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We perform a comprehensive study of the electron-doped t − t′ − J model on cylinders with
Density Matrix Renormalization Group (DMRG). We adopt both periodic and anti-periodic bound-
ary conditions along the circumference direction to explore the finite size effect. We study doping
levels of 1/6, 1/8, and 1/12 which represent the most interesting region in the phase diagram of
electron-doped cuprates. We find that for width-4 and 6 systems, the ground state for fixed doping
switches between anti-ferromagnetic Neel state and stripe state under different boundary conditions
and with system widths, indicating the presence of large finite size effect in the t − t′ − J model.
We also have a careful analysis of the d-wave pairing correlations which also changes quantitatively
with boundary conditions and widths of the system. However, the pairing correlations are enhanced
when the system becomes wider for all dopings, suggesting the existence of possible long-ranged
superconducting order in the thermodynamic limit. The width-8 results are found to be dependent
on the starting state in the DMRG calculation for the kept states we can reach. For width-8 system
only Neel (stripe) state can be stabilized in DMRG calculation for 1/12 (1/6) doping, while both
stripe and Neel states are stable in the DMRG sweep for 1/8 doping, regardless of the boundary
conditions. These results indicate that 1/8 doping is likely to lie in the boundary of a phase transi-
tion between the Neel phase with lower doping and the stripe phase with higher doping, consistent
with the previous study. The sensitivity of ground state on boundary conditions and size observed
in this work is similar to that in the t′- Hubbard model.

I. INTRODUCTION

Hubbard model and its descendant t − J model [1–
5] play a paradigmatic role in the study of strongly
correlated quantum many-body physics [6, 7]. Though
their forms are simple, many exotic quantum states are
arguably related to these models. It is believed that
they are connected to the high-Tc superconductivity in
cuprates [2, 6–9]. Recent state-of-the-art numerical re-
sults show that the ground state of pure Hubbard model
(with only nearest hoppings) is stripe state [10, 11] with-
out long-ranged superconductivity [12], which indicates
the necessity to modify the Hamiltonian if we want to
pursue superconducting ground state in the single-band
framework.

It was well known that the next nearest neighboring
hopping t′ term is necessary to account for the particle-
hole asymmetry in the phase diagram of cuprates [6].
Band structure calculations [13, 14] also show the exis-
tence of a t′ ≈ −0.2 term in the single band description
of cuprates. The effect of t′ term on the ground state
of Hubbard and t − J models was extensively explored
before [15–28]. The t′ term frustrates and weakens the
long-range anti-ferromagnetic Neel order in the parent
compound. When the system is doped, the stripe or-
der should also be suppressed by t′ term which is be-
lieved to benefit superconducting pairing. Calculations
on t− t′ − J model [20–22] show the ground state turns
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to a superconducting one in the electron doped side. Su-
perconductivity was also found in the t′- Hubbard model
[29] and matches quantitatively with the phase diagram
of cuprates, in which superconductivity is stronger in the
hole doped side than the electron doped side.
One of the important finding in [29] is that the ground

state of the t′- Hubbard model becomes very sensitive to
the system width and boundary conditions, which indi-
cates the presence of large finite size effect in the model.
For this reason, the authors in [29] utilized twist aver-
aged boundary conditions and careful finite size scaling
to obtain physical quantity in the thermodynamic limit.
For the t − t′ − J model, the most recent study [22, 24]
on cylinders with finite width show the superconductiv-
ity is stronger in the electron doped side than the hole
doped side if exists, contradictory to the phase diagram
of cuprates and the recent results of t′-Hubbard model
[29]. Given the presence of very large finite size effect
in the t′-Hubbard model, it is natural to ask whether
t− t′ − J model also has large finite size effect.
In this work, we have a comprehensive study of the

t − t′ − J model with Density Matrix Renormalization
Group (DMRG) [30–32]. We adopt both periodic and
anti-periodic boundary conditions along the circumfer-
ence direction and study systems with different widths
to explore the finite size effect [29]. We only study the
electron doped side in this work, which was believed to
be simper than the hole doped side, without the compe-
tition of different states [6]. We study doping levels of
1/6, 1/8, and 1/12 which represent the most interesting
region in the phase diagram of electron-doped cuprates.
Our results show that the ground state of t − t′ − J

model is also very sensitive to the boundary conditions
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and width of the systems, similar to the t′-Hubbard
model [29]. We find that for width-4 and 6 systems,
the ground state for fixed doping switches between anti-
ferromagnetic Neel state and stripe state under different
boundary conditions and with system widths. We find
the pairing correlation also changes quantitatively with
boundary conditions and widths. But for all dopings,
the pairing correlations are enhanced when the system
becomes wider, suggesting the existance of possible long-
ranged superconducting pairing in the thermodynamic
limit. The width-8 results are found to be dependent
on the starting state in the DMRG calculation for the
kept states we can reach. For width-8 system only Neel
(stripe) state can be stabilized in DMRG calculation for
1/12 (1/6) doping, while both stripe and Neel states are
stable in the DMRG sweep for 1/8 doping. Although a
reliable finite width scaling of the DMRG results is infea-
sible at present, these results indicate that 1/8 doping is
likely to lie in the boundary of the phase transition be-
tween the Neel state with lower doping and stripe state
with higher doping, consistent with the previous study
[22].

The rest of this paper is organized as follows. In Sec. II
we discuss the model and the method we employ. Our
results are presented in Sec. III: starting with the spin
and charge densities, followed by an analysis of the pair-
ing correlations. In Sec. IV, we have a discussion of the
relationship between superconductivity and stripe. We
conclude in Sec. V.

II. MODEL AND METHODS

The Hamiltonian for t− t′ − J model is defined as

H = −t
∑

⟨i,j⟩,s

c†i,scj,s − t′
∑

⟨⟨i,j⟩⟩,s

c†i,scj,s + J
∑
⟨i,j⟩

Si.Sj (1)

where ĉ†i,s(ĉi,s) creates (annihilates) an electron on site

i = (xi, yi) with spin s and Ŝi = 1/2× ĉ†i,sσ̂ĉi,s′ (σ̂ is the

Pauli matrix). The doubly occupied states are explic-
itly excluded in the Hilbert space. We consider electron
hopping terms up to next-nearest neighbors (t′) and set
the nearest neighboring hopping t as energy unit. We
choose J = 1/3 which is relevant to cuprates. We in-
tend to study the physics related to the electron doped
cuprates in this work. But in principle, only hole doping
is allowed in t− t′ − J model because double occupancy
is excluded in the local Hilbert space. However, by con-
necting the t − t′ − J model as the large U limit of the
t′-Hubbard model and through a particle-hole transfor-
mation, we can investigate the electron doped cuprates
by studying the hole doped t− t′−J model with the sign
of t′ reversed from −0.2 in cuprates to 0.2 [13, 14]. We
study cylinders with size Lx × Ly and impose periodic
or anti-periodic boundary conditions (PBC or APBC)
along the closed circumference direction. We apply anti-
ferromagnetic pinning fields with strength hm = 0.5 on

the left open edges in the calculation, which allows us to
calculate spin density instead of the more demanding cor-
relation function, and make the DMRG calculation easier
to converge. The averaged hole concentration away from
half-filling is defined as δ = Nh/N with Nh =

∑
i(1−ni)

(n̂i =
∑

s ĉ
†
i,sĉi,s and N = Lx × Ly) . We study dopings

with δ = 1/12, 1/8, and 1/6 which represents the most
interesting region in the phase diagram of cuprates.
The method we employ in this work is DMRG. In

the calculations, the total particle number of each spin
species and total Sz are conserved. For width-4 and 6
systems, we push the number of the kept states to en-
sure the calculation is converged (with truncation error
in the order of 10−6 for width-4 systems) or in the con-
verged region (with truncation error in the order of 10−5

for width-6 systems). For width-8 systems, within the
kept states (D = 30000) we can reach, the results de-
pend on the starting state in the DMRG sweep. So we
try different states (Neel and stripe) to start the DMRG
calculation and try to determine which one is stable dur-
ing the sweep.

III. RESULTS

In Table I, we summarize the results for spin and
charge density as well as pair-pair correlation for the
t − t′ − J model on cylinders with different boundary
conditions and widths for dopings 1/12, 1/8, and 1/6.
For the pair-pair correlation, Ksc (ξsc) implies it has a
power (exponential)-law decay. The values of Ksc and
ξsc are obtained from the fit of pair-pair correlation with
the reference bond set as the 8th vertical bond from the
left edge, while the values in the parentheses are results
by setting the reference bond as the 4th vertical bond
from the left edge. In Table I, we can find the ground
state switches between stripe and antiferromagnetic Neel
state with different boundary conditions and widths. For
all dopings, the pair-pair correlations are enhanced when
the cylinder becomes wider from 4 to 6. The DMRG cal-
culations for width 8 systems are not well converged for
the largest kept states we can reach (D = 30000). But
we try different starting states in the DMRG calculation
and find that only Neel (stripe) state can be stabilized
in DMRG calculation for 1/12 (1/6) doping, while both
stripe and Neel states are stable in the DMRG sweep
for 1/8 doping, regardless of the boundary conditions.
These results indicate that 1/8 doping is likely to lie in
the boundary of the phase transition between the Neel
and stripe phase, consistent with previous study [22]. In
the following, we discuss the details of the results.

A. spin and charge density

The staggered spin density is defined as (−1)ix+iy ×
⟨Ŝz

i ⟩ with Ŝz
i = 1/2 × (ni↑ − ni↓) and charge density is
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width-4 width-6 width-8

PBC APBC PBC APBC PBC APBC

1/12
spin Neel, short-ranged filled stripe Neel, short-ranged Neel, (quasi) long-ranged

only Neel stablized
charge half-filled stripe filled stripe 1/3 filled stripe 1/3 filled stripe

pair power-law, Ksc ≈ 1.1(0.98) exponential, ξsc ≈ 9.82(9.9) power-law, Ksc ≈ 0.49(0.49) power-law, Ksc ≈ 0.48(0.41)

1/8
spin Neel, short-ranged filled stripe filled stripe, short-ranged Neel, (quasi) long-ranged

both filled stripe & Neel stablized
charge half-filled stripe filled stripe filled stripe, short-ranged uniform

pair power-law, Ksc ≈ 1.3(1.38) exponential, ξsc ≈ 13.3(13.4) power-law, Ksc ≈ 0.60(0.82) power-law, Ksc ≈ 0.59(0.69)

1/6
spin stripe, short-ranged filled stripe filled stripe, short-ranged Neel,(quasi) long-ranged

only filled stripe stablized
charge modulated stripe filled stripe filled stripe, short-ranged uniform

pair power-law, Ksc ≈ 1.5(1.8) exponential, ξsc ≈ 14.4(14.3) power-law, Ksc ≈ 1.0(1.2) power-law, Ksc ≈ 0.76(0.83)

TABLE I: Summary of all the results, including the spin and charge densities, as well as the singlet pair-pair correlations.
All systems have d-wave pairing symmetry except the 1/6 doping case on width-4 cylinder under PBC, for which the pairing
symmetry is plaquette d-wave [18]. Ksc and ξsc are obtained from the fit of pair-pair correlation with the reference bond set
as the 8th (4th for the values in the parentheses) vertical bond from the left edge.
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FIG. 1: Staggered spin density and electron density for 1/12 (top), 1/8 (middle) and 1/6 (bottom) dopings on width-4 cylinders
(system sizes are 4 × 48, 4 × 32 and 4 × 36 for 1/12, 1/8 and 1/6 dopings, respectively) under PBC (left two columns) and
APBC (right two columns). Results of finite kept states are plotted to show the convergence of the DMRG calculations. The
insets in (a) and (e) are plotted in semi-logarithmic scale to show the exponential decay of the staggered spin density for 1/12
and 1/8 dopings under PBC. The dashed horizontal lines represent zero for the staggered spin density.

defined as the averaged density along the circumference

direction ni =
∑Ly

y=1 ⟨n(ix, iy)⟩ /Ly.

1. Width-4 results

Fig. 1 shows the staggered spin density and elec-
tron density for 1/12 (top), 1/8 (middle) and 1/6 (bot-
tom) dopings on width-4 cylinders under PBC (left two
columns) and APBC (right two columns). Results for dif-
ferent kept states in DMRG calculation are plotted and
we can find the good convergence of the results with kept

states.

We first discuss results under PBC. For 1/12 and 1/8
dopings, the staggered spin density has the same sign and
decays exponentially (see the insets of Fig. 1 (a) and (e))
with the distance to the antiferromagnetic pinning fields
on the left open edge, indicating the systems have short-
ranged Neel correlation, while the charge density shows a
half-filled stripe structure with periodic modulation with
λ = 1/(2δ). For 1/6 doping, the spin density displays
short-ranged stripe structure and the charge density has
a small fluctuation without clear pattern.

The ground states are different under APBC. For all
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FIG. 2: Similar as in Fig. 1 but for systems with width 6. Staggered spin density and electron density for 1/12 (top), 1/8
(middle) and 1/6 (bottom) dopings on width-6 cylinders (system sizes are 6 × 48, 6 × 32 and 6 × 36 for 1/12, 1/8 and 1/6
dopings, respectively) under PBC (left two columns) and APBC (right two columns). Results of finite kept states are plotted to
show the convergence of the DMRG calculations. The inset in (a) is plotted in semi-logarithmic scale to show the exponential
decay of the staggered spin density for 1/12 doping under PBC. The dashed horizontal lines represent zero for the staggered
spin density.

the three dopings, we find that the staggered spin density
displays a spatial modulation with a wavelength (λ =
2/δ) twice that of the charge density and has a π phase
flip at the hole-concentrated sites, indicating the systems
all have a filled stripe ground state.

2. Width-6 results

The sensitivity of ground state to boundary conditions
in width-4 system reflects the finize size effect in the
model, so we further study width-6 systems. We show
the staggered spin density and electron density for 1/12
(top), 1/8 (middle) and 1/6 (bottom) dopings on width-
6 cylinders under PBC (left two columns) and APBC
(right two columns) in Fig. 2. We plot results with dif-
ferent kept states to show the convergence process.

For 1/12 doping under both PBC and APBC, we find
the spin density is Neel-type (no sign change in staggered
spin density) and charge has 1/3 filled stripe structure,
though the Neel order in spin is short-ranged under PBC
but (quasi) long-ranged under APBC.

For both 1/8 and 1/6 dopings under PBC, spin and
charge density results indicate the systems have short-
ranged filled stripe order. But under APBC, they have
quasi-long-ranged Neel order in spin with nearly uniform

charge density.
It seems that the antiferromagnetic Neel correlation in

spin density at 1/12 doping is well established on the
width-6 cylinders. But for 1/8 and 1/6 dopings, the
ground state changes under different boundary condi-
tions. We also notice that the ground states are different
between width-4 and width-6 systems with same doping
and boundary conditions, indicating the large finite size
effect in the model.

3. Width-8 results

As expected, the DMRG calculation for width-8 sys-
tems is challenging. For the largest kept states we can
reach (D = 30000), the truncation error in DMRG calcu-
lation is still in the order of 10−4, which indicates the cal-
culation is not well converged. Nevertheless, we perform
DMRG calculations with different starting states (anti-
ferromagnetic Neel and filled stripe states) and try to de-
termine whether they are stable in the DMRG sweep. We
find that for width-8 system, only Neel (stripe) state can
be stabilized in DMRG calculation for 1/12 (1/6) dop-
ing, while both stripe and Neel states are stable in the
DMRG sweep for 1/8 doping, regardless of the boundary
condtitions. We show the stable states in Fig. 3 for 1/12
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FIG. 3: Staggered spin density and electron density for 1/12 (top)and 1/6 (bottom) dopings (system sizes for both dopings are
8× 24) on width-8 cylinders with PBC (left two columns) and APBC (right two columns). We try both Neel and filled stripe
state as the starting states in the DMRG calculations but only Neel (stripe) state can be stabilized in the DMRG sweeps for
1/12 (1/6) doping. We only show the numerically stabilized states.
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FIG. 4: Staggered spin density and electron density for 1/8 doping levels on width-8 cylinders (8 × 16) with PBC (top) and
APBC (bottem). In the DMRG sweep, both Neel and filled stripe states can be stabilized.

and 1/6 dopings and in Fig. 4 for 1/8 doping. We notice
that the Neel state at 1/12 doping persists in the width-8
system from width-6 system and the charge is more uni-
form in width-8 system. The fact that both filled stripe
and Neel states are stable in the DMRG sweep for 1/8
doping indicates that 1/8 doping is likely to lie in the
boundary of the phase transition between the Neel state
at lower doping and the stripe state at higher doping.

In the electron doped side of the phase diagram of
cuprates, the antiferromagnetic Neel phase in the par-
ent compound stretches to electron doping larger than
0.1. In our calculation, even though a reliable extrapo-
lation with system width is infeasible, it is highly likely
that the ground state for 1/12 doping has antiferromag-
netic Neel order. In this sense, the t− t′ − J model is in
accordance with cuprates.

B. pairing correlation

The singlet pair-pair correlation function between
bond i (the reference bond, consisting of sites (ix,
iy) and (ix, iy + 1)) and bond i + r, defined as

D(r) = ⟨∆̂†
i ∆̂i+r⟩ with ∆̂†

i = 1/
√
2(ĉ†(ix,iy),↑ĉ

†
(ix,iy+1),↓ −

ĉ†(ix,iy),↓ĉ
†
(ix,iy+1),↑), are shown in Fig. 5 (width-4) and

Fig. 6 (width-6). The pairing symmetry is found to be d-
wave with opposite sign for vertical and horizontal bonds
except the width-4 PBC system at 1/6 doping, for which
the pairing symmetry is plaquette d-wave [18]. As men-
tioned above, the width-8 calculations are not well con-
verged, we don’t show the pair-pair correlation for width-
8 systems. In Figs. 5 and 6, both results for finite kept
states and the extrapolated with truncation error results
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FIG. 5: Singlet pair-pair correlation for 1/12 (top), 1/8 (mid-
dle) and 1/6 (bottom) dopings on width-4 cylinders under
PBC (left) and APBC (right). The reference bond is placed
at the bond consisting of sites (8, 2) and (8, 3). Both results
for finite kept states and the extrapolated with truncation
error results are shown. Solid lines are algebraic (left) and
exponential (right) fits. The correlation lengths or exponents
are listed in the legend.

are shown.
We only show results for D(r) with reference bond as

the 8th vertical bond (consisting of site(8, 2) and site(8,
3)) from the left open edge. It was known that the value
of D(r) depends on the position of reference bond [33].
We also calculate D(r) with reference bond as the 4th
vertical bond (consisting of site(4, 2) and site(4, 3)). The
results don’t change qualitatively but there are indeed
variations for the correlation lengths/exponents (see Ta-
ble. I).

1. Width-4 results

Fig. 5 shows the pair-pair correlation function D(r) for
width-4 systems. We find that for all dopings, D(r) de-
cays algebraically withD(r) ∝ r−Ksc (exponentially with
D(r) ∝ e−r/ξsc ) under PBC (APBC). The difference in
ground state between systems under PBC and APBC is
also observed for spin and charge densities in Fig. 1. The
fitted exponents Ksc or correlation length ξsc using the
extrapolated with truncation error data are also shown
in Fig. 5. We notice that for system under PBC, when
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FIG. 6: Similar as Fig. 5 but for width 6 cylinders. Sin-
glet pair-pair correlation for 1/12 (top), 1/8 (middle) and
1/6 (bottom) dopings on width-6 cylinders with PBC (left)
and APBC (right). The reference bond is placed at the bond
consisting of sites (8, 2) and (8, 3). Both results for finite
kept states and extrapolated with truncation error results are
shown. Solid lines are algebraic fits and the corresponding
exponents are listed in the legend.

the spin and charge density show a strong filled stripe
state, D(r) decays exponentially. This correlation indi-
cates strong filled stripe state is harmful for pairing as
seen in the pure Hubbard model [12].

2. Width-6 results

Fig. 6 shows the pair-pair correlation function D(r) for
width-6 systems. For all the results in Fig. 6, D(r) has a
fast decaying tail which bends upward with the increase
of kept states. We attribute this tail as the intrinsic con-
sequence of finite number of kept states in DMRG calcu-
lations. From the data we find the extrapolation of D(r)
with truncation error at the tail is not as reliable as at
the head. We also notice that the behavior of D(r) for
r ≤ 4 doesn’t fit in the long-range behavior. Based on
these observations, the small r and very large r data are
not included when performing the fit of D(r) to obtain
the exponent Ksc.
For all doping and boundary conditions, D(r) decays

polynomially for width-6 systems as shown in Fig. 6.
All the systems display quasi long-range pairing with
Ksc < 2. For fixed doping, the difference of Ksc be-
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tween systems under PBC and APBC are small. For
all the dopings, Ksc is reduced comparing to the width-
4 results in Fig. 5, indicating superconducting pairing
is enhanced in wider systems and the existence of possi-
ble long-ranged superconductivity in the thermodynamic
limit. We also notice the increase of Ksc when the doping
is reduced.

IV. DISCUSSIONS

It was known that the filled stripe state is stable in
the pure Hubbard model for different widths [12], where
long-ranged pairing is absent. In the t− t′−J model, we
also notice that when strong filled stripe order is found in
the ground state for the width-4 system under APBC, su-
perconducting pairing is also short-ranged. These results
indicate the strong filled stripe order is likely to be harm-
ful for superconductivity. In other cases, short-ranged
stripe states with fractional fillings is accompanied with
quasi-long-ranged superconducting pairing. In general,
the t′ term makes the electron more mobile, causing the
paired electrons in the stripe state [12] to gain coherence
and display superconductivity [29]. The sensitivity of the
ground state of t−t′−J and t′-Hubbard models [29] with
boundary conditions and widths can also be viewed as a
sign of the fragility of stripe state when t′ term is in-
cluded. These results underscore the necessity to check
the finite size effect in the future study of systems on
narrow cylinders.

V. CONCLUSION AND PERSPECTIVE

We study the finite size effect in the electron doped
t − t′ − J model on cylinders. We find the sensitivity
of ground state to both boundary conditions and sys-

tem width, similar to what was found in the t′-Hubbard
model [29]. For width-4 and 6 systems, the ground state
switches between Neel and stripe states under different
boundary conditions and with different system widths.
For with-8 system and up to the number of kept states
we can reach, only Neel (stripe) state can be stabilized
in DMRG calculation for 1/12 (1/6) doping, while both
stripe and Neel states are stable in the DMRG sweep
for 1/8 doping, regardless of the boundary conditions.
These results indicate that 1/8 doping is likely to lie in
the boundary of the phase transition between the Neel
phase at lower doping and the stripe phase at higher dop-
ing, consistent with previous studies [22]. Our results
underscore the necessity to check the finite size effect in
the future study of systems on narrow cylinders. It will
be interesting to also analyze the finite size effect in the
hole doped region in the future, which is more compli-
cated with different competing states in the ground state
[6].

Acknowledgments

We thank Shiwei Zhang, Steven R. White, Ulrich
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