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The quantum Langevin equation as obtained from the independent-oscillator model describes a
strong-coupling situation, devoid of the Born-Markov approximation that is employed in the context
of the Gorini–Kossakowski–Sudarshan–Lindblad equation. The question we address is what happens
when we implement such ‘Born-Markov’-like approximations at the level of the quantum Langevin
equation for a harmonic oscillator which carries a noise term satisfying a fluctuation-dissipation
theorem. In this backdrop, we also comment on the rotating-wave approximation.

I. INTRODUCTION

Open quantum systems are ubiquitous [1], and can
be taken to be modeled as a quantum system of inter-
est which interacts with some environment. There are
mainly two distinct approaches towards tackling such
systems, namely, the method of the quantum Langevin
equation (QLE) [2] which involves dealing with effective
Heisenberg equations describing the ‘reduced’ dynamics
of the system of interest, while the other approach in-
volves the density operator, with dynamics described by a
suitable master equation (see [3] and references therein).
Although the latter approach has found use in the de-
scription of a wide variety of systems, including those in
condensed-matter physics, atomic physics, and quantum
optics, it is typically derived under the so-called Born
and Markov approximations, which are in a sense, ‘weak-
coupling’ approximations. The Born approximation es-
sentially asserts that the density matrix at all times is
factorizable as

ρ(t) = ρS(t)⊗ ρB, (1)

where the subscripts ‘S’ and ‘B’ denote the system and
the bath. It is essentially a weak-coupling assumption,
because it requires that the system-bath coupling does
not alter the state of the bath, or the bath eigenstates.
In addition, one has the Markov approximation which
asserts that the bath correlations die over time quickly,
i.e, the bath has a ‘fast dynamics’. Thus, the dynamics
of the density matrix depends only on its present state
and not on the past. The resulting master equation takes
the form of a Gorini–Kossakowski–Sudarshan–Lindblad
(GKSL) equation [4] which has the property of being
trace-preserving and completely positive for any initial
condition. There are of course, other kinds of master
equations, such as those of the Redfield kind [5–7], which
under certain approximations, may reduce to the GKSL
form.

∗ag34@iitbbs.ac.in
†sushantad@gmail.com

The alternate route towards studying open quantum
systems is provided by the QLE, which, when the sys-
tem is a single particle of mass m and moving in some
potential V (x) (later set to be a harmonic potential),
reads

mẍ(t) +

∫ t

0

µ(t− t′)ẋ(t′)dt′ + V ′(x) = F (t). (2)

It is an integro-differential equation for the system’s
position operator x = x(t). The function µ(t) is called
the dissipation kernel, which describes the memory
effects involved in the drag force (proportional to the
velocity ẋ) that the system experiences and F (t) is an
operator-valued random force, called the noise and is
described by its statistical properties [2, 8]. Both µ(t)
and F (t) are usually determined from a microscopic
model which is the usual starting point of the problem
[8, 9]. Different physical quantities of interest can now
be obtained by integrating the QLE and computing
relevant correlation functions, e.g., the kinetic energy
is obtained from the equal-time correlation 〈ẋ(t)ẋ(t)〉,
where the averaging is performed over all possible noise
realizations. This ascribes a thermal structure to such
averages, since the noise originates from the heat bath at
thermal equilibrium. For definiteness, in the subsequent
analysis, we take the heat bath to be composed of
an infinite number of independent oscillators and the
system’s coupling to the heat bath as bilinear; this is the
famous independent-oscillator model [2, 9], also called
the Feynman-Vernon model [10] or the Caldeira-Leggett
model [11].

In this short note, we shall argue that the QLE as ob-
tained from the independent-oscillator model does cor-
respond to a strong-coupling scenario, unlike the case of
Born-Markov master equations which are obtained in a
weak-coupling setting. We then discuss the implementa-
tion of such approximations at the level of the QLE when
the system is a harmonic oscillator, which then gives
equal-time correlation functions (in the steady state)
identical to those obtained from the master equation [12].
In particular, we describe the weak-coupling limits of the
steady-state position and velocity autocorrelation func-
tions for the dissipative oscillator, as obtained from the
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QLE. In this context, we comment on the rotating-wave
approximation (RWA).

II. QUANTUM LANGEVIN EQUATION

In this section, we revisit the subtleties associated with
the derivation of the QLE, starting from the independent-
oscillator model. The total Hamiltonian reads as H =
HS +HB +HSB, where

HS =
p2

2m
+ V (x), (3)

HB =

N∑

j=1

[
p2j
2mj

+
1

2
mjω

2
j q

2
j

]
, (4)

HSB = −x

N∑

j=1

cjqj + x2
N∑

j=1

c2j
2mjω2

j

, (5)

are respectively, the Hamiltonians describing the system,
the heat bath, and their interactions. Here cj denotes
the coefficient of linear coupling between the coordinate
of the particle and that of the j-th oscillator of the heat
bath. The symbols x and p denote the position and mo-
mentum operators of the system, while {qj} and {pj} are
the corresponding operators for the heat-bath oscillators.
Naturally, we have the commutator algebra:

[x, p] = i~, [qj , pk] = i~δj,k, (6)

with all other commutators vanishing. Upon solving the
Heisenberg equations for the bath variables, and then
substituting them into the equation of motion of the sys-
tem, one obtains [13–15]

mẍ(t)+

∫ t

0

µ(t−t′)ẋ(t′)dt′+µ(t)x(0)+V ′(x) = g(t), (7)

where we have defined

µ(t) = Θ(t)

N∑

j=1

c2j
mjω2

j

cos(ωjt), (8)

g(t) =

N∑

j=1

cj

[
qj(0) cos(ωjt) +

pj(0)

mjωj
sin(ωjt)

]
. (9)

Both µ(t) and g(t) depend upon the microscopic param-
eters of the heat bath, while g(t) also depends upon the
initial conditions of the heat-bath oscillators. Clearly,
µ(t) plays the role of a ‘friction kernel’, i.e., it determines
how the drag force experienced by the system depends
upon velocities of the past; a friction kernel which is not
proportional to a delta function shall therefore indicate
towards a non-Markovian drag force. Note that the
step-function appearing in Eq. (8) enforces causality.

To understand the physical meaning of g(t), we need
to have a closer look at the initial preparation of the

system and the heat bath. While we can choose the initial
conditions of the system from any suitable distribution
function (so that the uncertainty principle is met), we
take the heat bath to be in a state of thermal equilibrium
for all times, including the initial instant t = 0. Thus,
the initial density matrix of the heat bath reads

ρB(0) =
e

[
−β

∑
N
j=1

[
p2
j
(0)

2mj
+

mjω
2
j
q2
j
(0)

2

]]

Λ0
, (10)

where Λ0 is a suitable normalizing factor. The full ini-
tial state can be taken to be ρ(0) = ρS(0) ⊗ ρB(0), i.e.,
the system and the heat bath are decoupled at the initial
instant. Then, upon averaging with respect to ρB(0),
it follows that g(t) is a Gaussian noise, and therefore
Eq. (7) now appears like a QLE, except for the bizarre
term µ(t)x(0), often referred to as the ‘initial-slip term’
[13, 15]. Thus, the independent-oscillator model with
the above-mentioned initial preparation does not exactly
lead to the QLE [Eq. (2)], although it comes close. As
it turns out, the exact form of Eq. (2) emerges for a
quite different initial preparation, which corresponds to
the following initial density matrix for the bath (+ inter-
actions):

ρB+SB(0) =
e

[
−β

∑N
j=1

[
p2
j
(0)

2mj
+

mjω
2
j

2

(
qj(0)−

cjx(0)

mjω
2
j

)2
]]

Λ0

,

(11)
for a different normalizing factor, Λ0. Averaging with
respect to the above-mentioned distribution function [13–
16], it is easy to see that f(t) ≡ g(t)− µ(t)x(0), i.e.,

f(t) =
N∑

j=1

cj

[(
qj(0)−

cjx(0)

mjω2
j

)
cos(ωjt)+

pj(0)

mjωj
sin(ωjt)

]

(12)
is a Gaussian noise, satisfying the same statistical prop-
erties as g(t) [the latter is averaged over Eq. (10)]. One
now has the QLE given in Eq. (2), with the identification
F (t) = f(t) ≡ g(t) − µ(t)x(0). Thus, in order to obtain
the QLE [Eq. (2)] from the independent-oscillator Hamil-
tonian, one has the resort to an initial preparation of the
system and the bath such that the initial density matrix
of the system and the heat bath taken together cannot be
totally factorized into a system density matrix times the
density matrix of the ‘isolated’ heat bath with no inter-
correlations. In fact, as one can easily verify, at t = 0,
there are non-trivial correlations between the system and
the bath, if averaged over ρB+SB(0). Since the Born ap-
proximation invariably implies Eq. (1) for not just t = 0,
but also for subsequent times, one may conclude that the
QLE does not correspond to a weak-coupling situation, as
taken by the Born approximation. It should be remarked
that classical noises with their moments obtained by av-
eraging over a conditional distribution such as Eq. (11)
were obtained by Zwanzig [17].
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A. Density of states of the heat bath

In the (most reasonable) limit N → ∞, one may re-
place the sums over the index j with an integral as

N∑

j=1

→ N

∫ ∞

0

dωg(ω), (13)

where g(ω) is the density of states of the heat bath. To
this end, let us consider a rather simple situation where
all the heat-bath oscillators have the same mass mj = m̃,
and moreover the coupling constants {cj} are all equal
and scale as inverse square-root of the number of oscilla-
tors, i.e., we have cj = c̃/

√
N . In this case, upon replac-

ing the sum with an integral, Eq. (8) reads

µ(t) = Θ(t)
c̃2

m̃

∫ ∞

0

dω
g(ω)

ω2
cos(ωt). (14)

We shall call the heat bath an Ohmic bath if g(ω) ∼
ω2, with the frequencies restricted to a certain high-
frequency cut-off, i.e., one has [3]

g(ω) =
3ω2

Ω3
; ω < Ω, (15)

= 0; ω > Ω.

Substituting the above choice in Eq. (14), we find

µ(t) = Θ(t)
3c̃2

m̃Ω3

sin(Ωt)

t
. (16)

We now consider the limit of very large Ω. Using δ(x) =
limΩ→∞ sin(Ωx)/(πx) in Eq. (16), it follows that

µ(t) ≈ 2mγδ(t), (17)

where one has

γ ≡ 3πc̃2

2mm̃Ω3
, (18)

which would also go to zero, unless we take c̃ to scale
as Ω3/2. Eq. (17) is referred to as the ‘strict’ Ohmic
case. It corresponds to a situation where the drag force
on the system is instantaneous, i.e., it depends upon the
velocity of the particle at time t and not on the history
of the velocity.

B. Spectral properties of the noise f(t)

Since the noise is defined in Eq. (12), and the initial
density matrix describing the heat bath and the interac-
tions between the system and the bath is given by Eq.
(11), one finds that 〈f(t)〉 = 0, where the angled brackets
denote an averaging over the Gaussian distribution given
in Eq. (11). This means averaging over all possible noise

realizations. Further, from Eq. (11), one has the second
moments:

〈(
qj(0)−

cjx(0)

mjω2
j

)2〉
=

~

2mjωj
coth

(
~ωj

2kBT

)
, (19)

〈p2j (0)〉 =
~mjωj

2
coth

(
~ωj

2kBT

)
, (20)

〈(
qj(0)−

cjx(0)

mjω2
j

)
pj(0)

〉
= −

〈
pj(0)

(
qj(0)−

cjx(0)

mjω2
j

)〉
=

i~

2
,

(21)
with the others vanishing. Notice that in the classical
limit, i.e., for ~ → 0, these correlations conform to the
results expected from the classical equipartition theorem,
because cothx ≈ 1/x for x → 0. Now, using Eqs. (19)-
(21), one has

〈f(t)f(t′)〉 =
N∑

j=1

c2j
2mjωj

~ coth

(
~ωj

2kBT

)
eiωj(t−t′). (22)

Introducing the spectral density function as [1]

J(ω) ≡ π

2

N∑

j=1

c2j
mjωj

δ(ω − ωj), (23)

we have in the continuum limit, the following expression:

〈f(t)f(t′)〉 = ~

π

∫ ∞

0

J(ω) coth

(
~ω

2kBT

)
eiω(t−t′). (24)

The spectral properties of the noise are therefore given
by

〈{f(t), f(t′)}〉 =
2~

π

∫ ∞

0

dωJ(ω) coth
(

~ω

2kBT

)

× cos[ω(t− t′)], (25)

〈[f(t), f(t′)]〉 =
2~

iπ

∫ ∞

0

dωJ(ω) sin[ω(t− t′)]. (26)

The reader may note that the (spectral) density function
J(ω) is closely related to the density of states g(ω) of the
heat bath. From Eqs. (8) and (23), we have

µ(t) = Θ(t)
2

π

∫ ∞

0

J(ω)

ω
cos(ωt)dω. (27)

Comparing this with Eq. (14), we have

J(ω) ∼ π

2

c̃2

m̃

g(ω)

ω
, (28)

and therefore for (strict) Ohmic dissipation, J(ω) = mγω
for ω ∈ [0,∞).
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C. Callen-Welton fluctuation-dissipation theorem

For explicit calculation of correlation functions, we re-
sort to the simple case where the system is a quantum
harmonic oscillator, i.e., we make the choice V (x) =
mω2

0x
2/2 in Eq. (3). Then Eq. (2) is linear and can

be solved exactly using a Green’s function as x̃(ω) =

α(ω)f̃(ω), where α(ω) is called the generalized suscepti-
bility, given by (here ‘tilde’ denotes Fourier transform)

α(ω) =
1

m(ω2
0 − ω2)− iωµ̃(ω)

. (29)

Notice that α(ω) is just the Fourier transform of the
Green’s function in the time domain. It is notewor-
thy that there are subtle issues involving the quantum
Langevin equation if one goes beyond harmonic oscilla-
tors [18, 19]; we do not consider such cases here. In
the present case where the system is a harmonic oscil-
lator, the steady-state correlation functions can be com-
puted using the fluctuation-dissipation theorem of the
Callen-Welton kind, which we now state without proof
(see [1, 20–23] for details):

Cx(t− t′) =
1

2
〈x(t)x(t′) + x(t′)x(t)〉 = ~

π

∫ ∞

0

Im[α(ω + i0+)] coth

(
~ω

2kBT

)
cos[ω(t− t′)]dω. (30)

One may find the velocity-autocorrelation function by differentiating Eq. (30) with respect to t and t′, giving

Cẋ(t− t′) =
1

2
〈ẋ(t)ẋ(t′) + ẋ(t′)ẋ(t)〉 = ~

π

∫ ∞

0

ω2Im[α(ω + i0+)] coth

(
~ω

2kBT

)
cos[ω(t− t′)]dω. (31)

In the context of the quantum counterpart of energy
equipartition theorem [24–26] (see [27] for a three-
dimensional generalization), one can easily show that the
following are probability distributions:

Pk(ω) =
2mω

π
Im[α(ω + i0+)], (32)

and

Pp(ω) =
2mω2

0

ωπ
Im[α(ω + i0+)], (33)

i.e., Pk,p(ω) ≥ 0, ∀ω ∈ [0,∞) and they are also normal-
ized in this interval (see [24, 26, 27] for proof). Thus, the
steady-state correlation functions read

Cx(τ) =
~

2mω2
0

∫ ∞

0

ωPp(ω) coth

(
~ω

2kBT

)
cos(ωτ)dω,

(34)

Cẋ(τ) =
~

2m

∫ ∞

0

ωPk(ω) coth

(
~ω

2kBT

)
cos(ωτ)dω,

(35)
where τ = t− t′.

III. BORN & MARKOV APPROXIMATIONS

A. Born approximation

We now discuss the Born approximation which is
essentially a weak-coupling limit in the sense that the
density matrices of the system and the bath are factor-
izable for all times. This is not true for the QLE, for we

have seen that for consistency, the system and the heat
bath must be coupled even at the initial instant, i.e, the
density matrices are not factorizable. A weak-coupling
limit would then be to take the linear-coupling constants
{cj} to zero in a suitable manner. Of course, setting
them to be zero directly decouples the system and the
bath, and nothing interesting happens. However, in
the limit where cj << mjω

2
j , Eqs. (10) and (11) are

approximately equal, i.e., ρB(0) ≈ ρB+SB(0), which
means the initial state of the system and the bath can
be factorized, as in the Born approximation.

To this end, let us revisit the simple case for which
we chose mj = m̃ and cj = c̃/

√
N . From Eq. (16), it

is clear that the friction kernel falls-off in time and is
singular for t = 0. If we take the limit c̃ → 0+, one
must therefore have µ(t) → 0 for t 6= 0, except for the
singularity at t = 0. It is therefore reasonable to write
µ(t) ≈ 2mγδ(t), for which γ is given by Eq. (18). Note
that the weak-coupling limit therefore, also implies that
γ → 0+ (we do not make any special assumption on Ω
for now). This is the Born approximation for the QLE,
and when the system is an oscillator with susceptibility
defined in Eq. (29), we have from Eqs. (32) and (33),
the following limits [26]:

lim
γ→0+

Pk,p(ω) ≈
[
δ(ω − ω0) + δ(ω + ω0)

]
, (36)

meaning that Pk,p(ω) are still positive-definite and nor-
malized over ω ∈ [0,∞). From Eqs. (34) and (35), this
gives

Cx(τ)
∣∣
γ→0+

=
~

2mω0
coth

(
~ω0

2kBT

)
cos(ω0τ), (37)
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Cẋ(τ)
∣∣
γ→0+

=
~ω0

2m
coth

(
~ω0

2kBT

)
cos(ω0τ). (38)

The correlation functions are oscillatory in τ , with
frequency ω0 which is the characteristic frequency of the
system (the harmonic oscillator). This is rather expected
because in the weak-coupling limit, the dynamics of the
open system is dominated by the characteristic timescale
ω−1
0 and that there is no appreciable broadening of the

frequencies due to dissipation.

Putting τ = 0, one obtains the kinetic and potential
energies of the dissipative oscillator in the weak-coupling
regime as

Ek

∣∣
γ→0+

≡ mCẋ(0)
∣∣
γ→0+

=
~ω0

2
coth

(
~ω0

2kBT

)
, (39)

Ep

∣∣
γ→0+

≡ mω2
0Cx(0)

∣∣
γ→0+

=
~ω0

2
coth

(
~ω0

2kBT

)
,

(40)
which are just the well-known weak-coupling results for
an oscillator in contact with a heat bath [26]. Note that
for arbitrary coupling strengths, the thermally-averaged
kinetic and potential energies of the oscillator are not
equal [28]. This however, does not imply that the general
structure of the virial theorem does not hold just because
the thermally-averaged kinetic and potential energies are
unequal; it happens to acquire bath-induced quantum-
correction terms which render the thermally-averaged ki-
netic and potential energies unequal for strong system-
bath coupling, where a non-Markovian (quantum) noise
is present. In the weak-coupling limit, the equality be-
tween the thermally-averaged kinetic and potential ener-
gies is restored.

B. Markov approximation

The Markov approximation involves the assumption
that the correlations associated with the bath fall-off
really quickly. At the level of the independent-oscillator
model and the QLE that follows from it, this assumption
translates to the fact that the bath cut-off frequency Ω
which appears in Eq. (15) is really large. This is not
surprising because the timescale Ω−1 characterizes the

time over which the density of states falls off. Quite
obviously, the friction kernel [Eq. (16)] falls off too,
over the same timescale and reduces to a delta-function,
characterizing Markovian, i.e., memoryless damping.

Now, taking γ as defined in Eq. (18) to be finite, let
us have a look at Eq. (25). Since the bath now has a fast
dynamics, in the sense that the correlations must fall-off
really quickly over the timescale Ω−1 which tends to zero,
we may approximate the integral in Eq. (25) around the
point ω = ω0 as

〈{f(t), f(t′)}〉 ≈ 2mγ~ω0 coth

(
~ω0

2kBT

)
δ(t− t′), (41)

i.e., the noise now appears to be delta-correlated,
consistent with the Markov assumption and we have
put J(ω) = mγω, consistent with strict Ohmic
dissipation (because µ(t) ∼ δ(t)). We may ex-
press this as 〈{f(t), f(t′)}〉 ≈ Γδ(t − t′), with Γ =
2mγ~ω0 coth

(
~ω0

2kBT

)
. Therefore, the QLE for the oscil-

lator reads

ẍ(t) + γẋ(t) + ω2
0x(t) =

f(t)

m
, (42)

where f(t) is a Markovian noise, satisfying Eq. (41). In
the classical limit, i.e., for ~ → 0, we get Γ → 4mγkBT
which is the expected expression. It should be remarked
here that Eq. (42) is equivalent to the (weak-coupling)
Langevin equations obtained in [12].

Let us finally examine the position and velocity auto-
correlation functions in this limit. Integrating Eq. (42)
directly gives [29, 30]

x(t) =
1

ω+ − ω−

∫ t

0

dt′
[
eω+(t−t′)− eω−(t−t′)

]f(t′)
m

, (43)

where

ω± = −γ

2
± 1

2

√
γ2 − 4ω2

0, (44)

and in Eq. (43), we have ignored the terms dependent on
the initial conditions x(0) and ẋ(0), for they are incon-
sequential when it comes to determining the long-time
behavior.

Thus, we find the equal-time autocorrelation function for the position in the long-time limit as

lim
t→∞

〈x(t)2〉 = Γ

m2(ω+ − ω−)2
lim
t→∞

∫ t

0

∫ t

0

dt′dt′′
[
eω+(t−t′) − eω−(t−t′)

][
eω+(t−t′′) − eω−(t−t′′)

]
δ(t′ − t′′), (45)

where we have also used Eq. (41).

Performing these integrals and substituting for Γ, one easily finds

lim
t→∞

〈x(t)2〉 = ~

mω0
coth

(
~ω0

2kBT

)
, (46)
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meaning that the averaged potential energy agrees with Eq. (40).

Similarly, one has for large times, the equal-time autocorrelation for the velocity as

lim
t→∞

〈ẋ(t)2〉 = Γ

m2(ω+ − ω−)2
lim
t→∞

∫ t

0

∫ t

0

dt′dt′′
[
ω+e

ω+(t−t′)−ω−e
ω−(t−t′)

][
ω+e

ω+(t−t′′)−ω−e
ω−(t−t′′)

]
δ(t′−t′′), (47)

which finally gives

lim
t→∞

〈ẋ(t)2〉 = ~ω0

m
coth

(
~ω0

2kBT

)
, (48)

giving the same result as Eq. (39). Thus, both the
Born and the Markov approximations lead to the same
equal-time steady-state correlation functions, suggest-
ing in some sense an equivalence; if one is concerned
about thermodynamics in the steady state, then they
may both be classified as weak-coupling approximations
for the QLE. As regards with the virial theorem men-
tioned briefly below Eq. (40), it should be mentioned
that a Markovian, i.e., white (quantum) noise leads to
the equality between the thermally-averaged kinetic and
potential energies in our model (see also, the related pa-
pers [31, 32]).

C. Partition function in weak-coupling limit

The (reduced) density matrix of the system is obtained
by tracing over the environmental effects. The corre-
sponding normalizing factor, namely, the reduced parti-
tion function can be evaluated using Euclidean path in-
tegrals (see [33] for technical details). Quite generically,
for the reduced partition function one has the following
expression [1, 16, 34, 35]:

Z =
TrS+B

[
e−β

(
HS+HB+HSB

)]

TrB

[
e−βHB

] . (49)

In the weak-coupling limit, one has HS, HB >>
HSB, due to which one can approximate
TrS+B

[
e−β(HS+HB+HSB)

]
≈ TrS+B

[
e−β(HS+HB)

]
=

TrS
[
e−βHS

]
TrB

[
e−βHB

]
, where in the last equality, we

used the fact that the system and the bath variables are
independent and the corresponding Hamiltonians mutu-
ally commute. Thus, one has to a first approximation,
the result that goes as

Zw.c. ≈ TrS
[
e−βHS

]
, (50)

where w.c. denotes that the result is approximately true
only in the weak-coupling limit. Furthermore, in a weak-
coupling limit, the energy spectrum of a harmonic oscil-
lator is the usual ǫn = ~ω0(n+1/2) (bath-induced effects

are negligible), meaning that the reduced partition func-
tion is Zw.c. = [2 sinh(β~ω0/2)]

−1. This gives the mean
energy of the oscillator to be

Ew.c. := − ∂

∂β
lnZw.c. =

~ω0

2
coth

(
~ω0

2kBT

)
, (51)

which is the familiar textbook result, consistent with
Eqs. (39) and (40). We should emphasize again that
the above-mentioned result holds for the weak-coupling
limit, and not in general (see [26] and references therein
for discussions on the energetics for arbitrary system-
bath coupling strength).

1. Free-particle limit

Let us now comment on the free-particle limit of the
quantum Brownian oscillator, i.e., in which we take
ω0 → 0. In the weak-coupling approximation, the noise
correlation [Eq. (41)] then reduces to

〈{f(t), f(t′)}〉
2

= 2mγkBTδ(t− t′). (52)

This appears to match exactly with the noise correla-
tion for a classical Brownian particle, except that f(t)
above is still operator-valued and we are in the quantum
regime (~ 6= 0). This is in contrast to the arbitrary-
coupling case where even for a free quantum Brownian
particle, the noise correlation is quite non-trivial. One
may understand the reason behind the appearance of a
classical-like result in the weak-coupling limit for the free
particle by noticing that within the weak-coupling limit,
the (reduced) canonical partition function of the system
is just

Zw.c. =
∑

k

e−βǫk , ǫk =
~
2k2

2m
. (53)

This agrees exactly with the classical result, and gives
mean kinetic energy to be kBT/2, independent of ~.
Thus, the statistical mechanics of a free quantum Brow-
nian particle for weak-coupling is equivalent to its clas-
sical counterpart. On the other hand, for arbitrary cou-
pling strengths, the partition function is not given by the
above-mentioned expression and therefore, the statistical
mechanics of the free quantum Brownian particle for ar-
bitrary system-bath coupling strength is quite different
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from its classical counterpart. It is very interesting to
note that classically, the presence of a potential does not
impact the thermally-averaged kinetic energy, which is
kBT/2 in any case; quantum mechanically, the presence
of a potential does alter the thermally-averaged kinetic
energy of the system as well.

IV. ROTATING-WAVE APPROXIMATION

We now (briefly) comment on the rotating-wave ap-
proximation or the RWA, in the context of the dissipa-
tive quantum oscillator. For simplicity, we consider the
linear-coupling model, which disregards the term propor-
tional to x2 in HSB [Eq. (5)]. Introducing now, the low-
ering operators for the system and heat-bath oscillators
as

a =
mω0x+ ip√

2m~ω0

, bj =
mjωjqj + ipj√

2mj~ωj

, (54)

with the raising operators being their hermitian con-
jugates, the interaction Hamiltonian, i.e., HSB =

−x
∑N

j=1 cjqj , reads

HSB =
N∑

j=1

λj(abj+ab†j+a†bj+a†b†j), λj =
~cj

2
√
mmjω0ωj

.

(55)
We now invoke the RWA, which involves eliminating the
rapidly-oscillating terms, which in this case are the ones

proportional to a†b†j and abj [12, 36, 37]. Thus, after
implementing the RWA, the full Hamiltonian now reads

HRWA = ~ω0

(
a†a+

1

2

)
+

N∑

j=1

~ωj

(
b†jbj +

1

2

)
(56)

+
N∑

j=1

λj(a
†bj + ab†j).

In [12], a corresponding Fokker-Planck equation was ob-
tained for the dissipative oscillator in the RWA, starting
with a master equation. The resulting Langevin equa-
tions read as

ẋ(t) = −γx(t) +
p(t)

m
+ fx(t), (57)

ṗ(t) = −γp(t)−mω2
0x(t) + fp(t), (58)

where fx,p(t) are Gaussian noises with zero mean and the
following two-point correlations:

〈{fx(t), fx(t′)}〉 =
2γ~

mω0
coth

(
~ω0

2kBT

)
δ(t− t′), (59)

〈{fp(t), fp(t′)}〉 = 2mγ~ω0 coth

(
~ω0

2kBT

)
δ(t− t′). (60)

Notice that Eq. (57) seems to present an anomaly, for
we expect ẋ = p/m. We now explain the origin of this

supposed anomaly. Transforming back to the oscillator
variables (x, p) and (qj , pj) by inverting Eq. (54), the
RWA Hamiltonian [Eq. (56)] reads [2]

HRWA =
p2

2m
+

mω2
0x

2

2
+

N∑

j=1

[
p2j
2mj

+
1

2
mjω

2
j q

2
j

]

+
x

2

N∑

j=1

cjqj +
p

2mω0

N∑

j=1

cjpj
mjωj

. (61)

Comparing this with the original linear-coupling Hamil-
tonian (the one without RWA being invoked), one
finds that the RWA essentially introduces a momentum-
momentum coupling between the system and the bath
(see [38–40] for details on momentum-momentum cou-
pling), as if the coordinate-coordinate coupling has got
split into half; one half still holds on to coordinate-
coordinate coupling, while the other half now assumes
the form of momentum-momentum coupling. In other
words, the RWA ‘mixes’ pure coordinate-coordinate cou-
pling with momentum-momentum coupling. The result-
ing Heisenberg equations for the system operators read

ẋ(t) =
p(t)

m
+

1

2mω0

N∑

j=1

cjpj(t)

mjωj
, (62)

ṗ(t) = −mω2
0x(t) −

1

2

N∑

j=1

cjqj(t). (63)

The RWA therefore, leads to a ‘new dissipation channel’
(within ẋ) and this explains the appearance of explicit
drag and noise forces in Eq. (57). Taking γ << ω0, it
follows that Eqs. (57) and (58) consistently describe the
dissipative quantum oscillator [12]. It may be noted that
Eq. (57) indicates that the Ehrenfest’s theorem does
not hold. We remark in passing that for Langevin equa-
tions obtained in the weak-coupling limit, it may only
be justified to consider an underdamped regime; this
is in contrast to strong-coupling situations (see also [32]).

It should further be remarked that Eqs. (57) and (58)
describe a weak-coupling situation, being obtained under
a Born-Markov approximation [12]. However, the Hamil-
tonian given in Eq. (56) does not yet correspond to a
weak-coupling limit. The condition for relatively ‘weak’
coupling is often additionally included within the RWA
in the context of quantum optics, leading to the emer-
gence of the Jaynes-Cummings Hamiltonian [Eq. (56)]
from the Rabi Hamiltonian, the latter having an interac-
tion Hamiltonian that goes as Eq. (55). It then ensures
that both the Hamiltonians describe the same physics in
a perturbative expansion involving terms of the higher

order; terms such as a†b†j and abj do not correspond to

real (number conserving) processes and do not contribute
in the first order of the perturbation theory.
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V. DISCUSSION

In this short note, we have described the implemen-
tation of the Born and Markov approximations in the
context of the QLE, focusing on the simple case where
the system is a harmonic oscillator. It was argued
that in the general case, the formulation of the QLE
requires the system and the bath to be coupled at
the initial instant, i.e., at t = 0, consistent with a
strong-coupling scenario. Although we have worked with
the (one-dimensional) independent-oscillator model, the
fact that there are non-trivial system-bath correlations
at the initial time can also be observed in other models
such as the gauge-invariant model of a charged oscillator
coupled to a heat bath of independent oscillators via
momentum variables [40].

The Born and the Markov approximations are then
implemented as follows. For the former, we take the
system-bath coupling to be vanishing, by considering the
limit γ → 0+ in the correlation functions computed from
the QLE. Here, we must mention a word of caution;
while computing certain correlation functions such as
that leading to the magnetic moment in the case of
dissipative diamagnetism [30, 41], it is important to
perform the integral first, and then invoke the limit
of taking the system-bath coupling to zero. This
ensures that the boundary effects, encoded within the
confining potential controlled by the parameter ω0 are
properly taken into account. However, for the present
one-dimensional case, one has the simple position and
velocity correlation functions, which, for equal time are
related to the potential and kinetic energies, both being
bulk-dependent quantities where the boundary does not
play a significant role. In this case therefore, it does not
really matter whether one takes the limit γ → 0+ before
or after performing the integrals over ω.

For the Markov approximation, one assumes that the
bath correlations fall off really fast, over time. This
essentially leads to an approximately Markovian noise
[Eq. (41)], with correlation 〈{f(t), f(t′)}〉 ≈ Γδ(t − t′),
where Γ = 2mγ~ω0 coth

(
~ω0

2kBT

)
. Notice that ~ appears

explicitly within Γ, suggesting that the problem is still
quantum mechanical; in this special limit, the noise
reduces to a Markovian one, unlike the general case in
which even (strict) Ohmic dissipation does not ensure
a Markovian noise [2]. It is imperative to mention a
related development [42], wherein the authors discuss
the Born and Markov approximations in the context of
both Langevin and master equations. However, our ap-
proach differs from that of [42] because in the latter, the
Langevin equations are considered in a weak-coupling
scenario by taking a factorized initial density matrix; on
the other hand, in this paper, we have started with the
quantum Langevin at strong system-bath coupling, with
the main result being the transit between the regimes of
strong and weak coupling. We conclude by remarking
that although the factor of γ drops from stationary
(equilibrium) and equal-time correlation functions in the
weak-coupling limit [Eqs. (37), (38), (46), (48)], it plays
an important role in out-of-equilibrium results, even for
weak-coupling (see for example [43]).
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