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A fundamental result of thermodynamic geometry is that the optimal, minimal-work protocol that
drives a nonequilibrium system between two thermodynamic states in the slow-driving limit is given
by a geodesic of the friction tensor, a Riemannian metric defined on control space. For overdamped
dynamics in arbitrary dimensions, we demonstrate that thermodynamic geometry is equivalent to
L2 optimal transport geometry defined on the space of equilibrium distributions corresponding
to the control parameters. We show that obtaining optimal protocols past the slow-driving or
linear response regime is computationally tractable as the sum of a friction tensor geodesic and
a counterdiabatic term related to the Fisher information metric. These geodesic-counterdiabatic
optimal protocols are exact for parameteric harmonic potentials, reproduce the surprising non-
monotonic behavior recently discovered in linearly-biased double well optimal protocols, and explain
the ubiquitous discontinuous jumps observed at the beginning and end times.

Introduction.—A consequence of the Second Law of
Thermodynamics is that finite-time processes require
work to be irretrievably lost as dissipation. Recent stud-
ies in stochastic thermodynamics have aimed to charac-
terize minimal-work protocols, which have applications
for nanoscopic engineering [1–12] and for understanding
biophysical systems [13–18]. In this Letter we unify dis-
parate geometric approaches and arrive at a novel frame-
work for obtaining and better understanding thermody-
namically optimal protocols.

The problem statement is: Given a configuration space
x ∈ Rd, inverse temperature β, and potential energy
function Uλ(x) parameterized by λ ∈ M, what is the
optimal protocol λ∗(t) connecting the parameter values
λi and λf in a finite time τ that minimizes the work

W [λ(t)] =

∫ τ

0

dλµ

dt

〈
∂Uλ

∂λµ

〉
dt ? (1)

Here M ⊆ Rn is an orientable m-dimensional manifold,
locally resembling Rm everywhere with m ≤ n. We use
Greek indices to denote local coordinates of λ ∈ M, and
the Einstein summation convention (i.e., repeated Greek
indices within a term are implicitly summed). The en-
semble average ⟨·⟩ is over trajectories X(t)|t∈[0,τ ] that
start in equilibrium with λi and evolve via some specified
Hamiltonian or Langevin dynamics under Uλ(t)|t∈[0,τ ].

Schmiedl and Seifert [19] showed that optimal pro-
tocols minimizing Eq. (1) have intriguing discontinuous
jumps at the beginning and end times, which have proven
to be ubiquitous [5, 19–29]. Furthermore, optimal pro-
tocols can even be non-monotonic in time [5, 26].

Sivak and Crooks demonstrated through linear re-
sponse [30] that in the slow-driving limit (τ ≫ τR, an
appropriate relaxation time-scale), optimal protocols are
geodesics of a symmetric positive-definite [31] friction
tensor defined in terms of equilibrium time-correlation

functions. Treating the friction tensor as a Riemannian
metric induces a geometric structure on the space of con-
trol parameters, known as “Thermodynamic geometry.”
This approach is computationally tractable, as the fric-
tion tensor can be obtained through measurement, and
geodesics on M can be determined by solving an ordi-
nary differential equation. Geodesic protocols have been
studied for a variety of systems including the Ising model
[32–35], barrier crossing [15–17], bit-erasure [2, 36], and
nanoscopic heat engines (after allowing temperature to
be controlled) [9–12, 37], but unfortunately their perfor-
mance can degrade past the slow-driving regime [26].

Alternatively, when the ensemble of trajectories is ad-
ditionally constrained to end in equilibrium with λf ,
finding the work-minimizing protocol for overdamped
dynamics is equivalent to the Benamou-Brenier formu-
lation of the L2 optimal transport problem [38, 39]—
finding the dynamical mapping between the two distri-
butions that has minimal integrated squared distance
[40]—which itself yields a Riemannian-geometric struc-
ture [41–43]. The Benamou-Brenier solution is a time-
dependent distribution and time-dependent velocity field
that solves a continuity equation, which in this Letter we
explicitly identify as a desired probability density evo-
lution and the additional counterdiabatic forcing needed
to effectuate its faster-than-quasistatic time evolution (as
studied in so-called Engineered Swift Equilibriation [44–
46], Counterdiabatic Driving [47], and Shortcuts to Adi-
abaticity [48–56]). Remarkably, optimal protocols ob-
tained in this manner are exact for arbitrary protocol
durations τ [38]. Unfortunately, this approach involves
solving coupled PDEs in configuration space (Rd), which
is typically infeasible for dimension d ≳ 5. Furthermore,
the control space M must be sufficiently expressive in or-
der to implement the optimal transport solution, which
is often overly-restrictive [57].
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FIG. 1. Alg. 1. reproduces the exact optimal protocol (black)
for the variable-stiffness harmonic oscillator (depicted here,
λi = 1, λf = 5, and τ = 0.5) found in [19], as the sum
of geodesic (dashed blue) and counterdiabatic (shaded red)
components. The geodesic γ(s) connects γ(0) = λi to γ(1) =
γf (blue star) solving Eq. (21).

For overdamped dynamics in arbitrary dimension, [37]
showed that the friction tensor may be obtained via a
perturbative expansion of the Benamou-Brenier objec-
tive function. Here we derive an even stronger result,
that thermodynamic geometry is in fact equivalent to op-
timal transport geometry, in the sense that the friction
tensor and the Benamou-Brenier problem restricted to
equilibrium distributions parameterized by λ have iden-
tical geodesics and geodesic distances. Surprisingly, we
find that a counterdiabatic component may be calculated
using the Fisher information metric from information ge-
ometry [58–60]. We demonstrate that protocols obtained
by adding this counterdiabatic term to thermodynamic
geometry geodesics are analytically exact for parametric
harmonic oscillators, reproduce recently discovered non-
monotonic behavior in certain optimal protocols [26], and
satisfyingly explain the origin of jumps at beginning and
end times.

Preliminaries.—For each λ ∈ M there is a correspond-
ing equilibrium distribution

ρeqλ (x) = exp{−β[Uλ(x)− F (λ)]}, (2)

where F (λ) = −β−1 ln
∫
exp[−βUλ(x

′)] dx′ is the equi-
librium free energy of the potential energy Uλ(·). For
ease of notation we will denote ρeqi = ρeqλi

, ρeqf = ρeqλf
, and

∆F = F (λf )− F (λi).
We consider overdamped Langevin equations, such

that trajectories X(t) ∈ Rd follow the stochastic ODE

dX(t) = −∇Uλ(t)(X(t)) dt+
√

2β−1dB(t), (3)

where B(t) ∈ Rd is an instantiation of standard Brow-
nian motion [61]. Here we will consider only isothermal

protocols, so WLOG we set β = 1.
The probability density ρ(x, t) corresponding to Eq. (3)

undergoes a time-evolution expressible either as a Fokker-
Planck equation or a continuity equation of a gradient
field

∂ρ

∂t
= Lλ(t)ρ or

∂ρ

∂t
= ∇ · (ρ∇ϕ), (4)

where Lλ is the Fokker-Planck operator [62]

Lλρ = ∇2ρ+∇ · (ρ∇Uλ), (5)

while ϕ is a scalar field that depends on both ρ and λ

ϕ(x, t) = ln ρ(x, t) + Uλ(t)(x, t). (6)

The adjoint operator L†
λ acts on a scalar field ψ(x)

via [63]

[L†
λψ](x) = ρeqλ (x)−1∇ · [ρeqλ (x)∇ψ(x)]. (7)

Finally, fµ(x) := −∂Uλ(x)/∂λ
µ is the conjugate force to

λµ. The excess conjugate force is then

δfµ(x) = −
[
∂Uλ(x)

∂λµ
−

〈
∂Uλ

∂λµ

〉eq

λ

]
=
∂ ln ρeqλ (x)

∂λµ
. (8)

Thermodynamic geometry.—In the slow-driving limit,
the excess work, defined as the work (Eq. (1)) minus the
equilibrium free energy differenceWex =W −∆F , is [64]

Wex[λ(t)] ≈
∫ τ

0

dλµ

dt

dλν

dt
gµν(λ(t)) dt, (9)

where

gµν(λ) =

∫ ∞

0

〈
δfµ(X(t′)) δfν(X(0))

〉eq
λ
dt′ (10)

is the symmetric positive-definite [31] friction ten-
sor. Here, ⟨·⟩eqλ denotes an equilibrium average (i.e.,
X(0) ∼ ρeqλ , and trajectories undergo Langevin dynamics
(Eq. (3)) with constant λ).
Remarkably, the friction tensor induces a Riemannian

geometry on control space (M, g) known as “Thermody-
namic geometry,” with squared thermodynamic length
between λA, λB ∈ M given by minimizing the path ac-
tion

T 2(λA, λB) = min
λ(s)|s∈[0,1]

{∫ 1

0

dλµ

ds

dλν

ds
gµν(λ(s)) ds

∣∣∣∣

satisfying λ(0) = λA, λ(1) = λB

}
. (11)

In the slow-driving limit, optimal protocols λ∗(t) con-
necting λi and λf in time τ are time-rescaled versions of
geodesics of Eq. (11), and the optimal excess work scales
inversely with protocol timeW ∗

ex ≈ T 2(λi, λf )/τ [64, 65].
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While this geometric framework is both mathemat-
ically elegant and computationally tractable, geodesic
protocols are fundamentally approximate; their per-
formance often degrades for sufficiently small protocol
times, in some cases performing even worse than a linear
interpolation protocol [26].

Optimal transport geometry.—Optimal transport is

traditionally formulated as finding the transport map
sending a distribution ρA to another ρB that mini-
mizes an integrated (L2) squared distance. This mini-
mal integrated squared distance defines the squared L2-
Wasserstein metric distance between probability distri-
butions, which was shown in [40] to also be the minimum
of a path action

W2
2 [ρA, ρB ] = min

ρs,ϕs|s∈[0,1]

{∫ 1

0

∫
ρs(x)|∇ϕs(x)|2 dx ds

∣∣∣∣ satisfying
∂ρs
∂s

= ∇ · (ρs∇ϕs), ρ0 = ρA, ρ1 = ρB

}
. (12)

Here ρs(·)|s∈[0,1] is a trajectory of configuration space

probability densities P(Rd) [66], and ϕs(·)|s∈[0,1] is a tra-
jectory of scalar fields that yield gradient velocity fields
vs = −∇ϕs satisfying the continuity equation ∂sρs =
−∇ · (ρsvs) [67]. This so-called Benamou-Brenier formu-
lation of optimal transport (Eq. (12)) reveals a Riemma-
nian structure on the space of probability distributions
known as Otto calculus [41–43]: on this manifold of prob-
ability distributions M := P(Rd), a “point” is a proba-
bility distribution ρ ∈ M , a “tangent space vector” is a
gradient velocity field identifiable (up to a constant off-
set) by a scalar field ϕ ∈ Tρ(M), and geodesics are the
argmin of Eq. (12).

For overdamped dynamics, the work-minimizing pro-
tocol satisfying boundary conditions ρ(·, 0) = ρeqi and
ρ(·, τ) = ρeqf is a time-scaled solution of Eq. (12) for

ρA = ρeqi , ρB = ρeqf , assuming sufficiently expressive con-
trol [38]. (See the SM for a concise derivation.) From the
continuity equation form of ∂ρ(·, t)/∂t (Eqs. (4) and (6)),
the optimal protocol λ∗(t) for finite time τ can be ex-
pressed in terms of ρ∗s and ϕ∗s that solve Eq. (12), as
satisfying (up to a constant offset)

Uλ∗(t)(x) = − ln ρ∗t/τ (x) + τ−1ϕ∗t/τ (x). (13)

The first term corresponds to the Benamou-Brenier
geodesic ρ∗s, and the second one with ϕ∗s is a counterdia-
batic term that drives the probability distribution solving
Eq. (4) to match the geodesic ρ(·, t) = ρ∗t/τ (see [68]).

Remarkably, this solution is exact for any finite τ , and
it provides a geometric interpretation for these work-
minimizing protocols as optimal transport geodesics con-
necting ρeqi to ρeqf . Through the time-scaling t = τs, it

follows that W ∗
ex = W2

2 [ρ
eq
i , ρ

eq
f ]/τ is a tight lower bound

for excess dissipation in this additionally-constrained set-
ting [69, 70]. However, there are two important caveats
to this approach: first, solving Eq. (12) involves PDEs on
configuration space, which generally for dimension d ≳ 5
is computationally intractable (although, see [71–74] for
sophisticated modern machine learning methods, as well
as [57]). Second, the control parameters must be suffi-
ciently expressive in the sense that for all t ∈ (0, τ) there

has to be a λ ∈ M that satisfies Eq. (13). Worse yet,
there might not be any admissible protocols that can
satisfy the terminal constraint ρ(·, τ) = ρeqf [57].

Without the terminal condition, this problem is no
longer over-constrained. The optimal excess work can
be expressed as a minimum over ρf = ρ(·, τ) (see the
SM),

W ∗
ex = min

ρf

W2
2 [ρ

eq
i , ρf ]/τ +DKL(ρf | ρeqf ), (14)

where the additional KL-divergence cost

DKL(ρA | ρB) :=
∫
ρA(x) ln

ρA(x)

ρB(x)
dx, (15)

is the dissipation from the equilibration ρf → ρeqf that oc-
curs for t > τ (see [75]). Optimal protocols λ∗(t) are also
obtained via Eqs. (12) and (13), but now with ρA = ρeqi
and ρB = ρ∗f that minimizes Eq. (14). Without the re-
strictive terminal constraint, protocols that approximate
Eq. (13) are allowed (in the case of limited expressivity),
and may be near-optimal in performance [28, 33].

Demonstrating equivalence of geometries.—We start
by expressing Eq. (10) with the time-propagator (e.g.,
see Ch 4.2 of [62]):

gµν(λ) =

∫ ∞

0

∫
ρeqλ (x) δfµ(x) e

L†
λt

′
δfν(x) dxdt

′

= −
∫
ρeqλ (x) δfµ(x)

{
L†
λ

}−1
[δfν ](x) dx. (16)

The second line comes from taking the time-integral,

where the inverse operator
{
L†
λ

}−1
is defined in terms

of a properly constructed Green’s function (Eq. (40) in
[76]). This expression is the lowest order tensor found
in a perturbative expansion of the Fokker-Planck equa-
tion [76].

By formally defining ϕµ =
{
L†
λ

}−1
δfµ as (up to a con-

stant offset) the scalar field solving L†
λϕµ = δfµ, it is

straightfoward to show with Eqs. (7) and (8) that, for
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any protocol λ(s)|s∈[0,1],

∂ρeqλ(s)

∂s
= ∇ · (ρeqλ(s)∇ϕs), where ϕs(x) =

dλµ

ds
ϕµ(x).

(17)

Applying δfµ = L†
λϕµ and Eq. (7) to Eq. (16) shows that

the thermodynamic distance (Eq. (11)) may be expressed
as

T 2(λA, λB) = min
λ(s),ϕs|s∈[0,1]

{∫ 1

0

∫
ρeqλ(s)(x)|∇ϕs(x)|2 dxds

∣∣∣∣ satisfying
∂ρeqλ(s)

∂s
= ∇·(ρeqλ(s)∇ϕs), λ(0) = λA, λ(1) = λB

}
.

(18)

This is our first major result: this expression is equivalent
to the squared L2-Wasserstein distance (Eq. (12)) with
the constraint that ρs|s∈[0,1] is a trajectory of equilibrium
distributions ρeqλ(s)|s∈[0,1]. In other words, thermody-

namic geometry induced by the friction tensor (Eq. (10))
on M is equivalent to optimal transport geometry re-
stricted to the equilibrium distributions Peq

M(Rd) corre-
sponding to M [77], and thus share the same geodesics
and geodesic distances.

Up till now, thermodynamic geometry has prescribed
optimal protocols as friction tensor geodesics joining λi
and λf , which are approximate for finite τ . Optimal
transport solutions require solving PDEs, but yield ex-
act optimal protocols containing both geodesic and coun-
terdiabatic components (Eq. (13)). Our unification of
geometries suggests that thermodynamic geometry pro-
tocols may be made exact by including a counterdiabatic
term.

Geodesic-counterdiabatic optimal protocols.—From
here we consider the control-affine parameterization

Uλ(x) = Ufixed(x) + Uoffset(λ) + λµUµ(x), (19)

and control space λ ∈ M = Rm. It follows from the
equivalence of thermodynamic and optimal transport ge-
ometries that the optimal protocol should have the form

λ∗(t) = γ(t/τ) + τ−1η(t/τ), (20)

namely the sum of a geodesic term and a counterdiabatic
term that correspond to the two terms in Eq. (13), where
ρ∗s|s∈[0,1] and ϕ

∗
s|s∈[0,1] solve Eq. (12) with ρA = ρeqi and

ρB = ρ∗f from Eq. (14). Here, γ(s) will be a geodesic of
g(λ) joining γ(0) = λi to γ(1) = γf , where

γf = argmin
λ

T 2(λi, λ)/τ +DKL(ρ
eq
λ |ρeqf ). (21)

We show in Appendix A that the counterdiabatic term
is

η(s) = h−1(γ(s)) g(γ(s))

[
dγ(s)

ds

]
, (22)

where, intriguingly, h is the Fisher information metric
[78]

hµν(λ) =

∫
ρeqλ (x) δfµ(x) δfν(x) dx, (23)

which also induces a Riemannian geometry on the
space of parametric equilibrium probability distribu-
tions (M, h) known as “Information geometry” [58–60].
Eq. (22) is exact in cases of sufficient expressivity (i.e.,
when Eq. (13) can be satisfied); otherwise, η(s) is the full
solution projected onto M.
This is our second major result: the equivalence be-

tween thermodynamic and optimal transport geometries
implies that optimal protocols beyond linear response re-
quire counterdiabatic forcing, and can be obtained via:

Algorithm 1 Geodesic-counterdiabatic opt. protocols.
Input: λi, λf , protocol time τ , metrics gµν(λ), hµν(λ)
(Eqs. (10), (23)), KL divergence DKL(· | ρeqf ) (Eq. (15)).

1: Solve geodesic γ(s)|s∈[0,1] connecting γ(0) = λi and
γ(1) = γf (obtained from Eq. (21)) under gµν .

2: Calculate counterdiabatic term η(s) = h−1g [dγ/ds]
3: Return optimal protocol λ∗(t) = γ(t/τ) + τ−1η(t/τ)

We emphasize that this procedure does not require
solving any configuration-space PDEs. Moreover, in the
limit τ → ∞, the counterdiabatic component in Eq. (20)
vanishes and Eq. (21) is solved by γf = λf , and thus
geodesic protocols from thermodynamic geometry are re-
produced.
Examples.—We show in Appendix B that Alg. 1. re-

produces exact optimal protocols solved in [19] for con-
trolling a parameteric harmonic potential. Fig. 1. il-
lustrates an optimal protocol for Uλ(x) = λx2/2. Notice
that at t = 0 the counterdiabatic term is suddenly turned
on, while at t = τ the geodesic ends at γf ̸= λf and the
counterdiabatic term is suddenly turned off. Seen in this
light, the discontinuous jumps in optimal protocols λ∗(t)
arise from the sudden turning on and off of counterdia-
batic forcing, and the discontinuity of the geodesic at
t = τ . We note that starting in equilibrium at t = 0 and
suddenly ending control at t = τ are both unnatural in
biological settings; these generic discontinuous jumps can
be seen as artifacts of the imposed boundary conditions.
Surprisingly, non-monotonic optimal protocols have

been found for the linearly-biased double well [26]

Uλ(x) = E0[(x
2 − 1)2/4− λx], (24)
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FIG. 2. (a) Exact optimal protocols obtained in [26] from
solving PDEs, for the linearly-biased double well (Eq. (24);
E0 = 16) for different protocol durations τ including the
fast protocol τ → 0 [25] (solid yellow) and the fric-
tion tensor geodesic protocol (dark purple). (b) Geodesic-
counterdiabatic protocols numerically obtained from Alg. 1.
(c) Geodesic-counterdiabatic protocols (blue stars) outper-
form the geodesic protocol (red circles) for all τ ; cf. per-
formance of exact optimal protocols (black). We examine the
reduction in performance at τ ∼ 2 in the SM. (d) The τ = 1
protocol numerically obtained via Alg. 1 (here γf = 0.0291),
same coloring as Fig. 1. (e) The friction and Fisher infor-
mation tensors yield (f) the geodesic γ(s) (here λA = −1,
λB = 1) and (g) the non-monotonic counterdiabatic forcing
η(s).

for certain values of E0 and τ (e.g., τ = 0.2 in Fig. 2(a) for
E0 = 16). Fig. 2(b) illustrates protocols numerically ob-
tained from Alg. 1 (details given in the SM). Due to the
limited expressivity of the controls, these protocols are
not identical to the exact optimal protocols obtained by
solving PDEs [26] (Fig. 2(a)). However, they reproduce
significant properties (e.g., discontinuous jumps and non-
monotonicity, becoming exact in τ → 0 and τ → ∞), and
lead to improved performance over geodesic protocols
(Fig. 2(c)). Fig. 2(d) illustrates the non-monotonic τ = 1
protocol as a sum of geodesic and counterdiabatic terms.

The tensors g and h (Fig. 2(e)) yield necessarily mono-
tonic geodesics (Fig. 2(f)), and non-monotonic counter-
diabatic forcing (Fig. 2(g)) that leads to non-monotonic
optimal protocols.

Discussion.—We have demonstrated the equivalence
between overdamped thermodynamic geometry on M—
previously seen as an approximate framework—and L2

optimal transport geometry on equilibrium distribu-
tions Peq

M(Rd) ⊂ P(Rd). The resulting geodesic-
counterdiabatic optimal protocols from Alg. 1 are exact
for parameteric harmonic traps, and explain both the
ubiquitous discontinuous jumps and the non-monotonic
behavior observed in optimal protocols.

We note that [56] presents a geodesic-counterdiabatic
PDEs approach for underdamped dynamics. Addition-
ally, underdamped optimal control has recently been re-
lated to a modified optimal transport problem [79, 80].
We expect that the metric tensor in [56], the friction ten-
sor (Eq. (10)) for underdamped dynamics [65], and the
optimal transport specified in [79, 80] may also be geo-
metrically unified through methods similar to ours.

An interesting future direction will be to apply our
findings to heat engines [9–12, 37] and active matter
systems [18, 81], which have been studied with approxi-
mate geodesic protocols. We hope that the insight that
minimal-work protocols require both geodesic and coun-
terdiabatic components will prove to be useful in under-
standing the cyclic and fundamentally non-equilibrium
processes that occur in biological systems.
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Defense Science & Engineering Graduate (NDSEG) Fel-
lowship Program. MRD thanks Steve Strong and Fenrir
LLC for supporting this project. This work was sup-
ported in part by the U.S. Army Research Laboratory
and the U.S. Army Research Office under Contract No.
W911NF-20-1-0151.

Appendix A: Counterdiabatic driving expression.—In
this Appendix we derive our expression for the counter-
diabatic term (Eq. (22)). Per definition, the counterdia-
batic term ϕs(x) = ηµ(s)Uµ(x) is constructed to solve
the continuity equation

∂ρeqγ(s)

∂s
(x) = ∇ · (ρeqγ(s)(x)∇ϕs(x)). (25)

We can divide by ρeqλ (x) and plug in ∂s ln ρ
eq
γ(s) =

[dγ(s)/ ds] δfµ(x) to obtain

dγµ

ds
δfµ(x) = −ην(s)[L†

γ(s) δfν ](x), (26)

where we have used the fact that Uν(x) = −δfν + const,

and that the adjoint operator (Eq. (7)) satisfies L†
λ[ψ +

c] = L†
λ[ψ] for any scalar field ψ(x) and constant c ∈ R.
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Due to the limited expressivity of available controls
in a given problem, it might not be possible to satisfy

Eq. (26). However, this potential insolubility is resolved
by applying a projection operator to both sides

dγµ

ds

∫ [
− ρeqγ(s)(x) δfα(x)

{
L†
γ(s)

}−1
]
δfµ(x) dx = −ην(s)

∫ [
− ρeqγ(s)(x) δfα(x)

{
L†
γ(s)

}−1
][
L†
γ(s) δfν

]
(x) dx, (27)

which yields

gαµ(γ(s))

[
dγµ

ds

]
= hαν(γ(s)) η

ν(s), (28)

using the friction tensor and Fisher information metric
expressions Eq. (16) and Eq. (23). Optimal transport ge-
ometry measures “horizontal” displacement while infor-
mation geometry measures “vertical” displacement [82],
so g and h can be seen to give the conversion between
the left and right hand sides of Eq. (25) [83].

Because the Fisher information metric is symmetric
and positive-definite (assuming [31]), we can apply its
inverse to Eq. (28), thus reproducing Eq. (22).

Appendix B: Analytic reproduction of harmonic oscil-
lator optimal protocols.—In this Appendix we show that
Alg. 1 exactly reproduces the optimal protocols for har-
monic potentials first found in [19].

We first consider a variable-center harmonic potential
in one dimension Uλ(x) = (x − λ)2/2, both the fric-
tion and Fisher information tensors are spatially con-
stant g(λ) = f(λ) = 1 due to translation symmetry.
For any λf , the KL-divergence given by DKL(ρ

eq
λ |ρeqf ) =∫

ρeqλ (x) ln [ρeqλ (x)/ρeqf (x)] dx = (λ − λf )
2/2, while the

squared thermodynamic length is given by T 2(λi, λ) =
(λ − λi)

2. Without loss of generality we fix λi = 0.
Following Alg. 1, we obtain γf = (1 + 2/τ)−1λf with
geodesic γ(s) = s γf , and η(s) = γf . Ultimately, this
yields the optimal protocol

λ∗(t) = [λf/(2 + τ)] t︸ ︷︷ ︸
geodesic

+ 1/(2 + τ)︸ ︷︷ ︸
counterdiabatic

, for t ∈ (0, τ),

(29)
which yields the original analytic solution reported by
Schmiedl and Seifert λ∗(t) = λf (1+ t)/(2+τ), Eq. (9) in
[19] (note that they use t to denote protocol duration and
τ to denote time, which is swapped with respect to our
notation). However, we now have a refined interpreta-
tion of this optimal protocol: as consisting of a geodesic
component that connects λi to γf ̸= λf , and a coun-
terdiabatic component necessary to achieve the geodesic
trajectory for finite protocol durations τ .

We now solve for the optimal protocol for a variable-
stiffness harmonic trap Uλ(x) = λx2/2. We will defer
solving for γf until after obtaining the analytic form
for λ∗(t). The friction tensor for this potential has
previously been shown to be g(λ) = 1/4λ3 [64], and

the Fisher information metric can be calculated to be
h(λ) =

〈
x4/4

〉eq
λ

−
(
⟨x2/2⟩eqλ

)2
= 1/2λ2. As shown

in [64], by switching to standard deviation coordinates
σ = λ−1/2, the friction tensor is constant g̃(σ) = 1,
and thus geodesics are σ(s) = (1 − s)σA + s σB with
thermodynamic length T̃ 2(σA, σB) = (σB − σA)

2, where

σA = λ
−1/2
i and σB = γ

−1/2
f . This yields the geodesic

γ(s) = [(1− s)σA + s σB ]
−2, (30)

with the corresponding counterdiabatic term given by

η(s) = (σA − σB)/[(1− s)σA + s σB ]. (31)

Plugging these into λ∗(t) = γ(t/τ) + τ−1η(t/τ) leads to
the interpretable optimal protocol expression

λ∗(t) =
[
1/σ∗(t)

]2
︸ ︷︷ ︸

geodesic

+ τ−1
[
∆σ/σ∗(t)

]
︸ ︷︷ ︸
counterdiabatic

, (32)

where σ∗(t) = σi + (t/τ)∆σ is the linear interpolation

between the endpoints σi = λ
−1/2
i and σi +∆σ = γ

−1/2
f .

Finally we solve for γf via

γf = argmin
λ

T 2(λi, λ)/τ +DKL(ρ
eq
λ |ρeqf ), (33)

using T 2(λi, λ) = (λ
−1/2
i − λ−1/2)2 (recall that λ−1/2 =

σ is the standard deviation) and DKL(ρ
eq
λ |ρeqf ) =

(1/2)[(λf/λ− 1) + ln(λ/λf )] [84]. This yields

γf =
(√

1 + 2λiτ + λiλfτ2 − 1
)2
/λiτ

2, (34)

or when expressed in σ coordinates

∆σ = σi

(
1 + λfτ −

√
1 + λkτ + λiλfτ2

2 + λfτ

)
. (35)

Substituting this expression into Eq. (32) reproduces the
exact optimal protocol, Eqs. (18) and (19) in [19]. (Note
that they use t to denote protocol duration and τ to
denote time, which is swapped with respect to our nota-
tion.)
Fig. 1 illustrates the obtained exact optimal protocol

for this problem (Eqs. (32) and (35)) as a sum of geodesic
and counterdiabatic components. This clarifies the origin
of the jumps in optimal protocols: at t = 0, the counter-
diabatic component is suddenly turned on, and at t = τ
it is abruptly turned off.
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rophysics Letters 121, 60005 (2018).

[9] P. Abiuso and M. Perarnau-Llobet, Physical review let-
ters 124, 110606 (2020).

[10] K. Brandner and K. Saito, Physical review letters 124,
040602 (2020).

[11] A. G. Frim and M. R. DeWeese, Physical Review E 105,
L052103 (2022).

[12] A. G. Frim and M. R. DeWeese, Physical Review Letters
128, 230601 (2022).

[13] P. Geiger and C. Dellago, Physical Review E 81, 021127
(2010).

[14] C. Dellago and G. Hummer, Entropy 16, 41 (2013).
[15] D. A. Sivak and G. E. Crooks, Physical Review E 94,

052106 (2016).
[16] J. N. Lucero, A. Mehdizadeh, and D. A. Sivak, Physical

Review E 99, 012119 (2019).
[17] S. Blaber and D. A. Sivak, Europhysics Letters 139,

17001 (2022).

[18] L. K. Davis, K. Proesmans, and É. Fodor, Physical Re-
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I. OPTIMAL TRANSPORT FORMULATION OF OPTIMAL, WORK-MINIMIZING PROTOCOLS

We present a concise derivation the optimal transport formulation of minimum-work protocols. For simplicity here
we use the notation ρt = ρ(·, t) and Ut = Uλ(t)(·). For now, we consider the initial conditions ρ0 = ρeqi and U0 = Ui,
and the terminal condition Uτ = Uf , without imposing ρτ = ρeqf .

Recall that the Fokker-Planck equation giving the time-evolution for ρt may be written as the continuity equation

∂ρt
∂t

= ∇ · (ρt∇ϕt), where ϕt := Ut + ln ρt. (S1)

The ensemble work rate is defined as

dW

dt
=

∫
ρt(x)

dUt(x)

dt
dx. (S2)

By applying the identity d
dt

∫
ρt Ut dx =

∫
(∂tρt)Ut dx+

∫
ρt (∂tUt) dx [S1], algebraic manipulation yields

dW

dt
= −

∫
∂ρt
∂t

Ut dx+
d

dt

∫
ρt Ut dx

= −
∫
∂ρt
∂t

(Ut + ln ρt + 1) dx+
d

dt

∫
ρt (Ut + ln ρt) dx

=

∫
ρt|∇(Ut + ln ρt)|2 dx+

d

dt

∫
ρt (Ut + ln ρt) dx. (S3)

Here in the second line we have added and subtracted d
dt

∫
ρt ln ρt dx =

∫
(∂tρt)(ln ρt +1) dx, and in the third line we

have plugged in the Fokker-Planck equation Eq. (S1) and integrated by parts in x.
Finally, the work is defined as the time-integral of the work rate

W =

∫ τ

0

dW

dt
dt =

∫ τ

0

∫
ρt|∇ϕt|2 dxdt+

∫
ρt(Ut + ln ρt) dx

∣∣∣∣
τ

t=0

, (S4)

where we have used the definition of ϕt in Eq. (S1).
After noting that the KL divergence from a distribution ρ to another an equilibrium distribution ρeqλ can be

equivalently written as

DKL(ρ|ρeqλ ) :=

∫
ρ(x) ln

[
ρ(x)

ρeqλ (x)

]
dx =

∫
ρ (ln ρ+ Uλ) dx− F (λ) (S5)

(recall F (λ) := − ln
∫
exp(−Uλ(x)) dx is the equilibrium free energy), the excess work Wex =W −∆F can be written

as

Wex =

∫ τ

0

∫
ρt|∇ϕt|2 dxdt+DKL(ρτ |ρeqf ), (S6)
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where we have applied the boundary conditions ρ0 = ρeqi , U0 = Ui, and Uτ = Uf .
The first term in Eq. (S6) represents the dissipation occurring within the protocol from t = 0 and t = τ [S2] and

is optimized by a Benamou-Brenier solution between ρ0 and ρτ , while the second term represents the dissipation
occurring for t > τ (i.e., after the protocol) as the distribution relaxes from ρτ to ρ∞ = ρeqf . The change of variables

s = t/τ thus yields W ∗
ex = minρf

W2
2 [ρ

eq
i , ρf ]/τ +DKL(ρf |ρeqf ), which was noted in [S3] to be equivalent to the JKO

scheme used to study convergence properties of the Fokker-Planck equation [S4] with effective time-step h = ∆t/2.
If the additional terminal condition ρτ = ρeqf is additionally imposed, then the second KL divergence term goes

away, reproducing the Benamou-Brenier cost function multiplied by 1/τ .

II. NUMERICAL STUDY OF LINEARLY-BIASED DOUBLE WELL OPTIMAL PROTOCOLS

In this section, we provide details of our numerical study of the linearly-biased double well

Uλ(x) = E0[(x
2 − 1)2/4− λx], (S7)

for E0 = 16, λi = −1, λf = 1, and analyze the reduction in performance around τ ∼ 2 seen in Fig S1(a) (a higher
resolution version of Fig. 2(e)). We propose an explanation for the geodesic-counterdiabatic protocols overshooting
the optimal protocols (Fig S2(b)) that correspond to a reduction in performance for τ ∼ 2.

A. Lattice discretization implementation

In order to calculate g(λ), h(λ), T 2(λi, λ), DKL(ρ
eq
λ |ρeqf ), as well as to measure the performance Wex[λ(t)], we base

our numerical implementation on the lattice-discretized Fokker-Planck equation method introduced in [S5]. This is
the same discretization scheme used by [S6], which allows a direct comparison of numerical results.

We discretize the one-dimensional configuration space as an N -state lattice with spacing ∆x and reflecting bound-
aries at xb = ±(N − 1)∆x/2. Following [S6], we use ∆x = 0.025 and xb = ±3. The probability density may be
represented as a vector ρ(t) = (ρ1(t), ρ2(t), ..., ρN (t)) via ρ(x, t) = (∆x)−1[ρ(t)]l(x) , where l(x) = ⌊x/∆x+N/2⌋. Like-
wise, the potential energy may be represented as a covector Uλ = (U1(λ), U2(λ), ..., UN (λ)))T with Uλ(x) = [Uλ]l(x),

yielding the equilibrium probability vector ρeq
λ = Z(λ)−1(exp(−U1(λ)), exp(−U2(λ)), ..., exp(−UN (λ))), where Z(λ) =∑

i exp(−Ui(λ)) is the normalization constant. The excess conjugate force is given by the covector

δf(λ) = −∂Uλ

∂λ
+
∂Uλ

∂λ
· ρeq

λ , (S8)

where the second term is a dot product with the equilibrium probability vector.
The Fokker-Planck equation is represented as the master equation

ρ̇ = Lλρ, (S9)

where Lλ is a transition rate matrix on which we impose the following form

[Lλ]
i
j =





(∆x)−2 e(Uj(λ)−Ui(λ))/2 |i− j| = 1

−(∆x)−2
∑

k ̸=j e(Uj(λ)−Uk(λ))/2 i = j

0 else.

(S10)

Taking the continuum limit N → ∞,∆x→ 0 with constant xb yields the Fokker-Planck equation ∂tρ = Lλρ [S6].
For this lattice discretization, The friction tensor and Fisher information metric are given by

g(λ) = −
N∑

i=1

[ρeq
λ ]i[δf ]i

[
(LT

λ )
−1δf

]
i

and h(λ) =

N∑

i=1

[ρeq
λ ]i[δf ]i[δf ]i, (S11)

where (LT
λ )

−1 is the inverse of the adjoint Fokker-Planck matrix with its zero-mode removed [S7]. The KL-divergence
is

DKL(ρ
eq
λ |ρeqf ) =

N∑

i=1

[ρeq
λ ]i ln

[
[ρeq

λ ]i

[ρeq
f ]i

]
, (S12)
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and the squared thermodynamic distance (cf., Eq. (5) in [S8]) takes the form

T 2(λi, λ) =

[ ∫ λ

λi

√
g(λ) dλ

]2
. (S13)

We numerically compute the integral as a trapezoid sum on interval [λi, λ] split into 1000 even subintervals.
Geodesic-counterdiabatic protocols of duration τ are obtained by first solving for γf through minimizing

γf = argmin
λ

T 2(λi, λ)/τ +DKL(ρ
eq
λ |ρeqf ) (S14)

using Eq. (S12) and (S13) above, and then computing the time-discretized geodesic for k = 0, 1, 2, ...,K

γ(·) = {(s0 = 0, γ0 = λi), (s1, γ1), (s2, γ2), ..., (sK−1, γK−1), (sK = 1, γK = γf )} (S15)

using equally spaced γk = [1 − (k/K)]λi + (k/K)γf = λi + k∆γ, and variable timesteps sk+1 − sk =

α∆γ
√
g(γk) + g(γk+1)/2 with scaling factor α chosen so that sK = 1. Finally, the time-discretized η(·) is obtained

via

η(s) = h−1(γ(s))g(γ(s))
dγ(s)

ds
(S16)

where dγ(s)/ds is computed using finite differences.
Following [S6], we use K = 1000. This way of computing geodesic-counterdiabatic protocols is consistent with how

geodesic protocols were obtained in [S6], allowing for a direct comparison of performance.

B. Phase transition for γf

An interesting property we found for this problem is that the geodesic endpoint γf obtained as the argmin of the
objective function Eq. (S14) has a discontinuity at τ ≈ 3.3 (Fig. S2(a)). This is due to the fact that the objective
function, computed using Eqs. (S11)-(S13), is not convex, and has multiple local minima for τ ∼ 3 (Fig. S2(b)).

C. Measuring performance

For a time-discretized protocol λ(t) = {(t0 = 0, λ0 = λi), (t1, λ1), ..., (tK−1, λK−1), (tK = τ, λK)}, the trajectory for
ρ(t) is obtained by integrating Eq. (S9)

ρk+1 = exp[Lk+1/2(tk+1 − tk)]ρk with ρ0 = ρeq
i , (S17)

where Lk+1/2 is the transition rate matrix Eq. (S10) for λk+1/2 = (λk + λk+1/2).
Finally, the work for a particular protocol is calculated through the first law of thermodynamics

W [λ(t)] = ∆E −Q[λ(t)] = [Uf · ρK −Ui · ρeq
i ]−

K−1∑

k=0

Uk+1/2 · [ρk+1 − ρk], (S18)

and the excess work is Wex = W [λ(t)]−∆F . Because we are considering λi = −1 and λf = 1 for Eq. (S7), we have
∆F = 0.

D. Reduction in performance around τ ∼ 2

Though they still outperform geodesic protocols, geodesic-counterdiabatic protocols obtained via Alg. 1 exhibit a
noticeable decrease in performance compared with the exact optimal limited-control solutions computed in [S6] using
optimal control theory on PDEs. It is important to note the assumptions made for Alg. 1:

1. The complete L2 optimal transport solution, a Wasserstein geodesic ρ∗s|s∈[0,1] ∈ P(Rd), is closely approximated

by a trajectory of equilibrium distributions ρeqλ(s)|s∈[0,1] ∈ Peq
M(Rd), i.e., a thermodynamic geometry geodesic.
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2. In the case of limited expressivity of available controls, the continuity equation ∂sρ
eq
γ(s) = ηµ(s)∇· (ρeqγ(s)∇Uµ) is

approximately satisfied by the counterdiabatic driving term obtained via Eq. (S16), so that the time-dependent
probability distribution ρ(·, t) ∈ P(Rd) solving the Fokker-Planck equation (Eq. (S1)) under the geodesic-
counterdiabatic protocol λ∗(t) = γ(t/τ) + τ−1η(t/τ) closely approximates the geodesic path of equilibrium
distributions ρeqγ(t/τ) ∈ Peq

M(Rd).

Both of these assumptions hold for the parametric harmonic oscillator, but do not for the linearly-biased double well
(Eq. (S7), E0 = 16) for τ ∼ 2. In the case that one or both of these assumptions are broken, Alg. 1 may produce a
protocol that poorly approximates the true optimal protocol λ∗(t). In the case that the first assumption is broken,
the global optimal limited-control protocol λ∗(t) (i.e., obtained using optimal control on PDEs [S6]) may yield a
Fokker-Planck equation solution ρ∗(·, t)|t∈[0,τ ] that better approximates the optimal transport solution ρ∗s|s∈[0,1] by

not being on the equilibrium manifold, i.e., ρ∗(·, t)|t∈[0,τ ] /∈ P(Rd).
We believe that this existence of multiple local minima for γf (Fig. S2(b)) indicates that near values of this “critical

protocol duration” τ ≈ 3.3, the first assumption is indeed broken. The objective function yielding the terminal time
ρ∗1 = ρ∗f for the optimal transport solution

ρ∗f = argmin
ρf

W2
2 [ρi, ρf ]/τ +DKL(ρf |ρeqf ) (S19)

has only a single minimum, as constructed and proved in [S4], and therefore is unlikely to represent an equilibrium
distribution for any choice of control parameter values ρ∗f /∈ Peq

M(Rd). Thus, for τ ∼ 2, the optimal transport solution

ρ∗s|s∈[0,1] is not well approximated by an equilibrium distribution trajectory, and so Alg. 1 does not produce a protocol
that approximates the optimal protocol λ∗(t) obtained in [S6] (Fig. S1(b)), leading to a decrease in performance
(Fig. S1(a)). Nevertheless optimal protocols obtained via Alg. 1 still noticeably outperform the geodesic protocol that
connect λi to λf (Fig. S1(a)).

[S1] Note, this identity is equivalently the First Law of Thermodynamics dE/dt = dQ/ dt+ dW/dt.
[S2] S. Ito, Information Geometry 7, 441 (2024).
[S3] Y. Chen, T. T. Georgiou, and A. Tannenbaum, IEEE transactions on automatic control 65, 2979 (2019).
[S4] R. Jordan, D. Kinderlehrer, and F. Otto, SIAM journal on mathematical analysis 29, 1 (1998).
[S5] V. Holubec, K. Kroy, and S. Steffenoni, Physical Review E 99, 032117 (2019).
[S6] A. Zhong and M. R. DeWeese, Physical Review E 106, 044135 (2022).
[S7] N. S. Wadia, R. V. Zarcone, and M. R. DeWeese, Physical Review E 105, 034130 (2022).
[S8] G. E. Crooks, Physical Review Letters 99, 100602 (2007).
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FIG. S1: (a) Performance of optimal protocols from [S6] (black), geodesic (red dots), and geodesic-counterdiabatic protocols
(blue stars), higher resolution reproduction of Fig.2(c) from main text. (b) Optimal protocols from [S6] (filled grey line) and
geodesic-counterdiabatic protocols from Alg. 1 (broken blue line) for τ between 0.5 to 10.0, corresponding to the decrease in
performance “peak” in (a). We see that for τ ∼ 2, the geodesic-counterdiabatic protocols overshoot the optimal protocols,
corresponding to a reduction in performance.
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FIG. S2: (a) The geodesic endpoint for geodesic-counterdiabatic protocols γf = argminλ T 2(λi, λ)/τ + DKL(ρ
eq
λ |ρeqf ), as a

function of protocol duration τ . At τ ≈ 3.3 there is a discontinuity from γf = 0.073 to γf = 0.706. (b) The functions T 2(λi, λ)
(solid blue) and DKL(ρ

eq
λ |ρeqf ) (broken red), and their sum T 2(λi, λ)/τ + DKL(ρ

eq
λ |ρeqf ) for various values of τ . The blue star

indicates the minimum, yielding γf , which suddenly jumps from γf = 0.073 at τ = 3.3 to γf = 0.706 at τ = 3.4, due to the
existence of multiple local minima in the objective function.


