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ABSTRACT

In the statistical mechanics approach to liquid-state theory, understanding the role of
the intermolecular potential in determining thermodynamic and structural proper-
ties is crucial. The Fisher–Widom (FW) line, which separates regions in the temper-
ature vs density plane where the decay of the total correlation function is monotonic
or oscillatory, provides insights into the dominance of the attractive or repulsive part
of the interactions. Stopper et al. have recently conjectured [J. Chem. Phys. 151,
014501 (2019)] that the line of vanishing excess isothermal compressibility approx-
imates the FW line in simple fluids. Here, we investigate this conjecture using the
Jagla potential and also explore the line of vanishing excess pressure. We employ
theoretical approximations and Monte Carlo simulations to study one-dimensional
and three-dimensional systems. While exact results for the one-dimensional case do
not support the conjecture, our Monte Carlo simulations for the three-dimensional
fluid validate it. Our findings not only contribute to the understanding of the re-
lationship between the three transition lines but also provide valuable insights into
the thermodynamic and structural behaviour of simple fluids.

1. Introduction

In the statistical mechanics approach to the theory of liquids, a key goal is to be
able to account for the bulk macroscopic properties of a given system in terms of the
nature of the intermolecular interaction potential. In general, in order to capture the
essential physics of real systems, models of such potential for simple fluids (which are
taken to be spherically symmetric and pairwise additive) involve strong repulsion at
short distances and weak attraction at longer distances. Therefore, it is reasonable to
try to assess the role played by the repulsive and attractive parts of the potential in
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determining the thermodynamic and structural properties of the fluid. There is already
a fair amount of work in this direction reported in the literature [1–21].

Perhaps the simplest example of such an assessment in the case of the thermody-
namic properties of fluids at low density is provided by the temperature-dependence
of the second virial coefficient, B2(T ). When the temperature is high enough and then
the repulsive part of the intermolecular potential is dominant, B2(T ) is positive and
the pressure in the fluid is greater than that of an ideal gas. On the other hand, if
the dominant part is the attractive one (at low enough temperatures), then B2(T ) is
negative and the pressure in the fluid is smaller than the one of an ideal gas. In fact,
there is a particular value of the temperature, the Boyle temperature TB , at which
B2(TB) = 0, implying that the pressure of the low-density fluid coincides with the one
of the ideal gas and the repulsive and attractive interactions cancel each other out.

Another example related to the thermodynamic properties is the compressibility
factor defined as Z(ρ, T ) = p/ρkBT , where p is the pressure, ρ is the number density,
kB is the Boltzmann constant and T is the absolute temperature. As is well known,
Z = 1 for an ideal gas. When the attractive part of the potential dominates (low enough
temperatures and/or densities), then Z tends to be smaller than 1, while if the repulsive
part dominates (high enough temperatures and/or densities, Z tends to be greater than
1. In the phase diagram of a simple fluid, the line in the temperature vs density plane
separating the region where Z < 1 from the one in which Z > 1 is called the Zeno line
[22]. It is assumed to be an almost straight line that starts at the Boyle temperature
and ends by crossing the density axis at the so-called Boyle density ρB , which is the
value of the density obtained by extrapolating the coexistence curve into the low-
temperature region beyond the triple point. The value of another thermodynamic
quantity, the isothermal susceptibility χT (ρ, T ) = kBT (∂ρ/∂p)T , which is equal to 1
for an ideal gas, also serves to indicate whether it is the attractive part of the potential
the one that dominates (when χT > 1) or whether the repulsive part is the dominant
one (when χT < 1). The line in the phase diagram with χT = 1 (which also starts
at the Boyle temperature in the temperature vs density plane) separates the regions
where either part of the potential dominates from the perspective of the isothermal
susceptibility. The line χT = 1 has been referred to in the literature as the ‘line of
vanishing excess isothermal susceptibility’ [17]. However, in analogy with the reasoning
[22] that led to coin the term ‘Zeno’ line (Z = 1), from here onwards, and for reasons to
be explained below, we will abbreviate the nomenclature and refer to the line χT = 1
as the ‘Seno’ line.

The above discussion has focused on qualitative arguments related to (in principle)
measurable thermodynamic quantities. We now turn specifically to structural proper-
ties. The statistical mechanics expression for the compressibility factor in d dimensions,
as obtained from the virial route, gives Z in terms of the intermolecular potential φ(r)
and the radial distribution function g(r) as [23, 24]

Z = 1−
ρ

2dkBT

∫

dr r
dφ(r)

dr
g(r), (1)

where r is the distance and dr the differential of volume in d dimensions. Also, the
statistical mechanics expression for the isothermal susceptibility coming from the com-
pressibility route reads

χT = 1 + ρ

∫

drh(r) = S(0), (2)
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where h(r) = g(r)−1 is the total correlation function and S(k) = 1+ρ
∫

dr e−ik·rh(r)
is the structure factor. The idea behind the nomenclature ‘Seno’ line follows from the
equality S(0) = 1 along that line.

The role played by the attractive and repulsive parts of the potential on the struc-
tural properties of simple fluids is best exemplified by the study (first carried out by
Fisher and Widom [1] for one-dimensional lattice-continuum models) of the asymp-
totic decay of the total correlation function. In fact, the effect of a dominant repulsive
part manifests itself in a damped oscillatory decay, while the decay is monotonic if
the dominant part is the attractive one. The so-called Fisher–Widom (FW) line in the
temperature vs density plane of the phase diagram is the line that separates these two
regions, namely the region in which the asymptotic decay of h(r) is monotonic and the
region in which it is damped oscillatory. This line has received a lot of attention and,
recently, Stopper et al. [17] have conjectured that the Seno line should approximate
well the FW line in simple fluids. It is the main aim of this paper to examine such a
conjecture by considering a particular model potential, the Jagla potential [25] (hard
core plus a linear repulsive ramp and a linear attractive ramp) given by

φ(r) =



























∞, 0 ≤ r < σ,
ǫ1(λ1 − r)− ǫ2(r − σ)

λ1 − σ
, σ < r ≤ λ1,

−
ǫ2(λ2 − r)

λ2 − λ1
, λ1 ≤ r ≤ λ2,

0, r ≥ λ2.

(3)

This potential involves three lengths (the hard-core diameter σ and the ranges
λ1 and λ2) and two energies (the height ǫ1 of the repulsive ramp and the depth
ǫ2 of the attractive well, both taken to be positive). Among its assets, it is able to
predict multiple fluid transitions and some of the water-type thermodynamic and
dynamic anomalies. Since the original work of Fisher and Widom [1] was carried out
for one-dimensional systems, while the conjecture was proposed for three-dimensional
fluids [17], in this paper we will assess its value both for one-dimensional and three-
dimensional Jagla fluids. Moreover, we will compare the FW and Seno lines with the
Zeno line. For further use, we introduce the dimensionless quantities

ρ∗ = ρσd, T ∗ =
1

β∗
=

kBT

ǫ2
, ǫ∗1 =

ǫ1
ǫ2
, (4)

as well as the characteristic distances

a1 =
λ1 − σ

ǫ∗1 + 1
, a2 = λ2 − λ1. (5)

To illustrate our results for both the one-dimensional and the three-dimensional sys-
tem, we set

λ1

σ
= 1.3,

λ2

σ
= 1.6, ǫ∗1 = 1. (6)

This paper was prepared as an invited contribution to a special issue of Molecular
Physics in honor of Luis F. Rull and José Luis Fernández Abascal. Apart from the fact
that Luis addressed the problem of the location of the FW line for systems interacting
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through short-ranged potentials [5] and so our contribution is clearly aligned with the
purpose of the special issue, we want to stress the personal connection of Luis with
two of us (A.S. and A.R.R.). In this regard, we should mention that the first scientific
paper that A.S. published [26] involved a collaboration with him. On the other hand,
Luis was also the head of the group in which A.R.R. carried out his Ph. D. thesis and
together with Luis he published three papers [27–29].

The paper is organised as follows. In Section 2, we present the calculations pertaining
to the one-dimensional Jagla fluid (in which case exact results may be derived) for the
Zeno line, the Seno line and the FW line. This is followed in Section 3 by parallel
calculations for the three-dimensional system, where we have used the theoretical
rational-function approximation [24, 30, 31] and Monte Carlo computer simulations.
The paper is closed in Section 4 with a discussion of the results and some concluding
remarks. Some mathematical details have been relegated to an Appendix.

2. Test of the conjecture for the one-dimensional Jagla fluid. Exact results

We begin with the case of the one-dimensional Jagla fluid. In order to evaluate the
pertinence of the conjecture for this system, we will profit from the fact that the one-
dimensional Jagla potential fulfills the requirements that for one-dimensional fluids
lead to explicit exact results for the thermodynamic and structural properties, namely
that limr→0 φ(r) = ∞, limr→∞ φ(r) = 0 and that each particle in the fluid interacts
only with its two nearest neighbours if λ2 ≤ 2σ. As exposed in Chapter 5 of Ref. [24], to
which the reader is referred to for details, in these one-dimensional systems it is conve-
nient to work with the Laplace transforms of the radial distribution function g(r) and
of the Boltzmann factor e−βφ(r) (where β ≡ 1/kBT ), namely G(s) =

∫∞
0 dr e−rsg(r),

Ω(s, β) =
∫∞
0 dr e−rse−βφ(r). In fact, working in the isothermal-isobaric ensemble, one

can express G(s) in terms of Ω(s, β) as

G(s) =
Ω′(βp, β)

Ω(βp, β)

Ω(s+ βp, β)

Ω(s+ βp, β)− Ω(βp, β)
, (7)

where Ω′(s, β) ≡ ∂sΩ(s, β) = −
∫∞
0 dr e−rsre−βφ(r). Furthermore, the compressibility

factor and the isothermal susceptibility may be expressed as

Z = −βp
Ω′(βp, β)

Ω(βp, β)
, χT =

Ω(βp, β)Ω′′(βp, β)

[Ω′(βp, β)]2
− 1, (8)

where Ω′′(s, β) ≡ ∂2
sΩ(s, β) =

∫∞
0 dr e−rsr2e−βφ(r). Thus, in the β vs βp plane, the

Zeno and Seno lines are given by the solutions to

Ω(βp, β) = −βpΩ′(βp, β) (Zeno), (9a)

Ω(βp, β)Ω′′(βp, β) = 2[Ω′(βp, β)]2 (Seno). (9b)

The corresponding lines in the T vs ρ plane are readily obtained from the equation
of state ρ = −Ω(βp, β)/Ω′(βp, β) = βp (Zeno line) and ρ = −Ω(βp, β)/Ω′(βp, β) =
−2Ω′(βp, β)/Ω′′(βp, β) (Seno line).
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For the FW line, one needs the nonzero poles of G(s), i.e., the roots of the equation
Ω(s + βp, β) = Ω(βp, β), with the least negative real part, since these will determine
the asymptotic behaviour of the total correlation function h(r). Near the FW line, the
dominant poles are either a pair of complex conjugates (s = −ζ ± iω) or a real value
(s = −κ), so that

h(r) ≈

{

2|Aζ |e
−ζr cos(ωr + δ), ζ < κ,

Aκe
−κr, ζ > κ,

(10)

where δ is the argument of the residue Aζ , i.e., Aζ = |Aζ |e
±iδ and κ−1 is the correlation

length. Once the poles have been computed, the FW line may readily be obtained as
the locus of points where ζ = κ, that is

Re [Ω(−κ± iω + βp, β)] = Ω(βp, β), (11a)

Im [Ω(−κ± iω + βp, β)] = 0, (11b)

Ω(−κ+ βp, β) = Ω(βp, β). (11c)

Given a value of β, the solution to the set of equations (11) yields the values of βp,
κ, and ω on the FW line. As before, the FW in the T vs ρ plane is obtained from
ρ = −Ω(βp, β)/Ω′(βp, β).

In the particular case of the Jagla potential, Equation (3), the function Ω(s, β) is

Ω(s, β) = −
a1e

−β∗ǫ∗
1
−σs

β∗(1− a1s/β∗)
+

s−1e−λ2s

1 + a2s/β∗
+

(a1 + a2)e
β∗−λ1s

β∗(1− a1s/β∗)(1 + a2s/β∗)
. (12)

Up to this point, we now have all the necessary ingredients to compute the Zeno,
Seno and FW lines for the one-dimensional Jagla fluid. But before doing that, and
for the sake of completeness, we will take advantage of the simple form of the inter-
molecular potential φ(r) of this fluid, as given by Equation (3), to obtain explicitly
its second virial coefficient. This will provide us with the means to compute also the
Boyle temperature. The explicit analytic result for the second virial coefficient reads

B2(T ) =−

∫ ∞

0
dr

[

e−βφ(r) − 1
]

= − lim
s→0

∂s [sΩ(s, β)]

=λ2 −
a1(e

β∗

− e−β∗ǫ∗
1) + a2(e

β∗

− 1)

β∗
. (13)

For the choice given by Equation (6), the Boyle temperature is T ∗
B ≃ 0.4758.

In Figure 1 we show the resulting Zeno, Seno and FW lines in the temperature vs
density plane. Note that, while the Zeno and Seno lines start at the Boyle temperature,
the FW line diverges for ρ → 0. Two more things are also worth pointing out at this
stage. On the one hand, the Zeno line is not a straight line and all three curves end
at the Boyle density ρB = λ−1

1 (see the Appendix for a proof). On the other hand, it
is clear that for this system the conjecture of Stopper et al. [17] concerning the Seno
and FW lines is not sustained. Whether it will hold for the three-dimensional Jagla
fluid will be discussed in Section 3.
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Figure 1. Zeno, Seno and FW curves in the T ∗ vs ρ∗ plane for a one-dimensional Jagla fluid with the
parameters given in Equation (6). The open circle at ρ∗ = 0 represents the Boyle temperature T ∗

B
≃ 0.4758.

Below the Zeno line, one has Z < 1, while Z > 1 above it. Similarly, χT > 1 below the Seno line and χT < 1
above it. Furthermore, below the FW line, the decay of h(r) is monotonic, while it is oscillatory above it.

3. The case of the three-dimensional Jagla fluid

3.1. Basics

In this section we begin with the expression for the second virial coefficient of the
three-dimensional Jagla fluid. This follows from the usual definition, namely

B2(T ) =−
1

2

∫

dr
[

e−βφ(r) − 1
]

=
2π

3

{

λ3
2 −

3a2

β∗3
(eβ

∗

− 1)
[

a22 + (a2 + β∗λ1)
2
]

+
6a22
β∗2

(a2 + β∗λ1) +
3a32
β∗

−
3a1
β∗

(

λ2
1e

β∗

− σ2e−β∗ǫ∗
1

)

+
6a21
β∗2

(

λ1e
β∗

− σe−β∗ǫ∗
1

)

−
6a31
β∗3

(

eβ
∗

− e−β∗ǫ∗
1

)

}

.

(14)

With the choice (6), the Boyle temperature turns out to be T ∗
B ≃ 1.3879.

The compressibility factor is obtained after substitution of Equation (3) into Equa-
tion (1). The result is

Z = 1 +
2π

3
ρ

[

σ3g(σ+) +
β∗

a1

∫ λ1

σ
dr r3g(r)−

β∗

a2

∫ λ2

λ1

dr r3g(r)

]

, (15)

where g(σ+) is the contact value of the radial distribution function g(r) of the three-
dimensional Jagla fluid. The isothermal susceptibility is still given by Equation (2),
without any special simplification for the Jagla potential.
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3.2. Rational-function approximation

In a previous paper [16] some of us presented a semi-analytical approach based on
the rational-function approximation (RFA) [24, 30, 31] to obtain g(r), including its
asymptotic behaviour for large r. The application of the RFA to the Jagla fluid was
made by assuming that a discretised version of the potential given in Equation (3)
consisting in a hard core plus of a sequence of n steps of heights εj and widths σj−σj−1

(with the conventions σ0 = σ and σn = λ2), leads to essentially the same cavity func-
tion as the original Jagla potential. By considering the second virial coefficient and
some representative cases, it was found that the choice n = 10 proved to be a reason-
able one, leading to good agreement with MC simulation results. Such an agreement
worsened as the density increased and/or the temperature decreased, especially near
contact. But, even in those cases, the oscillations of g(r) for larger distances were well
accounted for, at least at a qualitative level.

The discretised version of the potential leads to the following result for the com-
pressibility factor

Zn = 1 +
2π

3
ρ

n
∑

j=0

σ3
j∆g(σj), (16)

where ∆g(σj) = g(σ+
j ) − g(σ−

j ) is the jump of the radial distribution function at
r = σj. For this jump, the RFA also provides an analytic expression which will be
omitted here but may be found, together with the details of its derivation, in Ref. [32].
This serves to calculate the Zeno line. In the same reference, an analytic expression
for the isothermal susceptibility χT , which will again be omitted but will serve to
calculate the Seno line, is also provided.

Now we turn to the asymptotic behaviour of the radial distribution function for
large r, as obtained within the RFA approach. To that end, we take advantage of the
fact that the RFA is formulated in Laplace space by expressing the Laplace transform
G(s) =

∫∞
0 dr e−rsrg(r) of rg(r) as an explicit function of the Laplace variable s. Thus,

in analogy with Equation (10), we have

h(r) ≈
1

r

{

2|Aζ |e
−ζr cos(ωr + δ), ζ < κ,

Aκe
−κr, ζ > κ,

(17)

where either s = −ζ ± iω or s = −κ is the pole of G(s) with the least negative real
part.

3.3. Monte Carlo simulations

We have conducted NVT Monte Carlo (MC) simulations for the three-dimensional
Jagla fluid with the parameters shown in Equation (6). The number of particles has
been fixed to N = 10976. To ascertain the Seno and FW lines, 900 independent
simulations were performed for each considered density and temperature, starting
from different initial physical states that were previously equilibrated. Each simulation
consisted of 108 MC steps, during which we measured the radial distribution function
g(r) every 20 000 steps with a spacing of ∆r = 0.01 up to a maximum distance
of r = 12. Finally, the results of g(r) were averaged over all the simulations. For
measuring the Zeno line, 200 independent simulations of 107 MC steps each were
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conducted using a spacing of ∆r = 0.001. All simulations were carried out using a
modified version of the DL MONTE software from the Collaborative Computational
Project CCP5 [33, 34], where the Jagla fluid potential was incorporated.

The density values utilised to determine the FW temperature were ρ∗ = 0.20, 0.25,
0.30, 0.35 and 0.40. Additionally, for the Seno line, we included ρ∗ = 0.10, and for
the Zeno line, we incorporated ρ∗ = 0.10 and ρ∗ = 0.50. At each density, a varying
number of temperature values were selected, typically with an interval of ∆T ∗ = 0.05.

Concerning the computation of the compressibility factor, we note from Equation
(15) that it only requires knowledge of g(r) in the interval from r = σ to r = λ2.
Accurate values of g(r) for a discrete set of points in this interval are relatively easy
to get in the simulations and we used the following discrete approximation

Z ≈ 1 +
2π

3
ρ



σ3g(σ+) +
β∗

a1
∆r

∑

σ≤ri≤λ1

r3i g(ri)−
β∗

a2
∆r

∑

λ1≤ri≤λ2

r3i g(ri)



 . (18)

From the numerical values of Z at a given density, the associated Zeno temperature
was obtained by interpolation to Z = 1.

The MC computation of χT = S(0) is a little bit more involved since the values of
g(r) for all r are needed [cf. Equation (2)]. What we have done is the following. The
MC data for g(r) between the distances r = R1 and r = R2 have been fitted to the
functional form

gasympt(r) ≡ g∞ +Aκ
e−κr

r
+ 2|Aζ |

e−ζr

r
cos(ωr + δ). (19)

This form is based on the expected competition between the real and complex poles,
as given by Equation (17). Moreover, it must be pointed out that, due to unavoidable
finite-size effects, the asymptotic value of g(r) in the MC simulations does not necessar-
ily tend to 1, but rather to a value which we refer to as g∞, with |g∞−1| ∼ 10−4–10−5.
With such an approximation, we then have evaluated χT as follows

χT ≈ 1 + 4πρ



−
σ3

3
+∆r

∑

σ≤ri≤R2

r2i h(ri) +

∫ ∞

R2

dr r2hasympt(r)



 , (20)

where now the MC values of the total correlation function are defined as h(r) =
g(r)− g∞ and hasympt(r) = gasympt(r)− g∞. Note that the integral

∫∞
R2

dr r2hasympt(r)
may be obtained analytically, although we omit here its explicit expression. We have
checked that an optimal choice is R1 = 4σ and R2 = 7σ. Once we obtain χT for several
temperatures at a given density, the Seno temperature is obtained by interpolation to
χT = 1.

For the FW line, the main problem is how to know from the MC data of g(r) at
a given state (ρ∗, T ∗) sufficiently close to the line whether that state is above the
line (region of oscillatory decay) or below it (region of monotonic decay). If g(r) were
known with a good signal-to-noise ratio in the asymptotic large-r domain, it would
be in principle possible to assess whether the decay is oscillatory or monotonic since
one of the two competing behaviours in Equation (17) would dominate. However, the
closer the state is to the line, the closer the values of κ and ζ become. Consequently,
larger distances are required to observe the prevalence of one of the two competing

8
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Figure 2. Plot of r|h(r)| (in logarithmic scale), as predicted by the RFA, for a three-dimensional Jagla fluid
with the parameters given in Equation (6) and ρ∗ = 0.30. The temperatures are (a) T ∗ = 0.60, (b) T ∗ = 0.65,
(c) T ∗ = 0.70 and (d) T ∗ = 0.75. The solid lines correspond to the full approximation, while the circles have
been obtained using the two leading poles. Note that the hard-core diameter σ = 1 has been taken as the unit
of length.

behaviours. In addition, it is worth noting that the amplitude Aκ of the monotonic
behaviour is typically smaller than the amplitude 2|Aζ | of the oscillatory behaviour.
As a result, the oscillatory behaviour can overshadow the monotonic behaviour for
intermediate distances, even if κ < ζ. We have also noted that the fitting in Equa-
tion (19), although suitable for measuring χT , lacks robustness in determining whether
κ < ζ or κ > ζ.

To establish a practical criterion that would provide us with at least a lower bound
on the position of the FW line, we have turned to the RFA as a guide. As will be seen,
this allows us to identify a signature of the monotonic-to-oscillatory transition in the
behaviour of r|h(r)| for distances smaller than, say, r = 8σ.

Figure 2 shows r|h(r)| (in logarithmic scale), as obtained from the RFA, for a density
ρ∗ = 0.30 and four temperatures: T ∗ = 0.60, 0.65, 0.70 and 0.75. For this density, the
RFA temperature corresponding to the FW line is known to be T ∗ = 0.7315. The
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Figure 3. Plot of r|h(r)| (in logarithmic scale), as obtained from our MC simulations, for a three-dimensional
Jagla fluid with the parameters given in Equation (6) and ρ∗ = 0.30. The temperatures are (a) T ∗ = 0.75, (b)
T ∗ = 0.80, (c) T ∗ = 0.85 and (d) T ∗ = 0.90. Note that the hard-core diameter σ = 1 has been taken as the
unit of length.

first thing to note in this case is that the approximation with the two leading poles
is able to capture the whole total correlation function for distances beyond r ≃ 3σ
for all temperatures. Next, we note that the signature that one is sufficiently below
the temperature corresponding to the FW line is that ‘anomalous’ neighbouring nodes
appear [cf. Figures 2(a–c)]. These nodes, which eventually disappear for large enough
distances [although oscillations may still be seen, cf. Figure 2(a)], exhibit an anomalous
behavior: their separation is smaller than that of neighbouring nodes and their maxima
always fall below that of the neighbouring peaks [cf. Figure 2(a)]. As the temperature
increases, remaining below the FW line, the anomalous nodes become progressively
less apparent within the range r < 10σ [cf. Figures 2(b, c)]. Finally, when one is close
to or above the temperature corresponding to the FW line the nodes become regular
[cf. Figure 2(d)]. According to our criterion, one would conclude that T ∗ = 0.65, or
even T ∗ = 0.70, are lower-bound estimates for the temperature of the FW line when
ρ∗ = 0.30, which agrees with the true FW temperature T ∗ = 0.7315 predicted by the
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Figure 4. Zeno, Seno and FW curves in the T ∗ vs ρ∗ plane for a three-dimensional Jagla fluid with the
parameters given in Equation (6). The lines are RFA predictions and the symbols represent estimates obtained
from our MC simulations. The open circle at ρ∗ = 0 represents the Boyle temperature T ∗

B
≃ 1.3879. Below the

Zeno line, one has Z < 1, while Z > 1 above it. Similarly, χT > 1 below the Seno line and χT < 1 above it.
Furthermore, below the FW line, the decay of h(r) is monotonic, while it is oscillatory above it.

RFA for ρ∗ = 0.30.
We have applied the criterion above to obtain (lower-bound) estimates of the FW

temperatures from our MC values of g(r). As an illustration, Figure 3 shows the MC
values of r|h(r)| for a density ρ∗ = 0.30 and the temperatures T ∗ = 0.75, 0.80, 0.85
and 0.90. We have estimated the right values of g∞ by requiring that the fluctuations
of r|h(r)| in the region r > R2 = 7σ are maximised and so what one is seeing at such
distances is the statistical error associated with the numerical data and not the effect
of the value of g∞. Following the above rationale, we have determined the value of g∞
for all the results of our simulations. For instance, at ρ∗ = 0.30 we find g∞ = 0.99995,
1, 1.00005 and 1.00005 for T ∗ = 0.75, 0.80, 0.85 and 0.90, respectively. Combining the
inclusion of g∞ and the previous criterion, we find that T ∗ = 0.85 is a lower-bound
estimate of the FW temperature from the simulation data for ρ∗ = 0.30.

3.4. Results

In order to set the proper perspective for the assessment of our findings, in Figure 4
we show the resulting Zeno, Seno and FW lines for the three-dimensional Jagla fluid,
as obtained both from the RFA approach and from simulation.

One immediately notices two things. On the one hand, at least for ρ∗ = 0.20, 0.25,
0.30, 0.35 and 0.40, the overlap in the simulation data indicates that the conjecture
of Stopper et al. [17] is fulfilled reasonably well in this density range. Moreover and
remarkably, although to a lesser extent, there is also reasonable quantitative agreement
between the simulation data points of the FW line and those of the Zeno line. While
the RFA approach captures qualitatively the proximity of the FW and Seno lines for
ρ∗ ≥ 0.20, it fails to do so in the case of the FW and the Zeno lines. In fact, the results
of the RFA approach always overestimate the values of the points of the Zeno line
for that density range. On the other hand, it is clear that, as expected, quantitatively
the performance of the RFA approach worsens for the higher densities and the lower
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Figure 5. Plot of g(r) for a three-dimensional Jagla fluid with the parameters given in Equation (6) and
ρ∗ = 0.30, T ∗ = 0.75. The solid line corresponds to the RFA, while the dashed line represents MC simulation
data. Note that the hard-core diameter σ = 1 has been taken as the unit of length.

temperatures. In fact, as reflected in Figure 4, beyond ρ∗ ≃ 0.40 the RFA numerical
calculations are not reliable for both the Seno and the FW lines and hence they have
not been included.

To illustrate how the discrepancies between the RFA and MC simulations for the
transition lines are consistent with a reasonable global agreement in the radial distri-
bution function, we compare the RFA and MC values of g(r) at a density ρ∗ = 0.30
and a temperature T ∗ = 0.75 in Figure 5. These conditions correspond to the scenar-
ios depicted in Figures 2(d) and 3(a), respectively. A remarkable overall agreement is
observed, although the RFA tends to slightly underestimate g(r) within the interval
σ ≤ r ≤ λ1 and near the second maximum. Considering Equations (2) and (15), this
suggests that the RFA tends to underestimate the values of Z and χT . Consequently,
this leads to an upward shift of the Zeno line and a downward shift of the Seno line
with respect to the MC values. It is also evident from Figure 5 that g(r) ≃ 1 for r > 4σ
if ρ∗ = 0.30 and T ∗ = 0.75. This makes it rather challenging to determine whether the
asymptotic decay is monotonic or oscillatory. In the case of the RFA, we know from
the pole analysis of the Laplace transform G(s) that the decay is oscillatory, while our
criterion suggests that the decay of the MC data is monotonic [cf. Figure 3(a)].

4. Discussion

In this paper we have addressed one aspect of the role played by the attractive and
repulsive parts of the intermolecular potential on the thermodynamic and structural
properties of fluids. In particular, we have dealt with a conjecture, introduced by
Stopper et al. [17], concerning the proximity of the FW line and the line of vanishing
excess isothermal susceptibility (for which we have coined the name Seno line) in
simple fluids. To test the validity of such a conjecture, we have taken the intermolecular
potential to be the Jagla potential [25], since this model potential may account for
multiple fluid transitions and for some of the thermodynamic and dynamic anomalies
observed in water. Both the one-dimensional and the three-dimensional fluids have
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been considered. The second virial coefficient and the Zeno line, which also reflect the
role played by the attractive and repulsive parts of the potential, have been obtained
for these model fluids too. For the sake of illustration, we have taken in the two systems
the set of parameters displayed in Equation (6).

The consideration of the one-dimensional system allowed us to derive exact results
for all three lines. In this instance, we find that the conjecture is not satisfied (cf.
Figure 1). Since the Seno line is defined by the condition

∫∞
0 dr rnh(r) = 0, with n = 0

for one-dimensional systems, one might reasonably argue that a modified condition
with n > 0 would emphasise the attractive part of the interaction and could serve as
a better proxy for the FW line. However, our findings (not shown) indicate that n = 1
and n = 2 produce just the opposite effect.

In the case of the three-dimensional system, we have obtained approximate theo-
retical results with the RFA approach and we have also carried out MC simulations.
Our findings indicate that, in contrast to what we found for the one-dimensional Jagla
fluid, the conjecture of Ref. [17] is satisfied reasonably well, at least for ρ∗ = 0.20,
0.25, 0.30, 0.35 and 0.4. Interestingly, in the same range we also find a proximity
between all three lines. Whether this feature will hold also for other fluids is worth
investigating. On the other hand, we also find that, while the RFA approach agrees
qualitatively in the description of the density behaviour of the FW, Seno and Zeno
lines, it overestimates in general the points on the Zeno line and fails to capture the
proximity of the Zeno line with the other two lines in the density interval mentioned
above. Furthermore, our analysis confirms that although the RFA approach provides
generally good results for the structural and thermodynamic quantities, it exhibits
poor performance in accurately predicting the behaviour of the three transition lines,
especially under conditions of high density and/or low temperature.

Finally, it is worth noting that the findings presented in this paper offer additional
evidence of the impact of dimensionality (or confinement) on the thermodynamic and
structural properties of fluids.
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Appendix A. Low-temperature limit of the Zeno, Seno and FW lines for

the one-dimensional fluid

In this Appendix we consider the one-dimensional Jagla fluid and analyze the limit
β∗ → ∞ of the Zeno, Seno and FW lines, proving that all of them end at the Boyle
density ρB = λ−1

1 .

A.1. Zeno line

If β∗ → ∞ but s ∼ 1, from Equation (12) we have

Ω(s) → a
eβ

∗−λ1s

β∗
, Ω′(s) → −a

eβ
∗−λ1s

β∗
λ1, (A1)

where a ≡ a1 + a2 and, for simplicity, we have omitted the argument β in Ω(s, β).
Thus, Equation (9a) yields βp → λ−1

1 for the Zeno line. Since Z = 1 on that line, we
have ρ → λ−1

1 .

A.2. Seno line

Now we are interested in the region where β∗ → ∞ and s → 0 with s3 ∼ β∗e−β∗

.
Under those conditions, Equation (12) becomes

Ω(s) → s−1 + a
eβ

∗

β∗

[

1− λ1s+ (a1 − a2)
s

β∗
+

1

2
λ2
1s

2 + · · ·

]

. (A2)

Therefore,

Ω(s) → a
eβ

∗

β∗
, Ω′(s) → −aλ1

eβ
∗

β∗
, Ω′′(s) → 2s−3 + aλ2

1

eβ
∗

β∗
. (A3)

From Equation (9b) we get

βp →

(

2β∗

aλ2
1

)1/3

e−β∗/3. (A4)

Finally, Equation (8) gives Z → λ1βp, i.e., ρ → λ−1
1 .

A.3. FW line

In this case we have to deal with Equations (11). Taking the limit β∗ → ∞, one can see
that βp → 0 and κ−βp → 0. Then, taking into account Equation (A2), Equation (11c)
yields

1

βp
+

1

κ− βp
= aλ1κ

eβ
∗

β∗
, (A5)
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which implies

κ− βp →
β∗e−β∗

aλ1βp
. (A6)

Analogously, from Equation (11b) one gets

ω →
2π

λ1

(

1 +
a1 − a2
λ1β∗

)

. (A7)

Finally, βp is determined by inserting Equations (A6) and (A7) into Equation (11a)
and taking the limit β∗ → ∞. After some algebra, the result is

βp → 2π2 a
2
1 + a22
λ3
1

β∗−2. (A8)

Again, from Equation (8) we have Z → λ1βp, implying ρ → λ−1
1 .
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