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Is γKLS-generalized statistical field theory complete?

Paulo R. S. Carvalho∗

Departamento de Física, Universidade Federal do Piauí, 64049-550, Teresina, PI, Brazil

In this Letter we introduce some field-theoretic approach for computing the critical properties
of γKLS-generalized systems undergoing continuous phase transitions, namely γKLS-statistical field
theory. From this new approach emerges the new generalized O(N)γKLS universality class, which
is capable of encompassing nonconventional critical exponents for real imperfect systems known as
manganites not described by standard statistical field theory. We compare the generalized results
with those obtained from measurements in manganites. The agreement was satisfactory, where the
relative errors are < 5% for the most of manganites used. Although the present approach describes
the aforementioned nonconventional critical indices, we show that it is not complete. For example,
it does not explain the results for some other manganites, being explained only for nonextensive
statistical field theory recently introduced in literature. So, γKLS-statistical field theory has to be
discarded for statistical mechanics generalization purposes.

I. INTRODUCTION

Recently, a field-theoretic renormalization group
method for describing the unconventional critical behav-
ior of some real imperfect systems known as mangan-
ites [1–20] was proposed [21]. These systems are com-
plex and present a large number of strong interacting
particles, defects, impurities, inhomogeneities, nonlinear-
ities, competition etc. Such systems can not be under-
stood by employing standard Gibbs-Boltzmann statisti-
cal field theory (SFT) formulated by Kenneth Wilson
[22]. Rather, we have to employ some generalized version
of Wilson field-theoretic renormalization group, namely
nonextensive statistical field theory (NSFT) [21]. As it is
known, there are many attempts of generalizing Gibbs-
Boltzmann statistical mechanics [23–27]. In this direc-
tion, we have to check what of these proposed general-
izations satisfy to the all requirements needed for a con-
sistent generalized theory. Some of these conditions are:
they have to emerge from a maximum principle and a
trace-form entropy, present decisivity, maximality, con-
cavity, Lesche stability, positivity, continuity, symmetry
and expansibility. Once all these conditions are satis-
fied, the corresponding proposed generalized theory has
to be applied to all experimental situations not described
by the standard theory. If there is, at least, one ex-
perimental situation in which some proposed generalized
statistics does not describe the referred experimental re-
sults, this statistics is not general enough to represent a
generalized theory. Then it has to be discarded as one
candidate to generalize statistical mechanics. In fact, re-
cently it was shown that it was the case for Kaniadakis
attempt for generalizing statistical mechanics [28], i. e.,
this statistics, namely Kaniadakis statistics [24] does not
describe the set of unconventional critical exponents val-
ues for some manganites as NSFT does [21].

The aim of this Letter is to search if there are some
field-theoretic renormalization group generalizations sat-
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isfying all the requirements aforementioned other than
NSFT (parameterized by the parameter q encoding some
effective interaction [21]). For that, we employ the γKLS-
generalized statistics proposed in Ref. [26]. It is pa-
rameterized by the parameter γ [26, 27]. In the present
context of critical exponents, we have to avoid to repre-
sent different concepts with the same letter, for example
the γ parameter and the susceptibility critical exponent
γ. Then we have to use γKLS instead γ for represent-
ing that parameter. We will call such a theory as γKLS-
generalized statistical field theory or γKLS-SFT for short.
The range of γKLS is −1/2 < γKLS < 1/2 [26, 27].
We expect to recover the nongeneralized critical expo-
nents values obtained by Kenneth Wilson [22] in the limit
γKLS → 0. Also we expect the emergence of some γKLS-
generalized universality class for γKLS-generalized Ising-
like systems, namely the O(N)γKLS

one. Now the critical
indices will depend on the dimension d, N and symme-
try of some N -component order parameter, if the inter-
actions of the constituents of the systems are of short-
or long-range type and γKLS . From the physical inter-
pretation of the results, it will emerge the corresponding
physical interpretation of the γKLS parameter. For a
similar field-theoretic approach, see Ref. [29].

II. γKLS-SFT

We introduce the γKLS-SFT by defining its generating
functional by

Z[J ] = N−1 expγKLS

[

−

∫

ddxLint

(

δ

δJ(x)

)]

×

∫

exp

[

1

2

∫

ddxddx′J(x)G0(x − x′)J(x′)

]

(1)
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where

e−xγKLS
=





(

1 +
√

1 + 4γ3KLSx
3

2

)
1

3

+

(

1−
√

1 + 4γ3KLSx
3

2

)
1

3





1

γKLS

, (2)

is the γKLS-exponential function [26, 27]. We can deter-
mine the constant N from the condition Z[J = 0] = 1.
Now we can compute the static γKLS-generalized criti-
cal exponents for O(N)γKLS

universality class for γKLS-
φ4 theory through six distinct and independent methods
in d = 4 − ǫ dimensions. The two independent γKLS-
generalized indices valid for all loop levels are given by

ηγKLS
= η +

γKLS
1− γKLS

(N + 2)ǫ2

2(N + 8)2
, (3)

νγKLS
= ν +

γKLS
1− γKLS

(N + 2)ǫ

4(N + 8)
. (4)

The η and ν indices are the corresponding nongeneralized
critical indices valid for all loop orders. The correspond-
ing dynamic γKLS-generalized critical index is given by

zγKLS
= z +

γKLS
1− γKLS

[6 ln(4/3)− 1](N + 2)

2(N + 8)2
ǫ2, (5)

where z is the nongeneralized index value valid for all
loop levels.

III. COMPARISON BETWEEN THEORETIC

AND EXPERIMENTAL RESULTS

We compare the results of Eqs. (3)-(4) and scaling rela-
tions among them with those obtained from experiments
for some manganites in Tables I-II. We use the values
η = 0.061(8), ν = 0.689(2), β = 0.365(3), γ = 1.336(4)
[30] and η = 0.030(4), ν = 0.630(1), β = 0.325(2),
γ = 1.241(2) [30] for nongeneralized Heinsenberg and
Ising, respectively.

We observe in Tables I-II that experimental values ob-
tained from experiments for various manganites (γKLS 6=
0) are distinct from those nongeneralized ones (γKLS =
0). The agreement is satisfactory, withing some margin of
error of < 5% for the most of manganites. Then, the crit-
ical behavior of manganites is nonconventional [1–20] and
can not be described by conventional SFT [22]. They be-
long to both γKLS-Heinsenberg (N = 3) and γKLS-Ising
(N = 1) universality classes, respectively. The γKLS-
generalizaed critical exponents (temperature) values in-
crease (decrease, see Table III) with increasing of γKLS .

TABLE I. Static γKLS-generalized critical exponents
(γKLS 6= 0) to 3d (ǫ = 1) Heisenberg (N = 3) systems, ob-
tained from experiment through Modified Arrott (MA) plots
[31], Kouvel-Fisher (KF) method [32] and γKLS-SFT of this
work.

γKLS-Heisenberg βγKLS γγKLS

La0.67Sr0.33MnO3[33]MAP 0.333(8) 1.325(1)
γKLS = -0.5 This work 0.343(3) 1.267(7)
Pr0.77Pb0.23MnO3[3]MAP 0.343(5) 1.357(20)
Pr0.77Pb0.23MnO3[3]KF 0.344(1) 1.352(6)
γKLS = -0.30 This work 0.350(3) 1.289(7)
AMnO3[4]MAP 0.355(7) 1.326(2)
AMnO3[4]KF 0.344(5) 1.335(2)
γKLS = -0.15 This work 0.357(3) 1.309(7)
Nd0.7Pb0.3MnO3[5]MAP 0.361(13) 1.325(1)
Nd0.7Pb0.3MnO3[5]KF 0.361(5) 1.314(1)
γKLS = -0.10 This work 0.360(3) 1.318(7)
LaTi0.2Mn0.8O3[6]KF 0.359(4) 1.280(10)
γKLS = -0.10 This work 0.360(3) 1.318(7)
La0.67Sr0.33Mn0.95V0.05O3[33]MAP 0.358(5) 1.381(4)
γKLS = -0.10 This work 0.360(3) 1.318(7)

γKLS = 0.00 [7] 0.365(3) 1.336(4)

Nd0.85Pb0.15MnO3[5]MAP 0.372(1) 1.340(30)
Nd0.85Pb0.15MnO3[5]KF 0.372(4) 1.347(1)
γKLS = 0.05 This work 0.369(3) 1.362(7)
Nd0.6Pb0.4MnO3[9]KF 0.374(6) 1.329(3)
γKLS = 0.05 This work 0.369(3) 1.362(7)
La0.67Sr0.33Mn0.95V0.15O3[33]MAP 0.375(3) 1.355(6)
γKLS = 0.05 This work 0.369(3) 1.362(7)
La0.67Ba0.22Sr0.11MnO3[10]MAP 0.378(3) 1.388(1)
La0.67Ba0.22Sr0.11MnO3[10]KF 0.386(6) 1.393(4)
γKLS = 0.10 This work 0.377(3) 1.347(7)
LaTi0.95Mn0.05O3[6]KF 0.378(7) 1.290(20)
γKLS = 0.10 This work 0.377(3) 1.347(7)
LaTi0.9Mn0.1O3[6]KF 0.375(5) 1.250(20)
γKLS = 0.10 This work 0.377(3) 1.347(7)
LaTi0.85Mn0.15O3[6]KF 0.376(3) 1.240(10)
γKLS = 0.10 This work 0.377(3) 1.347(7)
La0.67Ca0.33Mn0.9Ga0.1O3[11]MAP 0.380(2) 1.365(8)
La0.67Ca0.33Mn0.9Ga0.1O3[11]KF 0.387(6) 1.362(2)
γKLS = 0.15 This work 0.378(3) 1.372(7)
La0.67Ba0.22Sr0.11Mn0.9Fe0.1O3[10]MAP 0.398(2) 1.251(5)
La0.67Ba0.22Sr0.11Mn0.9Fe0.1O3[10]KF 0.395(3) 1.247(3)
γKLS = 0.30 This work 0.395(3) 1.424(7)
La0.67Ba0.22Sr0.11Mn0.8Fe0.2O3[10]MAP 0.411(1) 1.241(4)
La0.67Ba0.22Sr0.11Mn0.8Fe0.2O3[10]KF 0.394(3) 1.292(3)
γKLS = 0.30 This work 0.395(3) 1.424(7)
Pr0.7Pb0.3MnO3[3]MAP 0.404(6) 1.354(20)
Pr0.7Pb0.3MnO3[3]KF 0.404(1) 1.357(6)
γKLS = 0.35 This work 0.402(3) 1.446(7)
La0.75(Sr,Ca)0.25Mn0.9Ga0.1O3[10]MAP 0.420(5) 1.221(2)
La0.75(Sr,Ca)0.25Mn0.9Ga0.1O3[10]KF 0.428(5) 1.286(4)
γKLS = 0.45 This work 0.421(3) 1.503(7)
Pr0.5Sr0.5MnO3[12]MAP 0.443(2) 1.339(6)
Pr0.5Sr0.5MnO3[12]KF 0.448(9) 1.334(10)
γKLS = 0.50 This work 0.434(3) 1.540(7)
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TABLE II. Static γKLS-generalized critical exponents
(γKLS 6= 0) to 3d (ǫ = 1) Ising (N = 1) systems, obtained
from experiment through Modified Arrott (MA) plots [31],
Kouvel-Fisher (KF) method [32] and γKLS-SFT of this work.

γKLS-Ising βγKLS γγKLS

La0.8Sr0.2MnO3[13] 0.290(10)
γKLS = -0.35 This work 0.311(1) 1.201(3)
Nd0.55Sr0.45Mn0.98Ga0.02O3[14] 0.308(10) 1.197
γKLS = -0.35 This work 0.311(1) 1.201(3)
Pr0.6Sr0.4MnO3[15]MAP 0.315(0) 1.095(7)
Pr0.6Sr0.4MnO3[15]KF 0.312(2) 1.106(5)
γKLS = -0.15 This work 0.318(1) 1.221(3)
La0.8Ca0.2MnO3[16]KF 0.316(7) 1.081(36)
γKLS = -0.15 This work 0.318(1) 1.221(3)
La0.7Ca0.3Mn0.85Ni0.15O3[17]MAP 0.320(9) 0.990(82)
γKLS = -0.05 This work 0.322(1) 1.234(3)
Nd0.6Sr0.4MnO3[18]MAP 0.320(6) 1.239(2)
Nd0.6Sr0.4MnO3[18]KF 0.323(2) 1.235(4)
γKLS = -0.05 This work 0.322(1) 1.234(3)
Nd0.6Sr0.4MnO3[15]MAP 0.321(3) 1.183(17)
Nd0.6Sr0.4MnO3[15]KF 0.308(4) 1.172(11)
γKLS = -0.05 This work 0.322(1) 1.234(3)
Nd0.67Ba0.33MnO3[19]MAP 0.325(4) 1.248(19)
Nd0.67Ba0.33MnO3[19]KF 0.326(5) 1.244(33)
γKLS = -0.05 This work 0.322(1) 1.234(3)
γKLS = 0.00 [7] 0.325(2) 1.241(2)
La0.65Bi0.05Sr0.3MnO3[20]MAP 0.335(3) 1.207(20)
La0.65Bi0.05Sr0.3MnO3[20]KF 0.316(7) 1.164(20)
γKLS = 0.10 This work 0.330(1) 1.258(3)
La0.65Bi0.05Sr0.3Mn0.94Ga0.06O3[20]MAP0.334(4) 1.192(8)
La0.65Bi0.05Sr0.3Mn0.94Ga0.06O3[20]KF 0.307(8) 1.138(5)
γKLS = 0.10 This work 0.330(1) 1.258(3)

We interpret these results as follows: a given physical
quantity, near the transition point, diverges. How much
it diverges is measured by its associated critical exponent.
In the case of susceptibility, for example, its inverse fur-
nishes a measure of how much the material is susceptible
to the changes in magnetic field. Higher (lower) values
of the γ critical index indicates more (less) susceptible
or weaker interacting (stronger) systems. These facts are
in agreement with the form of the effective energy of the
system, which can be obtained by the some expansion
around γKLS ≈ 0. In fact, taking the leading contribu-
tion to the energy of the system as E, in units of kBT ,

from e−EγKLS
≈ e−E

(

1− 1
2γKLSE

2
)

≈ e−(E+ 1

2
γKLSE

2).

So the effective energy E + 1
2γKLSE

2 increases with the
increasing of γKLS . Then higher (lower) values of γKLS
represent systems interacting weaker (stronger) or more
(less) susceptible and thus possessing higher (lower) val-
ues of their critical exponents. Also higher (lower) val-
ues of γKLS give higher (lower) values of E and then we
have to furnish less (more) energy to attain the respective
critical transition temperature so the critical transition
temperatures assume lower (higher) values and decrease.
Although γKLS-SFT can explain the results for the Ta-
bles I-II, it does not explain the results of Table IV for
some materiais, being explained only for NSFT (see Ta-
ble IV) of Ref. [21]. Then, γKLS-SFT must be discarded

TABLE III. γKLS-generalized critical temperature (γKLS 6=
0) to 3d (ǫ = 1) Heisenberg (N = 3) systems, obtained
from experiment through Modified Arrott (MA) plots [31] and
Kouvel-Fisher (KF) methods.

γKLS-Heisenberg βγKLS Tc, γKLS (K)
La0.67Sr0.33MnO3[33]MAP 0.333(8) 350
γKLS = -0.5 This work 0.343(3)
La0.67Sr0.33Mn0.95V0.05O3[33]MAP 0.358(5) 326
γKLS = -0.10 This work 0.360(3)
La0.67Sr0.33Mn0.95V0.10O3[33]MAP 0.367(3) 301
γKLS = 0.05 This work 0.369(3)
La0.67Sr0.33Mn0.95V0.15O3[33]MAP 0.375(3) 290
γKLS = 0.10 This work 0.377(3)

La0.67Ba0.22Sr0.11MnO3[10]MAP 0.378(3) 343
La0.67Ba0.22Sr0.11MnO3[10]KF 0.386(6) 342
γKLS = 0.10 This work 0.377(3)
La0.67Ba0.22Sr0.11Mn0.9Fe0.1O3[10]MAP 0.398(2) 191
La0.67Ba0.22Sr0.11Mn0.9Fe0.1O3[10]KF 0.395(3) 189
γKLS = 0.30 This work 0.395(3)
La0.67Ba0.22Sr0.11Mn0.8Fe0.2O3[10]MAP 0.411(1) 130
La0.67Ba0.22Sr0.11Mn0.8Fe0.2O3[10]KF 0.394(3) 139
γKLS = 0.30 This work 0.395(3)

La0.7Ba0.3MnO3[2]MAP 0.341(3) 339
La0.7Ba0.3MnO3[2]KF 0.357(160) 340
γKLS = -0.50 This work 0.343(3)
La0.6Pr0.1Ba0.3MnO3[2]MAP 0.396(16) 321
La0.6Pr0.1Ba0.3MnO3[2]KF 0.391(2) 321
γKLS = 0.30 This work 0.395(3)
La0.5Pr0.2Ba0.3MnO3[2]MAP 0.494(10) 304
La0.5Pr0.2Ba0.3MnO3[2]KF 0.491(23) 304
γKLS = 0.50 This work 0.434(3)

as one trying to generalize statistical mechanics. For our
knowledge, only NSFT of Ref. [21] remains a fully con-
sistent or complete generalized formulation of statistical
field theory.

IV. OTHER γKLS-MODELS

Now that γKLS-SFT has been validated experimen-
tally, we display the γKLS-critical indices for other mod-
els.

A. Both γKLS-percolation and γKLS-Yang-lee edge

singularity

In the case of both γKLS-percolation [38] (α = −1
and β = −2) and γKLS-Yang-Lee edge singularity [38]
(α = −1 and β = −1) in dimensions d = 6 − ǫ we can
write,

ηγKLS
= η −

γKLS
1− γKLS

8αβ

3(α− 4β)[α − 4β(1− 3γKLS)/(1− γKLS)]
ǫ,

(6)
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TABLE IV. Static critical exponents to 3d (ǫ = 1) Heinsen-
berg (N = 3) systems, obtained from experiment through
Modified Arrott (MA) plots [31], Kouvel-Fisher (KF) method
[32] and NSFT (q 6= 0) of Ref. [21].

Heisenberg β γ

La0.7Sr0.3MnO0.97Ni0.03O3[34] 0.468(6) 1.010(21)
γKLS = - This work - -
q = 0.40 [21] 0.469(4) 1.640(8)
La0.7Sr0.3Mn0.94Co0.06O3[35] 0.478(13) 1.165(27)
γKLS = - This work - -
q = 0.39 [21] 0.474(4) 1.653(8)
La0.7Sr0.3Mn0.92Co0.08O3[35] 0.483(18) 1.112(28)
γKLS = - This work - -
q = 0.37 [21] 0.484(4) 1.680(8)
La0.7Sr0.3Mn0.90Co0.10O3[35] 0.487(16) 1.109(63)
γKLS = - This work - -
q = 0.36 [21] 0.489(4) 1.695(8)
La0.67Ca0.33Mn0.95Fe0.05O3[36] 0.550(10) 1.0246(3)
γKLS = - This work - -
q = 0.27 [21] 0.556(4) 1.876(9)
La0.67Ca0.33Mn0.90Cr0.10O3[37] 0.555(6) 1.170(40)
γKLS = - This work - -
q = 0.27 [21] 0.556(4) 1.876(9)
La0.67Ca0.33Mn0.75Cr0.25O3[37] 0.680(10) 1.090(30)
γKLS = - This work - -
q = 0.19 [21] 0.674(5) 2.172(10)

ν−1
γKLS

= ν−1 −

γKLS
1− γKLS

40αβ

3(α− 4β)[α− 4β(1− 3γKLS)/(1− γKLS)]
ǫ,

(7)

ωγKLS
= ω. (8)

For γKLS-Yang-Lee edge singularity, the ηγKLS
and

νγKLS
indices are dependent [38, 39]. They are related

through ν−1
γKLS

= (d − 2 + ηγKLS
)/2 [38, 39]. Thus from

the value of ηγKLS
, by employing the values α = −1 and

β = −1, we compute νγKLS
. The remaining ones can be

obtained from the scaling relations among them [40].

B. γKLS-φ6 theory

The N -component γKLS-φ6 theory in d = 3−ǫ [41, 42]
describes γKLS-tricritical points to N = 2 and corre-
sponds to 3He-4He mixtures or antiferromagnets in the
presence of a strong external field (metamagnets) [43].
The γKLS-critical exponents assume the form

ηγKLS
= η +

γKLS
1− γKLS

(N + 2)(N + 4)

12(3N + 22)2
ǫ2, (9)

νγKLS
= ν +

γKLS
1− γKLS

(N + 2)(N + 4)

3(3N + 22)2
ǫ2. (10)

Actually, η and ν are known up to six-loop order [43].

C. γKLS-long-range systems

The γKLS-long-range critical exponents for N -
component γKLS-Ising-like models whit interactions de-
caying as 1/rd+σij can be defined at three different sectors

[44]. The γKLS-critical indices, in d = 2σ − ε, are given
by

ησ, γKLS
=











ηγKLS
if σ > 2− ηγKLS

ησ if d/2 < σ < 2− ηγKLS

0 if σ < d/2,

νσ, γKLS
=



















νγKLS
if σ > 2− ηγKLS

νσ + γKLS

1−γKLS

(N+2)
σ2(N+8)ǫ if d/2 < σ < 2−

ηγKLS

1/2 if σ < d/2,

where ησ = 2 − σ for any loop order [45, 46], ηγKLS
and

νγKLS
are the short-range γKLS-critical indices of Eqs.

(3)-(4), and νσ has been evaluated up to two-loop order
[47] in the interval d/2 < σ < 2− ηγKLS

.

D. γKLS-Gross-Neveu model

From the γKLS-Gross-Neveu model in d = 2 + ǫ [48]
we can study both ψ and ψ̄ Dirac massive fermions of
mass M. The γKLS-critial exponents are

ηψ, γKLS
= ηψ +

γKLS
1− γKLS

(2N − 1)

8(N − 1)2
ǫ2, (11)

ηM, γKLS
= ηM +

γKLS
1− γKLS

ǫ

2(N − 1)
, νγKLS

= ν,(12)

where, up to now, the nongeneralized critical exponents
have been evaluated up to four-loop level [49].

E. γKLS-uniaxial systems with strong dipolar forces

γKLS-uniaxial systems with strong dipolar forces in the
z-direction are described by the following Hamiltonian
[50]

H = −
∑

~x~x′

∑

µν

Sµ~xS
ν
~x′

(

Vµν(~x− ~x′) +
γ∂z∂z′

|~x− ~x′|d−2

)

, (13)

where Vµν(~x) is the short-range potential and γ is a pa-
rameter for controlling the dipolar forces intensity. In in
d = 3 − ǫ dimensions, the γKLS-critical exponents are
given by

ηγKLS
= η +

γKLS
1− γKLS

4(N + 2)

9(N + 8)2
ǫ2, (14)
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ν−1
γKLS

= ν−1 −
γKLS

1− γKLS

(N + 2)

(N + 8)
ǫ, (15)

where, η and ν are displayed in Ref. [50] up to two-loop
level.

F. γKLS-spherical model

The γKLS-spherical model [51] can be obtained by tak-
ing the limit N → ∞ [52] of the O(N)γKLS

model of
the present Letter. After taking this limit, we obtain in
d = 4− ǫ

ηγKLS
= η, νγKLS

= ν +
γKLS

1− γKLS

ǫ

4
, (16)

where the corresponding nongeneralized values are exact,
namely η = 0 and ν = 1/(2− ǫ) [22].

G. γKLS-Lifshitz critical points

The γKLS-Lifshitz points [53–66] are composed of the
m-axial Lifshitz points [54] an their generalized forms
for the higher character cases [55]. For the latter,
there are d − m-, m2-,..., mn-dimensional vectors, re-
spectively. The generic higher character γKLS-Lifshitz
anisotropic (treated both in the orthogonal approxima-
tion) and isotropic (computed in both orthogonal approx-
imation and exactly) indices are given by

ηn, γKLS
= ηn +

γKLS
1− γKLS

n
(N + 2)

2(N + 8)2
ǫ2n, (17)

νn, γKLS
= νn +

γKLS
1− γKLS

(N + 2)

4n(N + 8)
ǫn, (18)

where ǫL = 4 +
∑L

n=2[(n− 1)/n]mn − d,

ηn, γKLS
= ηn +

γKLS
1− γKLS

(N + 2)

2n(N + 8)2
ǫ2n, (19)

νn, γKLS
= νn +

γKLS
1− γ

(N + 2)

4n2(N + 8)
ǫn, (20)

where ǫL = 4n− d,

ηn, γ = ηn +
γ

1− γ

(−1)n+1Γ(2n)2(N + 2)

Γ(n+ 1)Γ(3n)(N + 8)2
ǫ2n, (21)

νn, γ = νn +
γ

1− γ

(N + 2)

4n2(N + 8)
ǫn. (22)

In Ref. [55], the γKLS-critical indices were obtained up
to next-to-leading order.

H. Long-range γKLS-λφ3 theory

The long-range γKLS-λφ3 [67] critical indices in d =
3σ − ε are given by

ησ, γKLS
= ησ, ν−1

σ, γKLS
= ν−1

σ −
γKLS

1− 3γKLS

α

β
ǫ,(23)

The values of the constants α and β are −1, −1 and −1,
−2 for the nongeneralized Yang-Lee edge singularity and
percolation [38], respectively. The nongeneralized critical
exponent ησ = 2−σ is exact [67]. Then the index ησ, γKLS

is exact. nongeneralized exponents were obtained up to
two-loop level in Ref. [67].

I. γKLS-multicritical points

The γKLS-multicritical points of order k [68] whose
critical dimension is dc = 2k

k−1 possess the following
γKLS-critical exponents, namely

ηγKLS
= η +

γKLS
1− γKLS

4(k − 1)2
(k)!6

(2k!)3
ǫ2. (24)

The nongeneralized index η was obtained in Ref. [68] up
to 2k − 2-loop level.

J. γKLS-Gross-Neveu-Yukawa model

With the γKLS-Gross-Neveu-Yukawa model [69], in
d = 4 − ǫ, we can study the interaction between one
scalar field φ and N massless Dirac fermions ψ and ψ̄.
The γKLS-critical indices are given by

ηψ, γKLS
= ηψ +

γKLS
2ǫ

(2N + 3)[(2N + 1)(1− γKLS) + 2(1− 3γKLS)]
,

(25)

ηφ, γKLS
= ηφ +

γKLS
8Nǫ

(2N + 3)[(2N + 1)(1− γKLS) + 2(1− 3γKLS)]
,

(26)

ν−1
γKLS

= ν−1 −

AN, γKLS

(2N + 3)[(2N + 1)(1− γKLS) + 2(1− 3γKLS)]
ǫ,

(27)

AN, γKLS
=

(2N + 3)[RN, γKLS
/6(1− γKLS) + 2N(1− γKLS)]−

[(2N + 1)(1− γKLS) + 2(1− 3γKLS)](RN/6 + 2N),

(28)
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RN,γKLS
= −[(2N − 3)(1− γKLS) + 4γKLS] +

√

[(2N − 3)(1− γKLS) + 4γKLS]2 + 144N/(1− γKLS),

(29)

RN = lim
γKLS→0

RN, γKLS
. (30)

In Ref. [70], ηψ , ηφ and ν were evaluated up to four-loop
level.

K. γKLS-short- and long-range directed percolation

Consider γKLS-short- and γKLS-long-range directed
percolation [71, 72] in d = 4 − ǫ and d = 2σ − ε di-
mensions, respectively. Then we obtain

ηγKLS
= η −

γKLS
1− 3γKLS

ǫ

3
, (31)

ησ, γKLS
= ησ −

γKLS
1− 3γKLS

2ε

7
, (32)

νγKLS
= ν +

γKLS
1− 3γKLS

ǫ

8
, (33)

νσ, γKLS
= νσ +

γKLS
1− 3γKLS

4ε

7σ2
, (34)

zγKLS
= z −

γKLS
1− 3γKLS

ǫ

6
, (35)

zσ, γKLS
= zσ −

γKLS
1− 3γKLS

2ε

7
. (36)

The standard critical exponents have been computed up
to two- and one-loop level in Ref. [71], respectively.

L. γKLS-short- and long-range dynamic isotropic

percolation

Now consider γKLS-short- and γKLS-long-range dy-
namic isotropic percolation [71, 72] at d = 6 − ǫ and

d = 3σ − ε dimensions, respectively. Their critical expo-
nents are given by

ηγKLS
= η −

γKLS
1− 3γKLS

2ǫ

21
, (37)

ησ, γKLS
= ησ −

γKLS
1− 3γKLS

3ε

4
, (38)

νγKLS
= ν +

γKLS
1− 3γKLS

5ǫ

42
, (39)

νσ, γKLS
= νσ +

γKLS
1− 3γKLS

ε

2σ2
, (40)

zγKLS
= z −

γKLS
1− 3γKLS

ǫ

3
, (41)

zσ, γKLS
= zσ −

γKLS
1− 3γ

3ε

8
. (42)

The nongeneralized indices were computed up to two-
and one-loop level in Ref. [71], respectively.

V. CONCLUSIONS

In summary, we have introduced some field-theoretic
approach for evaluated the critical properties of γKLS-
generalized systems undergoing continuous phase tran-
sitions, called γKLS-statistical field theory. Although it
was capable of encompassing nonconventional critical ex-
ponents for real imperfect systems not described by stan-
dard statistical field theory, it is not complete. For exam-
ple, it does not explain the results of Table IV for some
other manganites, being explained for NSFT of Ref. [21]
(there might be alternative models capable of accurately
representing the experimental data). So, it has to be dis-
carded for statistical mechanics generalization purposes.
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