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We present a systematic framework to construct model Hamiltonians that have unconventional superconducting
pairing states as exact energy eigenstates, by incorporating multi-body interactions (i.e., interactions among more
than two particles). The multi-body interactions are introduced in a form of the local density-density coupling in
such a way that any pair configuration in real space has the same interaction energy by cancelling the two-body
and multi-body interactions. Our approach is applicable to both spinless and spinful models in any spatial
dimensions and on any bipartite lattices, facilitating an exhaustive extension of Yang’s 𝑠-wave 𝜂-pairing state
to various other unconventional pairing symmetries (𝑝-wave, 𝑑-wave, 𝑓 -wave, etc.). We verify that the two-
dimensional spinful Hubbard model on a square lattice with the multi-body interactions has the 𝑑-wave pairing
state as an energy eigenstate, which can be regarded as a quantum many-body scar state as evidenced from
the numerical analysis of the pair correlation function, the entanglement entropy, and the level statistics. We
also discuss other examples, including 𝑓 -wave pairing states on a honeycomb lattice, 𝑠-wave pairing states in a
nearest-neighbor interacting system, and spinless 𝑝-wave pairing states in one dimension.

I. INTRODUCTION

Out-of-equilibrium superconductivity offers a potential to
realize exotic quantum many-body states that are otherwise
impossible to be found in thermal equilibrium. Notable candi-
dates for those states include photoinduced superconducting-
like states that have been experimentally observed even above
the equilibrium transition temperature [1–5] (see also [6, 7]).
Another example is the Floquet engineering [8–10] (i.e., quan-
tum states induced by a time-periodic drive), which has en-
dowed superconductors with topological properties [11–16].
A variety of transient drives have also been employed to induce
superconductivity with unconventional pairing states—such
as bulk odd-frequency pairings [17, 18] and finite-momentum
pairing states [19, 20]—which are challenging to be realized
in equilibrium.

Although numerous intriguing experiments and theoretical
proposals have been proposed, the problem is how such a non-
thermal state can be made robust against thermalization. To
generate nonequilibrium states, one necessarily injects a finite
amount of energy to the system, which turns into heat in a
general quantum many-body system. This results in the sup-
pression (or vanishing) of superconducting correlations within
a finite timescale. In order to overcome this difficulty, it is
crucial to seek for a certain mechanism that protects nonequi-
librium superconducting states from thermalization even in the
presence of many-body interactions.

As a promising mechanism to maintain superconducting
correlations for a sufficiently long time at highly excited states,
there have been proposed quantum many-body scar (QMBS)
states [21–23], which are exceptional energy eigenstates that
do not have thermal properties in a nonintegrable system. Ac-
cording to the eigenstate thermalization hypothesis (ETH) [24–
27], all excited energy eigenstates in a nonintegrable model are
expected to be indistinguishable from thermal states as long as
one refers to few-body observables. QMBS states are consid-
ered to be an exception to the ETH, as characterized by long-

lived nonthermal dynamics in nonintegrable systems [28–48].
Several methods to construct a model Hamiltonian that accom-
modates a target state as a QMBS state have been proposed,
such as the (restricted) spectrum-generating algebra [30], the
embedding formalism [22], and the symmetry-based formal-
ism [49].

A primary example of a nonthermal energy eigenstate in a
nonintegrable system that supports superconducting correla-
tions is the so-called 𝜂-pairing state, which is an exact energy
eigenstate of the Hubbard model on a 𝑑-dimensional square
lattice, as shown by C. N. Yang [50]. Yang’s 𝜂-pairing state
corresponds to a condensate of doublons carrying finite mo-
mentum, and exhibits long-range superconducting correlations
with the 𝑠-wave pairing symmetry. If one classifies the Hilbert
space in terms of symmetry sectors, the 𝜂-pairing state is the
only eigenstate in the corresponding sector [51, 52]. In this
respect, strictly speaking, the 𝜂-pairing state is not considered
to be a QMBS state, while there have been several proposals to
modify the Hamiltonian to make it a true QMBS state [49, 53–
59]. Similar 𝜂-pairing states have been recently proposed to be
realized by photo-irradiation [19], and have attracted interest
as a mechanism to induce superconductivity by light.

In this paper, we generalize Yang’s 𝜂-pairing state to those
with various unconventional pairing symmetries (𝑝-wave, 𝑑-
wave, 𝑓 -wave, etc.), and establish a systematic framework to
construct model Hamiltonians that have the unconventional
pairing states as QMBS states. This will open up a way to
realize a family of unconventional superconducting nonther-
mal states with Cooper pairs having finite momentum, most
of which are difficult to be accessed in equilibrium condi-
tions. In particular, given the known instability of Yang’s
𝜂-pairing state to perturbations, such as due to the long-
range Coulomb interaction and the coupling to electromagnetic
fields [60, 61], it will be important to explore possible pairing
states with different symmetries, which may offer an opportu-
nity to stabilize those states against perturbations. Recent stud-
ies have extended Yang’s 𝜂-pairing state to encompass spinless
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FIG. 1. (a), (b) Examples of spatial configurations of the 𝑝-wave
pairing state in a one-dimensional spinless fermion model. (a) When
two pairs (blue clouds) are separated to each other, the two-body
interaction𝑉 only acts within each pair. (b) When two pairs come next
to each other, there is an additional energy increment𝑉 , which can be
cancelled by the three-body interaction𝑊 (if one chooses𝑉+2𝑊 = 0).
(c) Schematic picture of unconventional superconducting pairs of
spinful fermions with 𝑑-wave (left panel) and 𝑓 -wave (right) pairing
symmetries (indicated by blue and red clouds) on the square and
honeycomb lattices, respectively. Two pairs feel an energy cost𝑈 due
to the two-body interaction when they overlap with each other.

fermions [62, 63] and multi-component systems [58, 64–67].
If one naively extends the 𝜂-pairing states to those with

other pairing symmetries, (e.g., for 𝑝-wave pairing states in
one dimension, see Fig. 1(a)), one can still see that they are
eigenstates of the kinetic term in a Hubbard model (see be-
low for more details), in much the same way as in the case
of Yang’s 𝜂-pairing state [50]. The real challenge is in the
interaction term: When two off-site pairs come close to each
other, they feel an additional energy cost due to the two-body
interaction. This prevents the unconventional pairing states
from being eigenstates of the interaction term (and hence the
total Hamiltonian) in the Hubbard model.

To overcome this difficulty, we engineer multi-body inter-
actions (i.e., interactions among more than two particles) to
cancel the energy increment of pairs due to the two-body in-
teraction. For example, in a one-dimensional spinless fermion
model we can introduce a three-body interaction to cancel
the nearest-neighbor two-body interaction acting on the pairs
(Fig. 1(b)). The cancellation works for arbitrary pair con-
figurations, no matter how many pairs are distributed on the
lattice. In this way, the 𝑝-wave pairing state can be made an ex-
act eigenstate of the one-dimensional Hubbard model with the
three-body interaction. Previously, it has been proposed that
the 𝑝-wave pairing state becomes an exact eigenstate in a model
with the three-body interaction and/or density-dependent hop-
ping [62, 63], but our construction only requires the three-body
interaction.

The advantage of our approach is that it can be systematically
generalized to other pairing symmetries including spin degrees
of freedom in higher dimensions (see Fig. 1(c)). To this end,
we introduce an extended number operator [n𝑖𝜎 in Eq. (17)]

that signals whether spin-𝜎 particles exist or not on lattice
sites next to 𝑖 site. Using this operator, we can systematically
cancel the interaction energy between off-site pairs, and obtain
a model Hamiltonian with multi-body interactions that has
unconventional pairing states as exact eigenstates. We note
that the derived interaction is strictly local, and takes a form of
the density-density coupling between 𝑀 particles (𝑀 ≤ 𝑀max
with 𝑀max being finite and system-size independent).

We apply the framework to the spinful Hubbard model with
multi-body interactions on the two-dimensional square lat-
tice, and show that the model has an exact eigenstate with the
𝑑-wave pairing symmetry (the left panel of Fig. 1(c)). We
numerically evidence that the model is nonintegrable from the
analysis of energy level statistics. We also find that the 𝑑-
wave pairing state shows the subvolume law of entanglement
entropy and the off-diagonal long-range order of superconduc-
tivity, which indicates that the 𝑑-wave pairing state is indeed
a QMBS state. Other examples are also discussed, includ-
ing 𝑓 -wave pairing states on a honeycomb lattice (the right
panel of Fig. 1(c)), 𝑠-wave pairing states in a nearest-neighbor
interacting system, and spinless 𝑝-wave pairing states in one
dimension.

The rest of this paper is organized as follows. In Sec. II, we
introduce off-site 𝜂-pairing states, and demonstrate the idea
of cancelling two-body interactions with multi-body ones to
make the off-site 𝜂-pairing states eigenstates of a Hamiltonian.
We will mainly focus on the case of the 𝑑-wave pairing sym-
metry on the two-dimensional square lattice as an example
for explanation. We show that the unconventional 𝜂-pairing
states become energy eigenstates of the multi-body interact-
ing model. We numerically confirm that the unconvntional
𝜂-pairing states are quantum many-body scar states based on
the analysis of the pair correlation function, entanglement en-
tropy (Sec. III), and the level-spacing statistics (Sec. IV). We
will discuss generalizations to other pairing symmetries and
other lattice structures in Sec. V. Finally, we close the paper
with the discussion (Sec. VI) and summary (Sec. VII) of this
work.

Throughout the paper, we set the Dirac constant ℏ = 1 and
the lattice constant 𝑎 = 1.

II. SUPERCONDUCTING ENERGY EIGENSTATES WITH
UNCONVENTIONAL PAIRING SYMMETRY

In this section, we present a systematic construction of
model Hamiltonians that have unconventional pairing states
as exact eigenstates.

In Sec. II A, we take a glance at the simplest case of the
𝑝-wave pairing state in a one-dimensional spinless fermion
model, which contains the essence of our idea utilizing multi-
body interactions to construct the model Hamiltonians. We
then discuss how the model construction can be general-
ized to other pairing symmetries. Here, we focus on a two-
dimensional spinful model with multi-body interactions on the
square lattice. In Sec. II B, we define unconventional pairing
states with off-site 𝜂-pairing operators, which are straightfor-
ward generalization of the 𝑠- and 𝑝-wave cases. In Sec. II C, we
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see that the unconventional pairing states are not eigenstates
of the two-body interacting model. In Sec. II D, we introduce
an extended number operator, which measures whether neigh-
boring sites are occupied by particles. Using this operator, we
can exactly and systematically cancel the energy increment be-
tween off-site pairs coming from the two-body interaction. We
show that the 𝑑-wave pairing state becomes an exact eigenstate
of the multi-body interacting model.

A. 𝑝-wave pairing state in a one-dimensional spinless fermion
system

Let us consider a one-dimensional spinless fermion model.
Based on the analogy of Kitaev’s spinless fermion model of
𝑝-wave topological superconductors [68], one can define a 𝑝-
wave 𝜂-pairing operator and a 𝑝-wave 𝜂-pairing state [62, 63],

𝜂+𝑝 =
∑︁
𝑗

(−1) 𝑗𝑐†
𝑗
𝑐
†
𝑗+1, (1)

|Ψ𝑁
𝑝 ⟩ =

1
N𝑁

𝑝

(𝜂+𝑝)𝑁/2 |0⟩, (2)

respectively. Here, 𝑐†
𝑖

(𝑐𝑖) is the creation (annihilation) op-
erator for spinless fermions at site 𝑖, 𝑁 is the number of
fermions (𝑁 is assumed to be even), N𝑁

𝑝 is the normaliza-
tion constant (such that ⟨Ψ𝑁

𝑝 |Ψ𝑁
𝑝 ⟩ = 1), and |0⟩ is the vacuum

state. The operator 𝜂+𝑝 creates an off-site pair with the 𝑝-
wave pairing symmetry and the center-of-mass momentum 𝜋.
The 𝑝-wave 𝜂-pairing state shows an off-diagonal long-range
order with the 𝑝-wave pairing symmetry, which can be ex-
actly evaluated [63]. One can see that these definitions are
straightforward generalization of the Yang’s 𝑠-wave 𝜂-pairing
operator 𝜂+ =

∑
𝑗 (−1) 𝑗𝑐†

𝑗↑𝑐
†
𝑗↓ (𝑐†

𝑗 𝜎
creates a fermion at site

𝑗 with spin 𝜎 =↑, ↓) and the Yang’s 𝑠-wave 𝜂-pairing state
|Ψ𝑁 ⟩ ∝ (𝜂+)𝑁/2 |0⟩ in a spinful model [50] (see also Sec. V C).
In Fig. 1(a) and (b), we illustrate examples of spatial config-
urations (Fock states in the coordinate basis) of the 𝑝-wave
𝜂-pairing state for 𝑁/2 = 2.

The Hamiltonian of the spinless Hubbard model that we
consider here is given by H = H𝑡 + H𝑉 with

H𝑡 = −𝑡
∑︁
𝑖

(
𝑐
†
𝑖
𝑐𝑖+1 + H.c.

)
, (3)

H𝑉 = 𝑉
∑︁
𝑖

𝑛𝑖𝑛𝑖+1, (4)

where 𝑛𝑖 = 𝑐
†
𝑖
𝑐𝑖 is the number operator. The first term H𝑡

(Eq. (3)) describes the nearest-neighbor particle hopping, and
the second one H𝑉 (Eq. (4)) represents the nearest-neighbor
two-body interaction with an interaction strength𝑉 . For the ki-
netic termH𝑡 (Eq. (3)), the 𝑝-wave 𝜂-pairing operator (Eq. (1))
satisfies the commutation relation [H𝑡 , 𝜂

+
𝑝] = 0 for both the

periodic and open boundary conditions. However, the 𝑝-wave
𝜂-pairing state is not an eigenstate of the interaction term
(Eq. (4)), since adjacent pairs have an additional energy cost
𝑉 , as displayed in Fig. 1(b).

To cancel the energy increment arising from the two-body
interaction, we introduce the three-body interaction,

H𝑊 = 𝑊
∑︁
𝑖

𝑛𝑖𝑛𝑖+1𝑛𝑖+2, (5)

with the interaction strength 𝑊 . We observe that when two
pairs come next to each other there always appear two combina-
tions of neighboring three particles (Fig. 1(b)). This motivates
us to choose the three-body interaction parameter 𝑊 = −𝑉/2,
which cancels the energy increase due to the two-body inter-
action. The cancellation works for arbitrary number 𝑁/2 of
pairs no matter how they distribute on the lattice. Hence, the
𝑝-wave 𝜂-pairing state becomes an exact eigenstate of the Hub-
bard model with the three-body interaction (with 𝑊 = −𝑉/2),

H = H𝑡 + H𝑉 + H𝑊 , (6)

H|Ψ𝑁
𝑝 ⟩ =

𝑁

2
𝑉 |Ψ𝑁

𝑝 ⟩, (7)

with the eigenenergy 𝑁𝑉/2 (coming from the nearest-neighbor
two-body interaction within each pair). Let us remark that the
derived interaction part of the Hamiltonian takes a form of

H𝑉 + H𝑊 = 𝑉
∑︁
𝑖

𝑛𝑖𝑛𝑖+1

(
1 − 1

2
𝑛𝑖+2

)
, (8)

which suggests a hint for generalization to other pairing sym-
metries in higher dimensions.

B. Off-site 𝜂-pairing operators and 𝑑-wave pairing states

Having established the 𝑝-wave 𝜂-pairing state as an exact
eigenstate of the three-body interacting system in the previous
subsection, we discuss how the model construction can be
generalized to other pairing symmetry cases including spin
degrees of freedom in higher dimensions.

Let us define an off-site 𝜂-pairing creation operator in two
dimensions as

𝜂+α =
∑︁
𝑖

eiπ ·r𝑖 𝑐†
r𝑖 ,↑𝑐

†
r𝑖+α,↓, (9)

whereα represents a separation between two particles in a pair,
the site index 𝑖 runs over the entire lattice sites, π = (𝜋, 𝜋) is
the center-of-mass crystal momentum of pairs, and 𝑐r𝑖 ,𝜎 is the
fermion annihilation operator with spin 𝜎 (=↑, ↓) at position
r𝑖 . This definition is the same as Eq. (26) in Ref. [50].

Here we focus on the case of nearest-neighbor pairs on the
square lattice, in which we can take four independent 𝜂-pairing
operators 𝜂+±e𝑥

and 𝜂+±e𝑦
with e𝑥 = (1, 0) and e𝑦 = (0, 1) being

the unit vectors. Based on the point-group symmetry of the
square lattice, we classify the 𝜂-pairing operators into those
of the irreducible representations. Among them, the 𝜂-pairing
operator with the 𝑑𝑥2−𝑦2 -wave (𝑑-wave) pairing symmetry cor-
responds to

𝜂+𝑑 = 𝜂++e𝑥
− 𝜂++e𝑦

− 𝜂+−e𝑥
+ 𝜂+−e𝑦

. (10)
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The minus sign in the second term relative to the first term in
Eq. (10) indicates the 𝑑-wave symmetry, while the minus sign
in the third term relative to the first term reflects the spin-singlet
pairing [69]. For other pairing states (such as those having 𝑠-,
𝑝𝑥-, and 𝑝𝑦-wave symmetries) which can also be created by
the off-site 𝜂-pairing operators, we refer to Sec. V A. Using
the 𝜂-pairing operator 𝜂+

𝑑
, we can define the 𝑑-wave 𝜂-pairing

state as

|Ψ𝑁
𝑑 ⟩ = 1

N𝑁
𝑑

(𝜂+𝑑)
𝑁/2 |0⟩, (11)

where 𝑁 is the number of fermions (which is even), and N𝑁
𝑑

is the normalization constant (such that ⟨Ψ𝑁
𝑑
|Ψ𝑁

𝑑
⟩ = 1).

C. Hubbard model with the two-body interaction

To seek for a lattice model in which the 𝑑-wave 𝜂-pairing
state becomes an eigenstate, let us first consider the ordinary
two-dimensional spinful Hubbard model with the two-body
interaction. The Hamiltonian is written as

HH = Hkin + H𝑈 , (12)

Hkin = −𝑡
∑︁

⟨𝑖, 𝑗 ⟩𝜎
𝑐
†
𝑖𝜎
𝑐 𝑗 𝜎 , (13)

H𝑈 = 𝑈
∑︁
𝑖

𝑛𝑖↑𝑛𝑖↓. (14)

Here, ⟨𝑖, 𝑗⟩ represents the sum over a pair of nearest-neighbor
sites, 𝑐𝑖𝜎 is a short-hand notation of 𝑐ri ,𝜎 , and 𝑛𝑖𝜎 = 𝑐

†
𝑖𝜎
𝑐𝑖𝜎

is the number operator. The term Hkin (Eq. (13)) describes
the nearest-neighbor hopping with 𝑡 being the transfer integral,
and the term H𝑈 (Eq. (14)) represents the on-site two-body
interaction with the strength 𝑈.

One can quickly see that 𝜂-pairing states created by the off-
site 𝜂-pair operators 𝜂+α in Eq. (9) are zero-energy eigenstates
of Hkin in Eq. (13) under the periodic boundary condition:
we can rewrite the kinetic term and the 𝜂-pairing operator
in the momentum basis as Hkin =

∑
k𝜎 𝜀(k)𝑐†

k𝜎
𝑐k𝜎 and

𝜂+α =
∑

k exp(−ik ·α)𝑐†
π−k,↑𝑐

†
k,↓, where 𝜀(k) = −2𝑡 (cos 𝑘𝑥 +

cos 𝑘𝑦) is the dispersion relation for the square lattice, 𝑐k𝜎 =

(𝐿𝑥𝐿𝑦)−1/2 ∑
𝑖 𝑐r𝑖𝜎 exp(−ik · r𝑖) is the Fourier transformed

form of the annihilation operator with crystal momentum k,
and 𝐿𝑥 (𝐿𝑦) is the system length in the 𝑥 (𝑦) direction. One can
immediately see that [Hkin, 𝜂

+
α] =

∑
k exp(−ik · α) (𝜀(k) +

𝜀(π−k))𝑐†
π−k,↑𝑐

†
k,↓ = 0, since the dispersion relation satisfies

𝜀(k) + 𝜀(π −k) = 0. Hence, the 𝑑-wave 𝜂-pairing state |Ψ𝑁
𝑑
⟩

in Eq. (11) is a zero-energy eigenstate for the kinetic term,

Hkin |Ψ𝑁
𝑑 ⟩ = 0, (15)

on the square lattice with the periodic boundary condition. We
note that any pairing states created by 𝜂+α (including 𝑠-, 𝑝𝑥-,
and 𝑝𝑦-wave pairing symmetries) are also eigenstates of Hkin.

Next, we look at the interaction term H𝑈 in Eq. (14), for
which we take the coordinate-space representation in the Fock

(a) (b) (c)

FIG. 2. Examples of Fock states included in the 𝑑-wave 𝜂-pairing
state (Eq. (11)) on the square lattice: The case of (a) two pairs
(connected by dashed curves) separated to each other, (b) two pairs
overlapped to each other to form a doublon (enclosed by a red square),
and (c) three pairs having a doublon surrounded by more than two
particles. Red (blue) arrows represent particles with spin up (down).

basis. Given a set of occupation numbers {𝜈𝑖𝜎}, where 𝜈𝑖𝜎 (=
0, 1) denotes the number of spin-𝜎 particles at site 𝑖, a Fock
state is represented by

|{𝜈𝑖𝜎}⟩ =
∏
𝑖

(
𝑐
†
𝑖𝜎

)𝜈𝑖𝜎
|0⟩. (16)

The 𝑑-wave 𝜂-pairing state is expanded as a linear combination
of Fock states in which various oriented pairs are distributed
on the square lattice. Examples of those Fock states are shown
in Fig. 2. When two off-site pairs are present, they are either
un-overlapped or overlapped, as shown in Fig. 2(a) and (b),
respectively. In the latter case, a doublon is formed, gener-
ating an energy cost due to the on-site two-body interaction.
This means that the latter Fock basis (Fig. 2(b)) has higher
interaction energy (with the difference 𝑈) than the former ba-
sis (Fig. 2(a)). Therefore, the 𝑑-wave 𝜂-pairing state |Ψ𝑁

𝑑
⟩ in

Eq. (11) is not an energy eigenstate of H𝑈 (Eq. (14)). When
three (or more) pairs exist, more than two particles can occupy
nearest-neighbor sites of a doublon, as shown in Fig. 2(c). This
example indicates that a naive application of the three-body
interaction introduced in Sec. II A is not sufficient to cancel
the energy increment of the 𝑑-wave pairs due to the formation
of doublons. The question is how such an energy change can
be cancelled for all possible configurations of off-site pairs.

D. Hubbard model with multi-body interactions

Here we show that the unconventional 𝜂-pairing states can
become exact energy eigenstates by introducing generalized
multi-body interactions to the Hubbard model. As mentioned
before, our motivation is to cancel the energy increment due
to the formation of doublons by the multi-body interactions.
Since the number of particles that surround a doublon may
vary depending on the configurations of pairs (see Fig. 2), it
will be convenient to introduce an operator that judges whether
neighboring sites (next to a doublon) are occupied by particles
or not. This allows us to efficiently measure how much energy
should be subtracted for each pair configuration to make the
unconventional 𝜂-pairing states exact eigenstates.

Such an operator, denoted by n𝑖𝜎 , is defined as follows. In
the coordinate basis spanned by Fock states in Eq. (16), the
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0 1

FIG. 3. Values of the neighboring particle existence operator n𝑖𝜎

in Eq. (17) with 𝜎 =↑ for each configuration of spin-up particles (red
arrows) at the nearest-neighbors sites of site 𝑖. When there are no
particles around site 𝑖, the operator takes a value of 0. Otherwise, if
particles exist around site 𝑖, the operator takes a value of 1.

operator n𝑖𝜎 takes a value of 0 or 1 in such a way as

n𝑖𝜎 =

{
1 (𝑛nn(𝑖)𝜎 ≠ 0)
0 (𝑛nn(𝑖)𝜎 = 0)

, (17)

where 𝑛nn(𝑖)𝜎 is the total number of spin-𝜎 particles occupying
the nearest-neighbor sites of site 𝑖 (denoted by nn(𝑖)). We call
the operator n𝑖𝜎 the neighboring particle existence operator.
In the case of the square lattice, we show the values of n𝑖𝜎

(with 𝜎 =↑) for each configuration of spin-up particles around
site 𝑖 in Fig. 3. Note that the values of n𝑖𝜎 do not depend on
the configuration of particles with the opposite spin 𝜎. The
operator in Eq. (17) tells us the presence (or absence) of a
particle in the vicinity of a target site 𝑖, which can be used
to avoid overcounting the number of neighboring particles, as
described below.

The operator n𝑖𝜎 in Eq. (17) is explicitly represented as a
combination of multiples of the ordinary number operator 𝑛𝑖𝜎 .
Let us label the nearest-neighbor sites of site 𝑖 by 𝑖1, 𝑖2, . . . , 𝑖𝑧 ,
where 𝑧 is the coordination number of the lattice. Then n𝑖𝜎

can be written as

n𝑖𝜎 = 1 −
𝑧∏

𝑚=1
(1 − �̂�𝑖𝑚𝜎)

= −
𝑧∑︁

𝑚=1
(−1)𝑚

∑︁′

𝑗1 , · · · , 𝑗𝑚∈nn(𝑖)
�̂� 𝑗1𝜎 · · · �̂� 𝑗𝑚𝜎 , (18)

where the prime summation means that 𝑗𝑙 (𝑙 = 1, · · · , 𝑚) runs
over the nearest-neighbor sites of site 𝑖 with 𝑗𝑙 ≠ 𝑗𝑙′ (𝑙 < 𝑙′),
and different orders of ( 𝑗1, 𝑗2, · · · , 𝑗𝑚) are not double-counted.
In general, n𝑖𝜎 contains 𝑚-body operators with 1 ≤ 𝑚 ≤ 𝑧.
The representation (Eq. (18)) is applicable to arbitrary lattice
structures.

In order to get an insight of how to cancel the energy incre-
ment of doublons with multi-body interations, we take two ex-
amples of Fock states relevant to the unconventional 𝜂-pairing
states: One is the case where two pairs are overlapped to each
other to form a doublon, as shown in Fig. 4(a). The other is the
case where there is another pair in the vicinity of the two pairs,
as shown in Fig. 4(b). We label the site occupied by the dou-
blon by 𝑖. As shown in Fig. 4(a), there are always two residual
particles from the pairs that form the doublon, so that we can
cancel the on-site two-body interaction 𝑈𝑛𝑖↑𝑛𝑖↓ by adding the
following three-body interaction between the doublon and a

(a) (b)

FIG. 4. Interactions between off-site pairs in the 𝑑-wave 𝜂-pairing
state in a spinful model with spin-↑ (spin-↓) particles indicated by the
red (blue) arrows. (a) When two pairs are overlapped with each other
to form a doublon, the on-site two-body interaction is cancelled by
the three-body interaction (Eq. (19)) acting between the doublon and
a single particle. (b) When another pair comes next to the doublon,
the on-site two-body interaction is not cancelled by the three-body
interaction (Eq. (19)), but is cancelled by the multi-body interaction
in the form of Eq. (20). Two particles forming a doublon are indicated
by the red squares, while the multi-body interacting doublon and spin-
↑ (spin-↓) particles are enclosed by the blue (green) boxes.

particle,

−𝑈
2

∑︁
𝑗∈nn(𝑖) ,𝜎

𝑛𝑖↑𝑛𝑖↓𝑛 𝑗 𝜎 , (19)

where 𝑗 runs over the nearest-neighbor sites of site 𝑖. In
Fig. 4(b), however, the three-body interaction given by Eq. (19)
amounts to −3𝑈/2, which does not perfectly cancel the on-site
two-body interaction 𝑈. This is due to the overcounting of the
three-body interaction energy from the neighboring pairs. To
avoid this overcounting, we replace

∑
𝑗∈nn(𝑖) 𝑛 𝑗 𝜎 by n𝑖𝜎 in

Eq. (17) as follows:

−𝑈
2

∑︁
𝜎

𝑛𝑖↑𝑛𝑖↓n𝑖𝜎 . (20)

The multi-body interaction (Eq. (20)) contains 𝑀-body inter-
actions with 3 ≤ 𝑀 ≤ 𝑧 + 2. With this form of the multi-body
interaction, it is possible to incorporate only the interaction
between the doublon and a single spin-↑ particle, and the in-
teraction between the doublon and a single spin-↓ particle.
One can see that the cancellation between the on-site two-
body interaction H𝑈 (Eq. (14)) and the multi-body interaction
(Eq. (20)) works not only for the cases of Fig. 4(a) and (b) but
also for all the possible configurations of pairs in the uncon-
ventional 𝜂-pairing states, which can be easily checked since
the cancellation occurs for each doublon one by one.

Based on the multi-body interaction in Eq. (20) introduced
above, we define an extended Hubbard model having the
unconventional 𝜂-pairing states as energy eigenstates. The
Hamiltonian of the extended Hubbard model, denoted by
HextH, is given as follows:

HextH = Hkin + Hint, (21)

Hint = 𝑈
∑︁
𝑖

𝑛𝑖↑𝑛𝑖↓

(
1 − 1

2

∑︁
𝜎

n𝑖𝜎

)
. (22)

As discussed in the previous paragraph, the interaction energy
is always zero for the unconventional 𝜂-pairing states, due
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to the cancellation between the two-body interaction and the
multi-body interaction (Eq. (20)). In particular, the 𝑑-wave
𝜂-pairing state |Ψ𝑁

𝑑
⟩ in Eq. (11) is an exact eigenstate of HextH

with a zero eigenenergy,

HextH |Ψ𝑁
𝑑 ⟩ = 0. (23)

We remark that arbitrary 𝜂-pairing states created by 𝜂+α are
also eigenstates of HextH (see Sec. V A). The same form of the
Hamiltonian can be used for other bipartite lattices in arbitrary
dimensions (e.g., the honeycomb lattice, the diamond lattice,
etc.) to include unconventional 𝜂-pairing states as eigenstates.
The lattice structure must be bipartite, since the 𝜂-pairing states
have staggered phases in real space in order to be eigenstates
of the kinetic term Hkin. Some of the examples are shown in
Sec. V.

Let us mention the relationship between our construc-
tion and previously proposed frameworks of QMBS states.
The obtained Hamiltonian HextH in Eq. (21) satisfies the
restricted spectrum-generating algebra [30] in the Hilbert
space spanned by a series of the 𝑑-wave 𝜂-pairing states
{|Ψ𝑁

𝑑
⟩ | 𝑁 = 2, 4, · · · }. However, as shown in Eq. (18),

the Hamiltonian HextH contains terms up to six-body density-
density interactions in the case of the square lattice. The con-
ventional approach of assuming interaction forms and adjust-
ing interaction coefficients to satisfy the restricted spectrum-
generating algebra would be impractical due to the complexity
of the commutation relations with the 𝑑-wave 𝜂-pairing oper-
ator in Eq. (10). The advantage of our approach is that we can
systematically and directly construct model Hamiltonians that
have off-site pair condensed states with unconventional pairing
symmetry as their eigenstates in systems of higher dimensions
and including spin degrees of freedom.

III. PHYSICAL PROPERTIES OF THE
UNCONVENTIONAL 𝜂-PAIRING STATES

In this section, we numerically confirm the nonthermal na-
ture of the unconventional 𝜂-pairing states by computing two
physical quantities: the superconducting correlation function
and the entanglement entropy. To obtain these quantities, we
numerically calculated the entire exact wavefunction of the
𝑑-wave 𝜂-pairing state (Eq. (11)) on a 𝐿𝑥 × 𝐿𝑦 square lattice
with the periodic boundary condition.

A. Off-diagonal long-range order

We examine the nearest-neighbor pair correlation functions
for the 𝑑-wave 𝜂-pairing state defined by

𝐶𝛼𝛽 (r) = ⟨Ψ𝑁
𝑑 |𝑐†

r+e𝛼↓𝑐
†
r↑𝑐0↑𝑐e𝛽↓ |Ψ𝑁

𝑑 ⟩, (24)

where the subscripts 𝛼 and 𝛽 (= 𝑥, 𝑦) denote the orientation
direction of the pairs, and r corresponds to the relative dis-
placement between up-spin particles. We consider a quarter-
filled system with the lattice length 𝐿𝑦 = 4 and 𝐿𝑥 = 4, 6, 8

(a)(a) (b)
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𝑦
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0.04

0 1 2 3 4

FIG. 5. Pair correlation functions in Eq. (24) of the 𝑑-wave 𝜂-pairing
state on the 𝐿𝑥 × 𝐿𝑦 lattice with 𝐿𝑥 = 4, 6, 8 and 𝐿𝑦 = 4. (a) The
correlation between 𝑥-oriented pairs and (b) the correlation between
𝑥-oriented and 𝑦-oriented pairs as a function of a distance 𝑟𝑥 between
pairs along the 𝑥 axis.

(𝑁 = 4, 6, 8). From the orientation dependence of the long-
range pair correlations, one can discriminate different pairing
symmetries.

Figure 5 shows the calculated pair correlation functions
as a function of the distance along the 𝑥 axis (i.e., we set
r = 𝑟𝑥e𝑥), where Figs. 5(a) and (b) correspond to the parallel
and orthogonal pair orientations, respectively. We observe
the staggered oscillations for both of the orientations, which
do not quickly decay in a long distance (within the system
size). This is a direct consequence of the fact that the pairs
carry a momentum π (and hence the staggered phase) in the
𝜂-pairing states in Eq. (9). We also see that the results of the
pair correlations are well converged with respect to the system
size with the particle density being fixed, implying that the off-
diagonal long-range order is present for the 𝑑-wave 𝜂-pairing
state. If one compares Fig. 5(a) with Fig. 5(b), one finds that
the sign is reversed with respect to the pair orientation. This
reflects the 𝑑-wave pairing symmetry.

B. Entanglement entropy

Next, we verify a nonthermal behavior of the 𝑑-wave 𝜂-
pairing state through the entanglement entropy. We consider
the same 𝐿𝑥 × 𝐿𝑦 lattice as in the previous subsection with
the periodic boundary condition. The entire system (a torus)
is divided into subsystems 𝐴 and 𝐵 (two tubes), where 𝐴 has
the size of 𝑟𝑥 × 𝐿𝑦. The entanglement entropy for the 𝑑-
wave 𝜂-pairing state in Eq. (11) is defined by 𝑆𝐴( |Ψ𝑁

𝑑
⟩) =

−Tr𝐴[𝜌𝐴 ln 𝜌𝐴], where 𝜌𝐴 is the reduced density matrix for
the subsystem 𝐴, i.e., 𝜌𝐴 = Tr𝐵 [|Ψ𝑁

𝑑
⟩⟨Ψ𝑁

𝑑
|]. We compute

𝑆𝐴( |Ψ𝑁,𝑑⟩) as a function of the volume fraction 𝑓 = 𝑉𝐴/𝑉 ,
where 𝑉 = 2𝐿𝑥𝐿𝑦 (𝑉𝐴 = 2𝑟𝑥𝐿𝑦) is the product of the system
(subsystem) volume and the spin degrees of freedom.

The entanglement entropy of typical eigenstates of
nonintegrable (chaotic) systems is expected to behave as
the average entanglement entropy of a quantum pure-state
ensemble, while that of integrable systems is to behave as
that of a pure Gaussian state ensemble [70]. In nonintegrable
systems, the average entanglement entropy of a uniformly
distributed pure state in a particle number conserving
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FIG. 6. Entanglement entropy for fermionic systems on the 𝐿𝑥 × 𝐿𝑦

lattice as a function of the volume fraction 𝑓 = 𝑉𝐴/𝑉 with 𝐿𝑥 = 8,
𝐿𝑦 = 4, and the particle number 𝑁 = 6. The blue cross points show
the entanglement entropy of the 𝑑-wave 𝜂-pairing state. The red
dashed (green chained) curve represents the average entanglement
entropy ⟨𝑆𝐴⟩𝐺,𝑁 (⟨𝑆𝐴⟩𝑁 ) typically obtained for a energy eigenstate
in integrable (nonintegrable) systems.

Hilbert space for a fermionic system is given by ⟨𝑆𝐴⟩𝑁 =∑min(𝑁,𝑉𝐴)
𝑁𝐴=0 [⟨𝑆𝐴⟩ + 𝜓(𝑑𝑁 + 1) − 𝜓(𝑑𝐴𝑑𝐵 + 1)] 𝑑𝐴𝑑𝐵/𝑑𝑁 ,

where 𝑁𝐴 is the particle number in the subspace 𝐴,
⟨𝑆𝐴⟩ = 𝜓(𝑑𝐴𝑑𝐵 + 1) − 𝜓(𝑑𝐴 + 1) − (𝑑𝐵 − 1)/2𝑑𝐴 is the Page
formula in 𝑑𝐴 > 𝑑𝐵 [71], 𝜓(𝑥) is the digamma function, and
𝑑𝑁 =

(𝑉
𝑁

)
, 𝑑𝐴 =

(𝑉𝐴

𝑁𝐴

)
, and 𝑑𝐵 =

(𝑉−𝑉𝐴

𝑁−𝑁𝐴

)
are the Hilbert-space

dimensions of the entire system, subspace 𝐴, and complemen-
tary subspace 𝐵, respectively. Similarly, in integrable systems,
the average entanglement entropy over all pure fermionic Gaus-
sian states in the thermodynamic limit is given by ⟨𝑆𝐴⟩𝐺,𝑁 =

𝑉 {(𝑛 − 1) ln(1 − 𝑛) + 𝑛[( 𝑓 − 1) ln(1 − 𝑓 ) − 𝑓 ln 𝑓 − 1]} [70],
where 𝑛 = 𝑁/𝑉 is the up-spin (or down-spin) particle density.

Figure 6 shows the calculated entanglement entropy for the
𝑑-wave 𝜂-pairing state indicated by the blue cross points.
We also show the average entanglement entropy ⟨𝑆𝐴⟩𝑁 and
⟨𝑆𝐴⟩𝐺,𝑁 with red dashed and green chained curves, respec-
tively. We observe that the entanglement entropy of the 𝑑-wave
𝜂-pairing state increases as the subsystem volume increases.
Particularly, we found that the subsystem size dependence of
the entanglement entropy is in quantitative agreement with
that typically observed in integrable systems, which is sub-
stantially smaller than the typical entanglement entropy in
nonintegrable systems. These numerical results support the
nonthermal property of the 𝑑-wave 𝜂-pairing state.

IV. NONINTEGRABILITY OF THE MULTI-BODY
INTERACTING MODEL

In this section, we numerically confirm the nonintegra-
bility of the extended Hubbard model HextH in Eq. (21)
from the energy level statistics. Combining the results with
those of Sec. III, we can judge whether the 𝑑-wave 𝜂-pairing
state in the model is identified to be a QMBS state or not.
If the distribution of the difference between the nearest-
neighbor eigenenergies follows the Wigner-Dyson distribution
𝑃WD (𝑠) = (𝜋/2)𝑠 exp(−𝜋𝑠2/4) with 𝑠 being the level spacing,

(a)(a) (b)
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FIG. 7. Nearest-neighbor level-spacing distribution 𝑃(𝑠) (shown
by the histograms) for the extended Hubbard model with the multi-
body interactions (Eq. (21)) on the square lattice with the quantum
numbers (a) (P𝑥 ,P𝑦,P𝑑) = (+1, +1, +1) and (b) (+1, +1,−1). The
parameters are set to be 𝐿𝑥 = 𝐿𝑦 = 4, 𝑁 = 8, and 𝑈/𝑡 = 2. The
blue and red curves correspond to the Poisson and Wigner-Dyson
distributions, respectively.

then the model is suggested to be nonintegrable and all the
other energy eigenstates are thermal as expected from the ar-
gument of the ETH.

We consider the extended Hubbard model in Eq. (21) on
the square lattice under the periodic boundary condition with
𝐿𝑥 = 𝐿𝑦 = 4, 𝑁 = 8, and the total magnetization 𝑆𝑧 = 0.
We utilize the Lanczos method to numerically diagonalize
the Hamiltonian. Since the Hamiltonian has several global
symmetries, we select a target subspace using symmetry pro-
jection operators. As internal symmetries, we consider the
time-reversal (T ) and spin-rotation symmetries. It should be
noted that our multi-body interacting system does not have
the particle-hole symmetry, unlike the two-body interacting
Hubbard model in Eq. (12). Among the elements of the point
group 𝐶4𝑣 (which is the symmetry of the square lattice), we
take the reflections P𝑥 , P𝑦, and P𝑑 with respect to the 𝑥-, 𝑦-,
and diagonal axes, respectively. Additionally, the system has
the translation symmetries X and Y along the 𝑥 and 𝑦 direc-
tions, respectively. We focus on the subspaces in which the
𝑑-wave 𝜂-pairing state exists, namely with T = +1, the total
spin 𝑆 = 0, (P𝑥 ,P𝑦,P𝑑) = (+1, +1, +1) and (−1,−1, +1), and
the total momentum (0, 0) [72]. Note that in a 4 × 4 periodic
lattice system, there is an accidental hidden symmetry, i.e.,
the four-dimensional hypercubic symmetry [73]. If this higher
symmetry is not taken into account to define the target space,
the level-spacing distributions may behave differently from the
Wigner-Dyson distribution (even though the system might be
nonintegrable), which will be discussed later.

Figure 7(a) shows the nearest-neighbor level-spacing dis-
tribution 𝑃(𝑠) in the subspace with the quantum numbers
(P𝑥 ,P𝑦,P𝑑) = (+1, +1, +1), where we adopt the unfolding
method with the Gaussian kernel density estimation [74] with
the smoothing parameter 𝜎Gauss = 0.1. We find that the ob-
tained level-spacing distribution has a shape in between the
Poisson distribution 𝑃P (𝑠) = exp(−𝑠) and the Wigner–Dyson
distribution 𝑃WD (𝑠). A similar behavior is often observed
when an extra discrete symmetry remains to be considered in
a nonintegrable model. For example, in the two-body inter-
acting Hubbard model (Eq. (12)) on the same 4 × 4 periodic
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lattice, the level-spacing distribution has been found to be
neither the Poisson nor Wigner-Dyson distribution [73]. As
we remarked before, this is due to the presence of the acci-
dental hypercubic symmetry for the 4 × 4 lattice geometry,
which has not been taken into account in the level-spacing
analysis. Such an intermediate distribution between the Pois-
son and Wigner-Dyson ones has been reproduced by a spec-
trum of two independent GOE samples in the random matrix
theory mixed with appropriate weights [73]. We also exam-
ine the subspace with another set of the quantum numbers
(P𝑥 ,P𝑦,P𝑑) = (+1, +1,−1), and obtain the level-spacing dis-
tribution as shown in Fig. 7(b). We observe that the spectrum is
in good agreement with the Wigner-Dyson distribution. Based
on these results, we conclude that the multi-body interacting
model (Eq. (21)) is nonintegrable.

Given the above results with the nonthermal properties of the
eigenstate seen in Sec. III, the 𝑑-wave 𝜂-pairing state (Eq. (11))
can be regarded as a QMBS state in the nonintegrable system
(Eq. (21)). The basic principle that makes the unconventional
𝜂-pairing states QMBSs is to use multi-body interactions to
protect the pairs from having the energy increase due to the
two-body interaction.

V. GENERALIZATIONS

In this section, we present several generalizations of our
approach to construct superconducting scar states with the
multi-body interactions: generalized off-site 𝜂-pairing states
(Sec. V A), 𝑓 -wave 𝜂-pairing states on the honeycomb lattice
(Sec. V B), 𝑠-wave 𝜂-pairing states in a nearest-neighbor inter-
acting system (Sec. V C), and 𝑝-wave 𝜂-pairing states in the
one-dimensional spinless fermion system (Sec. V D).

A. General pairing symmetry and long-range pairing

The extended Hubbard model with the multi-body interac-
tions in Eq. (21) has not only the 𝑑-wave 𝜂-pairing state but
also several other 𝜂-pairing states with different pairing sym-
metries as energy eigenstates, since the energy cancellation
holds for each Fock basis. Let us consider 𝑠-, 𝑝𝑥-, and 𝑝𝑦-
wave pairing symmetries, for which 𝜂-pairing operators are
defined by

𝜂+𝑠 = 𝜂++e𝑥
+ 𝜂++e𝑦

− 𝜂+−e𝑥
− 𝜂+−e𝑦

, (25)

𝜂+𝑝𝑥
= 𝜂++e𝑥

+ 𝜂+−e𝑥
, (26)

𝜂+𝑝𝑦
= 𝜂++e𝑦

+ 𝜂+−e𝑦
, (27)

respectively. Acting each operator multiple times to the vac-
uum state |0⟩ yields the 𝑠-, 𝑝𝑥-, and 𝑝𝑦-wave 𝜂-pairing states,
as in the case of the 𝑑-wave symmetry. Since these 𝜂-pairing
states are represented by the same set of Fock bases in which
the nearest-neighbor pairs are distributed, they are also energy
eigenstates of HextH with zero eigenenergies, and hence are
QMBS states.

Moreover, one can also combine these 𝜂-pairing operators
with different pairing symmetries to define general 𝜂-pairing

states,

|𝜈𝑠𝜈𝑝𝑥
𝜈𝑝𝑦

𝜈𝑑⟩ ∝
(
𝜂+𝑠

)𝜈𝑠 (𝜂+𝑝𝑥

)𝜈𝑝𝑥 (
𝜂+𝑝𝑦

)𝜈𝑝𝑦 (𝜂+𝑑 )𝜈𝑑 |0⟩, (28)

where 𝜈𝛾 (𝛾 = 𝑠, 𝑝𝑥 , 𝑝𝑦, 𝑑) denotes the number of pairs with
the 𝛾-wave pairing symmetry. These 𝜂-pairing states are
eigenstates of HextH in Eq. (21), and are degenerate at zero
energy. Note that an arbitrary linear combination of the gen-
eral 𝜂-pairing states (Eq. (28)) is also an eigenstate of HextH in
Eq. (21), since they are all degenerate at zero energy. In order
to induce the 𝑑-wave 𝜂-pairing state by a certain excitation
protocol, it will be better if the 𝑑-wave pairing state is energet-
ically separated from the other degenerate states. In this paper,
we leave how to break the degeneracy an open issue.

While we have focused on the two-dimensional square lat-
tice so far, most of the results can be straightforwardly extended
to other dimensions and other bipartite lattice systems. The
bipartite lattice condition is necessary for the 𝜂-pairing states
to be eigenstates of the kinetic term Hkin (Eq. (13)). We can
define the interaction term Hint (Eq. (22)) and the neighboring
particle existence operator n𝑖𝜎 in Eqs. (17) and (18) irrespec-
tive of dimensions and lattice structures. Therefore, one can
use the Hamiltonian (Eq. (21)), for example, on the honey-
comb, body-centered-cubic, and diamond lattices. The case
of the honeycomb lattice is described in Sec. V B.

We can also generalize our construction to cases of long-
range pairs. Let α refer to the 𝑛-th nearest-neighbor sites
around site 𝑖, which is denoted byα ∈ nn(𝑛, 𝑖). The long-range
𝜂-pairing states are defined by (𝜂+α)𝑁/2 |0⟩ with α ∈ nn(𝑛, 𝑖).
The case of 𝑛 = 1 corresponds to the previous results. In the
square lattice, α = ±e𝑥±e𝑦 when 𝑛 = 2, and α = ±2e𝑥 ,±2e𝑦

when 𝑛 = 3. The multi-body interaction takes the same form
of 𝑛𝑖↑𝑛𝑖↓n𝑖𝜎 but with

n𝑖𝜎 =

{
1 (𝑛nn(𝑛,𝑖)𝜎 ≠ 0)
0 (𝑛nn(𝑛,𝑖)𝜎 = 0)

, (29)

where 𝑛nn(𝑛,𝑖)𝜎 is the number of spin-𝜎 particles on nn(𝑛, 𝑖).
In this way, the 𝜂-pairing states with the long-range pairs also
become energy eigenstates due to the longer-range multi-body
interaction. It should be noted that our method of realizing su-
perconducting scar states using multi-body interactions is only
applicable to pairs of particles separated by a fixed distance.

B. 𝑓 -wave 𝜂-pairing state on the honeycomb lattice

Let us consider the multi-body interacting model defined by
Eq. (21) on the honeycomb lattice, where an 𝜂-pairing state
with the 𝑓 -wave pairing symmetry becomes an eigenstate (see
Fig. 1(c)). The lattice structure is defined as follows. We
label sublattices by A and B, as shown in Fig. 8(a). Let τ𝛾
(𝛾 = 1, 2, 3) be the bond vectors and R𝛾 the lattice vectors,
which are explicitly given by

τ1 =

(
0

1/
√

3

)
, τ2 =

(
−1/2

−1/2
√

3

)
, τ3 =

(
1/2

−1/2
√

3

)
, (30)

R1 = τ3 − τ2, R2 = τ1 − τ3, R3 = τ2 − τ1. (31)
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(a)

B

(b)

A

FIG. 8. Generalized 𝜂-pairing states on the honeycomb lattice.
(a) Six kinds of next-nearest-neighbor pairs (connected by the dash-
dotted lines) in the 𝜂-pairing states. The white (grey) circles represent
A (B) sublattice sites. τ𝛾 and R𝛾 (𝛾 = 1, 2, 3) denote the bond and
lattice vectors, respectively. A pair on the B sublattice (connected by
the blue dash-dotted line) has the opposite sign of the wavefunction
with respect to those on the A sublattice. (b) Energy cancellation
between the two-body (black lines) and multi-body (filled areas) in-
teractions acting on overlapped pairs.

The Fourier transform of the annihilation operator 𝑐𝑙
𝑖𝜎

of
fermions for each sublattice 𝑙 (= A,B) is given by 𝑐𝑙

𝑖𝜎
=

𝑁
−1/2
s

∑
k exp(ik · r𝑖) 𝑐𝑙k𝜎

with 𝑁s being the total number of
unit cells. After the Fourier transformation, the kinetic Hamil-
tonian in Eq. (13) is diagonalized as

Hkin =
∑︁
k𝜎

(
𝑐A
k𝜎

†
, 𝑐B

k𝜎

†) (
0 𝑔(k)

𝑔∗ (k) 0

) (
𝑐A
k𝜎

𝑐B
k𝜎

)
, (32)

=
∑︁
k𝜎

|𝑔(k) |
[
𝑐
(+)
k𝜎

†
𝑐
(+)
k𝜎

− 𝑐
(−)
k𝜎

†
𝑐
(−)
k𝜎

]
, (33)

where the hopping amplitude 𝑔(k) and the creation operators
of the energy eigenstates labeled by (+) and (−) are given by

𝑔(k) =
∑︁

𝛾=1,2,3
eik·τ𝛾 , (34)(

𝑐
(+)
k𝜎

†
, 𝑐

(−)
k𝜎

†)
=

(
𝑐A
k𝜎

†
, 𝑐B

k𝜎

†) 1
√

2|𝑔(k) |

(
𝑔(k) 𝑔(k)
|𝑔(k) | −|𝑔(k) |

)
,

(35)

respectively.
The off-site 𝜂-pairing operators on the honeycomb lattice

are defined in the same way as in Eq. (9):

𝜂+α =
∑︁
𝑖

𝑓 (r𝑖)𝑐†r𝑖 ,↑𝑐
†
r𝑖+α,↓, (36)

𝑓 (r𝑖) =
{

1 (r𝑖 ∈ A),
−1 (r𝑖 ∈ B),

(37)

where 𝑓 (r𝑖) is the counterpart of the phase factor exp(iπ · r𝑖)
in the case of the square lattice in Eq. (9), and r𝑖 ∈ A (B)
indicates that the site 𝑖 belongs to the sublattice A (B). The
direction vector of the pairs is given by α = ±R𝛾 , where α
is at the second nearest-neighbor sites, namely α ∈ nn(2, 𝑖).
These six 𝜂-pairing operators create the next-nearest neighbor
pairing states with the staggered phase factors, as shown in
Fig. 8(a).

The unconventional 𝜂-pairing states on the honeycomb
lattice are also defined by using the 𝜂-pairing operators in

Eq. (36). As an example, we introduce an 𝜂-pairing state with
the 𝑓 -wave pairing symmetry as follows:

𝜂+𝑓 = 𝜂++R1
− 𝜂+−R3

+ 𝜂++R2
+ 𝜂+−R1

− 𝜂++R3
+ 𝜂+−R2

, (38)

|Ψ𝑁
𝑓 ⟩ ∝

(
𝜂+𝑓

)𝑁/2
|0⟩. (39)

The following discussion also holds for other pairing symme-
tries as discussed in Sec. V A.

The 𝜂-pairing operators on the honeycomb lattice commute
with the kinetic Hamiltonian Hkin in Eqs. (32) and (33). In the
momentum representation, the 𝜂-pairing operators in Eq. (36)
are expressed as

𝜂+α =
∑︁
k

eik·α
(
𝑐A
k,↑

†
𝑐A
−k,↓

† − 𝑐B
k,↑

†
𝑐B
−k,↓

†)
, (40)

=
∑︁
k

eik·α
(
𝑐
(+)
k,↑

†
𝑐
(−)
−k,↓

†
+ 𝑐

(−)
k,↑

†
𝑐
(+)
−k,↓

†)
. (41)

The commutation relation between Hkin (Eq. (32)) and 𝜂+α
(Eq. (40)) are evaluated as[
Hkin, 𝜂

+
α

]
=
∑︁
k

eik·α
(
𝑔∗ (k)𝑐B

k↑
†
𝑐A
−k↓

† + 𝑔∗ (−k)𝑐A
k↑

†
𝑐B
−k↓

†

− 𝑔(k)𝑐A
k↑

†
𝑐B
−k↓

† − 𝑔(−k)𝑐B
k↑

†
𝑐A
−k↓

†)
. (42)

Given 𝑔(k) = 𝑔∗ (−k), the first and fourth terms and the
second and third terms cancel each other, indicating that
[Hkin, 𝜂

+
α] = 0. This is also confirmed from the commu-

tation relation between Eqs. (33) and (41) as
[
Hkint, 𝜂

+
α

]
=∑

k exp(ik·α) ( |𝑔(k) |−|𝑔(−k) |) (𝑐 (+)
k,↑

†
𝑐
(−)
−k,↓

†
+𝑐 (−)

k,↑
†
𝑐
(+)
−k,↓

†
) =

0. Therefore, the 𝑓 -wave 𝜂-pairing state is a zero-energy eigen-
state of the kinetic term in Eq. (13).

By applying the neighboring particle existence operator n𝑖𝜎

defined in Eq. (29) to the case of nn(2, 𝑖), the 𝑓 -wave 𝜂-pairing
state also becomes an energy eigenstate of the Hamiltonian in
Eq. (21). The energy increase due to the two-body interaction
𝑈 is canceled by the multi-body interactions between a doublon
and a next-nearest neighboring particle, as shown in Fig. 8(b).
Therefore, using the multi-body interactions, we can realize
the 𝜂-pairing states with unconventional pairing symmetries
in various lattice systems.

C. Yang’s 𝑠-wave 𝜂-pairing state in a nearest-neighbor
interacting system

It has been known that Yang’s 𝜂-pairing state no longer
becomes an energy eigenstate if one adds nearest-neighbor in-
teractions to the Hubbard model in Eq. (12). However, one can
make Yang’s 𝜂-pairing state the energy eigenstate in nearest-
neighbor interacting systems by utilizing appropriate multi-
body interactions like those discussed above. The following
discussions in this subsection are applicable to systems in ar-
bitrary dimensions.
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FIG. 9. (a) Interactions between doublons in Yang’s 𝑠-wave 𝜂-
pairing state in the model with the on-site interaction 𝑈 and the
nearest-neighbor two-body and three-body interactions in the form
of Eq. (47). (b) Cancellation between the two-body and three-body
interactions. (c) Nearset-neighbor level-spacing distribution 𝑃(𝑠) in
the model HH + Hmod𝑉 with 𝐿 = 12. (d) Entanglement entropy
spectrum of the energy eigenstates in the corresponding model with
𝐿 = 8. The red circle indicates Yang’s 𝜂-pairing state. The parameters
are set to be 𝑡 = 1, 𝑈 = 2, 𝑉 = 1 and 𝑁 = 𝐿.

Let us consider a 𝑑-dimensional periodic bipartite lattice,
in which Yang’s 𝜂-pairing state is defined as

𝜂+ =
∑︁
𝑖

eiπ ·r𝑖 𝑐†
𝑖↑𝑐

†
𝑖↓, (43)

|Ψ𝑁 ⟩ = 1
N𝑁

(𝜂+)𝑁/2 |0⟩, (44)

with the normalization constant N𝑁 (such that ⟨Ψ𝑁 |Ψ𝑁 ⟩ =

1). Yang’s 𝜂-pairing state is a linear combination of Fock
states with various configurations of doublons. It is known
that this 𝜂-pairing state is the energy eigenstate of the Hubbard
model (Eq. (12)), i.e., HH |Ψ𝑁 ⟩ = 𝑁𝑈/2|Ψ𝑁 ⟩ [50]. However,
Yang’s 𝜂-pairing state is no longer an eigenstate if one includes
a nearest-neighbor interaction defined by

H𝑉 =
𝑉

2

∑︁
⟨𝑖, 𝑗 ⟩

𝑛𝑖𝑛 𝑗 , (45)

with 𝑛𝑖 =
∑

𝜎 𝑛𝑖𝜎 . As shown in Fig. 9(a), two doublons placed
at adjacent sites gain additional energy of 4𝑉 . Due to this, the
interaction energy for each Fock state may change depending
on the doublon configuration, which prevents Yang’s 𝜂-pairing
state from being an eigenstate of the Hubbard model with the
nearest-neighbor interaction (Eq. (45)).

If we consider three-body interactions, on the other hand,
we notice that an interaction between a doublon and a nearby
particle can be used to cancel the nearest-neighbor two-body
interaction (Eq. (45)), as shown in Fig. 9(b). In Yang’s 𝜂-
pairing state, the number of particles occupying each site is

(a)(a) (b)

𝑃
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)

𝑠

Poisson
Wigner–Dyson

0

0.2

0.4

0.6

0.8

1

0 1 2 3

𝑆
A
/l

n
2

𝐸

0

2
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6

8

−10 −5 0 5 10 15

FIG. 10. (a) Nearset-neighbor level-spacing distribution 𝑃(𝑠) for
the one-dimensional spinless Hubbard model with the three-body
interaction (Eq. (6)) with 𝐿 = 20. The blue and red curves corre-
spond to the Poisson and Wigner-Dyson distribution, respectively.
(b) Entanglement entropy spectrum of the energy eigenstates in the
corresponding model with 𝐿 = 16. The red circle indicates the 𝑝-
wave 𝜂-pairing state (Eq. (2)). The parameters are set to be 𝑡 = 1,
𝑉 = 2, 𝑊 = −𝑉/2, 𝑁 = 𝐿/2, and 𝜎Gauss = 0.5.

equal to twice the number of doublons at the same site, since
particles always exist as doublons. From this fact, one can see
that Yang’s 𝜂-pairing state satisfies

(HH + Hmod𝑉 ) |Ψ𝑁 ⟩ = 𝑁

2
𝑈 |Ψ𝑁 ⟩, (46)

Hmod𝑉 =
𝑉

2

∑︁
⟨𝑖, 𝑗 ⟩

𝑛𝑖
(
𝑛 𝑗 − 2𝑛 𝑗↑𝑛 𝑗↓

)
. (47)

Therefore, utilizing the multi-body interaction, one can make
Yang’s 𝜂-pairing state an energy eigenstate even in the presence
of the nearest-neighbor interaction (Eq. (45)).

We numerically confirm that Yang’s 𝜂-pairing state can
be regarded as a QMBS state in the model with the Hamil-
tonian HH + Hmod𝑉 in Eq. (46). For the half-filled one-
dimensional system with the periodic boundary condition of
length 𝐿, we numerically obtain the level-spacing distribu-
tion 𝑃(𝑠) (Fig. 9(c)) in the subspace with even parity, even
time-reversal symmetry, and zero total momentum. The level-
spacing distribution agrees well with the Winger–Dyson dis-
tribution 𝑃WD (𝑠), implying that the model (HH + Hmod𝑉 ) is
nonintegrable. We also consider the corresponding model with
the open boundary condition, for which the bipartite entangle-
ment entropy for each energy eigenstate is shown in Fig. 9(d).
We find that Yang’s 𝜂-pairing state, indicated by the red circle,
has much smaller entanglement entropy than the other ther-
mal states (with 𝑆A ≳ 3 ln 2). Therefore, we conclude that
Yang’s 𝜂-pairing state is a nonthermal energy eigenstate (i.e.,
a QMBS state) in the multi-body interacting system with the
Hamiltonian HH + Hmod𝑉 .

D. 𝑝-wave 𝜂-pairing state in the one-dimensional spinless
fermion system

Let us finally check that the 𝑝-wave 𝜂-pairing state discussed
in Sec. II A also satisfies the conditions for a QMBS state in the
extended spinless Hubbard model with the three-body interac-
tion defined by Eq. (6). Figure 10(a) shows the level-spacing
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FIG. 11. Energy cancellation between the two-body on-site interac-
tion (red box) and the multi-body interaction acting among a doublon
and two neighboring particles (blue box).

distribution 𝑃(𝑠) of the energy eigenstates on the half-filled
periodic lattice in the subspace with odd parity and total mo-
mentum 𝜋. We observe good agreement between 𝑃(𝑠) and the
Winger–Dyson distribution. Figure 10(b) shows the bipartite
entanglement entropy spectrum in the open boundary chain at
half filling. We find that the 𝑝-wave 𝜂-pairing state (Eq. (2)),
indicated by the red circle, has much smaller entanglement
entropy than those of the other eigenstates that form a convex
upward curve. Therefore, the 𝑝-wave 𝜂-pairing state (Eq. (2))
can be regarded as a QMBS state in the multi-body interacting
system (Eq. (6)).

VI. DISCUSSION

In this section, we discuss several aspects of the unconven-
tional 𝜂-pairing states. In Sec. VI A, we show that the 𝑑-wave
𝜂-pairing state also becomes an eigenstate in a model with
higher multi-body interaction. In Sec. VI B, we argue that
the eigenenergy of the unconventional 𝜂-pairing states can be
controlled by an effective chemical potential in terms of pair
numbers.

A. Higher multi-body interactions

To achieve superconducting scar states, it is also possible
to exploit higher multi-body interactions (i.e., 𝑀-body inter-
actions with larger 𝑀). In the case of the 𝑑-wave 𝜂-pairing
state on the square lattice (discussed in Sec. II), we find that
a doublon created by an overlap between two pairs is always
accompanied by two particles around the doublon. We can
cancel the on-site two-body interaction with a multi-body in-
teraction acting among a doublon and two associated particles,
as shown by the blue box in Fig. 11. Motivated by this ob-
servation, we consider the following interaction term in the
Hamiltonian,

H ′
int = 𝑈

∑︁
𝑖

𝑛𝑖↑𝑛𝑖↓
[
1 − n𝑖↑n𝑖↓

]
, (48)

which contains up to (2𝑧 + 2)-body interactions. The 𝑑-wave
𝜂-pairing state is also an exact energy eigenstate of the model
with the Hamiltonian Hkin + H ′

int. Here we need to use the
neighboring particle existence operator n𝑖𝜎 (Eq. (17)) to cor-

(a) (b) (c)

FIG. 12. Number of off-site pairs in examples of Fock states.
(a) Expectation value of �̂� ′

p in Eq. (49) for the case of two neighboring
off-site pairs. (b) Expectation value of �̂�p in Eq. (50) for the same
state as in (a). (c) The case in which one pair is broken. The number
of particles is given by ⟨�̂�⟩/2 = 2.

rectly cancel the energy increment of overlapped pairs, as dis-
cussed in Sec. II D.

B. Pair number operator

The unconventional 𝜂-pairing states studied in this paper
have high eigenenergies as compared to the ground-state en-
ergy. From a practical point of view, it will be convenient
if we could control the eigenenergies of those pairing states.
To this end, we introduce an operator that counts the num-
ber of pairs, extending the concept of the number operator
for particles (�̂� =

∑
𝑖𝜎 𝑛𝑖𝜎). Since off-site pairs considered

in this paper are composed of two nearest-neighbor particles,
one might think that the following operator could be used:

�̂� ′
p =

1
2

∑︁
⟨𝑖, 𝑗 ⟩𝜎

𝑛𝑖𝜎𝑛 𝑗𝜎, (49)

with 𝜎 =↓ (↑) for 𝜎 =↑ (↓). This operator is a part of the
nearest-neighbor interaction in Eq. (45). However, as dis-
cussed in Sec. II C, the overcounting occurs when pairs are
close to each other. Figure 12(a) shows one example of Fock
states representing the 𝑑-wave 𝜂-pairing state. Although there
are two pairs, the expectation value of �̂� ′

p is 3. Indeed, the
appropriate operator to count the number of pairs is given by

�̂�p =
1
2

∑︁
𝑖𝜎

𝑛𝑖𝜎n𝑖𝜎. (50)

Using the neighboring particle existence operator n𝑖𝜎

(Eq. (17)), we can measure the number of pairs correctly, as
shown in Fig. 12(b). The 𝜂-pairing states become an eigenstate
of �̂�𝑝:

�̂�p |Ψ𝑁
α ⟩ = 𝑁

2
|Ψ𝑁

α ⟩, (51)

where |Ψ𝑁
α ⟩ ∝ (𝜂+α)𝑁/2 |0⟩.

The operator �̂�p is used to stabilize the unconventional 𝜂-
pairing states over unpaired states. Figure 12(c) shows an
example of a Fock state with one broken pair. The expectation
value of �̂�p for this state is 1.5. If we introduce a pair chemical
potential 𝜇p and replace the Hamiltonian HextH with HextH −
𝜇p�̂�p, we can decrease the eigenenergy of the unconventional
pairing states than other unpaired eigenstates.
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VII. SUMMARY

In this paper, we have presented a systematic framework
to construct model Hamiltonians that have superconducting
quantum many-body scar states with unconventional pairing
symmetries (e.g., 𝑝-wave, 𝑑-wave, 𝑓 -wave, etc.) by engi-
neering multi-body interactions. The derived unconventional
pairing states are natural extensions of Yang’s 𝑠-wave 𝜂 pair-
ing states, and will be relevant for applications to nonthermal
and long-lived nonequilibrium superconductivity with uncon-
ventional pairing symmetries. From the point of view of the
renormalization principle [75], low-energy physics can be well
described by few-body interactions in effective theories, which
is not necessarily the case in high energies, where the multi-
body interactions may play a role.

Finally, we briefly comment on possible experimental real-
izations of the multi-body interactions. In solid-state and cold-

atom systems, one often considers a situation where particles
are interacting via two-body interactions alone. However, it
has been pointed out that multi-body interactions may arise
in cuprate superconductors as a higher-order correction term
coming from bands away from the Fermi energy [76]. More-
over, in cold-atom systems, a three-body interaction such as
Eq. (8) has been realized as a controllable interactions [77–
83]. Thus, cold-atom systems will be a suitable playground
to realize the superconducting scar states, especially for those
composed of spinless fermions discussed in Secs. II A and V D.
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