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Abstract. We derive a stochastic partial differential equation that describes
the fluctuating behaviour of reaction-diffusion systems of N particles, undergoing
Markovian, unary reactions. This generalises the work of Dean [J. Phys. A: Math.
and Gen., 29 (24), L613, (1996)] through the inclusion of random Poisson fields. Our
approach is based on weak interactions, which has the dual benefit that the resulting
equations asymptotically converge (in the N — oo limit) on a variation of a McKean-
Vlasov diffusion, whilst still being related to the case of Dean-like strong interactions
via a trivial rescaling. Various examples are presented, alongside a discussion of
possible extensions to more complicated reaction schemes.

1. Introduction

The Dean-Kawasaki (DK) equation [I 2] is a fundamental equation of fluctuating
hydrodynamics which, despite certain mathematical challenges [3, @], 5 [6], concisely
represents the fluctuating evolution of the empirical density of many body systems
of interacting particles. It achieves such a feat through the introduction of random
Brownian fields, or spatio-temporal white noise, chosen so that the statistics of a test
function integrated against the field are equivalent to those found from the underlying
particles. The equation, however, only concerns interacting diffusions of a conserved
number of a single species of particle. In this contribution we generalise the DK equation
to include Markovian unary reaction kinetics, characteristic of, for example, biological
switching [7]. This corresponds to the facilitation of transitions between species that
are characterised by Poisson noise, whose rates are coupled to the density fields. The
motivation and result mirrors those of the original contribution due to Dean [I] — we
seek a concise fluctuating dynamic for the collective density field(s), formulated without
approximation. To do so we describe a stochastic partial differential equation (SPDE)
that is driven, in part, by random spatio-temporal Poisson fields. The resulting equation
is similar to one offered in [§], which concerns switching particles, but does so at the
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level of the mean in the switching behaviour, and is thus absent such noise terms. We
anticipate that such equations, being statistically exact at all fluctuation scales, may
prove useful in the theory and analysis of systems where one is concerned about systems
with low particle number or large atypical fluctuations, where Poisson noise substantially
deviates from a limiting Gaussian form. Such situations arise in the hydrodynamic
treatment of mesoscale biological agents [9] [10] and broadly in macroscopic fluctuation
theory [I1] /large deviation theory [12].

In a departure from the original DK contribution, our approach broadly follows
that offered in [I3], which presents an SPDE describing the empirical probability density
field of weakly coupled particles, which asymptotically converges on a McKean-Vlasov
diffusion [I4] 15], through a propagation of chaos result [16, [I7]. This has the particular
advantage that a limiting (particle number taken to infinity) microscopic dynamic can
be associated with a closed deterministic evolution equation for the probability density.
We note, however, that conversion between the weakly coupled description underpinning
McKean-Vlasov diffusions and the perhaps more familiar strong coupling found in Dean
is trivial, and so such a conversion is offered in a section where these differences are
explored.

The outline of the paper is as follows. First, we describe the microscopic dynamics
that we wish to represent as a fluctuating density dynamic, and establish a vector space
for particles of different species to reside in. Next, we describe the dynamics of individual
particles in terms of coupling to the vector field of particle species using inner products
on the vector space. This then allows for a description of the evolution of a test function
on the fields establishing a weak form of a PDE, up to stochastic terms which cannot be
written without reference to the stochastic behaviour of the individual particles. This
allows for a brief discussion of the dynamic of the mean behaviour, its relation to the
propagation of chaos results, and the notion of weak coupling. We then present a jump
SPDE, based on spatio-temporal Poisson processes and Gaussian white noise. This is
shown to possess the same statistics for the empirical average of a test function, as
the underlying particulate system. Notably, unlike in the usual formulation of the DK
equation, this requires matching of all jump moments in the empirical average, not just
the demand for equality in the two-point correlation function. Using this equation we
present two simple examples that illustrate its application to a system with constant, and
field dependent, species interconversion rates, respectively. We also discuss its Gaussian
limiting form as the number of particles is taken to infinity. Finally, before concluding,
we discuss the possibility of future application to reaction diffusion systems formed of
higher order reactions (binary, ternary etc.) and those, generally, where particle number
is not conserved.

2. Microscopic description

We consider a system of N, identical, weakly coupled point particles with continuous
state X;(t) = (XZ-(l)(t),...,Xi(d)(t)) € Q,ied{l,...,N}, t € R, with Q a connected
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subset of R? with suitable boundary conditions, and discrete internal state YV;(t) € A,
|A| = m, with piece-wise constant, cddldg, sampling paths. The continuous X; evolve
in time according to first order stochastic differential equations (SDEs)

N
XM = X0 Z 5 [ Ky 50, X0
t
+V?2 /dW(k . Vie{l,...,Nhke{l,....d. (1)

The functions IC.(,I?) (-,+) : A2x Q% — R are spatial components of a };, Y;-pair dependent
interaction kernel, allowing the deterministic drift of a particle to depend on the positions
and internal states of the other particles (in addition to its own), D is an isotropic

diffusion constant, and the VVi(k) (t) are increments of independent Wiener processes

such that E[dWi(k)(t)dW/j(l)(s)] = 0;;05,0(t — s)dt, with J.. the Kronecker delta, o(-)
the Dirac delta, and E[-] an expectation. Weak coupling is implemented here through
the N~! pre-factor to the interaction kernel, with self interaction explicitly excluded.
All stochastic integrals are interpreted in the It6 sense, here and throughout. Where
convenient we will express the above set of equations in terms of vectors in R?

Xi(t) = Xi(0) + % Z(l - 5@;’)/0 Ky, v; e (Xa(t'), X;(t)) dt’
+\/ﬁ/tdWi(t’), Vie{l,...,N}, (2)

where dW;(t) = (dW, (t) dW(d (t)) and K..(-,) : A2 x Q% — R? such that
() = (KO, - KD ()

The internal states, yl( ), evolve through memory-less Poissonian jumps with
intensity of a transition for a given particle dependent on the positions and states of
all other particles (in addition to its own). Since the internal states, a € A, need
not be numeric, we keep track of them by considering a vector space, V4, on R with
basis formed from states A such that we have basis vectors |a) € V4, corresponding
co-vectors (| € V7, and inner product (a|f) = 0a3, a, 5 € A. We can therefore write
the dynamics of the internal state (vector) for an individual particle, with probability
one,

ROy =Dy [ [l - RN gL, vie Ny @)

ac A\{Y;(t)}
where ch(j)ﬁ( ) = limg0 N ap(t +dt) — ij)ﬁ(t) is an increment in one of N-m (m — 1)
inhomogeneous Poisson processes, N é)ﬁ(t), (one for each possible transition/directed

pair in A, for each particle). All such processes are independent in the sense that at
some time, t, we have, almost surely, dNS, (t )dN(] (t) = dNS)B(t)éi,jcSaﬁégﬁ.
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Further, we may collect all such Poisson processes for an individual particle into
the linear operator, dNEZ), allowing Eq. ([B]) to be written, equivalently, as

(1)) = [94(0)) + / AN ey, ie{l,... N}, (1a)
BldNt . 4h
v o= {_ZVEA\{(X} dNSN(1), B=a. )

The intensity of each individual Poisson process, dN S)ﬁ (t), which we write as hfj?ﬁ(t), is
thus equal to the rate at which particle ¢ makes the transition o — . This rate depends
on the state of all other particles, {X (¢),V(¢t)} = {{X1(t), 1 (V) }, ..., {Xn(t), YNn(t)}},
through the kernel function H*(-,-) : A% x @* — R, and mediating function,
H,p(-) : R — R, which allows for eventual non-linear dependencies on the resulting
field, viz.

W05 (0) = WX (0, DO} = b s | 1 D1 = s H 5, 0 (Xil6), X (1)

Jj=1

The individual dN % 5(t) take value 1 at the time of a transition, and 0 otherwise, such

that we may identify E[dN DOHX (), Y1)} = b, (t)dt.

We may then write the probablhty mass function for the internal state of particle
i as the vector |P;) = > Pia(t)|a), where (a|F;) = P;o(t) is the probability that
the internal state of particle 7 is in state a, at time ¢. The probability mass vectors
associated with each particle then obey the non-autonomous master equations

1Py =H{"|P), Vie{l,... N} (6a)

(i)
ng) _ h’a,ﬁ(t>7 ' ﬁ ;é «, 6b
v ) {— ZVEA\{Q} h,(f,)«,(t), b =a, (o)

with linear operator Hii) acting as the generator for the internal state of particle 2.
Finally, we specify the initial state of the particles, at time ¢t = 0, to be independent,

and drawn from some distribution, p§(x), satisfying Y. 1 [, dz p§(z) =1, p§(z) > 0.

3. Dynamics dependent on empirical density vectors

On the vector space, V4, we then consider an empirical (i.e. stochastic, or fluctuating)
one-particle probability density field (or random measure), |¢), comprised of one-
body empirical fields for each internal state |¢*) = ¢%(x,t)|a), x € Q, a € A.
This total empirical probability density vector, |¢), is then defined simply as |¢) =
Y aea |®®). We may also consider the marginal empirical scalar field ¢(z,t) = (1|¢) =
Y oaea @ (x,t), where (1] == > _,(a|. Each particle is represented as a Dirac
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measure, which, for narrative convenience, we write as delta (generalised) functions

6)) = 0z — X,()|Wi(1)) = TI, 6@ — XD (@))|Vi(t)), such that we can write

7=1
Jodz 6(x — X;(t)) = 1. We then write the one-body empirical probability density

vectors [6%) = & %, Jad{aléi) such that [6) = Xoc 6% = & SV l6)

If we consider a set of smooth test functions with compact support, F, () : Q@ — R,
we can construct the co-vector (F| = > _ (a|Fy(x), mapping vectors in V4 to the
space of distributions on Q, (F|-) : V4 — D(Q), and define the (time-dependent)
spatial inner product with the field, (F, ¢);, (F, - );: V4 — R, as

(F, 8} —/d:c (Flg) = Z/dwF )6 (1, 1) (7)

acA
The (vector) field |¢) then fulfils the role of an empirical probability density by the
normalisation property (1,¢); = 1. Note, where clear from context, we may omit the
subscript indicating the time dependence of such inner products.

In cases of vector functions in R%, such as K..(-,-), or some other set of functions
Fol+) : @ = R? we understand that the inner product of two such vector quantities
is also performed with respect to R?, such that co-vectors, (F|, are implicitly also co-
vectors in RY, i.e. (F|:==>" _ (a|FX(z), with -* a transpose operation. We thus have,
for example,

]-"qut_Z/d:c}"T W (z,t) = Z/dm]—" Vo (x,t), (8)

acA acA
as an appropriate scalar quantity, where V = (0,q), ..., Oy )-
Next, due to the atomic nature of the fields, we can then write population weighted
summations of a function of individual particle states, f(-) : A x Q — R, as inner
products of the field with the co-vector (f(V| = (fW|(x) := Za€A<a\f§)(:¢), viz.

N Z Foto! Iy [ e 1@t = X))

i= 1a€A

= LSS [ar (5Olapialod = [ do (5916 = 49 a0 @

i=1 acA
Similarly, with an abuse of notation, a population weighted summation of a function
of n particles, for instance n = 2 through the function f(2)(,) A2 x 02— R,
and associated co-vector (f,§2)| = <fc(y2)|(x,y) = ZﬁeA(Mfgg(:v,y), can exchange the
summated variables with an inner product but leaving a pointwise dependence

—Zf N ZZ [ o 15l o (Xle). 003 = X0 el 0)

j=1 acA

NZZ [ e talo syl (0
= [ do (5100060 = (5. (X0, (10)
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In the particular case fl(jzt) yj(t)(Xi(t),Xj(t)) = [y (Xi(t) = X;(t)), relevant to
applications with a local density interaction without dependence on the species
of other particles, as explored in the later examples, this inner product is

identifiable as a convolution of the form (fy,q) gb)( (1) = (fym * 0)(Xi(t) =
ZaeA fQ dx fyi(t)( ( ) - x>¢a Z, t fQ dx fyz ( ) x)‘b(xvt)

Consequently, with such sums represented as inner products with the field,
the single particle dynamics, dependent on the state of all other particles, can be
written, up to O(1/N) correction terms (to account for the self interaction exclusions
N7y, .0 (Xi(t), Xs(t)) and NTUHE 0 (Xi(), Xi(#))), in terms of the single
particle state coupled to the field

V() = [94(0)) + / AN |y.(t)), (11b)

0

BE4(1) = S Haus | (HS10 0)(Xi()] (110)

foralli € {1,..., N}, where (K, 6)(Xu()) = (K3, 6) (K1), -, (K, )(Xi(1),
i.e. shorthand notation for a spatial vector in R? of inner products on V4.

We note the approximation arising from the self interaction exclusion at this
stage can be elided entirely by utilising kernels that satisfy ICS?B(Xi(t), X;(t)) = 0 and
HoP (Xi(t), Xi(t)) = 0. In this case the interaction summations, of the type appearing
in Egs. (1) and (), can be performed without the self-interaction exclusion.

4. Evolution of the empirical average of a test function

With coupling to other particles expressed as an interaction with the empirical field, |¢),
we consider the evolution of the inner product of the field and above test co-vector (F,
(F, @)+, representing the empirical average of (F'|. Since |¢) is merely a linear sum of the
|p;), we first compute the contribution for each |¢;), before combining them, leveraging
the property that |¢;) varies only through changes in X; and );. Next, because we
have diffusions and jumps in the underlying dynamics we can describe a change in the
contribution (F) ¢;);, with the appropriate generalised version of It6’s lemma. In our
case we have purely discontinuous changes in );(t) and purely continuous changes in
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X;(t) allowing us to write the change in (F) ¢;); as
(F, ¢i)e — (F ¢i)o = /0 (VEy,)(Xi(t)) - (Kyiery, 0)(Xa(t)) at’
Jr\/@/ (VEy, e (Xi(t))) - dWi(t) +D/ V2 Ey, ) (Xi(t)) dt’

/ SO (Fs(Xit)) — Fyoy (Xa(#) R, (8

BeA\{Vi(t)}
/ S (F(X(t) — By (X)) AN, (8), (12)
BeA{Ys (')}

With V2 =V -V, and wherg we have introduced the compensated Poisson processes,
N S)ﬁ(t), with increments dN, S)ﬁ(t) = dN, C(f,)ﬁ(t)—hg’)ﬁ (t)dt, and key property E[dN S)ﬁ(t)] =
0. Collecting the contributions from all particles (recalling N1 vazl |p;) = |@)) then
allows us to express the total change in the empirical average as

(F, ) — :le F, ¢:)0]

[(VE,Ky¢)w + D(V?F, ¢)y + (F,Hy @)y ] dt

[en]

+N‘1; /0 {\/@(VF,(éidWi(t'»+<F,dN§,i)¢i>}, (13)

where (VF| := > . (a|VF,(z), we use notation (), A¢) = (YA, ¢) = [, dz (V|A|d),
and each compensated Poisson linear operator, ngi) = ngi) — Hy) dt, is constructed
from its uncompensated version, ngi) (Eq. (D). We have then defined the non-linear
operator (in ¢*), H,, acting on the total field vector |¢), through elements

ha,ﬁ(xvt)a O‘%Bu
H,la) = 14a
(B|Hg|cx) {—ZWGA\{a}hav(x D a=p, (14a)
hap(x,t) = Ha g [(HY?, 9)(2,1)] (14b)
(HP  §) (1) /H z,y)0" (y,t) dy. (14c)
yEA

Similarly, the deterministic component of the continuous dynamics is described in
terms of the non-linear (in ¢%(z,t)) diagonal operator on the field, (5|Kyla) =

(Ko 8)(,£)5,5, with

(Ko 0at) = 32 | Kan0)6 (0. 0) (15)

yEA
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Integrating by parts over €2 then gives a description of the evolution of the inner product,
solely in terms of other inner products over the test function

(F.0h = (Fudho = = [ [, (Kod))o + D (F. V0 + (FH, o)) df
NS [{VIBE Y w8 6} (16)

However, we are prevented from considering this as a weak form of a field dynamic since
the stochastic components cannot be written in terms of the total probability density
vector, |¢).

5. BBGKY hierarchy and propagation of chaos limit as a single particle
dynamic

We can proceed without the problematic noise terms by taking suitable expectations. If
we take ensemble averages over the evolution and initial conditions of the empirical field,
denoted E[-], of the above SDE in the t — 0 limit, terms with increments of Wiener and
compensated Poisson noise vanish, since they are Martingales, leaving, after exchanging
integration order through Fubini’s theorem,

(F.OE[g]) = —(F.V - E[K, ¢]) + D (F, V’E[¢]) + (F, E[H, ¢]), (17)

since d(F, ¢);/dt = (F,0;¢), stressing that ¢ is the fluctuating variable - not the F,, or
x. Since this holds for all (F|, we may write the implied integro-PDE as

O = > E|Hs [Z / dy 1y (2 y ¢”’(y,t)] d)ﬁ(:c,t)]
yEA

peA\{a}
- 2 E|Hu [Z/ dy ol (2,9)¢ (y, )] ¢a(:c,t)]
peA\{a} =

# 3 [y [=V Kano9) + DV B (.06 (1), Vo € A

yEA

(18)

leaving a non-closed forward equation for the mean, E[¢*(z,t)]. This is a statement
of the BBGKY-hierarchy in this context [I§], with closure failing due to the non-
linearity arising from the field dependence introduced from the K and H interaction
kernels.  Explicitly, the dynamic for the one-body probability density p*(z,t) =
E[¢*(x,t)] depends on the two-body probability density p®*(z,y,t) = E[¢p*(x, )¢’ (y, t)]
(concerning a particle in joint state {z,a} and another in {y, 5}), along side others
depending on the precise form of the mediating functions, H, . In the case of all
mediating functions simply being the identity, H, 3(z) = z, we may write the forward
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equations for the 1-body probability densities on A x € as explicitly dependent on the
2-body probability densities on A% x 2, v

o) = 0 X [y [P o) — M) 1)

peA\{a} veA

+§:/@ VKo (ey) + DV?] g (e t), Yac A (19)
yeA

However, the so-called propagation of chaos results [16, 17, [19] then allow us to
close all such dependencies as N — oo, by factoring joint probability density
functions with independent terms such that, for example, p®?(z,y,t) terms become
p*(z,t)p°(y,t), effecting a deterministic mean field description through the equivalent
limit E[¢*(x,t)d°(y,t)] — E[¢*(z,t)|]E[¢°(y,t)]. Note that in this limit, the system’s
domain, €2, is fized, whilst the order of magnitude of the sum of all interactions is kept
constant such that the interaction between any two individual particles tends to zero in
accordance with the prescription of weak coupling.

We also note that a corollary of such vanishing pairwise interactions, in such a
limit, is that the N-body system becomes statistically equivalent to N identical and
independent processes, made explicit by recognising that the total probability density
has no correlative structure, i.e. p* = ON(zy,...,zy) = HlNzl p%(z;). As such, we
may consider the particles in the system no longer coupled to all other particles, but
rather coupled to their own probability distribution. Thus, when the limit is taken,
the hierarchy collapses into a single, non-linear, integro-master-Fokker-Planck equation,
with non-linearity provided through the K. (-, -) and (-, -) kernels, which equivalently
(in distribution) describes a single particle, viz.

Op*(z,t)= > Hga [Z/dy“rlmxy " (y, )]pﬁ(:mt)

BeA\{a} veEA
Y [Z/ dy 13 (2, 9)p" (y, )] p*(z,1)
BeA\{a} yeEA
- Z/ dy p"(y, )V - Kor (2, 9)p*(2,t) + DV?p*(2,t), VYa e A, (20)
yEA

with associated single particle dynamics

X (t) X‘+Z/ﬁ/®@w “@meM@meym@

acA

V(1) = 12(0)) +/ dNy|Y(1')), (21b)

> /Q du o, (X (t),:v)p“(:v,t)] : (21c)

in terms of a single, vector valued, Wiener process, dW, and m (m — 1) independent
Poisson processes, dN, g, with intensities h,g(t), comprising linear operator dIN;.
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6. Alternative noise representation and closed evolution equation

It is perhaps not obvious that such a deterministic limit should exist, and it is desirable
to retain a fluctuating description without the average over the noise performed in the
previous section. We can heuristically both confirm such a result and retain information
about fluctuations in our many-body system by considering a parallel system, which
replaces the problematic atomic Wiener and Poisson noises with carefully chosen random
fields, which agree in law for an arbitrary test variable. This allows us to write a
closed SPDE in terms of a single probability density vector |®) without reference to
individual particles or increments. To do so we consider the evolution of the test variable
Y (t) = (F, ¢),, representing the empirical average of (F'|. We then construct a proposed
dynamics of such an empirical average using the random fields and demand that it
has identically distributed increments, by demonstrating that they have equal moments
up to O(dt). For purely continuous underlying SDEs we would achieve this statistical
equivalence through a demand for equality in the mean and for equal quadratic variation,
[Y];, in expectation, with no higher moments contributing owing to the Gaussian nature
of the Brownian motions on all length scales. However, since we are using jump processes
with finite intensity, we are obliged to generalise the quadratic variation and consider
the n-adic variation in expectation, which we define as

s =] @] -e| [@raer] (22

Given the “box calculus” properties of Ito integrals and their generalisation to include
jumps, we can write, with probability one, for all n,n’ € {i € Z | i > 0}, for an arbitrary
well-behaved function f(-) : Q — R satisfying fot dt’ f?(xz(t')) < oo,

/ Fla(t)) aw P @)aw _5795;6,/ flx (23a)
/ f dN(Eélllﬁl HdNaZJJ7BJ (H 57‘J7ZJ+1 O‘Jvaﬁrl(sﬁwﬁﬁl>

7j=1

< [ raenani, @, @)
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and

/0 Fla()) aw ¢ 1_1

:/ fla(t) Hdt’ﬁdW}’%') =0, (23¢)
/0 fGae)) TLar H AN, (#)
/ fla H aw e H AN, 5, (E) = 0. (23d)

Using these properties and the dynamics of the empirical average given in Eq. (I3]), we
find the n-adic variation to be

MR
/ [TI(VEK¢)v dt' +D (V’F,¢)p dt’ +(F, Hy )y dt
0

k=1

N Z <28X(Jk)Fylk(t' Zk( ))\/—dW k) ( )

Zkl ]kl

> (Fa (X)) = By (X, (8)) NS () )]
ar€A\{Yi, ()}

’)/;7 n=1,
2 Sy 2D S Oy P (X)) d

Y e Fal X)) = oy (Xi0))2ANS) ()], 7 =2,
e Sy [ Zaea o FalXal)) = By (Xa(¥)" AN§), (¢ >} . on>2,
(v, n=1,
2 [{((VF)T o VF, ¢)ydt
=3 4 Xy [(F o FLdNDe)
+(1,dNDF o Fog) — 2(F,dNVF o qsi)} n=2

\N" i= 1fozk 0()Fonk dN ( F)Okoﬁbi)t' n > 2,

(24)

where o is the Hadamard, or element-wise, product, applied to vectors in V4, such that,
for example, (F°?| = (F o F| = (F|o (F| =", c4({a|FZ(z), and (F°°| = (1|. Note, the
binomial sum appearing in the n > 2 case has simply been explicitly expanded in the
n = 2 case.
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Trivially, the expression for n = 1 is merely [Y]El) =Y}, whilst n = 2 captures the

quadratic variation and thus contains the variance emerging from the Wiener processes.
The compensated Poisson noise, however, contributes at all n > 1 and cannot be written
in terms of the total |¢) due to the presence of the individual particle fields and Poisson
increments (|¢;) and dN, SB))

However, by taking expectations, through E[ngi)|¢i>] = E[Hgl) |p:)] dt, recalling
NN 16 = |9), such that N~ SN E[dN|¢,)] = E[Hy|¢)], and noting the
exchange of order of inner products and expectations by Fubini’s theorem (used
throughout the subsequent development), we have

(J{dt' (VF,EK.d))o + D(VEE[g])s + (FEH, 0],  n=1,
2D [Ldt’ (VF)T o VE,E[¢])
E[Y"] ={ +%Jodt' [(Fo F.E[H, 0]
+(1,E[Hy Fo Fodl)y —2(F,EH,Fod))y|, n=2,
(o Sy dt' Yo () (F° M, E[Hy (=F)* o ), n>2,
(25)

leaving an expression now completely in terms of |¢). Note, in particular, that all but the
mean contribution (n = 1) vanish as N — oo (the limit which facilitates the propagation
of chaos result), varying as N'™", in accord with the ¢*(x) being smooth functions
resulting from a deterministic PDE in p®(z,t) = E[¢*(z,t)]. The mean contribution
itself is then, naturally, described by Eq. (7).

As elaborated above, we then consider an alternative dynamic in ® (distinct from
¢), by replacing the individual noise terms with random fields. As with established
approaches [1I, 13, 20} 21], 22, 23| 24] we first use d + 1 dimensional, vector valued,
Brownian sheets, Wy(-,-) : © x R — R? to represent the atomic Wiener processes,
but here we require m such objects — one for each field — denoted W, (z,t) =
( S)(x,t),..., &d)(x,t)), to replace the individual Wiener processes. Assuming
convex €1 3 x,0, for simplicity, the fields have properties

EWY (z,1)] = 0, Vie{l,...,d},Vaec A (26a)
BV (&, YW (y, )] = 0 0,5 min(s, ) - H min(z), y ™)

vz,je{l,...,;}:,1Va,ﬁeA (26b)

/Ox /Ot AW, (2 1) = Wa(z,t) — Wa(0,0), YVae A, (26¢)

alongside an analogue of the Ito isometry for expectations of iterated integrals over space
t .
[E|[ [ s v, oo e )]
0 x1€Q J 20

t
:51-0»5&,/3/0 dt’EUde f2(x)}, Vije{l,....d},a, B A (27)
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Higher nth-order products of [ _, f(z) dWS)(x,t) lead to n-fold integrals over space
with respect to (dWC(f) (x,t)", but don’t contribute at O(dt), reflecting the heuristic,
generalised, box calculus dW. (:)31 : )dWa (:)32 ,S) ~ (5(1’&0 — atg))d(t — ) dx dt, and the
correlative structure of space-time white noise, with the expectation dx dt contributing
singularly along the surviving 1D line integral on z; = 5 (again, to O(dt)).

However, we then diverge from previous approaches by introducing m (m — 1)
(one for each possible transition between elements in A) scaled and compensated,
Poisson random fields, Agg’a(aj,t) with increments dNJ$"(z,t) == dNY" (x,t) —
HYS" (2, t) da dt, written in terms of an uncompensated version and HY%" (x, ), which
is the spatio-temporal intensity of the fields. We choose such an intensity to be given
by

HYS (2,t) = Nhqg(z, t)0%(z, 1), (28)
recalling

has(@,t) = Hog[(HS?, 6)(2,1)]. (29)

The increments of the uncompensated version are those of an inhomogeneous d+1
parameter (i.e. d+1 dimensional) Poisson process dNJg"(-,-) : @ x R — {0,1},
which shares the spatio-temporal, field dependent, total intensity, Hg %’a (xz,t). The
compensated field has similar properties to the W,, again assuming convex () for
simplicity,

E| fé’a(x,t)] =0, Va,feA (30a)

// N<I>°‘ ) = NN<I>“( t) — NN<I>°‘( 0)
_ N<I> v,t) — NN<I>°‘( 0)

/dt/ da’ HYS (2, 1), Vo, B € A, (30b)

but a more complicated covariance structure. It is instead defined through the
probability of an event in the uncompensated field, N Ncba( t), in a small space-
time “volume”-element, of size dx - dt, being given by ]HINCI’ (x,t)dz dt, such that
E[dNYS" (x,8)| 9% (x,t)] = HYS (2,t) dedt and E[dNE" (z, )] = E[HYS" (z,t)] dz dt,
and where dz = Hle dx;. We can view h, g as a base, temporal “rate per unit time”
component, as with conventional 1D Poisson processes, whilst we additionally have the
multiplying N®“(x,t) as a spatial “rate per unit space” component (indicated by the
superscript label on the NJ2" N! N$©, and HY3"). Consequently, if all particles were in
internal state a (such that fQ dz @a(z, t) = 1), and, for simplicity, microscopic transition
rates did not depend on the field such that the h, g(x,t) = h, s were constants, we would
expect N Z«/eA\{a} he. transitions per unit time on the whole space 2; an nyeA\{a} Py
contribution for each particle — i.e. the single particle escape rate from a.
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The box calculus for these fields follows that of a normal Poisson process, such
that, Eo O(1), we have almost surely, []7, dNNS" (z;,t;) = [\, NS (2, t;) =
d, (ﬁ%f(zl,tl) 115 5(3:1 — Zi41)0(ti — tix1)0as,000108,,8:,,- 1t then follows that there is
a spatial n-fold analogue of an It6 isometry, where we assume our test function now
satisfies [, dz f"(z) < oo,

t
I8
0

n

T @) an s (i, t’)]
n—1
/ o <H 50!2‘70lz'+166i76i+1) [ (1) d a]\lf%ll (21, t/)
Tr1€

t
_ / E
i=1
_ p i
= <H ai, m%ml)// fr (@ )E [dNZ 5, (2/,1)]
0 Ja'eQd

t
=N (H 6ai,ai+165i75i+1) A dt’ /Q da’ fn(x,)E [hou,ﬁl (xla t,)®a1 ($/’ t/)]

t
(H . m) / at / de’ (2B [HE™ (2! )] (31)

With the relevant behaviour of the random fields established we then collect them
into the linear operators dW, where (BldW|a) = 045 dW,(z,t), and dN- ﬁcb, where
(BN 1) = (1 = Ga8) AN (2,8) =60p ¥ e a gy INVE (2, 1), respectively. The
compensated Poisson operator then, also, has a non-compensated version (8|dNyT|a) =
(1 = o) ANDE" (2,1) =008 D cavfay PNay (z,).  Analogously to the individual
particle case, we have E[dNH*] = NY 4 EHs(a|®)]|a){a|dxdt (ie.  the
expectation of Hy dx dt multiplying a diagonal operator with ®* on the diagonals), or
simply E[(8|dN " |a)] = HYE". We note here that the random fields act as integrators
for both space and time, so we clarify the notation of the inner products in these cases
to mean fo dt' (F,dW®), = fo A" Y e a Jpeo Falz) @ (2, 1) 375 4 (BldAW|a) (2, t').

We then propose the following, alternative, SDE for the empirical average of (F|,
Z(t) :== (F,®);, in terms of |®), dWW and dNﬁq’

Z(t) — Z(0) = (F,®), — (F, ),

= /t [_<F7 V- (K‘i’ (I)>>t’ + D<F7 v2®>t’ + <F7 He (I)>t’} dt’

~ /2D/N / BV (@), + N / (AN, (32)

We then seek to confirm that this SDE replicates the behaviour of that for Y(t)
(Eq. ([@3)), by confirming that is has the same n-adic variation, in expectation. To
compute the expected n-adic variation, E[[Z]E")], and unlike before, we need to compute
averages of n-fold iterated integrals and so require the properties above to establish
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E[ / t(VF AWV >t,]
/H(Z/ (8,00 B () /B 0 ) OV (1. )]
a; €A
:{ e Jo dt’fﬂd:): Fu(z) - VE,(2))E[@%(z,t)], n=2, (33)
0, n=1and n > 2,
and

t
EU (F,cwﬁq’l)"}
0
& / / (Fou(s) — Fu () ANV S (2, 1)
aeA\{az}aeA €l

) n=1
{ZBGA\{a} Y aealy dt' fodr (Fs(w) = Fo())"NE [ho 5(2, t)0 (2, )], 0> 1,

0 n=1
=15 ’ 34
{ZﬁeA\{a} Dacd f(f dt’ [, dx (Fa(x) — Fo(x))"E [H%(m, ], n>1. (34)

Since we also have E[dW,,(x,t)d. N N <I>ﬁ( ,s)] = 0, due to independence of the random
fields, and by counting only O(dt) contributions in dZ;', we can then compute E[[Z ]ﬁ“’]

as

n

{ [(VE, Ko@)y + D(V°F, @)y + (F,Hs )|

\/ﬁ ) / Z (D50 Fas () /@2 (4, ) AWID (2, 1)

a; €A g =1
+ 5 / (Fs,(23) = Foy (22)) dND G (2, 1) H
azeA\{az} Y
[y dt E[(VF,EKg®])y + D(VF,E[®]), + (F,E[Hs®]),], n=1,
DAt S e fodr (VE () - VEy(x) t
4 Jo dt' Yo > periar Jo dr (Fa(x) —
o Joy A e a Xpenriay Jo 4o (Fa(x) = Fu(@)"Elha,s

=
—_

X

)
— Fo(2))*Elhg g(z, )0 (2, )], n=2,
(x,t")D*(x,t")], n>2,
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( [y dt' [(F"E[Ke®])y + D(F" E[®]), + (F,E[Hg®]),], n=1
2 [t {(VF)T o VF,E[D])y
= L [dt [(Fo FEHs®]), (35)
+(1,E[HeF o Fo®])y —2(F,E[HgF o ®])y], n=2,
| FT fo dt’ Y p_y (5)(FeC =N E[He(—F)% 0 @)y, n>2,

confirming E[[Z]ﬁ")] = E[[Y]g")], in terms of the field, as required, thus implying the
equality in distribution Z(t) < Y (t). Here we have integrated by parts over the dW on
the first line, and then subsequently enumerated all terms, expanding out all powers of
inner products as iterated integrals, kept only those which contribute to O(dt) under
expectations, and then recombined the expression in terms of the total field.

If we then consider Eq. ([B2) to hold for any suitably well-behaved (F|, then it
implies that the evolution of the fields, ®*(z,t), are described by the non-linear jump-
stochastic-integro-differential-equation (implicitly in weak form):

QD) = —V - Ko|B) + DV2|®) + Ho|®) — ,/%v WIVE) + AR (36)

Here the dot notation on the random fields is an abuse of notation indicating
distributional sense space-time derivatives of the fields (i.e. W ~ 9,0,W(z,t)). In
the case of the W, they can be taken as zero mean, Gaussian, space-time white
noises. In contrast, the N, O{V B‘I’ “ are manifestly not white due to the smooth compensation
terms, but despite pure Poisson processes readily interpretable as (non-zero mean) white

noises, indeed neither are the N Ne® = NI VET + HY, due to their field dependent
inhomogeneity. Regardless, this form of the dynamlcs, taken in the limit N — oo,
demonstrably leads to a deterministic dynamic in |®), consistent with the propagation
of chaos result, as desired.

Such an equation is then considered to be a generalisation of the DK equation
[M, 2], capturing the (statistics of the) behaviour of the empirical fields formed from
Ito diffusions and Poisson transitions, ostensibly without approximation. We note the
incorporation of weak interactions in the sense of McKean [14] [15] [16], 17, 13], yielding
a distinction with DK, which we utilise precisely to exploit the deterministic, N — oo,
limit (c.f. Eq. (20)). However, a dynamic in terms of strong (DK) interactions follows
with appropriately scaled noise terms, see Sec.[ll We also note, up to such a scaling, the
equation reduces to that found in [§] when one averages over the Poisson noise, agreeing
at the mean switching level offered in that work.

As with the conventional derivations of DK equations, the above approach is not
intended to be rigorous, with the treatments of the random fields almost certainly
containing technical deficiencies. Rather, it is intended to heuristically capture the
statistical behaviour of the particle noise, including the distinct statistics of the Poisson
interconversion events between species, which inevitably contribute at all moments due
to their lack of continuity. Indeed, the exact nature of Eq. (B8] itself warrants additional
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comment. As pointed out in [13], once the individual stochastic terms are replaced with
the random fields, we have demonstrated, at most, a weak equivalence, or equivalence in
distribution/law between (F, ¢) and (F, ®), rather than any stronger notion of equality,
i.e. almost surely, or in probability etc., nor have we established the nature of the |®)
which would satisfy the highly singular Eq. ([B6). Moreover, even in the case that |A| = 1
(such that there is only one field and no Poisson fields), and (IC, ®)(x) = (K*®)(x), such
that it reduces to the original DK equation (up to a prefactor in N), the mathematical
status of the equation is rather fraught — it has recently been shown that, the (weak)
solutions that do exist correspond only to atomic densities [3] 4], leaving the meaning of
such equations unclear. Instead, progress has been made in understanding the nature
of these equations through regularisation processes, either through the introduction of
non-atomic initial data and coloured noise [B, [6], or through a cut-off enforced using a
spatial discretisation [25]. However, when the N — oo limit is fully saturated, such that
the stochastic terms vanish, owing to the weak coupling, the solutions are well-defined
in terms of Mckean-Vlasvov diffusions, owing to the propagation of chaos results.
Notably, the formulation in terms of Poisson fields permits a transparent and
controlled Gaussian white noise limit as we approach N — oo, which one can utilise as
an approximation in cases where N > 1. By keeping only leading order contributions
to E[[Z]™] in N~! we obtain the same quantity if we replace all independent Poisson

fields with independent Brownian ones as d. A(ffg’a (,t) = JHYS" (2, t)dWa 5(2,t). As

such, as N — oo, we expect the above equation to converge in law to

OU|®) = ~0.Ko|P) + DI;|D) + Ho D) - \/?V WIVE) + %NWHN@, (37)

where

V h'a,ﬁ(xv t)Waﬁ(xv t)v ' «Q 7£ B, (38)
- Z'yEA\{o;} V hary(x? t)WOlfY(x? t)a a = ﬁa

and where W, are independent Brownian sheets such that EW, s(z, t)W, 5(y, s)] =
000550 (x — 1)o(t — 5) and EDA, 5(x, t)Wf(f)(y, s)] =0, for all o, 8,7,6 € A.

In this large N limit, we are unconcerned with the integration scheme (e.g. Ito
vs. Stratonovich) associated with these noise terms, but this would require suitable

<B‘WH|O‘> = {

care if extending the approximation beyond this regime. Relatedly, one might wish to
more faithfully approximate the higher N™" statistics at smaller N, perhaps through
an appeal to higher terms in, for example, a van Kampen system size expansion.

7. Weak vs. strong interactions

It is important to note that the formulation above is based on weak interactions, with
the final SPDE in terms of the empirical one-body probability density vector |®). This
allows us to rigorously approach a deterministic mean field limit, ®*(x,t) — p“(x, 1),
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without recourse to any specific coarse-graining scheme required for a hydrodynamic
limit. This property is often useful due to its equivalent (and technically, approximation
free) representation as a single particle process in the N — oo limit. Generally, however,
such a description will most often constitute an approximation to a real interacting
system, with it most accurate when the interacting particles are diffuse and the number
of effective interactions is large. In general, this may well be a tolerable approximation
when the interaction kernel represents such a phenomenon or when the interactions are
mediated by a coarse-grained mechanism (e.g. energetic barrier hopping), as might be
the case in the use of the hag(x,t). Similarly, it may be less tolerable when the kernels
are representing an intrinsically short-ranged interaction, with behaviour dependent
on one, or few, neighbouring particles. However, we can very simply reformulate the
resulting SPDE in terms of the physical density field, |g), by simply noting that (using
the definitions in Dean [1]) |o) = N|®). Consequently, where a large number of weakly
interacting particles on a fixed domain is not desired, but rather a system with strong
interactions, we may equivalently express the SPDE as

o) = —V - Kylo) + DV2|o) + H,|o) — V2DV - W\ /o) + N4[1),  (39)

with the Poisson fields comprising N f1 Dossessing conditional intensities
Hiﬁ(x,t) = hap(z,t)0(2,1). (40)

The equivalence, but with a simple scaling in the noise, is the result of the cancellation
of the effect of two necessary changes. First, the inner products, (-, g), no longer have
an N~! pre-factor when written as a sum, since now |o) = S°~ | §(x — X;)|);), such that
(-,¢) — N71(-, o). This is then counter-acted by the removal of the weak interaction
scaling (the N™' terms) in Eqgs. () and (@), such that K — NK and H — NH.
Consequently, in aggregate, (KC,¢) — (K, o), or K, — K,, with analogous change
H, — H,. Indeed, this is the conventional formulation of DK type equations. Of
course, there is no requirement for all interactions to be of one type, meaning one could
stipulate strong interactions mediated by the C, but retain weak interactions mediated
by the H.

We note, however, with strong interactions we cannot take the limit N — oo,
which previously lead us to a deterministic total interaction — due, essentially, to a
law of large numbers argument for particles under the interaction kernels — without
causing the physical density and total interaction strength to diverge. Instead, a
hydrodynamic limit is obtained in this case through the joint limit N, |Q)| — oo such
that the total density N/|Q2| is held constant, subject to a spatial or temporal coarse
graining proportional to |€2|. In such a case, provided the coarse graining occurs above
the system’s correlation length/time, we would expect to observe that fluctuations in
the coarse grained field would vanish as ~ (A7)™"/2 or ~ (Az)~'/? with A7, Az o |Q|
being the time/length scale of the coarse graining. However, in this case the propagation
of chaos results no longer hold (as N, |Q2] — oo each particle still locally interacts with
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a [constant in expectation] finite number of neighbours, meaning the local empirical
measure is still stochastic). As a consequence, the resulting hydrodynamic equations
will not be closed, with progress reliant on an explicit closure procedure/approximation.
The simplest, and perhaps the most common, is merely a mean field assumption which
yields precisely the propagation of chaos limit in |¢), underpinned by weak interactions,
thus explicating a consistent microscopic unravelling of this commonly used top-down
field-level approximation. This has an implied benefit in applications because it allows
one to simulate the underlying stochastic behaviour (SDEs with weak interactions)
whilst studying the field level dynamics (i.e. through PDEs) that accurately reflect
them in a well-defined limit, rather than the more common scenario where underlying
fluctuating behaviour is stated and/or simulated (based on strong interactions) which
is then approximated with an ad hoc mean field assumption at the field level. To be
clear, the strongly interacting formulation of the DK equation does accurately reflect
the underlying microscopic behaviour, but no limit of that underlying behaviour is
accurately reflected, in general, by the mean field assumption applied to the associated
DK equation.

8. Examples

Following from the above development of the equations of motion for the empirical
fields, we now wish to restrict what are highly complicated non-linear dependencies into
more manageable, and more plausible, ones through the restriction of the interaction
kernels, IC. (+,-) and H(-,-), in order to illustrate the meaning of Eq. ([3G) in some
simple examples. In particular, we consider a simple model of run-and-tumble dynamics
and one of non-reciprocal flocking behaviour. The purpose of these examples is not to
explore the behaviour of the systems, which is well documented elsewhere, but merely
to aid understanding of the form of our modified DK equation. We will, however,
confirm deterministic (N — oo) properties of the model with reference to examples in
the literature, where appropriate.

8.1. Example with homogeneous rates: run and tumble active matter

First, we consider a model of one dimensional run-and-tumble dynamics, capable of
motility induced phase separation [26].
To do so we consider a deterministic interaction kernel of the form

Ky, v, (Xi, Xj) = ko(Vi) + k1 (Vi) ko (X — Xj), (41)

as applied to the microscopic behaviour, where we stipulate a positive, symmetric, and
normalised k,(x) which takes the limiting from of a Dirac delta measure such that
lim, 0 ke(x) = 6(x) and [, dx ks(x) = 1; for instance k,(x) could be a normalised
top-hat function or Gaussian, with widths o. To retain the exact representation, as
discussed at the end of Sec. 3] such kernels would require a point removal at their origin
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such that k,(0) = 0. In the limiting, delta measure, case we can write the pointwise
inner products that appear in the dynamics as

dy Ko g(z,y)¢" (y)
/;4/ Y Kap(z,y)
tal0) Y- [ dy 6" (0) + kale) [ vkt =) <Z¢ﬁ )

BeA BeA

~ (o) / dy &(y) + k1(a) (ks * 6) ()

~ofa) + (oo + 0 (7). (42

assuming the field is regular enough on |€2| for the convolution to be approximated by
a Dirac delta sifting operation, which we expect to be accurate at least in the limit
N — oo as the field approaches the deterministic propagation of chaos result. Here we
have enforced kg, representing intrinsic, non-interacting, behaviour of the particles, to
have no dependence on other particles’ internal state, 5 € A, or their own position, x,
in order to maintain locality and spatial homogeneity, respectively. The component k;
then scales a linear particle response to local density with dependence on the particle’s
internal state.

Note that this limiting procedure, whereby o/|Q2] — 0, such that the system size is
deemed large in comparison to the interaction distance, is distinct from the other limit
we have discussed, N — oo, which is not to do with spatial extent of the system, but
to do with the number of weakly coupled particles on a fixed (2.

To fully construct a model of run-and-tumble interacting behaviour we can specify
the following:

(i) We set the domain to be a ring of length L, Q = SY(L/27) (equivalent to
Q= [—L/2,L/2) with periodic boundaries).

(i) We consider the set of internal states to be A = {4, —}, representing particle
orientation on the ring such that we have

@) = [27) +[27) = &F(x,t)|+) + 7 (2, 1) ). (43)

We then specify the internal state transition rates to be hy _(z,t) = hy _ = 7,
and h_ y(z,t) = h_ 4 = ~ such that the operator Hy = H acting on |®) has no
field dependence and describes a simple two-level system, represented in terms of a
matrix and column vector as

=2 ) w

(iii) We choose ko(a) = v(+|a) — v(—|a) where v > 0 is an active motile forcing such
that « controls its sign or orientation. Similarly, we choose ki(a) = —v&(+|a) +
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v&(—|a), such that increased local density reduces this motile force, in the manner
of a quorum sensing interaction [27], where ¢ is a coupling strength. We define this
coupling strength in terms of the key system parameter py € [0, 1], which describes
the ratio of mean probability density, E[®T(z,t) + @ (x,t)] = ||~ = 1/L, to the
total empirical probability density, ®*(x,t) + & (x,t), which completely arrests
the motile forcing under K, such that ®*(x,t) + & (z,t) = £~'. Consequently, we
identify & = poL.

The single particle dynamics thus take the form of the SDEs

Xi(t) = X;(0)
+v / at' [ (+H()) = (=) (1 -k Z o (Xi(t') Xj<t'>>)
+v2D / t AW;(t'), (45a)
i) = 2:0)) + / 14+) = 19 [(=10) AN () = (e an e )]

(45b)

stipulating the point removal k,(0) = 0.

Inserting these kernels and operators into Eq. ([36]), taking the o/L — 0 limit, and
taking inner products (£|®), gives us, up to O(N~!') and O(c?/L?), the coupled jump
SPDEs

@™ (2, 1) = F, [O (2, 1)[1 — poL(PF (z,t) + @~ (2, 1))]]
+ DOPO* (z,t) £ y[® (z,t) — O (2, 1)]

- RO o] WY )~ ADY 0] (19

which can be re-written in terms of the total particle (probability) density ®(z,t) =
Ot (z,t) + & (x,t) = (1|®) = (+|P) + (—|P) and polarisation (probability) density
\(,1) = () — B (2, ) = (+]0) — (~|), giving

0,®(z,t) = —v0,x(,t) (1 — poL®(z,t)) + DI>®(z,1)

+ \/gam[\/q)(:c,t) + x (@, OV (2, 1) + /O, t) — x(x, )NV_(x,1)], (47a)
8tX(l’,t) = _Vamq)(xv t) (1 - pOL(I)(SL’,t)) + D&%X(x? t) - 27)((1,7 t)

D .
+\/N (VO (x,t) + x(x, )WV (x,t) — /O(z,t) — x(x, t)V_(z,1)]
N 1) K2 1) (47D)

This simply amounts to choosing a desired basis for V4 in accord with its description
as an evolving system of vectors/linear algebra.
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Further, in this basis we may describe the Gaussian noise terms as being equal in
distribution to two correlated spatio-temporal white noises, each acting on one of ® and
X, Viz.

B®(x,t) L —vd,x(x,t) (1 — poL®(x, 1)) + DO*®(x, 1)
VRN e N (152)
Ox(x,t) £ —v0,®(x,t) (1 — poL®(x, 1)) + DX (2, t) — 2vx(, 1)
4 \/?ax V@ W, (. 8) + %W_?f"x’ (2,1) — NET0 (g 1)), (48D)
where

E[dWs (z,t)dW, (y, s)] = (x(z,t)/P(z,t))d(x — y)d(t — s) dx dt, (49a)
E[dWs (z,t)dWe(y, s)] = E[dW, (z, t)dW, (y,s)] = d(x —y)o(t — s)dxdt.  (49b)

Finally, we can describe the system in terms of a conventional Péclet number
Pe = v/y/yD and then perform the non-dimensionalisation, * — z/l, t — t/7, and

d—p=>0/P x = = x/P, where | = \/D/y, 7 = 1/v, and & = (pyL)~! are a
characteristic length-scale, timescale, and probability density, respectively. Noting the
Brownian rescaling property, W(z, t) < (I7)~Y2W(xl, t7), alongside the requisite scaling
in the Poisson noise (with units probability per unit space per unit time), N = (v/ l)]\7 ,
we arrive at dynamics in terms of the unit-less particle and polarisation densities (no
longer probability densities), p and ¢, which vary on the scale of py,

Oip(z,t) = —Pedyib(x,t) (1 — p(z,t)) + O2p(x,t)

+ 0/ 2(NL/N) pop(z, )W, (2, 1), (50a)
Ou(w,t) = —Pedup(z,t) (1 — pla, 1)) + 1 (w, t) — 2¢(x, 1)

+ 0o/ 2(NL/N)pop (e, )Wy (w, 1)

200Ny 2N, AN
e LINEC™) (g ) — N2 (1)), (50D)

where Ny = L/Il. Such a transform also manifests itself in the total conditional rate of
the Poisson noise terms through the scaling HY 3" (x, ¢) — I7HY'" («1, t). Consequently,
the Poisson fields appearing in Eq. (B0) must then possess rescaled spatio-temporal rates

N
H: S = )Y
D+ y

=ITNy—=
TNY—

_ Nip+d
~ poL 2

N
= 5o ) (51)




A Dean-Kawasaki equation for reaction diffusion systems driven by Poisson noise 23

which are now dimensionless, also.

The mean behaviour and large N limit of this model, matches the mean behaviour
and hydrodynamic limit of a very closely related (and strongly interacting) on-lattice
exclusion process [28, 29, B0], however it does not possess the same noise structure,
neither in terms of the strength of the Gaussian white noises due to the off lattice set-
up here, but crucially, we present an equation that retains the Poisson statistics of the
tumbling behaviour.

Taking N > 1 such that we keep only leading order contributions in N~! in the
evolution of moments of the functions of the field from the Poisson terms affects an
appropriate Gaussian limit. We first write this as

2Nppop(z,t) .

Dol ) & = Pedyp(w, ) (1 = p(a, 1)) + p(w,t) + 0, o Wila,t), (52a)

(. t)h%l — Pedyp(z,t) (1 — p(x,t)) + Oh(x,t) — 2u(x, t) + O, MJ\WV\@(I, t)
. \/QpONL(p(x],\f)—w(x,t))W_’Jr (0.8) \/2PONL(p($],\;)+¢(SL’,t))w+7_(x’t)’
(52b)

in terms of independent unit spatio-temporal white noises, W, _(z,t) and W__ (x,1),
the independence of which we can exploit to describe the dynamics, up to equality in
distribution, in terms of a single such noise term, uncorrelated with both W, and W,

WH(x, t),

2Nppop(w,t).

Op(x,t) £ = Pedytp(w, 1) (1= p(w,1)) + 02p(a, 1) + Oy W,(z,t), (53a)

N
Op(x, 1) & = Pedyp(,1) (1 = p(,1)) + 020 (w, ) — 206(x, )
Y L) Lp%’(x’t)m(g:,t) 1y Heporte; 1) Lp?\/;(x’t)wﬁ(a?,t). (53b)

This now has all terms explicitly dimensionless, and with noise strength inversely
proportional to the (square root of the) number of particles, N, per unit-less, rescaled,
domain size, N;, = L/l, in addition to the total density. This in agreement with the
tumbling noise describing in [28] (before non-dimensionalisation), indicating that the
Gaussian limit concurs with contemporary fluctuating hydrodynamic approaches in the
same limit. Note, however, that the Poisson processes in these treatments are necessarily
considered separately to the remaining dynamics, rendering all fluctuating PDEs as
approximations to the behaviour. In contrast, our Eqs. (B0) capture all statistics of the
Poisson processes as part of the total dynamic.

8.2. Example with field dependent rates: non-reciprocal ballistic particles with diffusion

We can provide a less trivial example, where, crucially, transition rates between the
states in A depend on the local field by considering a simple system of non-reciprocal
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agents [311, 32, [33] who, subject to diffusion, move ballistically and align themselves with
or against particles of different species based on their own species.

To do so we consider |A| = 4, consisting of A = {A,, A_, By, B_}, such that there
are two ‘types’ of particle, A and B, which can each be in a state where they move
ballistically to the right or the left. Similarly to the previous example, we consider a
ring of length L such that Q = S*(L/27).

Ballistic motion is captured through a non-interacting choice of Ky, y (X;, Xj;),
specifically

Ky, (Xi, X;) = ko(Vi) = v [(A|Vi) + (B4 Vi) = (A-[Vi) = (B-[V)]. (54)

We then implement field dependent rates between species using kernels and mediating
functions of the form

Ho g[HEP (2,y)] = hola, B) + v exp[HE (x, y)] (55)
Hol (,y) = lim hu (0, B, )ko(z — ) (56)

where we introduce the field independent term

= A% — B* — B* = A%
ho(&,ﬁ) _ Yo, « ) 5 or « ; 5 ) (57)
0, otherwise,
to allow for ergodicity, and interaction kernel
(Baa[(Afle) = (A_|e)] + Bap [(Bile) — (B_le)] a=A_, B=A,
Baa[(A-le) = (Aile)] + Bap [(B-|e) — (Bile)] a=A;, f=A_
B0, B,€) = Bap [(Bile) — (B_|)] + Baa [{Asle) — (A_|0] a=B_,3=B, (58)
Bpp [(B-le) — (Bile)] + Bpa[(A-|e) — (Ar]e)] a =By, f=DB_
L0, otherwise,
such that
ha,p = Hap [(H5, )]
(o, a =A% B=B* ora=B* B= At
7eﬁ,m(<1>*“+—<I>“‘*)+/3AB(<I>B+—<I>B*) a=A_,B=A,
Baa(@4=—04+)+B,5 (08~ —0P+) A — A
e a= Ay, B=A 50

NefrB(@Pt =P )4ppa(@ti -0ty p 3= p.

NeBpn(@7 =) tBpa@t- =0ty  _p 3B

\ 0, otherwise.

This causes species A to align/anti-align with species A according to the size and sign
of Baa, for species A to align/anti-align with species B according to the size and sign
of Bap etc.
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Defining the species density and polarisation density fields for convenience, ® 4 =
QA+ 4 DA vy 1= A+ — O Dp = OB+ + dB- and v = PP+ + &P the non-linear
transition matrix and state vector on which it operates are given by

H, | Al
Hy — Al (60)
| ol | Hp
H. — __’70 _ fyeﬁAAXA'f‘BABXB fye—BAAXA—ﬁABXB 61
A= ,yeﬁAAXA-l-ﬁABXB — — fye—ﬁAAXA—BABXB ( )
H. — __’70 _ fyeﬁBBXB‘i'ﬁBAXA fye—ﬁBBXB—BBAXA 6
B = fyeBBBXB'f‘BBAXA —o — fye_BBBXB_BBAXA ( )
[ 4+ (1, t)
QA (1)
d) = ’ 63
| > ®B+ (l’, t) ( )
OB (x,1)

Inserting these kernel and mediating functions into Eq. ([B6]), we find

8t<I>A+ = —y&x(I)AJr + Daiq)/u _ ,yeﬁAAXA-l-ﬁABXB oA+ 4+ fye_BAAXA_ﬁABXB oA~

+70(®7 — (I’Aﬂ - \/@@c [MdWAJ
[/\/;J;WL N¢A+ NNcI>B+ Nf;vf);j ’ (64a)
B0 = 410, + D0§<I>A+ + yePaaxat BABXbeA* — e Paaxazfanxe pA-
+70(@7 — (I’Af) - \/@&C [\/QTdWA*}
[NN<I>A+ Név¢2+ N'N<I>B _/\[N‘I’A ] . (64Db)
and

atq)B+ — _Vamq)3+ + D83®B+ _ fyeﬁBBXB+BBAXA(I)B+ 4 fye_BBBXB_BBAXA(I)Bf

2D
(DA — q>3+) — [0 [Veraws, |
[Név Ve — NETR NN - MR, (640)

atq)B, _ —l—l/ax(bB+ + Dagq)3+ +,yeﬁBBXB+BBAXA(I)B+ _ 76—5BBXB—BBAXA®B—
2D
+ %(@Af - o) -y [0, [vchdeB,]
[Név;b? N—Nch NN<I>A N—Nch } . (64d)

We can then write this in terms of the particle type density and polarisation density
fields ® 4,5 and x4/p, in which case we have, along with aggregation of Gaussian noise



A Dean-Kawasaki equation for reaction diffusion systems driven by Poisson noise 26

terms into four correlated terms for each field,

2D .
O®a L —10yxa+ DO2® 4 + volpp — pa) + Vo + 0:[VPaAWa ]

1 AN AN _ N
b N N S S NEGT NG (65)

2D .
—v0, P4 + DOxa + Y0 (xB — Xa) + \/ Wax[\/ DWW, ]

+ (I>A sinh[Baaxa + Bapxs| — xa cosh[Baaxa + Bapxs]

Il

atXA

2N AN (@
T |:NA (®a—xa) NA <I>A+XA) X B2+(,ii+XB) _ B2,(,<i}i XB)
—|-./\/:42 (®a—x4) z(,Zi+XA)] ’ (65b)

and

2D .y
8Pp L —vd, x5 + DODp + Y0(pa — ps) + Vvt OV e Wa,
1 |: SN (P s txa) _l_./\*/-ﬁ{‘i;i—XA) 5 (@s—xB) ' %(QB"'XB)} , (65¢)

+N Ay ,By T VB AL T VB Ay

2D .
o xB L 00,05+ DO2xp +o(xa — x5) + \/ Wax[\/ oW, ]

+ ®psinh[Bppxs + Braxal — xscosh|Beexs + fraxal

+% [ ;g(q;i—XB) . ;B%(j;?—i_XB +NA+(qJ;i+XA NA (Pa— XA)
NG T - NS (65d)
where

EWs, (z, t)V\fXA(y, s)] = (xa(z, 1)/ Pa(z,1)d(x — y)o(t — s), (66a)
BV, (7. )W (1,9)] = (o, 0/ (2,080 ~ )3t — 5), (660)

E[WCPA (ZE, t)WCPB (y> S)] = E[W<I>A (ZE’ t)WXB (y’ S)] = ]E[WXA (L t)W<I>B (ya S)]
= IED/.VXA (ZL’, t)WXB (y> S)] =0, (660)

E[W<I>A (L t)W<I>A (y> S)] = E[W<I>B (ZE’ t)W<I>B (ya S)] = ]E[WXA (L t)WXA (y’ S)]
= EWy, (2, )Wy, (1, 5)] = 6(z — y)d(t — s). (66d)

Here we have refrained from a space or time rescaling of the equations and thus the
spatio-temporal Poisson rates are simply given by their definition (c.f. Eq. ([25))

Hg{g“ = NO“(z,t)hap(,t). (67)

When linearised around {®(/2,0,®,/2,0} and considered in reciprocal space in the
@) = {Pa, x4, Pp, xp} basis, where ®g = 3 ) p fOL dx ®,(x,t), the deterministic
component of the system, —V - K¢ + DV? + Hg/, can be compactly described through
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the matrix
M
—vo — Dk? —ikv Yo 0
_ —ikv  37®ofas — 7 — Y0 — Dk’ 0 37®0Bas + 70
Yo 0 —vo — Dk? —ikv
0 $7P0BBa + Y0 —ikv 57®oBBB — 7 — 70 — Dk’

(68)

describing a set of ODEs for the modes of the system in the N — oo, propagation
of chaos, limit. Linear response can be probed through the largest eigenvalue of this
matrix, Apax, Which in the & — 0 limit, relevant on long, hydrodynamic, scales, is given
by

Amax = \/72(1)3 ((Baa — Bpr)* + 4BapBsa) + 8770P0 (Bap + Bra) + 1677
+ 79 (®o (Baa + Brr) —4) — 470. (69)

The system exhibits travelling oscillatory behaviour, characteristic of a chase-and-
catch dynamic resulting from a non-reciprocal interaction kernel, when the imaginary
component of the eigenvalue becomes non-zero. In the (non-ergodic) limit vy — 0 this
condition is met when

(Bes — Baa)® < —4BaBSBa, (70)

such that interspecies couplings a5 and fp4 have opposite signs (i.e. a non-reciprocal
interaction), which dominate over self alignment, characteristic of a flocking interaction.
For completeness, we note that the spinodals of a flocking transition occur when the
real component of the eigenvalue becomes positive in this limit.

This behaviour completely mirrors the results in [32] which models active chiral
systems. Here the 1D nature of the system is what gives rise to the Poisson transitions,
rather than continuous rotational alignment dynamics in [32], however the limiting
deterministic character is retained, here with an exact representation of the Poisson
transitions.

9. Non-conservative, binary and higher order reactions

The preceding development has presented an equation based solely on unary reactions
of the form

A — B, (71a)
B — A, (71b)

albeit with non-linear and spatially varying, density dependent rates.
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However, it would be of interest to describe reactions where particle number were
not conserved, such as

h— A, (72a)
A= 0, (72b)
and those of higher order, such as
2A — B, (73a)
C — A+ B, (73Db)
A+B—-C+ D, (73¢)

and so forth.

The matter of deriving an SPDE for such processes is left for future work, however,
we can describe a possible microscopic set up that would allow such reactions to be
possible.

First, we consider the binary reaction

A+B— C+ D, (74)

which conserves particle number. Here we have a situation we can describe by having
a correlated event whereupon a particle of type A transitions to one of type C, and a
particle of type B transitions to one of type D. We can achieve the necessary correlation
by considering underlying driving Poisson processes which are shared by each possible
unordered pair of particles of type A and B. That is, the dynamic in the underlying
particle becomes

PO =) = [ 3 [l = ] avgl

aEA\{y(t’

Py [ 350108018100 = AN ANt

Jj= 1,#1

> [ 510504 [10) = N aNGHen ), ()
J=Lj#i

for all ¢+ € {1,..., N}, such that a transition in particle ¢ from state A to C is
always coincident with a transition in particle j from state B to D; i.e. we stipulate
AN, by CD = de(fBZ ‘cp- The kernel functions that comprise the transition rate would
then responsible for determining if the requisite density and locality conditions, for and
between the particles, are met to facilitate a transition. Higher order reactions (e.g.
ternary, quaternary etc.) would then be formulated in an analogous manner.

In contrast, reactions that do not conserve particle number need a distinct approach.
We postulate that a suitable manner of achieving such reactions is through the use of a
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null state, (), such that A — AU {0}, with the null state acting as a reservoir of generic
‘particles’ which can be added to, or drawn from, as required. Thus, reactions of type
A+ B — C can be reinterpreted as A+ B — C' + 0, etc.

A delicate question in such circumstances is how to interpret the particle number
in this instance. We propose that the number N should itself be treated as a dynamical
variable, requiring updates in the shared Poisson processes. For instance, in a single
species model which is spontaneously annihilated and created according to A — () and
() — A, one could keep track of the total particle number with a process

N t t
Vo - N0 =3 | [ o) - [axgyo). ()
i=1 LJ0 0
comprised of Poisson increments responsible for updating the individual particles. We
thus anticipate that in addition to the resultant SPDEs there would be a coupled and
correlated, jump type, SDE governing N for which suitable approximations could be
made (e.g. a van Kampen system size expansion). Equivalently, one can imagine that
the approach for unary reactions offered in this contribution is implicitly coupled to the
trivial SDE, dN = 0.

10. Discussion and Conclusion

In this contribution we have introduced a stochastic partial differential equation
(Eq. ([B4)), driven by both Brownian and Poisson random fields, which is equal in law
with a set of point particles evolving according to first order stochastic differential
equations with unary reactions between internal states. This generalises the DK
equation to this class of reaction diffusion system, concisely representing the fluctuating
density dynamics, without approximation.

We have chosen a limited class of SDEs, and their coupling to the field, essentially
for readability, however we note the obvious generalisations that can be made to
this scheme. For instance, even the most general interaction used in this work,
captured through the Poisson transitions, could be generalised so as to introduce distinct
mediating functions based on the different density fields so as to allow for non-linear rates
which differ significantly based on the species with which the particles are interacting.
In contrast, the continuous deterministic interaction, K¢, has been presented with no
such mediating function, which could naturally be added. Similarly, we have assumed
isotropic diffusion and independence in noise strength with both particle state, and
the state of the field, all of which are eminently possible under this scheme. For
instance, for work concerning noise strength that depends on the field, with the use
of a particular mediating function, see [I3]. The augmentation of the dynamics to
include such additional complication is not expected to add any particular technical
obstacles, however we note that, whilst propagation of chaos limits are generally also
expected under such generalisations, the speed at which convergence happens is not
guaranteed to be equal, nor to be fast [16], [17].
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We have presented two simple examples, with their purpose being to illustrate the
meaning of Eq. ([B6]) in various contexts, rather than for them to be studied deeply.
As such we have merely demonstrated that they agree with known models where
relevant, and point out that Eq. ([B0) has led to this agreement whilst retaining the
exact fluctuation properties of the Poisson jumps. The application of such an equation
to produce approximations beyond that of Gaussian statistics is a logical and pertinent
next step for this work, but one we leave for future contributions.
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