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Abstract
We simulate phase separated fluids using the Cahn-Hillard fluctuating hydrodynamic (CH-FHD) model
and measure the statistical properties of capillary waves generated by thermal fluctuations. Our measure-
ments are in good agreement with stochastic lubrication theory and molecular dynamics simulations but
differ significantly from recent CH-FHD results by Zhang et al. (Phys. Rev. E 109 024208 (2024)). Specif-
ically, we find that capillary wave statistics at thermodynamic equilibrium are independent of transport

properties, namely viscosity and species diffusion.


mailto:jbbell@lbl.gov.

I. INTRODUCTION

Spontaneous thermal fluctuations continuously excite capillary waves on liquid interfaces.
Driven by the interplay between surface tension and thermal energy, capillary wave theory (CWT)
predicts a characteristic spectrum at thermodynamic equilibrium that results from the equipartition
of energy. Understanding the dynamics and statistical properties of these nanoscale waves plays a
crucial role in diverse phenomena, ranging from the stability of thin liquid films to the coalescence
of droplets.

Fluctuating hydrodynamics (FHD) is a useful theoretical model for incorporating thermal fluc-
tuations in fluid mechanics.[1H3] For sharp interfaces in the lubrication approximation, the FHD
equations reduce to a single stochastic PDE for the capillary wave height.[4] This stochastic lubri-
cation theory is in agreement with molecular dynamics (MD) simulations in predicting the pinch-
ing of a liquid jet [5} 6] and in describing various thin film phenomena, including rupture [4,7H10]].

Alternative FHD formulations are based on diffuse interface models, such as the Allen-Cahn
and the Cahn-Hillard models [[11]. Numerical schemes for the latter model (CH-FHD) have been
developed and applied to a variety of problems.[12-14] A recent paper by Zhang et al. [15] pre-
sented a CH-FHD scheme that showed anomalous results. Specifically, they found that the spec-
trum of capillary wave height varies with viscosity, both in amplitude and in the power law coeffi-
cient (see Fig. 1 in [15]). In this Comment we present a CH-FHD model for which this spectrum is
independent of viscosity, in agreement with CWT. We also show that our CH-FHD simulation re-
sults for interface height fluctuations are in quantitative agreement with theory. Finally, we discuss
possible sources for the discrepancy between our findings and the anomalous results of Zhang et

al.[15]]

II. CAHN-HILLARD FLUCTUATING HYDRODYNAMICS

The multispecies fluctuating dynamics formulation used here is essentially the same as that
described in Barker et al.[16]. Consider a binary mixture of similar species with a specific free

energy density [11],

ST = Clnet (=) (1l =)+ ge(1 =)+ K|Ve (1)

where p is the mass density and c is the mass fraction of one of the species. For interaction

coefficient ¥ > 2 the mixture phase separates into concentrations ¢, 1 and ¢, > given by the solution

2



of

ln( Ce )zx(ZCe—l) )

1—c,

The surface energy coefficient is k and the surface tension is

Y =nkgT+/2)k 0,(X) 3)

where n = p/m is the number density and o, ~ O(1). The characteristic length scale for the
interface thickness is /. = \/2x/ and for capillary wave fluctuations is ¢, = \/kgT /7.

The incompressible flow equations for constant p are

o;/(pc)+V-(puc) =V-F
o(pu)+V-(puu)+Vrn=V.-7+V.-%
V-u=0 4)

where u is the fluid velocity and 7 is a perturbational pressure. Here, .#, 7, and % are the species
flux, viscous stress tensor, and the interfacial reversible stress, respectively.
In fluctuating hydrodynamics the dissipative fluxes are written as the sum of deterministic and

stochastic terms. The species flux is .% = .7 + F where the deterministic flux is

F =pD(Ve—2xc(1—c)Ve+2¢(1 —C)KVVZC) ®)

and D is the diffusion coefficient. The stochastic flux is . = \/2pmD c(1 —c) 2 where & (r,1) is

a standard Gaussian white noise vector with uncorrelated components. The viscous incompressible
stress tensor is T = T +7 where the deterministic component is 7 = 1[Vu+ (Vu)T]. The stochastic
contribution to the viscous stress tensor is T = /NkgT (# + #1), where # (r,t) is a standard
Gaussian white noise tensor with uncorrelated components. Finally, the interfacial reversible stress

is
1 2
X = nkpT K §|Vc| I-Ve®Ve|. (6)

Note that since % is a non-dissipative flux there is no corresponding stochastic flux.

For numerical calculations the system of equations (4] is discretized using a structured-grid
finite-volume approach with cell-averaged concentrations and face-averaged (staggered) velocities
with standard spatial discretizations. The algorithm uses an explicit discretization of concentra-

tion coupled to a semi-implicit discretization of velocity using a predictor-corrector scheme for
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second-order temporal accuracy. The discretized Stokes system is solved by a generalized mini-
mal residual (GMRES) method with a multigrid preconditioner, see [17]. The explicit treatment
of the concentration equation introduces a stability limitation on the time step of

12 72k

where Ax is the mesh spacing. The numerical scheme is based on methods introduced in [13, 18,

19]; details are discussed in Barker et al.[16] and its Supporting Information.

III. CAPILLARY WAVE SIMULATIONS

Unless otherwise specified, the physical parameters used in all simulations are as follows: mass
density, p = 1.0 g/ cm®, molecular mass, m = 1.8 x 1022 g, temperature 7" = 300K. The Flory
interaction parameter Y = 3.78 so the equilibrium concentrations are ¢y , = 0.027285 and 3, =
1 —c1, =0.972715. The surface energy coefficient is k = 4.0 x 10~* cm? giving a surface
tension, ¥ = 32.85 dyne/cm. For these values /. = 1.45 nm, ¢, = 0.355 nm, and the interface
thickness is roughly 3.6 nm. We consider a range of values for the shear viscosity and diffusion
coefficient. Specifically, simulations used 7 = 10!, 1072 or 1073 poise with diffusion coefficients
of D=2x10"%2x1073, 0r2 x 1076 cm?/s.

In general, the simulation mesh was a quasi-2D grid with Ny x N, x 1 grid points. The mesh
spacing was Ax = Ay = 1.0 nm. The depth in the z direction, L, = Az, only serves to set the
magnitude of the noise. The time step was Ar = 0.4 ps for the two smaller values of D, which
corresponds to approximately 0.25 of the maximum stable time step for the D =2 x 107> cm?/s
(see Eq.[7). For the largest value of D we reduced Az by an order of magnitude for stability reasons.

A basic validation test of the code is the measurement of the Laplace pressure op for 2D
droplets of various radii R. Simulation data presented in Table [[] verifies the code captures the
correct pressure jump, namely, p = YR. Barker et al.[16] discuss other validation tests of our
CH-FHD code.

We model a physical system initialized with concentration c . in the upper half and ¢, . in the
lower half with rigid, no-slip walls at y = 0 and y = Ly (see Fig. [T). The boundary conditions at
x =0, L, are either: a) periodic; or b) no-flux (. = 0), no-slip (u = 0) walls with neutral wettability
(dyc = 0). The capillary wave height is 6/ (x,t) = h(x,t) — ho where hg = L, /2 is the unperturbed

interface height. For all of the simulations discussed here, we define /(x,) to be the lowest y value
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Resolution HR (nm)‘5p (MPa)‘ Rop/y HR (nm)‘Sp (MPa)‘ Rop/y

Ax=10nm| 5.832 | 5.762 1.023 || 1191 | 2.804 1.016
Ax=0.5nm|| 5.778 | 5.728 | 1.0075 | 11.89 | 2.764 | 1.0004

TABLE I. Validation of Laplace pressure measured in simulations for droplets of different radii R and at

two different grid resolutions; expected value for RS p/y is one.

1-¢ h(x,f)

FIG. 1. Illustration of system geometry for the capillary wave measurements. Here, blue corresponds to

concentration ¢, and red corresponds to 1 — c,.

at which the linear interpolant of concentration is ¢(x,y,#) = 0.5.
At thermodynamic equilibrium the statistical properties of capillary wave height are given by
the equipartition of energy (see Appendix and [10]). In systems with periodic boundaries the

variance is
2

(8h(x)*) = 2L ()

where ¢, = \/kpT /7. For systems with no flux boundary conditions the variance is

2
(Bh(a) = £ 7 [g +(3-1) ] ©
Stochastic lubrication theory and molecular dynamics simulations are in excellent agreement with
Eqns. (8) and (9).[10]
Similarly, the spatial correlation of capillary wave heights, (8h(x)S0h(x')), in systems with

periodic boundary conditions is (see Appendix)
(8h(x)8h(x')) B Liz(e—zms/Lx) + Liz(eZnis/Lx)
(Bh(x)?) 2Lis(1)

where s = x’ — x and Li;(z) is the dilogarithm (polylogarithm function of order 2). For system with

(10)

no flux boundary conditions the correlation is

<5h(x)5h(x/)> B Liz(e_”iS/LX)—I—Liz(e”is/LX)+Li2(e_7”(2x+s)/LX)+Li2(e”i(2x+s)/Lx)
(0n(x)?) 2Liy(1) +2Lig (27i4/ L)
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Note that these correlations are long-ranged, spanning the full width of the system, for both peri-
odic and no-flux boundary conditions.

Figures [2| and [3| show results for the variance, (8/(x)?), and correlation, (8h(x)8h(x')), of
capillary wave height measured in CH-FHD simulations using various values of viscosity. In all
cases Ly = 32 nm and L, = 32 nm. For most of these simulations, the depth of the domain was L, =
32nm, corresponding to approximate 178 molecules per cell. For the Y = 20 dyne/cm simulations
we increased the mass of the molecules to m = 3.0 x 10722 and increased L, t0 53.3333 nm, which
reduces the surface tension but keeps ¢2 /L, L, and the number of molecules per cell unchanged. In

all cases we see excellent agreement with capillary wave theory.
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FIG. 2. Variance (solid lines) and correlation (dashed lines) of capillary wave height for periodic boundary
conditions. For the spatial correlations x' = %L + %Ax Left panels show results for different viscosities
(see legend); right panels show results for different species diffusion and surface tension (see legend). Solid

black lines are eqn. (8) for the variances; dashed black lines are eqn. (I0) for the correlations.

Finally, we consider the capillary wave spectrum, (8/(k)?), where (k) is the Fourier transform

of the capillary wave height.[20] From capillary wave theory this spectrum is (see Appendix),

. 21
AN

(12)

In all cases L, = 512nm and L, = 128nm. For these simulations L, = 8nm for most of the cases,
corresponding to approximately 44 molecules per cell. As before, for Y =20 dyne/cm we increased
the molecular mass to 3.0 x 1072? g and increased the domain depth to L, = 13.333 nm, which
leaves the value of £2/L,L, unchanged. Figure 4| shows results for various parameter values; in all

cases we see excellent agreement with eqn. (12)).
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FIG. 3. Variance (solid lines) and correlation (dashed lines) of capillary wave height for no flux boundary
conditions. For the spatial correlations x’ = %L + %Ax Left panels show results for different viscosities
(see legend); right panels show results for different species diffusion and surface tension (see legend). Solid

black lines are eqn. (9) for the variances; dashed black lines are eqn. (T)) for the correlations.
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FIG. 4. Spectrum of capillary wave height for: (left) periodic boundary conditions; (right) no flux boundary

conditions. Black line is eqn. (I2); colored lines are from simulations (see legend).

IV. CONCLUDING REMARKS

It is a truth universally acknowledged, that a statistical ensemble of states for an equilibrium
system must be in want of the dynamical information required to yield transport properties. For
example, the Maxwell-Boltzmann velocity distribution tells us nothing about the thermal conduc-

tivity of a gas. Similarly, the equilibrium spectrum of capillary wave height must be independent
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of viscosity, which is not the case for the results reported by Zhang et al.[15]]

This discrepancy could be a numerical artefact, such as not running the simulations for a suf-
ficiently long time for the systems to reach thermodynamic equilibrium. Also, there may be an
issue with their formulation of the stochastic Cahn-Hillard Navier-Stokes equations. A fundamen-
tal tenet of fluctuating hydrodynamics is that the amplitudes of the stochastic fluxes are obtained
from their corresponding entropy production (or equivalently, the dissipation function) in order to
satisfy fluctuation-dissipation relations.[3]] It appears that this principle was not followed for the
composition equation (13) in Zhang et al.[15] and equation (24.4) in [21] by the same authors. If

so then this could be the source of the anomalous capillary wave spectrum.

APPENDIX

In this Appendix we summarize the basic derivation of the variance and correlation for the

stochastic lubrication theory as discussed in [10]. In the lubrication limit (64 < L,) the elastic

L, (L (9h\?
E:% O ($> (13)

For periodic boundary conditions, writing the Fourier series

energy of a quasi-2D interface is

(oo}

h(x,t) = ho+ i an(t) cos(kyx) + Z by (t) sin(ky,x) (14)

n=1 n=1

with k, = 27tn /L, gives

E— ZE,,:nzy%Z(aﬁerﬁ) n? (15)

n=1 X n=1
By the equipartition of energy at equilibrium each mode with non-zero amplitude has an average

energy of E, = 1kgT so

1  kgT L
2 2 B X
b,) = — — 16
(@) 48 = 5z o (16
From this result we obtain Eqn. (I2)) for the Fourier spectrum.
The variance and correlation of interface height is then given by
(0h(x)0h < (Z an(t) cos(k,x) + Z by (1) sin(knx)>
n=1
(Z )cos(kux') + Y b(t) sin(kmx’)> > (17)
=1 m=1



From the definition of the polylogarithm function

Liy(z ; k— (18)
and (anam) = (a2)8y.m» (bubm) = (b2)8y.m» {(anby) = 0 we obtain Egs. (8) and .
For case with walls, the Fourier series takes the form
h(x,t) = ho+ Z an(t) cos(kyx) (19)

n=1

where we now have k,, = tn/L,. Substituting into Eq. (13|gives

oo 2y L &
:,;E”:T ; (20)

t~|h

Equipartition of energy at equilibrium in this again gives an average energy of E,, = %kBT SO

2 kT Ly
wn? vy L,

(az) =

21

From this result we obtain Eqn. (I2) for the cosine spectrum. Finally, we can then compute the

variance and correlation from

(Sh(x)Sh <(Zan cos(k ) (Zam cos(k )>> (22)

Again, using {a,a,,) = (a2)§, u, this equation can be evaluated to obtain Egs. @) and .
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