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Abstract

This study introduces a systematic approach for an-
alyzing strongly correlated systems by adapting the
conventional quantum cluster method to a quantum
circuit model. We have developed a more concise for-
mula for calculating the cluster’s Green’s function, re-
quiring only real-number computations on the quan-
tum circuit instead of complex ones. This approach
is inherently more suited to quantum circuits, which
primarily yield statistical probabilities. As an illus-
trative example, we explored the Hubbard model on
a 2D lattice. The ground state is determined uti-
lizing Xiaohong, a superconducting quantum proces-
sor equipped with 66 qubits, supplied by Quantum-
CTek Co., Ltd. Subsequently, we employed the cir-
cuit model to compute the real-time retarded Green’s
function for the cluster, which is then used to deter-
mine the lattice Green’s function. We conducted an
examination of the band structure in the insulator
phase of the lattice system. This preliminary inves-
tigation lays the groundwork for exploring a wealth
of innovative physics within the field of condensed
matter physics.

1 Introduction

Quantum computing garners interest for its potential
to solve complex problems beyond classical comput-
ing’s reach. Pioneering algorithms like Shor’s algo-
rithm [1, 2] and Grover’s algorithm [3] have marked
significant milestones. Additionally, emerging algo-
rithms such as the HHL algorithm [4] are in devel-

opment, expanding the quantum computing reper-
toire. At the same time, quantum processor hardware
is also undergoing significant development. Unlike
classical computers, where manufacturing techniques
have already converged on electronic circuits based
on silicon semiconductor materials, quantum com-
puting presents a unique challenge. Various techni-
cal approaches are being explored for quantum com-
puter realization, with superconducting (SC) systems
emerging as a frontrunner. Over the recent decades,
there has been notable progress not only in the num-
ber of qubits but also in their quality in SC systems
[5]. However, achieving practical fault-tolerant quan-
tum computing (FTQC) compatible with standard
quantum algorithms requires logical qubits of excep-
tionally high quality. Among various error-correcting
codes, the surface code [6] has shown promise due
to its high error threshold. Although some demon-
stration experiments [7, 8] have shown a modest im-
provement in the quality of qubits encoded using sur-
face code, these advancements are still insufficient for
the implementation of large-scale quantum comput-
ing systems.

A pragmatic strategy in the current stage of
quantum computing is the development of noisy
intermediate-scale quantum (NISQ) applications.
Recent advancements in this area include the quan-
tum variational method, like variational quantum
eigensolver (VQE) [9, 10] and quantum machine
learning algorithms [11, 12]. Representative algo-
rithms of NISQ era, such as VQE, have found applica-
tions in diverse fields, including quantum chemistry
[9, 13, 14] and high-energy physics [15]. It repre-
sents a hybrid quantum-classical approach, utilizing
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quantum circuits to produce states that approximate
the ground state of a Hamiltonian, and employing a
classical optimizer to optimize across these circuits.
However, applications of NISQ era in other research
fields, such as material science, are comparatively less
explored.

Materials exhibiting strong correlation effects, such
as heavy-fermion systems [16] and non-Fermi-liquid
systems [17], have long fascinated researchers. In
recent decades, high-temperature superconductors,
perhaps one of the most attractive materials, have
also started to draw a lot of attention, promising to
change the way we use technology. Other interest-
ing phenomena from strongly correlated materials,
like Mott metal-insulator transitions [18], fractional
quantum Hall effect [19], and spin-state transitions
[20, 21], inspire the pursuit of new metamaterials.
All these materials don’t behave as expected accord-
ing to traditional band theory [22]. The excitement
around these materials comes from discovering un-
usual behaviors, such as novel quantum phase transi-
tions, and unexpected electric and magnetic proper-
ties. However, simulating strongly correlated materi-
als presents significant challenges at the present time
because of the complex interplay of electron-electron
interactions within these materials. Current simu-
lation methods, predominantly first-principles tech-
niques like density functional theory (DFT), face
hurdles with systems containing strongly correlated
electrons. Concurrently, the development of non-
perturbation theories has offered alternative perspec-
tives in quantum physics to simulate strongly corre-
lated materials. Dynamic mean field theory (DMFT)
[23, 24] has notably achieved early success by innova-
tively mapping the orbitals in a lattice system to a lo-
cal impurity model, based on the assumption that the
lattice self-energy is local. To fully consider the local
correlations, cluster perturbation theory (CPT) [25]
has subsequently been developed. Additionally, con-
sidering broken-symmetry states, other cluster meth-
ods with a meanfield approach have been developed
[26, 27, 28]. Collectively, these approaches for con-
sidering local correlations are called quantum cluster
methods (QCM) [29].

Intuitively, leveraging NISQ circuits for quantum
simulation of strongly correlated systems appears ap-

propriate and potentially sufficient [30]. Various en-
coding methods [31, 32] enable the mapping of finite-
sized fermion clusters onto a circuit model. The core
of QCM involves iteratively calculating the Green’s
function of a cluster system. Several methods [33, 34]
for computing Green’s functions on a circuit model
have been developed, making it theoretically possible
to implement QCM calculations on a quantum circuit
model. It is the purpose of this paper to introduce
a systematic procedure for implementing each crit-
ical step of QCM on the circuit model. As an il-
lustrative example, we investigate the paramagnetic
insulator phase of a standard Hubbard model on a
2-dimensional (2D) square lattice. The results ob-
tained solely through the circuit model will be com-
pared with exact results obtained from classical sim-
ulations.

In the remainder of this paper, we organize the
content as follows. Standard formulas and steps for
QCM are revisited in Sec. 2. The approach to deter-
mining the ground state via VQE is presented in Sec.
3.1. Section 3.2 introduces a streamlined process for
calculating the real-time retarded Green’s function.
Section 4 briefly summarizes the entire calculation
procedure. The results of the ground state energy,
computed on the quantum processor Xiaohong pro-
vided by QuantumCTek, are discussed in Sec. 5.1.
The findings regarding the cluster Green’s function
are presented and analyzed in Sec. 5.2. Using QCM,
the one-particle excitation spectra are explored in
Sec. 5.3. Finally, Sec. 6 offers a concise summary
of our findings.

2 Reflective overview of the

quantum cluster method

We revisit fundamental theories of QCM for strongly
correlated systems. A general description of a
fermion system can be expressed through a Hamil-
tonian, as given by

H =
∑

ij

tijc
†
i cj +

∑

ijkl

Xijklc
†
i c

†
jckcl, (1)
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where the operator c†i (cj ) creates (annihilates) an
electron at site i (j). Without loss of generality, we
suppress the index of spin (and also other possible
orbital degrees of freedom). The hopping energy, de-
noted as tij , and the interacting energy, Xijkl , as
outlined in Eq. 1, are typically computed using ab
initio methods with proper basis sets. To illustrate,
the interacting energy Xijkl is defined by the integral

Xijkl =

∫ ∫

drdr′φ∗i (r)φ
∗
j (r

′)V (r − r′)φk(r
′)φl(r),

(2)

where {φi(r)} represents a complete set of states and
V (r − r′) is the electron-electron interacting energy
[35]. This model is versatile and can be adapted to
represent many well-known models. For instance, by
focusing solely on the interacting termXijklδikδjl and
assigning i and j to different spin indices on the same
site, Eq. 1 transforms into the standard Hubbard
model [36, 37], described as:

H = −γ
∑

ijσ

(

c†iσcjσ + h.c.
)

+ Uni↑ni↓ − µ
∑

iσ

niσ,

(3)

where niσ = c†iσciσ is the particle number for spin σ
on the i-th site, µ is the chemical potential, −γ is the
hopping integral, and U represents the interaction
term of electron repulsion.

In QCM, the original lattice is tiled through super-
lattice expanded by {ei}, with super-lattice-cell of
size L, as shown in Fig. 1. For each operator ci, a
distinct cluster index R and a corresponding in-site
index α are identified. This allows for the operator to
be re-expressed in a more refined form, transforming

ci → ψRα. (4)

With this notation, Eq. 1 is decoupled by
tiling clusters and can be rewritten as H =
∑

RHc ({ψRα}) +
∑

RR′ T (R − R′). Here,
Hc ({ψRα}) represents a cluster-specific Hamiltonian,
while T (R−R′) denotes the Hamiltonian terms that
facilitate connections between the cluster R and R′.

Each cluster can be considered as a reference sys-
tem for abstracting the self-energy [25]. The lattice
Green’s function, G(q, ω), is given by

G(q, ω) =
[
G−1(ω)− τq

]−1
, (5)

where q is the reciprocal vector in the reduced Bril-
louin zone, G(ω) (a L × L matrix) is the Green’s
function of a local cluster, and τq is a linear combi-
nation of T (0− r) around a center cluster 0. Details
of these derivations can be found in Appendix 8.

We recall some basic knowledge of Green’s func-
tion theory for calculating each matrix element Gij

of G. The definition of the real-time retarded Green’s
function [38] is given by

GR
ij(t− t′) = −iΘ(t− t′)〈{ci(t), c†j(t′)}〉 (6)

where Θ is the Heaviside step function, the
curly bracket {∗, ∗} represents the anti-commutator,
ci(t) = eiHtcie

−iHt is the Heisenberg represen-
tation of the operator ci, the bracket 〈...〉 =
Tr

(
e−H/T ...

)
/Tr

(
e−H/T

)
represents the thermal av-

erage. Throughout this paper, we set ~ = 1. In
zero temperature case (T = 0), the calculation of
the thermal average value is specialized by 〈g|...|g〉,
where |g〉 is the ground state of the system (as-
suming a non-degenerate scenario). With relation

Θ(t− t′) = −1
2πi

∫∞

−∞
dω e−i(t−t′)ω

ω+iη , where η → 0+ is an
infinite small real number, we rewrite the real-time
retarded Green’s function as

GR
ij(t) =

1

2π

∫ ∞

−∞

dωGij(ω + iη)e−iωt, (7)

where Gij(ω + iη) is the Fourier transform of the
real-time retarded Green’s function. With analytic
continuation to full complex plane ω + iη → z and
Kramers–Kronig relations [39], the Green’s function
is given by

Gij(z) =

∫

dz′
ρij(z

′)

z − z′
, (8)

where

ρij(ω) = − 1

π
I [Gij(ω + iη)] (9)
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is the spectral function. Many useful Green’s func-
tions can be derived from this form. For instance,
the Matsubara Green’s function can be calculated by
Gij(iωn), where ωn is the Matsubara frequency [35].
In Lehmann representation, at zero temperature case
the spectral function is given by

ρij(ω) =
∑

n

〈g|ci|n〉〈n|c†j |g〉δ (ω − En + E0)

+
∑

n

〈n|ci|g〉〈g|c†j |n〉δ (ω − E0 + En) , (10)

where {|n〉} and {En} are eigenstates and eigenvalues
of the system respectively. When i = j, ρi(ω) ≡
ρij(ω) represents the density of states at orbital i. It
obeys the summation rule

∫
ρi(ω) = 1. Practically,

we calculate the spectral function by Eq. (9). And
the Green’s function in frequency domain, Gij(ω +
iη), is calculated by the inverse of Eq. (7) and given
by

Gij(ω + iη) =

∫ ∞

0

dteiωt
[
e−ηtGR

ij(t)
]
. (11)

In actual computations, we rely on an artificial broad-
ening parameter η to facilitate the calculation, in-
stead of employing an impractical value of 0+. Hence-
forth, we disregard the subscript “R” in GR

ij(t).

3 Calculation on circuits

3.1 Ground state

The QCM effectively segments the original lattice
into distinct clusters. These clusters, each charac-
terized by a specific size labeled L, are regarded as
individual cluster systems. The VQE method is em-
ployed to investigate the ground state of the system
using quantum processor. We employed a param-
eterized unitary transformation, denoted as UG(θ),
to construct the parameterized state from scratch as
|g(θ)〉 = UG(θ)|0〉. In VQE method, the expectation
value of the Hamiltonian serves as an upper limit for
the ground state energy. Thus, the ground state en-
ergy E0 is bounded by E0 ≤ 〈g(θ)|Hc|g(θ)〉, where
Hc is the Hamiltonian of the system.

Figure 1: The original lattice is divided into distinct
clusters and inter-cluster segments. Each cluster (red
areas), referred to as a reference system, is indepen-
dently analyzed using various methods, such as ex-
act diagonalization (ED). The inter-cluster section
is treated as a perturbation affecting the reference
system. To address symmetry breaking, we intro-
duce additional mean-fields. Meanwhile, achieving
the metallic phase requires integrating additional en-
vironmental elements, typically bath sites, which are
hybridized with the cluster. These additional param-
eters, mean-fields, and hybridization functions are
determined through a self-consistent variational pro-
cess.
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In order to performed VQE by quantum circuits,
it is essential to transform the Hamiltonian into a
format compatible with quantum processor measure-
ments. We adopt the standard Jordan-Wigner (JW)
encoding [31]:

ci =
1

2
(Xi − iYi)

∏

α<i

(−Zα) , (12)

where σα represents the σ gate (σ = I,X, Y and Z)
on the α-th qubit. With this encoding, the Hamilto-
nian of the cluster Hc ({ci}) is decomposed by

Hc =
∑

i

ξiPi, (13)

where the coefficient ξi is a real number and Pi =
σ0 ⊗ σ1 ⊗ ... is the tensor product of Pauli matri-
ces. Hence the energy of the system is parameterized
as E(θ) =

∑

i ξi〈Pi〉θ, where 〈Pi〉θ = 〈g(θ)|Pi|g(θ)〉.
The ground state can be ascertained by minimiz-
ing E(θ). The optimal point, θ0, yields the mini-
mal value E(θ0). Consequently, the approximated
ground state is represented as |g̃〉 = UG(θ = θ0)|0〉.

3.2 Green’s function

The Green’s function can be calculated in both time
and frequency domains. In the time domain, one
can compute the real-time retarded Green’s function
[40, 41] or imaginary-time Green’s function [42]. To
obtain the spectral function, these methods require
additional processes, such as Fourier transform or nu-
merical analytic continuation. Based on Lehmann
representation [43], the Green’s function can be cal-
culated directly in the frequency domain using the
variational quantum eigensolver [44] to find excita-
tion state energies. In this work, we calculate the
real-time retarded Green’s function, as we believe
simulating a time-evolution problem on a quantum
circuit is more natural.

The calculation of a retarded Green’s function,
based on the given ground state |g〉, is defined by Eq.
6. In the previous calculation, additional parameter
controls were needed to consider the real and imagi-
nary parts of each component of the Green’s function
separately [40]. In this context, we have restructured

the formulas so that only the computation of real
values is necessary. Using JW encoding, Eq. 6 is
reformulated as:

Gij(t) =
(−1)i+j

4

(
W−

ij − iW+
ij

)
, (14)

where W−
ij and W+

ij represent the real and imaginary
parts, respectively, and

W±
ij = F

(
X̄i, Ȳj

)
±F

(
Ȳi, X̄j

)
. (15)

In above expression, we have defined σ̄i =
∏

α<i Zασi. And F(σ̄i, σ̄j) is given by

F (σ̄i, σ̄j) =〈g|eiHtσ̄ie
−iHtσ̄j |g〉

+ 〈g|σ̄jeiHtσ̄ie
−iHt|g〉. (16)

The advantage of basing all calculations on Eq. 16 is
that F (σ̄i, σ̄j) is a real number, and Eq. 16 can be
directly computed using the circuit shown in Fig. 2.
This circuit, which includes parameters i, j,t and Nτ ,
is repeatedly called as a subroutine by the program.
At the end, the attached qubit on the top line in
Fig. 2 is measured. The probability of measuring 0,
denoted as p+, is obtained through sampling from the
quantum circuit. The final value of Eq. 16, is given
by F (σ̄i, σ̄j) = 2(2p+−1), with a detailed derivation
available in Appendix 8.

In this approach, to simulate the time-evolution of
Ut = e−iHt, usually Suzuki-trotter [45] decomposi-
tion is used. It is given by

e−iHt ≈ e−iHτ ...e−iHτ
︸ ︷︷ ︸

Nτ

. (17)

To achieve the necessary precision, it is imperative
to use rather small time slices τ = t/Nτ , which re-
sults in a very long circuit depth. However, the cur-
rent state of quantum hardware, with its noise lev-
els, poses a challenge in simulating such long circuits
with the required accuracy. A potential workaround
is to employ variational principles, such as McLach-
lan’s [46, 47], to approximate the original decomposi-
tion circuit with a shorter one [40, 41]. Nevertheless,
this introduces computational overhead, as fitting an
ansatz circuit to replicate the time evolution of the

5



Figure 2: Following the fundamental principles of the
Hadamard test [49], the circuit is devised to compute
F (Pi, Pj) as outlined in Eq. 16. The topmost qubit
serves as an ancilla qubit and is configured for the
final measurement. The result of this measurement,
denoted as p+ , determines the value of Eq. 16.

Hamiltonian requires solving an additional system of
differential equations [47]. These challenges raise con-
cerns about the scalability of this method as the sys-
tem size increases. In this work, to determine the
noise threshold necessary for the direct application
of the Suzuki decomposition, we persist in employing
Eq. 17 to calculate the Green’s function on a noisy
simulator with a comprehensive depolarization error
[48] rate of 0.01%, affecting each gate and channel.
To maintain consistency in the subsequent calcula-
tions, we utilize an exact ground state |g〉 as input,
despite having previously obtained a ground state |g̃〉
through VQE on quantum hardware.

4 Computation procedures

All of our numerical calculations are based on isQ
[50]. In the preceding sections, we delved into
methodologies for determining the ground state and
computing the Green’s function. We summarize be-
low the standard steps for the whole calculation:

1. Initialization of the ansatz: Set the ansatz
UG(θ), and based on the variational principle by
calling quantum hardware iteratively, a set of op-
timized parameters θ0 (therefore the optimized
ground state |g̃〉 = UG(θ0)|0〉) is found.

2. Calculation of the retarded Green’s func-

tion: For the specified input |g〉, we employ the

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
U

−6

−5

−4

−3

−2

−1

To
ta
l E

ne
rg
y 
⟨H

c⟩

enhan⟨e⟩

raw
mitigation
exa⟨t

0 1 2 3 4 5
s⟨ale fa⟨tor

−0.4

−0.3

−0.2

−0.1

0.0

En
er
gy

h0 h1 h2 h3 h4 h5

Figure 3: The ground state energies as a function
of interaction U . Inset details illustrate the mitiga-
tion within Hamiltonian Hc at U = 3, showing the
contribution of each term.

circuit illustrated in Fig. 2 to compute Eq. 16.
Subsequently, this allows us to calculate the real-
time retarded Green’s function as defined in Eq.
14.

3. Fourier transformation for frequency do-

main: The cluster Green’s function in the fre-
quency domain, Gij(ω), is derived via a Fourier
transform, as outlined in Eq. 11. We adopt the
Gauss–Legendre quadrature method [51] for im-
plementing an exceptionally precise and efficient
integration.

4. Computation of the lattice Green’s func-

tion: Following the acquisition of each matrix
element Gij of G, proceed to calculate the lat-
tice Green’s function G by applying Eq. 5.

5 Results and discussions

5.1 Ground state energy

For clarity and simplicity, we omit the consideration
of symmetry-breaking cases, thereby reverting the
calculation to a standard CPT calculation. Mean-
while, since the reference system lacks bath sites, our
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study is limited to the insulator phase. Despite these
simplifications, we still possess sufficient computa-
tional resources to consider the anti-ferromagnetic
phase [52], having selected a 2× 1 cluster as the ref-
erence system, as illustrated in Fig. 1.

With consideration of the spin degree of freedom,
the quantum state of the cluster is encoded by four
qubits. In our calculations, we set the hopping en-
ergy γ = 1 as the energy unit, and µ = U

2 to maintain
the half-filling condition. In our case, in pursuit of
high efficiency, we employ a well-designed ansatz that
consists solely of a single variational parameter, de-
noted as ϕ . The variational process is further simpli-
fied by directly minimizing analytical sinusoidal func-
tion which is obtained by fitting sparse sampling data
from scanning ϕ [15]. More details of the variational
ansatz can be found in Appendix 8.

The final total energies of the cluster system as a
function of U are shown in Fig. 3. The raw data
of energy (red solid line), which is calculated from
the original circuit on the quantum hardware with-
out mitigation, decreases with increasing U. The ex-
act result by classical simulation is calculated and
shown as the green dashed line in Fig. 3. We see
that the raw data is consistent with the exact result
quantitatively despite some discrepancies. We recor-
rect this result by post-condition of digital zero noise
extrapolation (DZNE) with circuit folding [53]. For
the U>0 case, there are 6 terms, in addition to a con-
stant term with P = I, in the Hamiltonian, see Eq.
13. The result of each term at U = 3 are shown in
the insertion of Fig. 3, from which we see that these
results have been improved to varying degrees. The
corrected energy is shown as the black solid line in
Fig. 3. Compared with the raw data, the result is
enhanced significantly.

5.2 Green’s function and spectral

function

In our subsequent analyses, we maintain U = 3. The
computation of the real-time retarded Green’s func-
tion necessitates a delicate balance in the Suzuki ap-
proximation’s precision. Specifically, the time slice τ
in the decomposition of e−iHt (refer to Eq. 17) must
be carefully calibrated. If τ is excessively large, pre-

t
−1.0

−0.5

0.0

0.5

1.0

Im
[G

(t)
]

(a)

0 5 10 15 20 25
t

−1.0

−0.5

0.0

0.5

Im
[e

−η
t G

(t)
]

(b) circuit
exact

Figure 4: Comparison of retarded Green’s function
calculated by a quantum circuit (cyan solid line) and
the exact result (orange dashed line). (a) The imagi-
nary part of the real-time retarded Green’s function.
(b) The Green’s function after being multiplied by
a factor e−ηt which effectively reduces the error at
large t.
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cision is compromised, while if it is too small, the cu-
mulative errors from a circuit with long depth would
overshadow any meaningful data obtained from the
results. To address this, we standardized τ with
Nτ = 60 for all simulations.

As an illustrative case, we computed the on-site
Green’s function at the first site (i = j = 1) for a
single spin. Due to symmetry, the results for spin up
and spin down are the same. Given the particle-hole
symmetry in the system, the real part of this Green’s
function vanishes, and we have exclusively calculated
and presented the imaginary part, Im[G(t)], repre-
sented by the solid cyan lines in Fig. 4. For com-
parative analysis, we also calculated the exact result,
represented as orange dashed lines in the same fig-
ure. As shown in Fig. 4 (a), in scenarios with small
t, the circuit-derived results closely align with the ex-
act results, maintaining satisfactory precision. This
alignment is attributed to the smaller value of τ (due
to the fixed value of Nτ ), ensuring the accuracy of
the Suzuki decomposition. Minor discrepancies in the
small t region primarily stem from circuit noise. How-
ever, as t increases, τ consequently becomes larger,
leading to a decline in the accuracy of the Suzuki
approximation. This trend is observable in Fig. 4
(a), where beyond t ≈ 22, the circuit results signifi-
cantly diverge from the exact ones. Despite this, we
demonstrate that such large discrepancies at higher
t values do not substantially affect subsequent calcu-
lations. Recall Eq. 11, where the integrand includes
the factor e−ηt. For practical computations, we have
set η = 0.2. The exponential decay induced by e−ηt

effectively mitigates the impact of discrepancies re-
sulting from larger τ values at higher t regions, as
illustrated in Fig. 4 (b). This property can serve
as a valuable guide for devising more refined compu-
tational strategies, allowing us to balance precision
with the allocation of computational resources effec-
tively.

To perform the integration specified in Eq. 11, we
employ a total of 100 sampling points and set the
upper limit to t∞ = 30. We have ascertained the suf-
ficiency of this integration range through our prior
discussion, as illustrated in Fig. 4 (b). The real part
of G(ω+ iη) and the corresponding spectral function
are presented in Fig. 5 (a) and (b), respectively. We

ω

−1.0

−0.5

0.0

0.5

1.0

Re
[G

(ω
+
iη
)]

(a)

−10.0 −7.5 −5.0 −2.5 0.0 2.5 5.0 7.5 10.0
ω

0.0

0.2

0.4

0.6

ρ(
ω
)

(b) circuit
exact

Figure 5: The quantum circuit calculations (cyan
solid line) and exact results (orange dashed line). (a)
The real part of the Green’s function in the frequency
domain. (b) The corresponding spectral function of
the cluster.

depict the results obtained through the circuit model
as solid cyan lines and compare them with the ex-
act results represented by dashed orange lines. It
is noteworthy that, despite the presence of notable
discrepancies arising from circuit noise in the cal-
culation of the real-time retarded Green’s function,
the ultimate outcome—G in the frequency domain—
is within reasonable accuracy. The positions of the
poles of the Green’s function remain accurate, albeit
with a decrease in amplitudes attributable to the ef-
fects of noisy errors. Our examination of the sum-
mation rule reveals that

∫
dωρ(ω) ∼ 0.88, indicating

an approximate 12% loss. This diminution is also vi-
sually evident in Fig. 5 (b), where the inner peaks
appear marginally reduced. This loss predominantly
stems from quantum noise.

5.3 One-particle excitation spectra

Once we obtain the cluster Green’s function, we can
proceed with the calculation of physical properties
relevant to the lattice model. The lattice Green’s
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Figure 6: Intensity plot of one-particle excitation
spectra for the lattice system revealing the distribu-
tion and intensity of excitations across various energy
levels and momentum states.

function in the original Brillouin zone is defined as

gσ(k, ω) =
1

L

∑

ij

e−ik·(ri−rj)Giσ,jσ(k, ω), (18)

where σ =↑ or ↓ represents the spin index, and
i, j span all sites within the cluster. The definition
of the single-particle excitation spectra ρσ(k, ω) re-
mains the same as Eq. 9. Due to the symmetry, we
calculate ρ↑(k, ω), and the results are shown in Fig.
6. The obtained data captures information around
the typical critical points, Γ, X, and M, which are
consistent with the classical simulation of a Hubbard
model on a 2D square lattice by conventional meth-
ods. A key characteristic of this model, the Mott-
gap, is evident around the Fermion surface due to
interaction U , as depicted in Fig. 6. Despite some
loss in spectral function weight, clear band structures
are still observable. This analysis of one-particle ex-
citation spectra paves the way for computing other
physical quantities, such as optical conductivity [54].
Such calculations also hold significant practical rel-
evance in experimental contexts, as this spectra can
be extracted through techniques like angle-resolved

photoemission spectroscopy (ARPES).

6 Conclusion

In summary, we have thoroughly demonstrated the
feasibility of studying strongly correlated systems us-
ing quantum circuits. To account for local correla-
tions using the QCM, we segment the lattice model
into reference clusters to abstract self-energy. Em-
ploying the VQE with an appropriate ansatz imple-
mented on quantum hardware, we successfully ob-
tained the ground state of a reference cluster, fur-
ther refining the results through the error mitigation
of DZNE method. Formulas for calculating Green’s
functions within the circuit model were derived. We
observed that the real-time retarded Green’s function
results are consistent with exact results within an ac-
ceptable error in the small t region, and the influence
of any discrepancies in the large t region on calculat-
ing the lattice Green’s function has been suppressed.
Utilizing the lattice Green’s function, we investigated
the one-particle excitation spectra. Our computa-
tions successfully reproduced the typical properties
of the band structure of a Hubbard model on a 2D
square lattice.
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Appendix: Details of QCM

Utilizing the index transformation outlined in Eq. 4,
we can reformulate the original Hamiltonian (Eq. 1)
as

H =
∑

RαR′β

T R−R′

α,β ψ†
RαψR′β

+
∑

R

∑

αβγδ

XRα,Rβ,Rγ,Rδψ
†
Rαψ

†
RβψRγψRδ. (19)

In Eq. 19, T R−R′

is defined as a L × L matrix,
where L denotes the site of the cluster. We can

write tRα,R′β = T R,R′

α,β as T R−R
′

α,β because of the
translation symmetry. We assume all interactions to
be local within clusters. If inter-cluster interactions
exist, clusters need to be decoupled using a mean-
field approximation. The inter-site Coulomb interac-
tion V ninj , for instance, can be approximated at the
Hartree-Fock level as : V ninj ≈ V (ni〈nj〉+ 〈ni〉nj −
〈ni〉〈nj〉). The fluctuation term (ni−〈ni〉)(nj−〈nj〉)
is neglected in this approximation, introducing addi-
tional mean fields {〈ni〉} into the expression. These
mean fields can be determined either through iter-
ative calculation or by minimizing the self-energy
functional Ωt[Σ] [28, 54, 29]. Translation symme-
try implies that the Hamiltonian parameters for each
cluster R are identical, leading to XRα,Rβ,Rγ,Rδ =
χαβγδ.

Further, the first term in Eq. 19 is divided into
inter-cluster and intra-cluster parts. By incorporat-
ing the identity 1 = δRR′ + (1 − δRR′) into the first
term of Eq. 19, we obtain:

∑

R

∑

αβ ψ
†
RαT 0

α,βψRβ +
∑

R6=R′

∑

αβ ψ
†
RαT R−R′

α,β ψR′β . Therefore, the Hamil-
tonian (Eq. 19) is decoupled by clusters and can be
rewritten as:

H =
∑

R

Hc ({ψRα}) +
∑

RR′

T (R−R′), (20)

where

Hc ({ψRα}) =
∑

αβ

ψ†
RαT 0

α,βψRβ

+
∑

αβγδ

χαβγδψ
†
Rαψ

†
RβψRγψRδ, (21)

and

T (R−R′) =
∑

αβ

ψ†
RαT R−R′

α,β ψR′β . (22)

The subscript “c” in Hc signifies that it represents the
Hamiltonian corresponding to a local cluster. For the
non-interacting case where χαβγδ = 0, the Green’s
function of the lattice Hamiltonian is computed by
performing the Fourier transform:

ψqα =
1√
M

∑

R

ψRαe
−iq·R, (23)
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where M = N
L is the number of clusters in the super-

lattice (N being the total number of sites in the
original lattice), and the summation over R covers
all super-lattice cells, with q as the reciprocal vec-
tor in the reduced Brillouin zone. Using the inverse
transform of Eq. 23, the non-interacting Hamilto-
nian is given by H0 =

∑

q ψ
†
q

(
T 0 + τq

)
ψq, where

ψq =





ψq1

...
ψqL



 , and τq =
∑′

r e
−iq·rT r, with the

summation
∑′

r representing the summation over all
connected clusters. In the non-interacting case, the
Green’s function G0(q, ω) is given by:

G
−1
0 (q, ω) = ω − T 0 − τq. (24)

For the interacting case, according to the CPT the
Green’s function G(q, ω) is:

G
−1(q, ω) = G

−1
0 (q, ω)−Σ(ω), (25)

where Σ(ω) represents the self-energy abstracted
from a reference system Hc ({fi}). In cases of sym-
metry breaking, mean fields ∆ are added to the ref-
erence system [28]. The reference system’s Green’s
function for the interacting case is therefore given as:

G−1(ω) = ω − T 0 −Σ(ω). (26)

Following Eqs. 2425, and 26, we arrive at the rela-
tion:

G
−1(q, ω) = G−1(ω)− τq . (27)

Appendix: Circuit for F (Pi, Pj)

In Figure 2, the quantum circuit is initialized with the
input state |ψin〉 = |0〉|0〉. The output state, before
the final measurement, is represented as:

|ψout〉 =
1

2
|0〉 (PiUt + UtPj) |g〉

+
1

2
|1〉 (UtPj − PiUt) |g〉. (28)

When measuring the ancilla qubit, the probabilities
of observing outcomes 0 and 1 are denoted as p+ and

p−, respectively. These probabilities are calculated
as follows:

p± =
1

4
〈g|

[

2±
(

PjU
†
t PiUt + U †

t PiUtPj

)]

|g〉. (29)

Consequently, the difference between p+ and p− is
given by:

p+ − p− =
1

2
〈g|

(

PjU
†
t PiUt + U †

t PiUtPj

)

|g〉, (30)

This leads to the derivation of F (Pi, Pj) = 2(p+ −
p−)

p++p−=1−−−−−−→ 2(2p+ − 1).

Appendix: Ansatz

In our experiments, we configured the circuit sam-
pling to consist of 12,000 shots. Figure 7 presents
the qubits selected for our study. These qubits, inter-
connected with adjacent ones, exhibited outstanding
quality during the experiment, as indicated by the
high readout fidelity depicted in the central part of
the figure. We developed a specialized ansatz tailored
to our search problem, as shown in Fig. 7. Given
the symmetry inherent in our problem, we incorpo-
rated a single variable parameter, implemented us-
ing an Ry gate. To generate the necessary entangle-
ment, two arrays of CNOT gates were employed. Our
design permits experimentation with various single-
qubit gate configurations interspersed between these
CNOT gate arrays. For instance, substituting the X
gates with Ry(π) and Ry(−π), we derived another
effective ansatz. We believe that a more simplified
ansatz is achievable.
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