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Superconducting spintronics focuses on the interplay between superconductivity and magnetism and has
sparked significant interest in nonunitary superconductors as a platform for novel magneto-superconducting
phenomena. However, a direct test for nonunitary superconductors is currently absent, and their identification
is challenging. In this paper, we demonstrate that spin current driven by the thermal gradient sensitively
probes the nature of the condensate in nonunitary superconductors. We should note that the spin polarization
of the condensate in the momentum space induces the spin-Seebeck effect, and the spin-dependent chirality
(spin-chirality) of the condensate induces the spin-Nernst effect in nonunitary superconductors. Notably, the
nonvanishing spin-Seebeck effect provides a smoking gun evidence of nonunitary superconductivity in materials
because it reflects the spin polarization of the Cooper pairs in the momentum space, irrespective of whether the
net pair spin magnetization vanishes. Our results position the spin caloritronics phenomena as a definitive probe

of nonunitary superconductors.

INTRODUCTION

Classification of superconducting states and identification
of unusual superconductivity underlie both the efforts to un-
derstand mechanisms of electron pairing and applications of
superconducting materials. At the most fundamental level, de-
termining whether the superconducting state breaks the time-
reversal and/or point group symmetries of the host crystal
lattice restricts theories of the paring in a given family of ma-
terials [TH3]]. More recently, with the emergence of topological
electronic matter as a potential driver for applications, reliable
methods to identify topological superconductivity, whether in
time-reversal broken or time-reversal invariant states, became
an essential question [4H6]. Similarly, proposals to utilize the
interplay between superconductivity and magnetism for super-
conducting spintronics [7H19], brought renewed focus to the
studies of the spin properties of the paired electron states.

The superconducting order parameter matrix in spin space,
A(k) = [y(k) +d(k) - o] (ioy), where o = (07x, 0y, 07) isa
vector of Pauli matrices, has a scalar spin-singlet (¢ (k)) and
vector spin-triplet (d(k)) components at each momentum k at
the Fermi surface. The intrinsic spin polarization of the con-
densate in the momentum space, S(k) = Tr [AT(k)O'A(k)] =
—id*(k) x d(k), is inherent in nonunitary superconductors
(NUSCs), for which d*(k) x d(k) # 0. However, even if
Cooper pairs at each k have a well-defined spin polarization,
their net pair spin magnetization averaged over the entire Fermi
surface may still vanish. Consequently, clear identification of
NUSCs remains an outstanding problem.

We show below that the spin current response to the ther-
mal gradient in superconductors provides unique information
about the nontrivial structures of the order parameter. Our
main conclusion is that the spin-Seebeck effect (SSE), a spin
current along the thermal gradient [20-24]], provides a smok-
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FIG. 1. A sketch of the physical origin of the spin Seebeck effect in
nonunitary superconductors. The orange (yellow) arrows show the
spin current carried by quasiparticles (Cooper pairs). The broken
arrows show the spin-resolved currents. The spin supercurrent is
generated to cancel the dissipative electric current carried by quasi-
particles, see text for details.

ing gun signature of NUSCs irrespective of whether the net
pair spin magnetization vanishes or not. We also emphasize
that the spin-Nernst effect (SNE), a spin current perpendicular
to the thermal gradient [20, [26]], is a probe of the spin-
chirality of the condensate [27]. We carry out our calculations
in the framework of quasiclassical nonequilibrium Keldysh-
Eilenberger theory [29]]. The key point of our analysis is
that in the bulk of superconductors, the charge thermoelectric
current must vanish, but the same condition requires the exis-
tence of the spin thermoelectric current in NUSCs, as shown
in Fig. [T} Our work demonstrates that spin current is uniquely
suited for examining the coupling of the relative orbital motion
(the k-dependence of the d-vector) and the spin (the direction
of the d-vector) of spin-triplet Cooper pairs.

Our results are relevant to a wide range of superconduc-
tors of intense current interest. While early belief was that
superconductivity is not compatible with magnetic moments
because they break the Cooper pairs [30]], currently there are
multiple candidates for nonunitary superconductivity. The
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FIG. 2. Schematic images of the operations of the mirror reflection
about the yz plane (M, ;) and the two-fold spin rotation about the x
axis (Cy'™).

nonunitary superfluid state is established in *He under applied
magnetic fields [31, 32]], and nonunitary superconductivity
has been proposed in several uranium compounds, such as
U;_,Th,Bey3 and UTe,. U;_,Th,Bey3 shows a double su-
perconducting phase transition with decreasing temperature
for 0.19 < x < 0.40 [33H35], and its low-temperature phase
is strongly suggested to be nonunitary [36-H40]. While more
controversial, some experiments indicate the possible realiza-
tion of nonunitary superconductivity in UTe, [41H43]. Fer-
romagnetic superconductors, such as UCoGe, URhGe, and
UGe;, where superconductivity emerges from the ferromag-
netic metallic phase [44], are also candidates for NUSCs ac-
cording to the group-theoretical analysis [45]. The nonunitary
pairing proposed in Ref [45] successfully explains the angle-
resolved NMR experiment in UCoGe [46]. As the number
of candidate NUSCs increases, we expect that our results will
become relevant to a wider and wider range of compounds.

RESULTS

Symmetry constraints for the SSE and the SNE

Both the SSE and the SNE must respect discrete symmetries
of the system and are generally absent unless such symmetries
are broken. We first analyze the SSE and the SNE with the
symmetry-based approach. For concreteness, we consider a
superconductor in which the thermal gradient (—VT) is ap-
plied to the y direction while maintaining spatial uniformity
along the x and z directions. Let 7", M., and C20' * be the
operations of the time-reversal, the mirror reflection in the
vz plane, and the two-fold spin rotation about the x axis, re-
spectively. As depicted in Fig. 2, M, flips the x compo-
nent of the momentum and the y and z components of the
spin of electrons. ie. (kyx, ky,k;) — (—kx, ky,k;) and
(ox,0y,0;) = (0x,—0y,—07). Similarly, 7 reverses all
components of the spin and the momentum. In contrast, Cz'T x,
which flips only the spin as (o7, 0y, 07) — (0x, =0y, —07).

With these operations, we derive symmetry constraints for
the SSE and the SNE. The spin-Seebeck conductivity (SSC)
and the spin-Nernst conductivity (SNC) are defined as,

ayy =I5 /(=0yT), ey = I /(=0,T), (1)

where J; “ and Jy° are the longitudinal and transverse spin

currents with the spin along the z direction, respectively. The
two-fold spin rotational symmetry (C,”*) prohibits the spin
current responses to the thermal gradient because it ensures
equal quasiparticle flow in each of the opposite spin sectors.
Note that, in many cases, the broken time-reversal symmetry
is required for the SSE, however, the time-reversal symmetry
by itself does not prohibit the SSE [47]]. Indeed, the SSE with
time-reversal symmetry is allowed in some magnetic space
groups [48]. The momentum mirror reflection defined as
/\/(ly‘Z = MyZCZ(r * preserves the spin orientation but reverses
the transverse momentum, k, — —k,. The momentum mir-
ror reflection symmetry (M’y‘z) ensures an equal population of
quasiparticles with k, > 0 and k, < 0 in each spin sector,
resulting in Jy° = 0. Therefore, the two-fold spin rotational
symmetry must be broken for the SSE and the SNE, and, in
addition, the broken momentum mirror reflection symmetry is
necessary for the SNE.

Subsidiary classification of superconducting orders allowing
SSE/SNE

We now define subsidiary orders that indicate the breaking
of the symmetries prohibiting the SSE and the SNE. It is useful
to focus on the angular momentum of Cooper pairs to define
the chirality, (L), the spin-chirality, (S, L, ), and the pair spin
magnetization, (S), as [45]],
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<L> = —l<d/1 (kan_deﬂ)-'-w (kFXa—kFlﬁ) >FS(,2)
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where the indices u, v = x, y, z indicate the vector components,
kp is the Fermi momentum and (---)gs is the normalized
Fermi surface average (so that (1)ps = 1). Moreover, d(kg) =
d(kg)/\(|d(kp)[*)ps and 4 (kp) = v (ke) /v (kp)]?)Es.
respectively, so that they are independent of the amplitude
and the global phase of the superconducting gap. To define
the spin chirality, we also introduced the notation ¢, (kr)
for the gap function for the Cooper pairs with the spin
Sy = oy (o = £1). The explicit form is given by ¥, (kg) =
~0yud, (k) + idy (kg) for (,v.p) = (x.7.2). (7, 2.%). and
(z,x, ).

The chirality is defined as the integral of the orbital angular
momentum of the condensate, L, over the Fermi surface. It
is generated by the complex momentum dependence of the
order parameters, such as d(kg), U(kp) o« (ky + iky)" (n €
Z, |n| = 1) [63}[64]. Nonvanishing chirality indicates bro-
ken time-reversal and mirror reflection symmetries, and in-
duces the polar-Kerr effect, the circular dichroism, the anoma-
lous thermal Hall effect, and the anomalous acoustoelectric
effect [55] 164H78]).

The spin-chirality and the pair spin magnetization are intrin-
sic to spinful condensates and thus are common in spin-triplet
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Candidate materials

3He (A, A,° and A,° phases) [31132]], SroRuO, [49], URu,Si, [50-52],
Chirality T, M,,V SrPtAs [531154], UPt3 (B phase) [49L[55], U; _,ThBe;3 (B°-phase) [36440],
UCoGe® [45]146], URhGe® [45], UGe,° [43]
3He (B, A1°, and A;° phases) phase) [311[32]], Cu,Bi;Ses [56],
Spin-chirality M;j,,, C;” U;_,ThyBe;3 (A, B® and C phase) [36-40} 57} 58], UCoGe® [43]46]],
URhGe® [45], UGe;° [45],UTe, [59H62], URhGe® [43], UGe,° [45]
3 o o . o ) .
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TABLE I. The subsidiary orders, the corresponding broken symmetries, and the candidate materials. o represents the nonunitary supercon-

ducting phase.

superconductors. The elements of the spin-chirality tensor
are the components of the spin-dependent chirality. They
generically appear when the d-vector has multi-component
and changes its direction in the spin space depending on
the momentum on the Fermi surface. To illustrate this, we
consider helical superconducting order with d o« (kx, ky,0).
This order parameter describes Cooper pairs with L, = +1
and S, = F1, yielding nonvanishing spin-chirality element,
(S;L;) [277]. Because the chirality breaks the mirror-reflection
symmetry, the spin-chirality explicitly breaks the two-fold
spin-rotational and momentum mirror-reflection symmetries,
allowing the SNE.

Finally, as discussed above, the pair spin magnetization only
exists in NUSCs [435], albeit not all such superconductors have
the finite pair spin magnetization. Nonvanishing pair spin
magnetization explicitly breaks the time-reversal and two-fold
spin-rotational symmetries, immediately allowing the SSE.
However, we show below that this is a sufficient, but not a
necessary condition for nonzero SSC.

Table. [l summarizes the candidate materials with the finite
subsidiary superconducting orders.
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FIG. 3. The density of states (DOS) of the superconducting state
described by Eq. (5) with several values of . Here, N (ep) is the DOS
at the Fermi level in the normal state. For the calculation, we set the
temperature 7 = 0.17,, the normal scattering rate Fimp = 0.04rT,,
and the normal state scattering phase shift 6 = /6.

Nonunitary superconductor with finite pair spin magnetization

We first demonstrate that the finite pair spin magnetization,
(S) # 0, induces the SSE in NUSCs. We assume a spherical
Fermi surface of radius kg and the d-vector of the form,

d(k) = Ao(T) (ky +iky,n(ky —iky),0), ®)

with & = k/kp. Here, Ao(T) is the gap amplitude and
we model its temperature dependence by +/{|d(k)|*)ps =
V2(1 +12)/3|Ao(T)| = 1.765T, tanh(1.74+/T. /T — 1), where
T, is the superconducting transition temperature [30, [79].

We obtain the subsidiary orders generated by the supercon-
ducting order parameter in Eq. (5)) as,

2n

<Lz> =1, <Ssz> = <Sz> == 1 +772.

(6)

Equation (5) describes the NUSCs with the pair spin mag-
netization when 1 # 0. In this case, the superconducting
gap amplitudes are different for different spin orientations,
|fo. (kg)| o« | — oz +nl|. This splitting is shown in Fig.
where the density of states (DOS) has two distinct peaks for
finite . These spin-dependent gap amplitudes make possible
nonvanishing spin-chirality and pair spin magnetization.

The details of our linear response calculation are given in
the Methods section. Using the quasiclassical (Eilenberger)
approach, we compute the dissipative electric current, Jop,
carried by quasiparticles driven by the thermal gradient. In
the Eilenberger theory, such thermoelectric current appears
via the effective particle-hole anisotropy due to the impurity
potential [27], which arises from the impurity vertex correc-
tions upon inclusion of the multiple scattering processes. It
is important to note that the thermoelectric current is subject
to the reaction from the supercurrent, Jsc. Indeed, the mag-
netic flux is excluded from the bulk according to the London
equation, V2B = B/A?, where A is the magnetic penetration
depth. This exclusion of the magnetic flux significantly sup-
presses the thermoelectric response [80]] because the magnetic
flux is associated with the electric current via the Maxwell-
Ampere relation, Jop + Jsc = V X B. When the Meissner
effect is complete, B = 0, the thermoelectric current vanishes,
Jop + Jsc = 0. In other words, the thermal gradient in-
duces the spatial variation of the phase of the superconducting
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FIG. 4. The temperature dependence of (a-b) the spin-Seebeck conductivity and (c-d) the spin-Nernst conductivity of the superconducting
state described by Eq. @) In the panels (a) and (c), the calculated results with the several values of i are shown. In the panels (b) and (d), The
contributions from the quasiparticle current (the red dotted curves), the supercurrent as a reaction of the dissipative electric current (the dashed
blue curves), and the total of these (the solid purple curves) are described when 77 = 0.4. In all panels, we set [y = 0.0477¢ and 6 = /6 for

the calculations.

gap that drives the additional supercurrent which compensates
the dissipative thermoelectric current carried by quasiparti-
cles [81]. To account for this, we introduce the phase varia-
tion into the equilibrium superconducting order according to
A(kg) — ™2 *A(kg) and choose @ such that Jop + Jsc = 0.
Remarkably, with this choice, the nontrivial spin response sur-
vives.

Figure[d](a) demonstrates that the SSE is induced by the pair
spin magnetization generated by the finite . The SSE is absent
in the unitary case (17 = 0), where the two-fold spin rotational
symmetry about the x axis is recovered. Note that the SSE is
also absent in the fully polarized case, n = 1, where only a
single gap in one spin channel remains, Yo —+1 = 0. In this
situation, the electric current is proportional to the spin current,
and hence the cancellation of the thermoelectric response by
the supercurrents leads to vanishing of the spin current as well.
Thus, the SSE in NUSCs exists only in cases of the partial spin
polarization of the condensate. As an example, in Fig. [4] (b),
we show that the reaction of the supercurrent does not fully
cancel the spin current carried by quasiparticles when n = 0.4.

Figure [4] (c) demonstrates that the spin-chirality generated

by the finite n induces the SNE in NUSCs. Quite generally,
the anomalous transverse transport arises from the asymmetry
of the skew scattering of quasiparticles at impurity sites. Such
asymmetry emerges from the impurity vertex corrections when
the condensate has the chirality [[71H74]], and hence the spin-
chirality leads to transverse spin transport, i.e. the SNE [27].
As shown in Fig.[(c), the SNE is absent when n = 0, where the
spin-chirality vanishes. Note also that the anomalous Nernst
effect, a electric current perpendicular to the thermal gradient,
is once again subject to the reaction of the supercurrent and
vanishes in the bulk. As shown in Fig. E| (d), this reaction
of the supercurrent to the anomalous Nernst effect modifies
the SNE in NUSCs. Similarly to the SSE, the SNE is also
fully canceled by the supercurrent when the spin polarization
is complete.

Nonunitary superconductor without the pair spin magnetization

We finally demonstrate that the SSE is generic in NUSCs
even in the absence of the net pair spin magnetization. As
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FIG. 5. (a) The density of states (DOS) of the superconducting state described by Eq. (7) with several values of y. (b-c) The spectral function
in the k, = 0 plane of the superconducting state described by Eq. , where ¢y =tan™ " (ky/k;) and y = 0.4. In all panels, we set T = 0.17¢,

[imp = 0.047T, and 6 = x/6 for the calculations.

an example, we consider the following d-vector on the Fermi
sphere,

d(k) = Ao(T) (0, k, +ivky, ky +ivk;), (7

and again assume +/(|d(k)[2)ps = V2(1+¥2)/3|A0(T)| =
1.765T, tanh(1.74~/T, /T - 1) [30].

When y # 0, Eq. (]Z[) describes the nonunitary state, but
the spin polarization of the Cooper pairs, Sy (k) o« (I%g - IQ%),
vanishes after the integration over the Fermi surface. As is
shown in Fig.[5] the coherence peaks in the DOS do not split,
but the spectrum depends on the spin. For y > 0, the o =
+1 (ox = —1) spin pairing sector has the nodal excitation
along the z (y) direction.

Figure[6](a) demonstrates that this spin-dependent spectrum
induces the SSE. The thermal gradient along the z direction
excites quasiparticles in the o, = +1 sector more than those
in the o, = —1 sector, and hence gives rise to the SSE after
taking into account for the cancellation of the electric current.
This illustrates the essential point of our analysis: in NUSCs,
the quasiparticle spectrum along a given direction is different
for the opposite spin projections on the spin quantization axis.
In a generic case, the spin and electric currents are different
for a given direction of the thermal gradient, and hence the
SSE emerges even when the thermoelectric current vanishes
due to the reaction of the supercurrent. Note that the super-
current still carries the spin even in the absence of the net spin
magnetization. This behavior is shown in Fig. [6] (b) and the
reaction of the supercurrent modifies the SSE even when the
pair spin magnetization is absent. For completeness, we also
show the spin-Nernst effect in Fig. [6] (c-d).

DISCUSSION

The model order parameters considered above are moti-
vated by recent proposals relevant to the intensely studied
unconventional superconductors. The d-vector in Eq. (3) is

established in the A; and A; phases of the superfluid 3He
under applied magnetic fields 132]|. In the superfluid *He,
the interplay between unconventional pairing and quasiparticle
impurity scattering can be engineered by high-porosity silica
aerogel [82]. The aerogel, which is modeled by randomly dis-
tributed nonmagnetic impurities with 6 ~ 7/2 and [y = 0.1
— 0.27T, [83]], realizes the A and A; phases under magnetic
fields [84]. Although the calculated results with Eq. (3)) can be
applied to these phases, the effects of the spin supercurrent and
the collective motion of the d-vector have yet to be explored.

The d-vector in Eq. (3) has been suggested for UCoGe,
where superconductivity coexists with ferromagnetically or-
dered moments along the z direction [44]]. Since supercon-
ductivity emerges from this ferromagnetic state, the spin of
the condensate must be aligned along the same direction so
that (S,) is realized [45]. The NMR measurement sup-
ports the realization of the A, state described by d(k) =
(arkx + iacky, asky + iasky,0), where a; (i = 1,2,3,4)
are real coefficients [46]. Equation (3] is obtained if we set
a| = ay, az/a; = —ay/a; = n and thus our results with Eq.
can be directly applied to UCoGe.

The main caveat is that strongly ferromagnetic supercon-
ductors may support a spontaneous vortex state [85] [86]. In
such cases, the Meissner screening is not only incomplete, but
vortices generate unpaired quasiparticles, and vortex motion
contributes to the transverse transport. Nonetheless, in the
majority of ferromagnetic superconductors, the evidence for
the spontaneous vortex state is scant, and thus we believe that
our results are applicable.

If the exchange splitting is large enough to make the differ-
ence in e.g. Fermi velocities between the two spin orientations
substantial, we may expect corrections to the quasiclassical
results. However, in most materials under discussion, the
splitting is small and appears as a higher order correction in
the powers of (kp&y) ™' < 1, where & is the superconducting
coherence length.

Another notable candidate for spin-triplet superconductiv-
ity is UTe,, which exhibits a very large upper critical magnetic
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field (over 30 T) and strong magnetic Ising anisotropy [59,160].
These features strongly support spin-triplet superconductivity
in UTe,. Early on there were indications that non-unitary
superconductivity may be realized in this compound. Obser-
vation of polar Kerr signal below T, suggesting realization of
a superconducting order with the broken time-reversal sym-
metry [42]]. Furthermore, the magnetic field penetration depth
measurement supported the realization of the B3, + A, state,
which is nonunitary [43]]. However, more recent experiments
with high-quality samples failed to observe the polar Kerr sig-
nal in UTe, in the absence of magnetic fields, and therefore
currently the nonunitary superconductivity in UTe; is still a
subject of debate [87]. Our results above may help to settle
this question.

Note that the B3, + iA, state is described by d(k) =
(arky,brk, + iarky,boky + iask;), where a; (i = 1,2,3)
are the coeflicients for the basis function of the A, repre-
sentation and b; (i = 1,2) are coefficients for the basis
function of the Bj, representation, respectively [43]. Re-
cent theoretical analysis argued that strong magnetic Ising
anisotropy suppresses the x component of the d-vector in

UTe, [88]. When we combine these results and then set
a; =0, by = b3, ay/by = az/bs =y, the d-vector reduces to
Eq. (7). Consequently, our model is directly applicable to the
candidate orders in UTe;.

Note that UTe, is paramagnetic above T, (albeit it may
be close to a ferromagnetic phase), which excludes the spon-
taneous vortex state. The SSE is thus useful as a test for
nonunitary superconductivity in UTe,.

In our calculations, the existence of the SSE and the SNE
relies on the asymmetries of impurity scattering due to the
structure of the order parameter. In principle, the particle-
hole anisotropy in the normal state leads to similar asymme-
tries [[75,189-91]] and may dominate for sufficiently clean sam-
ples. However, in the weak coupling regime, this effect is again
of order (kpé&y) ™' < 1, and therefore in realistic materials, we
expect that the impurity mechanism is dominant.

CONCLUSION

In summary, we showed that the SSE is a generic feature
of NUSC:s irrespective of whether the superconducting con-



densate has the net pair spin magnetization. We placed our
results in the context of symmetries broken by the subsidiary
classification of the order parameters with respect to the chi-
rality, the spin-chirality, and the pair spin magnetization. To-
gether with the transverse counterpart of the SSE, the SNE,
which is sensitive to the spin-chirality and tests for the helical
superconducting order in time-reversal-invariant topological
superconductors [27]], our work establishes spin caloritronics
phenomena as sensitive probes of the symmetries of the or-
der parameters in spin-triplet superconductors. We argued for
the possible relevance of our detailed calculations to measure-
ments in UTe, and U-based ferromagnetic superconductors,
but our broader picture remains applicable to a wide range of
currently known and future NUSCs.

MATERIALS AND METHOD

Quasiclassical Eilenberger theory of superconductivity

The quasiclassical method in the theory of superconductiv-
ity relies on the small parameter, (kp&y)~' ~ T./ep, in super-
conductors, where e is the Fermi energy [28| 29], to develop
an approximation scheme for the Green function. To formulate
the spin current responses to the thermal gradient, we consider
the Green function, G, in the spin, particle-hole (Nambu), and
time-ordered Keldysh space. When (kr&p) ™! < 1, all the el-
ements of the Green function are sharply peaked at the Fermi
energy and weakly depend on the energy far away from it. The
high-energy (away from the Fermi surface) part of G renor-
malizes interactions between electrons. The low-energy part
determines the equilibrium properties and response to external
perturbations. The essence of this method is to define the qua-
siclassical Keldysh Green function, g (€, k), as the integral of
G over energy, so that the major contribution comes from the
vicinity of the Fermi surface.

To implement this approach, we linearize the dispersion of
normal electrons near the Fermi energy, & = vg - (k — kg),
with the Fermi velocity vg = (0&k/0k)k=k;, and then the
quasiclassical Green function, g, is defined in the Keldysh
space as [92],

» (&R kr) gN(ekr)) _ [
g(e, kF) = 0 gA(E’ kF)) :‘/—ec dfszG(e,k),
(®)

where 7, (4 = x,y,z) are the Pauli matrices in the particle-
hole space and €. is the cutoff energy satisfying 7, < €, < €.
The superscripts, X = R, A, K, represent the retarded, ad-
vanced and Keldysh components. Each of these components,
in turn, is a matrix in the spin and particle-hole space,

X = g¥+g¥-a [0 fX](ioy)
= (iO'y)[0'~fx] gX—O'ng-O'O'y ’

€))

where o = (0, 0y, 07) is the vector of the Pauli matrices in
the spin space. gX and g~ (gX and gX) are the spin scalar
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(vector) components of the electron and hole propagators, fX
and fX are the spin-triplet electron and hole pair amplitudes,
respectively. Throughout the manuscript, we denote a matrix
in the Keldysh space as A and a matrix in the spin and particle-
hole space as A.

The quasiclassical Green function obeys the standard Eilen-
berger equation,

[e7, — A(kE) — Fimp, &] +ivE-VE =0, (10)

supplemented by the normalization condition, §* = —n2 [28]
29]. A(kg) in Eq. (I0) is the mean-field pairing self-energy.
In spin-triplet superconductors, A(kp) is associated with the
d-vector as,

A(krp) = (é(gF) é((,)cp)), (11a)
0 Ak
A(kp) = (—AT(kF) (OF))
~ 0 d(kp) - o(ioy)
- (d*(kp)-(io'y)(r 0 ’ )’ (110)

where A(kg) = d(kg) - o(ioy) is the order parameter ma-
trix in the spin space. When the d-vector satisfies d*(k) x
d(k) = 0, the pairing states are referred to as unitary be-
cause AT(kp)A(kp) = |d(kg)|>. Otherwise, the pairing
states are referred to as nonunitary with AT(kg)A(kp) =
|d(kg))|?+i(d* (kg)xd(kg))-o [1]]. Asdiscussed in the main
text and shown in Eq. @), S(k) = —id* (k) x d(k) describes
the spin polarization of the condensate in the momentum space
and lifts the spin-degeneracy in the quasiparticle spectrum.

The impurity effects are incorporated in the impurity self-
energy, Jimp. In the quasiclassical theory, the impurity effects
are essential for obtaining nonvanishing SSE and SNE. These
transport coefficients require particle-hole asymmetry [75,89]].
While this asymmetry may arise simply from the density of
states, [90, 91]], such effects are small for (kpfo)‘] < 1, and
are neglected in the Eilenberger theory. However, in super-
conductors, the particle-hole anisotropy also appears via the
impurity vertex corrections with the inclusion of the multiple
scattering processes [27].

We adopt the self-consistent 7-matrix approximation
(SCTMA) to compute the impurity self-energy, which contains
all of the non-crossing diagrams associated with the multiple
scattering processes (Fig.[7). We assume randomly distributed
nonmagnetic impurities with the short-range impurity poten-
tial with the potential strength, Viyp, and the impurity density,
Nimp. In the SCTMA, the impurity self-energy is [93],

> -1
- imp(cot6+<7§r> ) . 12)
FS

where I'inp = nimp/(7wN(er)) is the normal-state scattering
rate and cot 6 = —1/( N (ep)Vimp) is the scattering phase shift.
These quantities are defined in the normal state and parame-
terize impurity scattering in our calculations.

R K
v _ gimp gimp
Timp = 0 A

zimp
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FIG. 7. The Feynman diagrams for the impurity self-energy with the
self-consistent 7-matrix approximation.

We consider the dilute impurity limit, I'imy, < T¢. Spin-
triplet superconductivity is fragile with respect to the disorder,
but for I'iyp < T, the reduction of T is small even when the
impurity potential is strong, cotd — 0 [94].

Response to a thermal gradient

We now formulate the response theory to the thermal gra-
dient within the framework of the Eilenberger theory [95,96].
The formalism is simplified in the cases when the d-vector
has only two components as in Eq. () and Eq. (7). In these
cases, we can choose a spin quantization axis along which the
order parameter matrix is diagonalized in the spin space. For
example, for d(k) = (dx,d,,0), the appropriate quantization
axis is the z axis. Let us denote such an axis as y and then
the quasiclassical Green function is also block-diagonal in the
spin space, § = §7+=*! @ §7»=~!, because both nonmagnetic
impurities and the thermal gradlent do not break the spin con-
servation.

In each spin sector, we separate ¢+ into the equilibrium
part, g;", and its deviation from the equilibrium, 6¢7* =
gm — g;f{, which linearly depends on the thermal gradient.
The equilibrium quasiclassical Green function obeys the ho-
mogeneous Eilenberger equation,

Oy

€Ty — Aed o (kg) — an eq8ed | = 0, (13)

where the brackets denote a commutator. This equation is
supplemented by the normalization condition, [geq']* = -7

Here, A(T” is the mean-field pairing self-energy in the spin

sector o, and is associated with Aeq as Aeq = AO-" =+ GBA;;" :_1.
eq“ has the form,
ATk (kp) = Al (kr) O (14a)
eq F) = 0 A:C'ly (kF) s
0 A (k
AT ) = | oo B DY gy
_Aeq (kF) 0

where Ag{‘ (kp) is the equilibrium gap function in the same
sector. In the SCTMA, the equilibrium impurity self-energy
is obtained simply by using the corresponding Green function
in Eq. (13)), so that in each spin sector,

e -1
cot5+<g°q > l ) (15)

bis

FS

< Oy ;
o-lmp eq Flmp

The solution for the equilibrium Green function is,

MO'”R,A
o,RA _ _ —
g = n (16a)
oK — ouR _ jouA i

8 (geq 8 )tanh( ), (16b)
where the numerator, M 7+xR-A = €"”R’AT - Aeq“, and the
denominator, D 7uR-A = \/lAU“ (kp)|? — €71R-A2 are defined

R.A
with the renormalized energy, é7+R-A = ¢ — —Tr(T i,

1mp eq

Note that 7, T pcq is diagonal in the particle-hole space because

(A (kF))Fs = ( is satisfied in spin-triplet superconductors.
The equilibrium Green function obtained above is spatially
uniform. If the thermal gradient driving the system away from
equilibrium results in the slow spatial dependence of the quasi-
particle population, we can develop a perturbation theory for
the thermal gradient. In this case, the nonequilibrium correc-
tion to the quasiclassical Green function obeys the equation,

[ e - A (ke - o375 08 |
[5a'lmp, g;“] +ive - VET =0, 17)

which is supplemented by {g ge , 087+ } = 0 and the appropri-
ate self-consistency conditions for the impurity self-energy.

We now implement this scheme for the thermal gradient.
According to the discussion above, we need to make two steps.
First, we assume a local equilibrium 7 = T'(x) and expand
the spatial gradient as V — VT(% + 0, where 0 is the spatial
gradient acting on the gap function [95,96]. Crucially, as dis-
cussed in the main text, the thermal gradient leads to changes in
the pairing self-energy and we need to introduce a uniform su-
percurrent that maintains the Meissner state and compensates
the thermoelectric quasiparticle current. Therefore, we sec-
ond modify the gap function as A;" (kg) — eiQ"‘Agl“ (kg),
where Q is the center of mass momentum of Cooper pairs.
At this stage, Q is a parameter for calculations and should be
determined to satisfy Jop + Jsc = 0 [80]. With this change,
the gradient operates on the gap function and then Eq. (I7)
becomes,

[e%z — R (kg) — &

va'#
o 38|

0 on . Lo
VTﬁgeq” +ivE - 08y =0. (18)
The third (fourth) term in Eq. (I8) describes the coupling be-
tween quasiparticles (Cooper pairs) and the thermal gradient.

It is convenient to separate the nonequilibrium Green func-

tion into the quasiparticle part, 6ng‘,‘, and the supercurrent

v O, v
[5 lm’;,geq ] +ivE -

part, 6gs This separation divides Eq. (I8) into,
v v T,
[GTZ eq (kF) lm; eq’ Ng Qf;]
y . a .
— [sorn g | +ive - VT2 =0, (19)

|, - A% () — 0% 0858 | +ive - 925 = 0. 20)



Eq. (T9) (Eq. (20)) describes the responses of quasiparticles
(Cooper pairs) to the thermal gradient. In Eq. 20), we set
(56';;’1‘) = 0 because the supercurrent is not sensitive to impuri-
ties.

In principle, 5ggl§ and 6§§C" are coupled with each other
through the impurity self—energy and the normalization condi-
tion, {geq ,0 g(r" + 6gsc“ } = 0. However, note that if we solve
Egs. (20)- (21) assumlng that the anticommutators vanish in-
dividually, {geq ,6gQ1’,‘} = {gg]“ ,5g"" } = 0, the resulting
equation for the correctlon to the qua51cla551ca1 Green func-
tion, 6 = §g 7+ — gsc , does not involve “driving terms”
proportional to the thermal gradient. It follows that in the
linear response regime, the coupling between 63~ QP and 5gsc
introduces corrections only to nonlinear transport Hence, we
neglect it in our calculations. In the same approximation, the
nonequilibrium part of the impurity self-energy is additive for
the two components of quasiparticle and Cooper pairs and also
satisfies the normalization condition (see Eq. (Z7)) below).

Nonequilibrium quasiclassical Green function

On the basis of the theoretical framework presented above,
we derive the nonequilibrium quasiclassical Green function.
We first derive the expression for the quasiparticle contribu-

tion, 6ggf,‘x (X =R, A), using Eq. (T9), which now reads,

ouX = ),
21

0
X .
Mo‘u ,(5§ ] [60—1mp ’ge +1VE - VT(?_T

Using the constraint {Eg]"x’ 6gU§X} =0 (X=R,A), we ob-

tain,
X
gom p)
o X . —eq o X o _ Y o
O8qp = 2D ouX ([6£imp By ] WE- VTaTgeqy ) '
(22)
We now turn to the Keldysh component, 6g0’PfK. Writing
the corresponding matrix components of Eq. , we have,
R ouR ouA oK
(Mo-” 6gQP - 6 M(rﬂ ) - (O_iml;),eqo 1m§) er) 55(};
o,R _o,K o, K o A
+ (6ng’l giml;),eq - gimﬂp,eq(ngs )
(60’ ouk _ g(T”KcSo'(T“A) - (60'0”Kg(T”A - gG”Rdo'(T“K
—1rnp eq =eq —1mp —imp =eq =eq —imp
0
+ivg - VT —g7+K =0, (23)

0T =eq

which is supplemented by g"ﬂRégg’PfK + 5gg‘Png"”A = 0.

Here, we defined for brevity o-m =Tr(o kR ) To sim-
p er —imp, eq
plify Eq. (23), let us write 6gQP and 6gimpK as [97]],
oK ouR oA € e
sgouk = (55(2; - 5gQg ) tanh (2T) + 5ng . (24
s = (sa — 6ot ) tanh (=) + St (25)
—imp —imp —imp 2T 1mp

The first term in Eq. (24)) describes the changes in the spectral
function while maintaining the distribution function in equi-
librium. The second term in Eq. (Z4) describes the changes
in the distribution function and is essential for the response to
the thermal gradient. Using Eq. (24) and Eq. (23), we recast

Eq. (23) as,

Re Oud oua A ouR Tph Tl
(M58} = 08" 17) = (ot o = o) 985F
+ ( :'#R(So'lm‘; — 521‘;;;35:71A)

=2 q
_ LEVE * ZVT (go'yR _ g(r.llA) = 0 (26)
2T? cosh” (55) ‘&4 ~<d

The corresponding constraint from the normalization condi-
tion on 6gQP becomes g‘gﬂRégQ + 6gg]’,‘a§;“A = 0. Using
Eq. (24) and Eq. (23], we obtain the T-matrix equation for
so M

—imp ’

-1

ga'”R
a —€
soH = ~Iimp | cotd + 4
—imp T
FS

-1

6go',,a gO'”A
><< =¥ ) fcots+ (= 27)
(I T Jrs
Using g"'ﬂRdeP +0g QP g"'f'A 0, we obtain,
553'; = §gTk +6gTm (28a)
R —ievg - VT
5Tt = NI (‘fuR— ‘THA) IR YT | (28b
gns =ea g Ty 272 cosh? (55) (25
R
57 = Nt (_‘ZIR(SO'Im‘; —601‘;;@?/*), (28¢)
where
_ (DO'”R_'_DU'HA) i:“R ouR oA
No-#R _ g imp,eq0 imp,eq0 (29)
Neq —
(D‘THR—D‘TIAA)2+(0'.(T“R _ ot )
imp,eq0 imp,eq0

The first term in Eq. (28a) only depends on the impurity self-
energy in equilibrium. This term describes the “bare bubble’:
the spin current and the thermal-current vertices connected
by the two equilibrium Green functions in the diagrammatic
calculations. The second term involves the impurity self-
energy in the nonequilibrium state and accounts for the vertex
corrections [72H74]. Indeed, expanding Eq. (27), we find
terms coexisting of both the advanced and retarded Green
functions, such as evFg‘rHR ‘; #%. Thus, 60 | 71 contains the

vertex corrections to the thermal-current [98]. This second
term is more essential for the SSE and the SNE because the
anisotropy between the electron and hole propagators appears
through the impurity vertex corrections [27].

We finally consider 6gSC“ using Eq. (20), which takes the
form

M("“R'A,dg;ré' +IVE - Bgu'f‘RA 0. (30)



Using the normalization constraint, {g(’/‘R A (5g(r"R M=o,
we obtain,
CuRAL AT
5 (r,uRA _ (VF Q)g M T A 3]
§sc 2DO‘HR A2 ’ (31a)
bgst" = (oget” — dggr™ anh(s7). (1)

We now have the nonequilibrium Green functions necessary
to compute the spin current.

Spin current response to the thermal gradient

In spin-triplet superconductors, both quasiparticles and
Cooper pairs carry the spin and electric currents. Using
Eq. (22) and Eq. (284), the spin and electric currents carried
by the quasiparticles are expressed via the Green functions
as [27],

ng/; _ N(E]:) Z / dG

_+1

chr,,T 58 % ]>F (32)

_ N (EF) de
oo = M2 3 [ i), o
U-N_—
Using Eqs. (3I) the spin and electric supercurrents are ex-
pressed as,
o N(GF) oK
K= 550 5 [ i (o esl]) o
N (eF) / de ouK
= sge")..- 33b
JSC (TZ_‘H vFT gSC s ( )
=

We now determine the phase gradient, Q, such that the
thermoelectric current vanishes, Jop + Jsc = 0 [80]. Using
Eq. (32b) and Eq. (33b), this condition is expressed as,

D / (Tr [pror, (sgge™ +6852")] ), = 0- 34
ot

We solve Eq @ for Q, and then compute the spin current,
Jor = J JSC , driven by the thermal gradient.
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