motion for this system.

The orbits of (2.2) are contained in the level sets of the Casimir function (2.6), CA = k. For any fixed
value k > 0, the simplectic realization

x = 2
√
k sinh q, y = 2

√
k cosh q, z = p. (2.7)

defines a map from the whole Poisson manifold to a given simplectic leaf, and allows us to write the
Hamiltonian (2.3) in terms of the canonical variables q, p, namely

HA =
p2

2
+ 2k sinh2 q − α

(
log

(
2
√
k
)
+ q

)
, (2.8)

which is a natural Hamiltonian system. Therefore, for a given energy HA = E, the dynamics of the
system can be written as

t− t0 =

∫ q

q0

ds√
2
(
E − 2k sinh2 s+ 2(log(2

√
k) + s)

) . (2.9)

2.2 Case B

When α = µ = 0 the system is Liouville integrable provided that β1 = β2 = β ̸= 0 [15, 16], namely

ẋ = y(z + β), ẏ = x(z − β), ż = −xy. (2.10)

and this is the case studied in [18]. Moreover, its integrability is provided by a bi-Hamiltonian structure in
terms of two four-dimensional (hereafter 4D) Poisson–Lie algebras: the centrally extended (1+1) Poincaré
algebra and the centrally extended so(3) algebra.
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Explicitly, the first Hamiltonian structure of the system (2.10) is given by the non-trivial central
extension of the Poincaré Lie-Poisson algebra given by

{x, y}0 = 2β I {y, z}0 = x, {z, x}0 = −y, {I, ·}0 = 0, (2.11)

together with the Hamiltonian

H0 =
1

4
(x2 + y2 + 2 z2). (2.12)

The second constant of the motion is given by the quadratic Casimir of (2.11) (note that I is also a trivial
Casimir function), namely

C0 = −1

4

(
x2 − y2

I
+ 4β z

)
. (2.13)

The second Hamiltonian structure for (2.10) is given by the 4D centrally extended so(3) Lie–Poisson
algebra

{x, y}1 = 2 z, {y, z}1 = x, {z, x}1 = y, {I, ·}1 = 0, (2.14)

together with the Hamiltonian

H1 = −1

4
(x2 − y2 + 4β z). (2.15)

Again, the second non-trivial constant of the motion is given by the quadratic Casimir of (2.14), namely

C1 =
1

4
(x2 + y2 + 2 z2). (2.16)

As it is usual in dynamical systems endowed with bi-Hamiltonian structures, H0 ≡ C1 and H1 ≡ C0.
Moreover, the linear Poisson structures {·, ·}0 and {·, ·}1 on R4 turn out to be compatible, in the sense
that we can define a one-parametric family of Lie-Poisson structures (a Poisson pencil)

{., .}λ = (1− λ){., .}0 + λ{., .}1, with λ ∈ R (2.17)

whose explicit brackets are given by

{x, y}λ = (1− λ) 2β I + λ 2 z {y, z}λ = x, {z, x}λ = (−1 + 2λ) y, {I, ·}λ = 0. (2.18)

Therefore, the approach introduced in [8] (see also [26]) shows that for each common 1-cocycle for the 4D
Lie algebras (2.11) and (2.14) we could, in principle, construct an integrable bi-Hamiltonian deformation
of the system. However, in this particular case, we will show that such a common cocycle does not exist.
Nevertheless, the usual integrable deformation procedure that we apply to the case A can be also used
in this case, obtaining a different deformation for each of the Lie–Poisson structures.

2.3 Case AB

Nevertheless, when exploring the possible common cocycles for the Poisson pencil (2.18) we realize that
the case β = 0 do admit such a bi-Hamiltonian structure with a common cocycle (note that this is also
Case A with α = 0). This system, namely

ẋ = y z, ẏ = x z, ż = −x y, (2.19)

admits the bi-Hamiltonian description

ẋ = {x,H0}0 = {x,H1}1, ẏ = {y,H0}0 = {y,H1}1, ż = {z,H0}0 = {z,H1}1, (2.20)

where the first Hamiltonian function and Poisson brackets read

HAB
0 =

1

4
(x2 + y2 + 2z2), (2.21)

{x, y}0 = 0, {x, z}0 = y, {y, z}0 = x, (2.22)
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while the second ones are given by

HAB
1 =

1

4
(y2 − x2), (2.23)

{x, y}1 = 2z, {x, z}1 = −y, {y, z}1 = x. (2.24)

Then, by following [8] we will construct a bi-Hamiltonian deformation of (2.19) constructed through the
Poisson pencil

{x, y}λ = 2λ z {y, z}λ = x, {z, x}λ = (−1 + 2λ) y . (2.25)

Also, the integrable coupled systems arising from the coalgebra approach will be explicitly presented.
The Casimir operator for (2.25) has the following expression:

Cλ =
x2 + (2λ− 1)y2 + 2λ z2

8λ− 4
. (2.26)

For any λ ̸= 1
2 ,we have the following one-parameter family of simplectic realizations

x =
√
4 k + 2λ p2 sinh(

√
1− 2λ q), y =

√
4 k + 2λ p2

1− 2λ
cosh(

√
1− 2λ q), z = p (2.27)

This allows us to formally compute the trajectories of the system in two different ways. For the first one,
corresponding to λ = 0 in (2.27), we have that the Hamiltonian (2.21) reads

HAB
0 =

p2

2
+ k cosh(2q) , (2.28)

which has again the shape of a natural Hamiltonian system. When HAB
0 = E, its trajectories will be

given by

t− t0 =

∫ q

q0

ds√
2 (E − k cosh(2s))

. (2.29)

For the second one, corresponding to setting λ = 1 in (2.27), the Hamiltonian (2.23) in canonical coor-
dinates is given by

HAB
1 = − cos(2q)

(
p2

2
+ k

)
. (2.30)

For fixed energies HAB
1 = E, the formal solution would be given by

t− t0 =

∫ q

q0

ds√
−2 cos(2s) (E + k cos(2s))

. (2.31)

3 Lie bialgebras

A well-known result by Drinfel’d [9] ensures that Poisson-Lie (PL) structures on a simply connected Lie
group G are in one-to-one correspondence with Lie bialgebra structures (g, δ) on g = Lie (G), where the
linearization of the PL structure in terms of the local coordinates on G is a Lie algebra whose dual is the
map δ. More explicitly, a Lie bialgebra (g, δ) is a Lie algebra g with structure tensor ckij

[Xi, Xj ] = ckijXk, (3.1)

together with a skewsymmetric cocommutator map δ : g → g⊗ g fulfilling the two following conditions:

• i) δ is a 1-cocycle, i.e.,

δ([X,Y ]) = [δ(X), Y ⊗ 1 + 1⊗ Y ] + [X ⊗ 1 + 1⊗X, δ(Y )], ∀X,Y ∈ g.

• ii) The dual map δ∗ : g∗ ⊗ g∗ → g∗ is a Lie bracket on g∗.
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Therefore any cocommutator δ will be of the form

δ(Xi) = f jk
i Xj ⊗Xk , (3.2)

where f jk
i is the structure tensor of the dual Lie algebra g∗ defined by

[x̂j , x̂k] = f jk
i x̂i , (3.3)

where ⟨x̂j , Xk⟩ = δjk. Note that, in general, the Lie algebra g∗ is not isomorphic to g. Moreover, the
dual Lie bialgebra g∗ is naturally equipped with a Lie bialgebra structure (g∗, δ∗) since the Lie algebra
structure on g gives rise to the dual cocommutator map δ∗ : g∗ → g∗ ⊗ g∗, namely

δ∗(x̂k) = ckij x̂
i ⊗ x̂j . (3.4)

Lie bialgebras are the tangent counterpart of Poisson-Lie groups [11] in an similar way Lie algebras are
the tangent structures associated to Lie groups. In our case, the extra Poisson structure on the Lie
group G induces the cocommutator map δ on TeG ≃ g. This implies that, for any dynamical system
that admits a Hamiltonian formulation in terms of a linear Poisson structure (Lie-Poisson structure),
each possible bialgebra structure for the associated Lie algebra gives rise to a deformed Hamiltonian
system. The remarkable properties of deformed systems so constructed stems from the fact that the
algebra of smooth functions C∞(G) on the Poisson-Lie group G is automatically endowed with a Poisson-
Hopf algebra structure, characterized by the coproduct map ∆ : C∞(G) → C∞(G) ⊗ C∞(G). This
implies that deformed systems constructed in this way are very rigid, compared to arbitrary deformations
of the Poisson structure and/or the Hamiltonian. However, this Poisson-Hopf structure automatically
guarantees that canonically coupled systems can be constructed by means of the coproduct map ∆. For
a detailed explanation of all these results, see [7, 8] and references therein.

3.1 Lie bialgebra structures for the (1 + 1) Poincaré Lie algebra

Let us consider the (1 + 1)-dimensional Poincaré Lie algebra

[X,Y ] = 0, [X,Z] = Y, [Y,Z] = X. (3.5)

which is relevant for Case A, Case B (when centrally extended) and Case AB. The full classification of
nonisomorphic Lie bialgebra structures for this algebra is given in [28] and leads to seven non-isomorphic
families of cocommutator maps. Out of them, let us consider the following three which give rise to
different kinds of dual Lie algebras: the trivial one whose dual Lie algebra is Abelian, and two non-trivial
cocommutators, one with nilpotent and one with solvable dual Lie algebras.

• The trivial Lie bialgebra structure δ(X) = δ(Y ) = δ(Z) = 0 with dual Abelian Lie algebra.

• The Lie bialgebra
δ(X) = ηX ∧ Z, δ(Y ) = ηY ∧ Z, δ(Z) = 0, (3.6)

with dual Lie algebra isomorphic to the ‘book’ Lie algebra

[x̂, ŷ] = 0, [x̂, ẑ] = η x̂, [ŷ, ẑ] = η ŷ. (3.7)

• The Lie bialgebra
δ(X) = 0, δ(Y ) = 0, δ(Z) = η X ∧ Y (3.8)

with dual Lie algebra isomorphic to the Heisenberg Lie algebra, namely

[x̂, ŷ] = η ẑ, [x̂, ẑ] = 0, [ŷ, ẑ] = 0. (3.9)

This means that the three dual Lie bialgebras (g∗, δ∗) will have the same dual cocommutator map δ∗

arising from the Poincaré Lie algebra

δ∗(x̂) = ŷ ∧ ẑ, δ∗(ŷ) = x̂ ∧ ẑ, δ∗(ẑ) = 0. (3.10)

Therefore, the PL structures for the three dual groups will have the Poincaré Lie algebra as their lin-
earization and therefore the two PL structures coming from nontrivial cocommutators can be considered
as Poisson-Hopf algebra deformations of the Poincaré Lie-Poisson algebra.
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4 Poisson-Lie deformations of the Poincaré algebra

In this Section we study the Poisson-Hopf algebras relevant to the different deformations of the Rikitake
systems that we are considering. In particular, for Case A we explicitly compute both of the non-
trivial Poisson-Hopf algebras associated to the two non-trivial (1+1)-dimensional Poincaré Lie bialgebra
introduced below and show explicitly that in the limit η → 0 we recover the Poisson version of (3.5).
Afterwards, we study the possible bi-Hamiltonian deformations: we prove that Case B does not admit a
bi-Hamiltonian deformation by showing that the Poisson pencil (2.18) does not admit a common cocycle,
and finally, we explicitly construct a bi-Hamiltonian deformation for Case AB.

4.1 Case A: two non-equivalent Poisson-Hopf algebras from Lie bialgebras

Let us start by explicitly computing the Poisson-Hopf algebras associated to the Lie bialgebras (3.6) and
(3.8), which will result in integrable deformations of the Case A system.

4.1.1 The ‘book’ group deformation

The first step to be performed is the construction of the Lie group G∗, with g∗ = Lie(G∗). Thus, we start
by exponentiating a faithful representation of g∗ (3.7). Taking, for instance, the adjoint representation
we get

ϱ(x̂) =

0 0 η
0 0 0
0 0 0

 ϱ(ŷ) =

0 0 0
0 0 η
0 0 0

 ϱ(ẑ) =

−η 0 0
0 −η 0
0 0 0

 . (4.1)

By using (4.1) we can parametrize a general element of the group G∗ in terms of the (x, y, z)-coordinates,
namely

G1 = ez ϱ(ẑ) · ey ϱ(ŷ) · ex ϱ(x̂) =

e−η z 0 η xe−ηz

0 e−η z η ye−ηz

0 0 1

 , (4.2)

and the multiplication rule between two group elements reads

G1 · G2 =

e−η (z1+z2) 0 η e−η (z1+z2)(x1e
ηz2 + x2)

0 e−η (z1+z2) η e−η (z1+z2)(y1e
ηz2 + y2)

0 0 1

 . (4.3)

From (4.3) the coproducts for the (x, y, z)-coordinates read

∆η(x) = x⊗ eη z + 1⊗ x = x1e
η z2 + x2

∆η(y) = y ⊗ eη z + 1⊗ y = y1e
η z2 + y2

∆η(z) = z ⊗ 1 + 1⊗ z = z1 + z2 ,
(4.4)

where we have denoted the coordinates of G1 with the tensor space at the left side of the tensor product,
and the ones of G2 at the right one.

As the deformed Poisson bracket is quadratic in terms of the group entries, the application of the
compatibility conditions stated by the fact that the deformed coproduct relations (4.4) have to provide
a Poisson map leads to the most generic PL structure on the book group, which was explicitly obtained
in [27].

By imposing that the linearisation of such a generic PL structure leads to a PL Poincaré algebra, a
straightforward computation leads to the Poisson bracket

{x, y}η =
η

2

(
y2 − x2

)
, {x, z}η = y, {y, z}η = x. (4.5)

It is straightforward to see that in the limit η → 0 we recover the Poisson version of the (1+1)-dimensional
Poincaré Lie algebra (3.5),

lim
η→0

= {x, y}η = {x, y} = 0, lim
η→0

= {x, z}η = {x, z} = y, lim
η→0

= {y, z}η = {y, z} = x. (4.6)
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The Casimir of (4.5) is given by
Cη = e−η z

(
y2 − x2

)
, (4.7)

and again
lim
η→0

Cη = C = y2 − x2, (4.8)

which coincides with (2.6) up to a constant factor.

4.1.2 The Heisenberg group deformation

The third Lie bialgebra structure (3.8) has a dual Lie algebra g∗ given by

[x̂, ŷ] = η ẑ, [x̂, ẑ] = 0, [ŷ, ẑ] = 0, (4.9)

which is isomorphic to the Heisenberg algebra. Following a similar procedure as before, we start with the
faithful representation

ϱ(ẑ) =

 0 0 η
0 0 0
0 0 0

 , ϱ(x̂) =

 0 η 0
0 0 0
0 0 0

 , ϱ(ŷ) =

 0 0 0
0 0 η
0 0 0

 , (4.10)

and taking a parametrisation of the Lie group G∗ defined by

G1 = exp(xϱ(x̂)) exp(yϱ(ŷ)) exp(zϱ(ẑ)) =

 1 η y η2 xy + η z
0 1 η x
0 0 1

 , (4.11)

the coproduct map can be straightforwardly computed from the matrix product G1 · G2, and it reads

∆(x) = x⊗ 1 + 1⊗ x = x1 + x2,
∆(y) = y ⊗ 1 + 1⊗ y = y1 + y2,
∆(z) = z ⊗ 1 + 1⊗ z − η x⊗ y = z1 + z2 − η y1 x2.

(4.12)

The compatible Poisson-Lie structure can be computed directly, and its fundamental Poisson brackets
read

{x, y}η = 0, {x, z}η = η x+ y {y, z}η = x+ η y. (4.13)

The Casimir Cη for (4.13) is given by

Cη = (y2 − x2)1−η(y − x)2 η. (4.14)

Again, it is straightforward to check that in the limit η → 0 we recover the Poisson version of the
(1 + 1)-dimensional Poincaré Lie algebra (3.5) and the Casimir (2.6).

4.2 Bi-Hamiltonian deformations

Integrable deformations of Case B coming independently from each of its two Lie-Poisson Hamiltonian
structures could be obtained by a completely analogous procedure to the one presented above, and will be
based on the complete classification of Lie bialgebra structures for the centrally extended (1+1) Poincaré
and so(3) algebras. For the sake of brevity we shall not discuss them in this paper in detail. However,
Rikitake system B is bi-Hamiltonian and thus the existence of the Poisson pencil (2.18) allows in principle
to construct bi-Hamiltonian integrable deformations by following the prodedure introduced in [7, 8]. The
essential point is that these deformations exist if and only if there are common cocycles δ for the two Lie
algebras underlying the bi-Hamiltonian structure, namely the centrally extended Poincaré and so(3) Lie
algebras. In the following we prove that Case B do not admit bi-Hamiltonian integrable deformations
since this condition cannot be fulfilled. Nevertheless, later we show how Case AB does admit such a
common cocycle, and we compute and analyse a particular bi-Hamiltonian deformation for this system.
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Theorem 1. The system

ẋ = y(z + β), ẏ = x(z − β), ż = −xy, (4.15)

where β ̸= 0, does not admit any bi-Hamiltonian Poisson-Lie integrable deformation.

Proof. System (4.15) is bi-Hamiltonian with respect to the non-trivially centrally extended (1 + 1)-
dimensional Lie-Poisson Poincaré algebra (2.11) and to the trivially centrally extended so(3) (2.14) Lie-
Poisson algebra. The necessary and sufficient condition for the existence of bi-Hamiltonian integrable
deformations of (4.15) is the existence of a common, i.e. independent of λ, cocommutator map δ for the
Poisson pencil

[X,Y ]λ = (1− λ) 2βW + λ 2Z [Y,Z]λ = X, [Z,X]λ = (−1 + 2λ)Y, [W, ·]λ = 0. (4.16)

We set a generic map δ : g → g ∧ g

δ(X) = η (a1 X ∧ Y + a2 X ∧ Z + a3 X ∧W + a4 Y ∧ Z + a5 Y ∧W + a6 Z ∧W )
δ(Y ) = η (b1 X ∧ Y + b2 X ∧ Z + b3 X ∧W + b4 Y ∧ Z + b5 Y ∧W + b6 Z ∧W )
δ(Z) = η (c1 X ∧ Y + c2 X ∧ Z + c3 X ∧W + c4 Y ∧ Z + c5 Y ∧W + c6 Z ∧W )
δ(W ) = η (d1 X ∧ Y + d2 X ∧ Z + d3 X ∧W + d4 Y ∧ Z + d5 Y ∧W + d6 Z ∧W )

(4.17)

and from here we impose the co-cycle condition

δ([X,Y ]λ) = [1⊗X +X ⊗ 1, δ(Y )] + [δ(X), 1⊗ Y + Y ⊗ 1] = (1− λ) 2β δ(W ) + λ 2 δ(Z)

δ([Y,Z]λ) = [1⊗ Y + Y ⊗ 1, δ(Z)] + [δ(Y ), 1⊗ Z + Z ⊗ 1] = δ(X)

δ([Z,X]λ) = [1⊗ Z + Z ⊗ 1, δ(X)] + [δ(Z)1⊗X +X ⊗ 1] = (−1 + 2λ)δ(Y )

δ([X,W ]λ) = [1⊗X +X ⊗ 1, δ(W )] + [δ(X), 1⊗W +W ⊗ 1] = 0

δ([Y,W ]λ) = [1⊗ Y + Y ⊗ 1, δ(W )] + [δ(Y ), 1⊗W +W ⊗ 1] = 0

δ([Z,W ]λ) = [1⊗ Z + Z ⊗ 1, δ(W )] + [δ(Z), 1⊗W +W ⊗ 1] = 0.

(4.18)

Solving these equations we obtain that

δ(X) = η

(
(1− 2λ)b3 Y ∧W + b4 X ∧ Z − b4

β(1− λ)

λ
X ∧W + (2β(1− λ)c2 − 2λc3)Z ∧W − c4 X ∧ Y

)

δ(Y ) = η

(
b3 X ∧W + b4 Y ∧ Z − b4

β(λ− 1)

λ
Y ∧W + b6Z ∧W + c2X ∧ Y

)

δ(Z) = η

(
c2X ∧ Z + c3X ∧W + c4Y ∧ Z +

(
(2λ− 1)

2λ
b6 +

β(1− λ)

λ
c4

)
Y ∧W

)
δ(W ) = 0.

(4.19)
Since δ should be defined for the complete Poisson pencil, including λ = 0, we obtain that b4 = 0, b6 = 0,
and c4 = 0. Therefore we have

δ(X) = η ((1− 2λ)b3 Y ∧W + (2β(1− λ)c2 − 2λc3)Z ∧W )

δ(Y ) = η (b3 X ∧W + c2X ∧ Y )

δ(Z) = η (c2X ∧ Z + c3X ∧W )

δ(W ) = 0.

(4.20)
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The only remaining λ-independent solution is obtained if b3 = 0 and c3 = −βc2,

δ(X) = 2ηβc2Z ∧W, δ(Y ) = ηc2X ∧ Y, δ(Z) = ηc2(X ∧ Z −X ∧W ), δ(W ) = 0. (4.21)

However, the co-Jacobi condition implies that the only cocommutator map is the trivial one δ(X) =
δ(Y ) = δ(Z) = δ(W ) = 0. Therefore, there are no non-trivial bi-Hamiltonian integrable deformations of
the system (4.15).

4.2.1 Bi-Hamiltonian deformation of the Rikitake AB system

We have seen that Case A does not admit (non-trivial) bi-Hamiltonian deformations. However, when
α = µ = β = 0 (Case AB), the system (2.19) does admit such deformations. This case is given by the
system of ODEs

ẋ = yz, ẏ = xz, ż = −xy. (4.22)

This system is known to be bi-Hamiltonian respect the following two Hamiltonian structures:

a) First Hamiltonian structure: The (1+1)-Poincaré Lie algebra

{x, y}0 = 0, {x, z}0 = y, {y, z}0 = x (4.23)

where the Casimir is given by C0 =
1

4
(y2 − x2), together with the Hamiltonian function

H0 =
1

4
(x2 + y2 + 2z2). (4.24)

b) Second Hamiltonian structure: The so(3) Lie algebra

{x, y}1 = 2z, {x, z}1 = −y, {y, z}1 = x (4.25)

with Casimir function given by C1 =
1

4
(x2 + y2 + 2z2), together with the Hamiltonian

H1 =
1

4
(y2 − x2). (4.26)

The Poisson pencil formed by these two Lie algebras reads

[X,Y ]λ = 2λZ, [X,Z]λ = (1− 2λ)Y, [Y,Z]λ = X. (4.27)

It is easy to see that, in contradistinction to Case A, now there are λ-independent common cocycles, like
for instance, the cocycle given in (3.6),

δ(X) = η X ∧ Z, δ(Y ) = η Y ∧ Z, δ(Z) = 0, (4.28)

whose dual Lie algebra is isomorphic to the ‘book’ algebra (3.7), with Lie bracket

[x̂, ŷ] = 0, [x̂, ẑ] = η x̂, [ŷ, ẑ] = η ŷ. (4.29)

The ‘book’ Lie group can be embedded in GL(3,R) as shown in (4.2). Using this parametrisation, the
coproduct ∆η : C∞(G∗) → C∞(G∗)⊗ C∞(G∗) is given by (4.4). A standard computation shows that the
unique Poisson structure on G∗ compatible with ∆η and therefore endowing C∞(G∗) with a Poisson-Hopf
algebra is given by the fundamental Poisson brackets

{x, y}λ,η =
η2[−x2 + y2(1− 2λ)] + 2λ(e2 η z − 1)

2 η
, {x, z}λ,η = (1− 2λ)y, {y, z}λ,η = x. (4.30)
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It is easy to check that the Casimir function for this Poisson-Lie group structure is given by

Cλ,η =
e−η z[η2(−x2 + y2(1− 2λ))− 2λ(eη z − 1)2]

4 η2
. (4.31)

The non deformed limit η → 0 of this function is well defined

Cλ,0 = lim
η→0

Cλ,η =
1

4
(−x2 + (1− 2λ)y2 − 2λ z) →


λ = 0, C0,0 =

1

4
(y2 − x2)

λ = 1, −C1,0 = −1

4
(x2 + y2 + 2z2).

(4.32)

When λ = 0 and λ = 1, these structures are Poisson-Lie deformations of the Lie-Poisson (1+1)-Poincaré
(4.23) and so(3) (4.25) Lie algebras, respectively.

a) When λ = 0, the deformed Poisson-Lie bracket becomes a deformation of the (1+1)-Poincaré
algebra (4.23), namely

{x, y}0,η =
η

2
(y2 − x2), {x, z}0,η = y, {y, z}0,η = x. (4.33)

As it was expected the only deformation in the Poisson-Lie brackets is produced for the {x, y}0,η
bracket whose η → 0 limit trivially gives us back the {x, y}0,0 = 0. In this case the deformed
Casimir (4.31) reduces to

C0,η =
e−η z

4
(y2 − x2), (4.34)

and finally, when the deformation parameter goes to zero, we recover the Casimir function C0 of
the (1+1)-Poincaré algebra,

C0,0 = lim
η→0

C0,η =
1

4
(y2 − x2) = C0. (4.35)

b) When λ = 1, the Poisson-Lie bracket (4.30) is a deformation of the so(3) algebra (4.25). Explicitly,
we have

{x, y}1, η =
2(e2 η z − 1)− η2(x2 + y2)

2 η
, {x, z}1, η = −y, {y, z}1, η = x. (4.36)

Moreover, the Casimir function reads

C1,η =
e−η z(−η2 (x2 + y2)− 2(eη z − 1)2)

4 η2
, (4.37)

which, in the undeformed limit, coincides (modulo an irrelevant global sign) with the so(3) Casimir
function C1, namely

C1,0 = lim
η→0

C1,η = −1

4
(x2 + y2 + 2z2) = −C1. (4.38)

5 Integrable deformations of the Rikitake system

In this Section we present explicitly the η-deformed dynamical systems arising from the Poisson-Lie
structures obtained in the previous Section.

5.1 Case A

In this case, we recall that the Hamiltonian takes the form

H =
1

2
(x2 + z2)− α log(x+ y). (5.1)
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The undeformed system (2.5) is obtained from the (1+1) Poincaré algebra (2.4), as shown in Section 2.
This system could be seen as a dynamical system defined on an Abelian (trivial cocommutator) Poisson-
Lie group. Therefore η-deformations, or equivalently, non-Abelian dual Poisson-Lie structures, define
integrable deformations of this system. In this case, both Poisson-Lie structures explicitly given in the
previous Section define the following deformed dynamical systems.

The “book” group deformation: The deformed equations coming from (4.5) and (5.1) read

ẋ = yz +
η

2
(x− y)α,

ẏ = xz +
η

2
(x− y) (x(x+ y)− α) ,

ż = α− xy.

(5.2)

A symplectic realisation of this deformed system is given by

x = e−
η p
2

√
k sinh q, y = e−

η p
2

√
k cosh q, z = p. (5.3)

Note that in the η → 0 limit we recover (2.7), both in the dynamical system and the symplectic realisation.

Figure 1: Projections xz (left) and yz (right) of the three-dimensional orbits of the deformed system
(5.2) with η = −0.5 (blue), η = −0.25 (green), η = 0 (black), η = 1 (orange) and η = 2 (red). Initial
conditions: x(0) = 0.5, y(0) = 1, z(0) = 1.

The Heisenberg group deformation: The deformed equations coming from the Poisson structure
(4.13) and the Hamiltonian function (5.1) are given by

ẋ = {x,H}η = z (y + η x)

ẏ = {y,H}η = z (x+ η y)

ż = {z,H}η = α− x y + η(α− x2).

(5.4)

A posible symplectic realisation in this case is given by

x = −eη q
√
k sinh q, y = −eη q

√
k cosh q, z = p. (5.5)

The most significant difference between (5.3) and (5.5) is that in the former both x and y are functions
of q and p, while in the latter they are only functions of the q variables.

Note that trajectories of the system with large positive values of the deformation parameter η tend
to be contained in a plane, while for large negative values of the deformation parameter η they bend
themselves and are truly 3-dimensional.
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Figure 2: Projections xz (left) and yx (right) of the three-dimensional orbits of the deformed system
(5.4) with η = −0.5 (blue), η = −0.25 (green), η = 0 (black), η = 1 (orange) and η = 2 (red). Initial
conditions: x(0) = 0.5, y(0) = 1, z(0) = 1.

5.2 Case AB

In order to compute the deformed Hamilton’s equations we have to take as Hamiltonian

H1,η = C0,η =
e−η z

4
(y2 − x2) (5.6)

and the Poisson algebra (4.36), or equivalently,

H0, η = −C1,η =
e−η z(η2 (x2 + y2) + 2(eη z − 1)2)

4 η2
, (5.7)

and the Poisson algebra (4.33). In both cases we recover the same dynamics, explicitly given by

ẋ = {x,H0,η}0,η = {x,H1,η}1,η =
y e−η z(−1 + e2 η z − η2 x2)

2 η
,

ẏ = {y,H0,η}0,η = {y,H1,η}1,η =
x e−η z(−1 + e2 η z − η2 y2)

2 η
,

ż = {z,H0,η}0,η = {z,H1,η}1,η = −e−η zxy.

(5.8)

Again, the non deformed limit gives us back the non-deformed equations (4.22). A symplectic realisation
for this bi-Hamiltonian system is given by

x =
1

η

√
2− 4λ

2λ− 1

√
−(eη p − 1)2λ− 2η2 eη p|k| sinh(

√
1− 2λ q)

y =
2

η
√
2λ− 1

√
−eη p(η2 |k|+ λ(cosh η p− 1)) cosh(

√
1− 2λ q)

z = p.

(5.9)

This realisation is valid for any value of λ ̸= 1/2, that is, it is a family of parameterisations of the Poisson
leaves of the deformed Poisson pencil (4.30).

It is interesting to comment on some aspects of the deformed dynamics of this system. Firstly, we
note that although the deformed system (5.8) is symmetric under the change x ↔ y, this symmetry is
not manifest in the numerical integration shown in Figure 3. This is due to the fact that the initial
conditions for x and y have to be different. In fact, as it is easy to see from the fact that (5.6) is
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Figure 3: Projections yz (left) and xz (right) of the three-dimensional orbits of the bi-Hamiltonian
deformed system (5.8) with η = −2 (blue), η = −1 (green), η = 0 (black), η = 1 (orange) and η = 2
(red). Initial conditions: x(0) = 0.5, y(0) = 1, z(0) = 1.

a constant of the motion, there cannot be closed orbits of the system such that x(0) = y(0), thus
preventing the existence of orbits reflecting the x ↔ y symmetry of the system. Secondly, a closer look
at the third equation ż = −e−η zxy shows that if η is large and positive, then when z becomes positive,
the (closed) trajectories will reach a turning point since ż → 0. A similar situation appears when η is
large and negative, and z becomes negative. Both of these situations are clearly visible in the red and
blue trajectories, respectively, from Figure 3.

6 Coupled systems and cluster variables: the AB case

In order to perform a detailed analysis of the N = 2 coupled systems let us introduce for simplicity the
following change of variables for the deformed AB case (4.30)

x′ = e−
η
2 zx, y′ = e−

η
2 zy, z′ = z. (6.1)

Under the transformation (6.1) the deformed Poisson brackets reads

{x′, y′}λ,η =
2λ sinh(η z′)

η
, {x′, z′}λ,η = (1− 2λ)y′, {y′, z′}λ,η = x′. (6.2)

Applying the transformation (6.1) to the AB deformed Casimir function (4.31) we arrive to the following
expression

Cλ,η = −4λ(cosh (η z′)− 1) + η2((x′)2 + (2λ− 1)(y′)2)

4 η2
. (6.3)

Finally, we compute the N = 2 coupled systems for both deformed structures (λ = 0, λ = 1) and we
analyse how the bi-hamiltonian character is broken. From (6.3) and taking λ = 1 we get the Hamiltonian
function

H1, η ≡ C0,η =
1

4
((y′)2 − (x′)2). (6.4)

Using the Poisson pencil (6.2) with λ = 1, the equations in this coordinates are given by

ẋ′ =
y′ sinh(η z′)

η
,

ẏ′ =
x′ sinh(η z′)

η
,

ż′ = −x′ y′,

(6.5)
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and the additional invariant given by the deformed Poisson bracket reads

C1,η = −4(cosh(η z′)− 1) + η2((x′)2 + (y′)2)

4 η2
. (6.6)

In order to compute the N=2 coupling we have to take into account the coproduct (4.4), which in the
new variables (6.1) becomes

∆η(x
′) = x′

1e
η
2 z

′
2 + e−

η
2 z

′
1x′

2, ∆η(y
′) = y′1e

η
2 z

′
2 + e−

η
2 z

′
1y′2, ∆η(z

′) = z′1 + z′2. (6.7)

From (6.7) we can define the so called cluster variables

x+ = x′
1e

η
2 z

′
2 + e−

η
2 z

′
1x′

2, y+ = y′1e
η
2 z

′
2 + e−

η
2 z

′
1y′2, z+ = z′1 + z′2. (6.8)

Using the coproduct (6.7) of the Hamiltonian (6.4), i.e.

H(2)
1 η := ∆η(H1, η) =

1

4

(
∆η

(
(y′)2

)
−∆η

(
(x′)2

))
, (6.9)

we compute theN = 2 coupled system for the λ = 1 case. Using the set of coordinates {x+, y+, z+, x1, y1, z1},
the system of ODEs read

ẋ+ =
y+ sinh(η z+)

η

ẏ+ =
x+ sinh(η z+)

η

ż+ = −x+ y+



ẋ′
1 =

η y′1
4

(y2+ − x2
+) +

e
η
2 (z+−z′

1)

4 η
(4y+ sinh(η z′1) + η2 y′1(x+x

′
1 − y+y

′
1))

ẏ′1 =
η x′

1

4
(x2

+ − y2+) +
e

η
2 (z+−z′

1)

4 η
(4x+ sinh(η z′1) + η2 x′

1(−x+x
′
1 + y+y

′
1))

ż′1 = −1

2
e

η
2 (z+−z′

1)(x+y
′
1 + y+x

′
1).

(6.10)
Therefore we note that the dynamics for the cluster variables {x+, y+, z+} is exactly the same as the
original system, while the dynamics for the other variables ({x1, y1, z1} in this case) is much more involved.
It should be noted that this is a general feature of our formalism: cluster variables give a set of coordinates
(canonically defined by means of the coproduct of the original variables) in which we recover a subsystem
with identical dynamics to the original one. However, the coupled system is much more involved, and it
is reflected in the dynamics for the rest of the coordinates we choose, which in general involves all of the
variables.

A similar construction can be done for the λ = 0 case. From (6.2) we have the following deformed
Poisson-Lie brackets

{x′, y′} = 0, {x′, z′} = y′, {y′, z′} = x′. (6.11)

In this case the Hamiltonian function is given by

H0, η ≡ −C1,η =
4(cosh(η z′)− 1) + η2

(
(x′)2 + (y′)2

)
4 η2

(6.12)

and the additional invariant for the Poisson-Lie algebra is

C0,η =
1

4

(
(x′)2 − (y′)2

)
. (6.13)

The equations for the one-copy system are the same as in the λ = 1 case (6.5), i.e.

ẋ′ =
y′ sinh(η z′)

η
,

ẏ′ =
x′ sinh(η z′)

η
,

ż′ = −x′ y′.

(6.14)
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Therefore, as we already know, the one-copy system is bi-Hamiltonian. This will clearly change when we
consider the N = 2 coupled system defined by the deformed coproduct (6.7) of the Hamiltonian function
(6.12), namely

H(2)
0 η = ∆η(H0, η) =

4(cosh(η∆η(z
′))− 1)) + η2(∆η(x

′2) + ∆η(y
′2))

4 η2
. (6.15)

Using again the set of coordinates {x+, y+, z+, x1, y1, z1}, the dynamical system reads

ẋ+ =
y+ sinh(η z+)

η

ẏ+ =
x+ sinh(η z+)

η

ż+ = −x+ y+



ẋ′
1 =

y′1
4 η

(
4 sinh(η z+) + e

η
2 (z+−z′

1) η2(x+x
′
1 + y+y1)− η2(x2

+ + y2+)
)

ẏ′1 =
x1

4 η

(
4 sinh(η z+) + e

η
2 (z+−z′

1) η2(x+x
′
1 + y+y

′
1)− η2(x2

+ + y2+)
)

ż′1 = −1

2
e

η
2 (z+−z′

1)(x+y
′
1 + y+x

′
1).

(6.16)
As we can straightforwardly see, whilst the subsystem defined by {x+, y+, z+} is common for the two
λ-cases (as it should be, since this is a direct consequence of the definition of the cluster variables), the
equations for the variables {x1, y1, z1} is different for λ = 0 and λ = 1. Therefore, the coupling procedure
defined by means of the Poisson-Lie group structure breaks the initial bi-Hamiltonian character of the
system.

7 Concluding remarks

Given any integrable Hamiltonian dynamical system defined in terms of a Lie-Poisson algebra and a
Hamiltonian function, the formalism presented in this paper provides a systematic and constructive
method to obtain certain integrable deformations of such system that can be generalized to nontrivially
coupled versions of it. In particular, for each Lie bialgebra structure (g, δ) of the Lie algebra underlying the
Poisson-Lie bracket of the initial integrable system, a different integrable deformation can be constructed.
The deformed system will be Hamiltonian with respect to a Poisson-Lie structure on the dual Lie group
G∗ whose Lie algebra g∗ is defined by dualizing the Lie bialgebra map δ, and constants of the motion for
the deformed system will be given by the deformed Casimir functions of such Poisson-Lie structure. In
this way, the dynamical variables for the deformed system are just the local coordinates for the dual Lie
group G∗. Finally, the coupled system and its constants of the motion will be obtained by making use of
the fact that the group multiplication on G∗ is a Poisson map for the Poisson-Lie structure on G∗ that
defines the deformation.

Some instances of integrable cases of the Rikitake family of dynamical systems have been considered
in order to illustrate this completely generic framework and to emphasise the role of Lie bialgebras and
Poisson-Lie groups in dynamical systems theory. In particular, the A system is defined onto the Lie-
Poisson (1+1) Poincaré algebra, whose complete classification of Lie bialgebra structures is well-known
and consists in six different non-trivial cases [28]. Among them, we have considered two representative
cases whose dual Lie groups G∗ are the ‘book’ group and the Heisenberg group. A Poisson-Lie structure
deforming the Lie-Poisson Poincaré algebra can be constructed on each of these two Lie groups, and the
two associated integrable deformations of the A system have been explicitly constructed and studied. We
stress that, in general, the classification of Lie bialgebra structures (and, therefore, of dual Poisson-Lie
group brackets) of a given Lie algebra g is by no means a trivial problem, which is only fully solved for
3D (both complex and real) Lie algebras [28].

On the other hand, we have also considered the bi-Hamiltonian Rikitake system B in order to study
the possibility of obtaining bi-Hamiltonian deformations under the abovementioned framework. This
implies the existence of a common cocommutator map δ for the two Lie algebra structures associated
to the bi-Hamiltonian structure of the B system. In this case the answer to this question turns out to
be negative, and shows that the preservation of a bi-Hamiltonian structure for Poisson-Lie deformations
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imposes strong constraints on the formalism. Nevertheless, the particular Rikitake case AB has been
shown to admit such a common Lie bialgebra map δ for the two unerlying Lie algebras, and the bi-
Hamiltonian deformation can be explicitly constructed.

We have also provided some numerical simulations for the dynamics of the three deformed Rikitake
systems. As expected, all of them present closed trajectories due to their integrability properties, and in
general we can see that for negative values of the deformation parameter η the difference between the
orbits of the deformed and undeformed systems are larger than for positive values of η. This is quite
natural since the deformations do not present the η → −η symmetry.

Finally, case AB has been used to exemplify the construction of deformed coupled Rikitalke systems.
We have studied the dynamics of such coupled systems, which becomes much more transparent by making
use of the so-called ‘cluster variables’. These are collective variables defined as the deformed coproduct
map (i.e. the group multiplication law on G∗ for the local coordinates) and the dynamics of the coupled
system is such that these cluster variables evolve under the same equations as the dynamical variables
of the uncoupled deformed system. At this point it is worth stressing that the construction of coupled
systems can be generalized to an arbitrary number N of copies [2, 3] just by considering the N -th
coproduct map ∆N (i.e. multiplication of N elements of the G∗ group) and in that case the global
collective variables defined by ∆N will again reproduce the dynamics of a single deformed system. This
generalization to N coupled copies is ensured by construction due to the underlying group structure,
and shows that systems obtained through Poisson-Lie deformations constitute an exceptional class of
nonlinear dynamical systems.
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