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Abstract

We study magnetotransport in conical helimagnet crystals. Spin dependent magnetoresistance

exhibits dramatic properties for high and low electron concentrations at different temperatures. For

spin up electrons we find negative magnetoresistance despite only considering a single carrier type.

For spin down electrons we observe giant magnetoresistance due to depletion of spin down electrons

with an applied magnetic field. For spin up carriers, the magnetoresistance is negative, due to the

increase in charge carriers with a magnetic field. In addition, we investigate spin dependent Hall

effect. If a magnetic field reaches some critical value for spin down electrons, giant Hall resistance

occurs, i.e., Hall current vanishes. This effect is explained by the absence of spin down carriers.

For spin up carriers, the Hall constant dramatically decreases with field, due to the increase in spin

up electron density. Because of the giant spin dependent magnetoresistance and Hall resistivity,

conical helimagnets could be useful in spin switching devices.
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I. INTRODUCTION

Helimagnetism is a phenomenon that occurs in magnetic materials and can be the result

of relativistic corrections,1–4 frustrated magnetism5, or RKKY/Kondo effects6–9. Conical

magnetic phases exist in helimagnetic materials, along with skyrmions, ferromagnetism,

etc.10,11. Conical phases were experimentally verified in U3P4,
12 γ-Fe,13 MnP14 crystals. In

the absence of a magnetic field, helimagnets can have spin spiral phases shown in Fig.1a,

with the spiral direction defined by the crystal anisotropy. When a magnetic field is applied

and aligned with the spin spiral direction, the spins tilt towards the field direction, creating

the conical phase, as shown in Fig.1b. This occurs when the applied field is greater than

the pinning value Bpin.
15–22 In many materials Bpin = 0. Spin spirals have many potential

applications in spintronics.23–27

Our main focus in the work is transport in conical magnets. Charge transport in conical

helimagnets was studied in Ref28 in the absence of a magnetic field. Helical magnets in

the presence of a magnetic with B < Bpin were investigated in Ref29. In prior work we

found giant magnetoresistance when the external field is applied perpendicular to the spiral

propagation direction in the helical case. In addition, the Hall constant appears to be

independent of the helical structure29. In this paper, we continue to study magnetotransport

for B > Bpin, allowing Bpin = 0. The spin component along the spiral axis is proportional

to the applied magnetic field, i.e., Sz ∝ B. To study transport properties in these materials,

we employ the kinetic Boltzmann equation with electron-acoustic phonon scattering, and

then, calculate spin dependent magnetoresistance and spin dependent Hall effect.

Transport properties in conical magnetic materials can be described by the Hamiltonian13

Ĥ0 = Ĥcrys + Ĥhel =
~
2k2

2m
− JS · σ̂ (1)

=
~
2k2

2m
− JS‖ (σx cos(κz) + σy sin(κz))− JSzσz , (2)

where σ is the vector of the three Pauli matrices, J is the the interaction energy, κ is the

spin spiral wavenumber, m is the electron effective mass, and S is the magnetic moment of

the crystal. Sz is completely induced by the magnetic field and defined as

Sz = βB, (3)

where β is a constant dependent on the material. S‖ is the competent of S in the xy plane.
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This Boltzmann equation approach was applied to charge transport in helical, conical, and

skyrmion phases.13,30–33

II. THEORY

Electronic Structure

Hamiltonian (1) was exactly diagonalized in Ref28 where the two energy bands are

ε1,2 =
ε0

(

k + ez
κ

2

)

+ ε0
(

k − ez
κ

2

)

2
±

√

√

√

√J2S2
‖ +

[

ε0
(

k + ez
κ

2

)

− ε0
(

k − ez
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2

)

2
+ JSz

]2

=
ε0

(
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2

)

+ ε0
(

k − ez
κ

2

)

2
±
√

J2S2
‖ + [D + JSz]

2,

(4)

where D =
[

ε0
(

k + ez
κ

2

)

− ε0
(

k − ez
κ

2

)]

/2

The wavefunctions can be written as follows:




Ψ
↑(ν)
k,κ (r)

Ψ
↓(ν)
k,κ (r)



 =





aν (k,κ) e
−iκ

2
z

bν (k,κ) e
+iκ

2
z



ψ0k (r) , (5)

where ν represents the band index and

a1 = b2 =
1√
2

√

√

J2S2
‖ + (D + JSz)

2 + (D + JSz)

(

J2S2
‖ + (D + JSz)

2
)1/4

,

a2 = −b1 = − 1√
2

√

√

J2S2
‖ + (D + JSz)

2 − (D + JSz)

(

J2S2
‖ + (D + JSz)

2
)1/4

.

(6)

According to Eq. (3), the energy bands defined by Eq. (4), and wavefunctions defined by

Eqs. (5) and (6), all depend on magnetic field. As shown below, this field dependence will

dramatically change magnetoresistance and Hall effect. The band structure is depicted in

Fig. 2. Red and blue lines correspond spin up and spin down electrons, respectively. Fig. 2a

represents a helical band structure with no magnetic field (Sz = 0, S‖ 6= 0). Fig. 2b shows
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FIG. 1: Schematic diagram of (a) helical and (b) conical magnets. Each blue circle represents a

crystal plane. Each unlabeled arrow shows the alignment of the magnetic moment for each

crystal plane. a) There is a helical magnetic structure where no magnetic field is applied.

Magnetic moments lie in the x-y plane. b) There is a conical magnetic structure. The magnetic

field is applied in the positive z direction. The magnetic moments have a z-component.
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FIG. 2: Relation between a band structure and a magnet type. The blue and red lines denote

spin up and spin down electrons, respectively. The two dashed lines correspond to chemical

potentials for low and high electron concentrations. We schematically depict the band structure

for (a) helical materials (B = 0), (b) conical magnets, and (c) ferromagnets, respectively (B is

strong).

the conical case (Sz 6= 0, S‖ 6= 0). Fig. 2c shows the ferromagnetic case at larger magnetic

fields (Sz 6= 0, S‖ = 0). The dashed lines approximately correspond to low and high Fermi

levels where the electron concentration is constant and independent of magnetic field.

Transport

For transport calculations, we consider the Boltzmann equation with relaxation rate due

to electron-phonon interaction:34

− e
~
(E + [vν ×B])∇k (f0 (εν (k)) + f ν

1 (k)) =
∑

ν′

∑

k′

(

W νν′

kk′f ν′

1 (k′)−W ν′ν
k′kf

ν
1 (k)

)

. (7)

f0(k) is the equilibrium Fermi distribution function, f1(k) is the nonequilibrium part of the

total distribution function, E is an applied electric field, B is an applied magnetic field, v

is an electron velocity, and ∇k is the gradient with respect to the wavevector.

The transition rates W νν′

kk′ are defined as follows:

W νν′

kk′ = (2π/~)
∣

∣

〈

k′, ν ′, N ′
qj

∣

∣∆V
∣

∣k, ν, Nqj

〉∣

∣

2
δ(εν(k)− εν′(k

′)). (8)

where ∆V is the electron-acoustic phonon interaction potential. Nqj is the population

number of phonons with the wavevector q and the branch j determined from the Bose
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distribution function:

Nqj =
1

e
εph

kBT − 1
. (9)

Index ν denotes an energy band number.

For pure crystals, the electron scattering is only from electron-phonon interactions. In

our calculations we only consider acoustic phonons. Then the electron-phonon interaction

yields:

V̂e−ph ≈ −∇

(

Ĥcrys + Ĥhel

)

· u. (10)

Ĥcrys and Ĥhel are defined in Eq. (1). The atom displacement, u, can be expressed in terms

of normal phonon coordinates. The transition rates in Eq. (8) are determined for electron

and phonon wavefunctions separately. Note, since Ĥhel in Eq.(10) is spin dependent, the

transition rates are also spin dependent.

Electric current density can be found from the nonequilibrium distribution function:

jνi = e
1

(2π)3

∫

f ν
1 v

ν
i d

3k, (11)

where vνi is a velocity projection (i = x, y, z) determined as vνi = ∂εν(k)/~∂ki. It is im-

portant to note that the magnetic field dependence comes into current density through the

nonequilibrium distribution function and the electron velocities. In particular, the distri-

bution function depends on the kinetic part of the Boltzmann equation (7), the transition

rates (8), the energy bands (4), and wavefunctions (5).

Computational Details

The Boltzmann Eq. (7) is solved numerically using original code. The relaxation rates

are considered within the first Born approximation with respect to electron-acoustic phonon

interaction. Eq. (7) is a linear integro-differential matrix equation for f1. For calculations,

it is important remove the derivative, ∇kf
ν
1 . The procedure is described in detail in Ref.29

Keeping electron concentration constant, we calculate the chemical potential µ, which is B

dependent because of the magnetic field dependence of the energy bands as shown in Eqs.

(4).

For the calculations we choose the following values: m = 0.5, J = 0.02, |S| = 1, small

n = 0.002275 at T = 10K, large n = 0.01407 at T = 10K, small n = 0.002780 at T = 90K,
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and large n = 0.01477 at T = 90K. β is chosen such that the conical regime is between 0

and 10 Tesla. The spin spiral period is 7 lattice lengths of L = 0.526nm, corresponding to

bcc Eu metal35.

III. RESULTS

In this section we present the calculated spin dependent magnetoresistance and Hall

current, depending on magnetic field, electron concentration, and temperature.

Spin dependent magnetoresistance

In Fig. 3 we present the total (spin up and spin down) magnetoresistance (∆ρ/ρ(0)) as

a function of magnetic field. We show the dependence of ∆ρ/ρ(0) on magnetic field at two

different electron concentrations, at T = 10K, Fig. 3a, and at T = 90K, Fig. 3b. The

blue line defines large electron concentration (eF >> kBT ). The red line corresponds to

small n (εF < kBT ). According to Askerov36, at T = 0, ∆ρ/ρ → 0 for all magnetic fields.

Because εF >> kBT (the low temperature limit) the blue lines at both temperatures, Fig.

3a and Fig. 3b, are close to zero. For lower n’s (εF < kBT ), we have a high temperature

limit, and at small field, according to Anselm34, ∆ρ/ρ ∝ H2. At large values of B, the

magnetoresistance is field independent. The unexpected local maximum in Fig. 3b is due

to spin effects described below.

The magnetoresistance as a function of magnetic fields exhibits dramatic behavior when

we consider spin up and spin down contributions separately as shown in Fig. 4 and Fig. 5.

Typically, negative magnetoresistance can occur when the primary carrier changes charge

sign, i.e., from electrons to holes or vice versa. Our only carriers are electrons, so one

would expect ∆ρ/ρ(0) > 0. However, as shown in Fig. 4, we find that magnetoresistance is

negative in both high and low temperature limits. This happens because the band structure

shown in Fig. 2, changes with B according to Eq. (4). Because ∆ρ = ρ(B)− ρ(0), negative

magnetoresistance occurs when ρ(B) < ρ(0). Due to the energy band well shift, the spin up

electron concentration, n↑(B), increases, while the spin down concentration, n↓(B) decreases.

Conductivity increases with electron concentration, therefor decreasing resistivity (ρ(B)↑,

ρ ∼ σ−1). The total electron concentration, n(0) = n(B) = n↑(B) + n↓(B), is conserved.
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(b) Total magnetoresistance at 90K

FIG. 3: Total magnetoresistance in a conical magnet. The red and blue lines represent

magnetoresistance at low and electron concentrations, respectively, at (a) T = 10K, and (b)

T = 90K
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(a) Spin up magnetoresistance at 10K
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(b) Spin up magnetoresistance at 90K

FIG. 4: Spin up magnetoresistance in a conical magnet. The red and blue lines represent

magnetoresistances at low and high electron concentrations, respectively at temperatures (a)

10K, and (b) 90K

Thus, ρ(B)↑ < ρ(0)↑ and ∆ρ↑ is negative. The temperature dependence shown in Fig.

4a and 4b can be explained as follows: for high electron concentrations, the blue lines,

are independent of temperature, T = 10K and T = 90K. According to Ref36, ∆ρ/ρ(0)

vanishes in the low temperature limit. However, we do not observe this dependence due

to the spin contributions described above. For low electron concentrations, the red lines,

|∆ρ↑/ρ(0)↑|T=10 << |∆ρ↑/ρ(0)↑|T=90 in the high temperature limit according to Ref36.

We now demonstrate the magnetoresistance dependence on B for the spin down electrons
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(a) Spin down magnetoresistance at

T = 10K
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(b) Spin down magnetoresistance at

T = 90K

FIG. 5: Spin down magnetoresistance in a conical magnet. The red and blue lines represent

magnetoresistances at low and high electron concentrations, respectively at temperatures (a)

10K, and (b) 90K

in Fig. 5. In both Figs. 5a and b, for low total electron concentration, the red lines exhibit

giant magnetoresistance. This giant magnetoresistance can be explained by decreasing spin

down electron concentration. Such a change occurs because of the change in band structure

that goes to a ferromagnetic state as shown in Fig. 2. In this case, the Fermi level is near

the bottom of the lower band (spin up band), therefor, n↓(B) → 0, and electroconductiv-

ity decreases, ρ(B)↓ >> 1. Consequently, (ρ(B)↓ − ρ(0)↓)/ρ(0)↓ >> 1. For large electron

concentrations and magnetic fields (blue lines) the energy structure turns into the ferromag-

netic state shown in Fig. 2c. In this case, εF is slightly above the minimum of the upper

band, where the spin down electron concentration is low, but nonzero, causing the increase

in resistivity.

Spin dependent Hall constant

Besides magnetoresistance, we also study spin dependent Hall effect defined in the fol-

lowing way:34

ρxy = −RB. (12)
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(a) Total Hall constant at T = 10K
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(b) Total Hall constant at T = 90Kt

FIG. 6: Total Hall constant in a conical magnet. Red and blue lines represent Hall constant at

low and high electron concentrations, respectively at (a) T = 10K and (b) T = 90K.

For free electrons Hall constant becomes

R =
1

cen
. (13)

As shown in Ref.29, helicity does not change the free electron Hall constant in a helical phase

as described by Eq. (13). In a conical phase, the situation is different because the band

structure depends on magnetic field. Thus, we expect more complicated dependences as

shown in Fig. 6. Indeed, the total Hall constant becomes field dependent, contrary to the

free electron case (see Eq. (13)). Fig. 6 demostrates the total Hall constant at low and

high electron concenrations at T = 10K and T = 90K. For high electron concentrations

at both temperatures (blue lines), the Hall constant is small, in accordance with Eq. (13).

According to Eq. (13), R is field independent. However, in Fig. 6 we find that R depends

on magnetic field for small electron concentrations. It happens because of complicated

interference between spin effects and the field dependent band structure.

To provide deeper insight, we study Hall resistivity for spin up and spin down electrons

separately as shown in Figs. 7 and 8. In Fig. 7, we present the dependence of the Hall

constant for spin up electrons at low and high electron concentrations, and at T = 10K

and T = 90K. In Fig. 7b ,the Hall constant decreases with magnetic field. This effect

can be explained by the increase in spin up electron concentration (n↑) with magnetic field.

However, for low temperature, R is almost independent of B as shown in Fig. 7a. This

effect can be explained by the competition between spin up electron concentration and the
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(a) Spin up Hall constant at T = 10K
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FIG. 7: Spin up Hall constant in a conical magnet. Red and blue lines represent the Hall

constant at low and high electron concentrations, respectively at (a) T = 10K and (b) T = 90K

band structure change. For large electron concentrations (blue lines), R is much smaller

than that of the small electron concentrations, as described by Eq. (13).

In Fig. 8, we present the Hall constant for spin down electrons with respect to magnetic

field. For both T = 10K and T = 90K (Fig. 8a and Fig. 8b respectively), and small electron

concentrations, we find giant Hall constant, indicating the absence of spin down Hall current.

However, for lower fields, the spin down Hall effect is still occurs. Such behavior can be

explained by spin down electron concentration decreasing to zero. It happens because of the

changing electron band as shown in Fig 2. In the case of large electron concentrations, the

Hall constant exhibits much less dramatic behavior. The spin down electron concentration

decreases, but does not go to zero. For high electron concentration, R (blue line) is still

below the Hall constant (red line) in the low electron concentration case according to Eq.

(13).

IV. CONCLUSIONS

We have numerically studied magnetotransport properties in conical helimagnets using

the nonequilibrium Boltzmann equation approach. The spin component of the magnetic

moment along the spiral axis is proportional to the applied magnetic field (see Eq. (3)).

This feature results in a magnetic field dependent band structure as presented in Eq. (4).

Such field dependence in ε(k) appears to be the cause of dramatic effects in spin dependent
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(a) Spin down Hall constant at T = 10K
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(b) Spin down Hall constant at T = 90K

FIG. 8: Spin down Hall constant in a conical magnet. Red and blue lines represent the Hall

constant at low and high electron concentrations, respectively at (a) T = 10K and (b) T = 90K

magnetoresistance and Hall constant. For spin up electrons, we have observed negative

magnetoresistance, which is unexpected for single carrier types. For spin down electrons, we

have found giant magnetoresistance due to the depletion of spin down electrons. For free

electrons, the Hall constant described by Eq. (13) is field independent. However, for some

critical value of B, the spin down Hall constant goes to infinity. This means that there is

no Hall current, for B > Bcritical. Such effect is caused by the absence of spin down carriers.

For spin up carriers, we have found the Hall constant dramatically decreases with magnetic

field, due to the increase in spin up charge carriers. Because of the giant spin dependent

magnetoresistance and Hall resistivity, conical helimagnets could find use in spin switching

devices.
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