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Gibbs-preserving operations requiring infinite amount of quantum coherence
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Gibbs-preserving operations have been studied as one of the standard free processes in quantum
thermodynamics. Although they admit a simple mathematical structure, their operational signifi-
cance has been unclear due to the potential hidden cost to implement them using an operatioanlly
motivated class of operations, such as thermal operations. Here, we show that this hidden cost can
be infinite—we present a family of Gibbs-preserving operations that cannot be implemented by ther-
mal operations aided by any finite amount of quantum coherence. Our result implies that there are
uncountably many Gibbs-preserving operations that require unbounded thermodynamic resources
to implement, raising a question about employing Gibbs-preserving operations as available thermo-
dynamics processes. This finding is a consequence of the general lower bounds we provide for the
coherence cost of approximately implementing a certain class of Gibbs-preserving operations with a
desired accuracy. We find that our lower bound is almost tight, identifying a quantity—related to
the energy change caused by the channel to implement—as a fundamental quantifier characterizing

the coherence cost for the approximate implementation of Gibbs-preserving operations.

Introduction.— A central question in
thermodynamics—and quantum extension thereof—
is to formalize feasible state transformations under
available thermodynamic operations. Recent studies
have uncovered that this can effectively be studied by
a resource-theoretic approach, which admits a rigorous
analytical platform. There, one considers a class of
operations that are “freely accessible” in thermodynamic
settings and studies operational consequences, e.g.,
work extraction, under such operations. Therefore, the
outcome of the analysis can naturally depend on the
choice of the accessible operations, and it is crucial to
recognize and appreciate the justification and potential
drawback of those operations.

The bare minimum of the thermodynamically free op-
erations is that they should map a thermal Gibbs state to
a Gibbs state [1, 2]. One standard choice for thermody-
namic operations, known as Thermal Operations [1, 3],
is to impose an additional physical restriction, where
energy-conserving unitary interacting with an ambient
heat bath is only allowed. This class is operationally
well supported, but at the same time it is often hard to
analyze due to this additional structure. Another stan-
dard approach is to consider all operations that meet the
minimum Gibbs-preserving requirement, so-called Gibbs-
preserving Operations, as available thermodynamic pro-
cesses. This rather axiomatic approach benefits from a
great mathematical simplification, which allowed for sev-
eral recent key findings in quantum thermodynamics [4—
12].

Although these two classes have been flexibly chosen
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depending on the goal of the study, the precise rela-
tion between them has largely been unclear. In partic-
ular, it is not clear at all whether Gibbs-preserving Op-
erations admit physically reasonable realization with re-
spect to Thermal Operations—if not, the status of Gibbs-
preserving Operations as thermodynamic processes would
be put into question. Indeed, it has been known for
a while that the set of Gibbs-preserving Operations is
strictly larger than the set of Thermal Operations [13],
making the gap between these two classes worth ana-
lyzing. In fact, Ref. [13] revealed that a key difference
between these two maps resides in the capability of cre-
ating quantum coherence—superposition between energy
eigenstates—which is known to serve as a useful ther-
modynamic resource [14-17]. Thermal Operations can-
not create quantum coherence from incoherent states, but
Gibbs-preserving Operations can. This demands that to
realize Gibbs-preserving Operations with Thermal Oper-
ations, one generally needs to aid them with extra quan-
tum coherence. Beyond this, not much is known about
the implementability of Gibbs-preserving Operations, ex-
cept for the limited case of trivial Hamiltonian [18]. In
particular, it is crucial to clarify whether there is a univer-
sally sufficient amount of thermodynamic resources that
admits implementation of any Gibbs-preserving operation
of a fixed size with Thermal Operations, which would
secure a certain level of physical justification of Gibbs-
preserving Operations.

Here, we show that it is not the case. We present a
continuous family of Gibbs-preserving Operations that
cannot be implemented by any finite amount of quan-
tum coherence. We provide an explicit way of construct-
ing such Gibbs-preserving Operations, which can be ap-
plied to arbitrary dimensional systems and almost arbi-
trary Hamiltonian. Interestingly, these operations are not
the ones that create coherence—Ilike the one discussed in
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Ref. [13]—but the ones that detect coherence. We show
that the former can actually be implemented by a finite
amount of coherence, showing an intriguing asymmetry
between coherence creation and detection in terms of im-
plementation cost.

We show the phenomenon of infinite coherence cost
by obtaining the general lower bounds for the coherence
cost required to approximately implement a certain class
of Gibbs-preserving Operations, which diverges at the
limit of zero implementation error. We show that our
lower bound is almost tight, where we in turn find that
a quantifier introduced in Ref. [19], which is linked to
the capability of changing energy, characterizes the op-
timal coherence cost for certain Gibbs-preserving Oper-
ations. We also find that an arbitrary (not necessarily
Gibbs-preserving) quantum channel can generally be ap-
proximately implemented by Thermal Operations with a
coherence cost that scales with the error in the same way
as the aforementioned lower bound for Gibbs-preserving
Operations, showing that some Gibbs-preserving Oper-
ations are, roughly speaking, belong to the most costly
class of quantum operation.

Our results provide a partial solution to the open prob-
lem raised in Ref. [20] and particularly confirm the exis-
tence of thermodynamically infeasible Gibbs-preserving
Operations. Our finding therefore implies that one needs
to interpret the operational power of Gibbs-preserving
Operations with extra caution in light of their physical
implementability.

Preliminaries.— We begin by introducing relevant
settings and frameworks. (See Appendix A for more ex-
tensive descriptions.) Throughout this work, we consider
a situation where systems are surrounded by a thermal
bath with an arbitrary finite inverse temperature 3. We
assume that the specification of a system X always comes
with its Hamiltonian Hy = Z?jl Ex ;|i)(i| with dimen-
sion dx. Then, the thermal Gibbs state in system X is
written by 7y = e #Hx /Tr(efHx).

We consider a quantum channel, i.e., completely-
positive trace-preserving (CPTP) map, from a system S
to another system S’. A central class of quantum chan-
nels we consider is the set of Gibbs-preserving Opera-
tions. As the name suggests, these are the operations
that map Gibbs states to Gibbs states. Here, we employ
a generalized notion of Gibbs-preserving Operations, in
which input and output systems can generally be differ-
ent [1, 5, 10, 11, 21]. Namely, we call a channel A : S — S’
Gibbs-preserving if A(1g) = 7g/.

Another class, which is supported by an operational
consideration, is the set of Thermal Operations. We call
a channel A : S — S’ Thermal Operation if there are
environments £ and E’ such that S® E = S’ ® E’ and a
unitary U on the whole system satisfying

Ap) =Trp (Up@pUY), [U Hw)=0 (1)
where Hiot = Hs®@1p+1s®Hp = He @1p +1g @ He
is the total Hamiltionian [1, 3].

It is not difficult to see that Thermal Operations are al-
ways Gibbs preserving. However, the converse is not true.
Ref. [13] showed this by considering a simple example of
a qubit channel A : S — S defined by

A(p) = (1|p|1)n + (0|p|0)o (2)

where 7 is some quantum state one can choose, and
o = (0|75]0) (75 — (1|75]1)n). One can explicitly check
that this is Gibbs preserving by definition. On the other
hand, by choosing 1 as a state containing energetic co-
herence, i.e., off-diagonal term with respect to the energy
eigenbasis, one can see that this channel can prepare a
coherent state from the state |1)(1|, which does not have
energetic coherence. Since Thermal Operations are not
able to create energetic coherence from scratch, one can
conclude that such a channel is Gibbs-preserving but not
a Thermal Operation.

This indicates that the key notion to fill the gap be-
tween Gibbs-preserving and Thermal Operations is the
energetic coherence, and we would like to formalize this
quantitatively. Formally, we say that a state p in S has
energetic coherence if p # e Hstpeiflst for some time ¢,
which is equivalent to having a nonzero block off-diagonal
element with respect to energy eigenbasis. For a quantita-
tive analysis of energetic coherence, we employ quantum
Fisher information defined for a state p in system S by

f<p>=2ZW|<ei|Hs|ej>|2, 3)

where {)\;}; and {|e;)}; are the sets of eigenvalues and
eigenstates of a state p such that p =Y, A;e; )(e;]. Quan-
tum Fisher information is a well-known coherence quan-
tifier that comes with a natural operational interpreta-
tion [22, 23].

Fundamental coherence cost.— We investigate
how costly it is to implement Gibbs-preserving Opera-
tions by analyzing the amount of coherence needed to
implement a desired Gibbs-preserving Operation by a
Thermal Operation. Here, we measure the accuracy of
implementation by a channel purified distance [24]

DF(Al,AQ) = mpaxDp(ld®A1(p)71d ®A2(p)) (4)

where Dp(p,0) = 1—F(p,0)? and F(p,0) =
Try/\/po+/p. We particularly write A; ~. Ay to denote
DF(Al,Ag) S €.

The primary quantity we study is the minimum co-
herence cost for implementing a channel A with error e

defined by
Fo) = min { F@n) | AC) ~ At @ m), A€ 010} (5)

where Ot is the set of Thermal Operations, and 7 is
a state in an arbitrary ancillary system. Namely, we re-
gard the coherence cost as the minimum amount of co-
herence attributed to an ancillary state that—together



with a Thermal Operation—realizes the approximation
implementation of the target channel A.

The key idea in evaluating this is to connect our setting
to the recent trade-off relation between coherence cost for
channel implementation and the degree of reversibility of
the channel to implement [19], which was shown to unify,
e.g., the Wigner-Araki-Yanase theorems on quantum pro-
cesses [25—34] and the Eastin-Knill theorems on quantum
error correcting codes [34-39]—see Appendix A for de-
tails. In light of this, we find that the following class of
Gibbs-preserving Operations plays a central role.

Definition 1. We call a Gibbs-preserving Operation A
pairwise reversible if there exists a pair P = {p1, p2} of or-
thogonal states, i.e., Tr(p1p2) = 0, and a quantum chan-
nel R such that R o A(p;) = p; for j =1,2. We also call
P a reversible pair of A.

We now introduce a central quantity for characterizing
coherence cost. Let P = {p1,p2} be a reversible pair for
a Gibbs-preserving channel A : S — S’. Then, we define

C(AP) = [lvpi(Hs — AT (Hs))/p2] |2 (6)

where AT is the dual map such that Tr(AT(A)B) =
Tr(A A(B)) for arbitrary operators A and B, and || X ||z :==
Tr(XTX) is the Hilbert-Schmidt norm. This quan-

tity particularly admits a simpler form for pure-state re-
versible pair P = {41, 12} as

C(A,P) = [(¢1|Hs — AT(Hs)[1h2)]. (7)

The quantity Hs — Af(Hg/) is an operator that corre-
sponds to the local energy change in the system, and the
forms in (6) and (7) indicate that C(A,P) measures the
off-diagonal element of this operator with respect to the
reversible states. More discussions about this quantity
can be found in Ref. [19].

We are now in the position to present our first main re-
sult, which establishes a universal lower bound for the co-
herence cost for pairwise reversible Gibbs-preserving Op-
erations. (Proof in Appendix B.)

Theorem 2. Let A S — S be a pairwise re-

versible Gibbs-preserving Operation with a reversible pair
P. Then,

JFTR > @ ~ A(Hs) = 3A(Hg),  (8)

where A(O) is the difference between the minimum and
maximum eigenvalues of an operator O.

This particularly establishes a demanding coherence
cost in the small error regime. Notably, Theorem 2 im-
plies that no pairwise reversible Gibbs-preserving Opera-
tion A with C(A,P) > 0 can be exactly implemented with
a finite amount of coherence cost, as the lower bound
diverges as e approaches 0.

Therefore, the problem of whether cost-diverging
Gibbs-preserving Operations exists reduces to whether

there exists a pairwise reversible Gibbs-preserving Op-
eration A and a reversible pair P such that C(A,P) > 0
at all. The following result not only shows the existence
of such operations but provides a continuous family of
those.

Theorem 3. Let 7x,; = (i|Tx|i)x be the Gibbs distribu-
tion for the Gibbs state for a system X with Hamiltonian
Hx = Y, Ex;li)i|x. Then, if there are integers i, j,
and i’ for systems S and S’ such that

Ts,i < Tsrir < TS,js 9)

there exists a pairwise reversible Gibbs-preserving Op-
eration A : S — S’ and a reversible pair P such that
C(A,P) > 0.

We prove this in Appendix C, which also provides an
explicit construction of the corresponding pairwise re-
versible Gibbs-preserving Operation. Here is an illus-
trative example encompassed in Theorem 3. Let S and
S’ be qubit systems with Hg = |1)}1] and Hg: = 0.
Since 750 = 1/(1 + e ?), 751 = e #/(1 + e ?), and
Tsr.0 = Tsr1 = 1/2, these systems satisfy (9) for arbitrary
finite temperature. The corresponding pairwise reversible
Gibbs-preserving Operation A : S — S’ is

A(p) = (+p|[+)10X0[ + (=[p|=)[1)(1] (10)
where |£) = %(|O> + |1)) is the maximally coher-

ent state on S. It is easy to see that this is Gibbs-
preserving. This is also pairwise reversible with a re-
versible pair P = {|4+)}+|,|—)}—|} because a recovery
channel R(-) = (0]-|0)[+)X+]| + (1]-]1)|—)X—| satisfies R o
A(]£X%|) = |£X=£|. Direct computation also shows that
C(A,P) =14 >0.

It is insightful to see the structural difference between
the Gibbs-preserving Operations in Eqgs. (2) and (10).
The one in (2) can create coherence from an incoherent
state input state [1)(1|. On the other hand, the channel in
(10) cannot create coherence at all—in fact, output states
are always incoherent for any input states. Instead, it can
perform a measurement in a coherent basis. As we show
in Appendix D, the coherent cost for the channel in (2)
is upper bounded by F(n) + F(o), which corresponds to
the sum of coherence that can be created by the channel.
This shows a drastic asymmetry between creation and
detection of coherence when it comes to its realization.

We also remark that Theorem 3, together with The-
orem 2, guarantees the existence of a Gibbs-preserving
Operation with infinite coherence cost for the case when
input and output systems are identical. Indeed, when-
ever the system’s Hamiltonian comes with at least three
distinct eigenenergies, the condition in Theorem 3 with
S’ being replaced with S is satisfied.

Theorems 2 and 3 provide an overview of the classifica-
tion of Gibbs-preserving Operations (Fig. 1). We remark
that not all pairwise reversible Gibbs-preserving Opera-
tions come with a diverging coherence cost (e.g., identity
channel)—Theorem 2 ensures the infinite cost only when



FIG. 1. Classification of Gibbs-preserving Operations. Theo-
rem 2 ensures that pairwise reversible Gibbs-preserving Oper-
ations (Definition 1) for which there is a reversible pair P such
that C(A,P) > 0 comes with diverging coherence cost, and the
existence of those operations is guaranteed by Theorem 3. The
existence of a cost-diverging Gibbs-preserving channel outside
of C(A,P) > 0 circle has neither been confirmed nor ruled out.

there is a reversible pair P satisfying C(A,P) > 0. On
the other hand, our results do not rule out the possibility
that all cost-diverging Gibbs-preserving Operations are
pairwise reversible.

Upper bounds.— A natural next question is how
good the bound in Theorem 2 can be. Interestingly, we
find that it is almost tight in the following sense.

Theorem 4. For every real number a > 0, there is a
pairwise reversible Gibbs-preserving Operation A and a
reversible pair P such that C(A,P) > 0 and

C(A,P)

€

o< JFD) < fc“’” va (D)

Proof can be found in Appendix E. This particularly
ensures that the quantity C(A,P) defined in (6) serves as
a key quantity that characterizes the coherence cost for
a certain class of Gibbs-preserving Operations, which in
turn provides an operational interpretation to this quan-
tity.

Theorem 4 ensures the existence of a Gibbs-preserving
Operation that almost achieves the lower bound. How-
ever, it does not tell much about the general upper bound
that could be applied to an arbitrary Gibbs-preserving
Operation. In the following, we show that, by giving up
obtaining the form that almost matches the lower bound,
we can obtain the general sufficient coherence cost that
can be universally applied to all Gibbs-preserving Opera-
tions. In fact, we find that the applicability of our bound
is much beyond Gibbs-preserving Operations—it gives a
sufficient coherence cost for an arbitrary quantum chan-
nel. (Proof in Appendix E.)

Theorem 5. Let A : S — S be an arbitrary quantum
channel admitting a dilation form

Ap) =Trp (V(p @ In)n)VT) (12)

for some environments E and E' such that SQ E = S'®
E’, some unitary V on S ® E, and some pure incoherent
state |n) on E. Then,

A(Htot - VTHtotV)
2¢

Fe(h) < +V2A(Hior)  (13)
where Hiot = Hs @1+ 1s @ Hg = Hg Q 1lp + 15 ®
Hpg:, and A(O) is the difference between the minimum
and mazimum eigenvalues of an operator O.

Notably, this upper bound also scales as ~ 1/e with the
implementation error, which coincides with the asymp-
totic scaling of the lower bound in Theorem 2 for pair-
wise reversible Gibbs-preserving Operations. Combining
these two, we can understand that the optimal coherence
cost for all pairwise reversible Gibbs-preserving Opera-
tions with C(A,P) > 0 are roughly characterized by N/e
where N is an extensive quantity that grows with a par-
ticle number of the system. This, together with the fact
that Theorem 5 applies to an arbitrary quantum chan-
nel, also implies that pairwise reversible Gibbs-preserving
Operations are as costly as general quantum operations,
putting them into the “most costly” class to implement.

Let us now remark a unique characteristic of our re-
sults in relation to the previous result for trivial Hamil-
tonian. When input and output states are only equipped
with trivial Hamiltonian, every state becomes an inco-
herent state, i.e., invariant under Hamiltonian evolution,
and thus coherence loses its status as a precious re-
source. Therefore, the meaningful question in such a
setting is to ask the work cost (the minimum number
of work bit required) for implementing unital channels
using Noisy Operations [40], which respectively corre-
sponds to the Gibbs-preserving and Thermal Operations
for trivial Hamiltonian. Ref. [18] showed that the mini-
mum work cost is upper bounded by a quantity scaling
as ~ log(1/€) with implementation error e, which par-
ticularly diverges at the limit of exact implementation.
Nevertheless, its lower bound has still not been estab-
lished, and therefore it is still unclear if this diverging
cost is a fundamental phenomenon or merely an artifact
of their specific construction, which is based on a decou-
pling technique [41]. On the other hand, our Theorem 2
provides a lower bound that scale with 1/e, which is com-
plemented by upper bounds in Theorems 4 and 5 with the
same scaling. To the best of our knowledge, our results
are the first ones that establish the inherently diverging
thermodynamic cost for implementing Gibbs-preserving
Operations.

Conclusions.— We established bounds for the min-
imum coherence cost for implementing Gibbs-preserving
Operations with a desired target error. A major conse-
quence of them is that there are Gibbs-preserving Op-
erations that cannot be implemented with a Thermal
Operation aided by any finite amount of quantum co-
herence, and the approximate implementation of these
Gibbs-preserving Operations requires roughly the same
amount of coherence that suffices to implement the most



costly class of quantum channels. Our results therefore
clarify an enormous hidden cost in Gibbs-preserving Op-
erations, indicating their unphysical nature as thermody-
namically available operations.

This particularly motivates us to revisit and scrutinize
the prior results based on Gibbs-preserving Operations
from a physical and operational perspective. Indeed, op-
timal Gibbs-preserving Operations in the standard task
of state transformation, e.g., work extraction, are often
found to possess a measure-and-prepare structure, which
takes a similar form to the one in (10). A close investi-
gation of the coherence cost for such channels will make
an important future work. Another potential direction is
to obtain a finer characterization of thermodynamic costs

for Gibbs-preserving Operations. This includes the com-
plete tight characterization of the coherence cost for all
Gibbs-preserving Operations, as well as obtaining corre-
sponding evaluation for work cost—complementary ther-
modynamic resource besides quantum coherence.
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Appendix A: Background and setting
1. Quantum resource theories

Quantum resource theories [42, 43] provide a useful platform on which quantitative analysis of the
underlying quantum features can be performed. The core idea of resource theories is to consider
relevant sets of quantum states (called free states) and operations (called free operations) that are
easily accessible in the given physical setting. This results in a framework where one can quantify
the amount of precious resources attributed to a given state with respect to the set of free states and
investigate the feasible state transformations that can be realized by free operations.

Different physical settings of interest can be specified by appropriately choosing the sets of free
states and operations, which leads to different resource theories. One standard example is to consider
the set of separable states and local operations and classical communication (LOCC), resulting in an
operational framework of studying quantum entanglement [3]. Here, we remark that for a given set
of free states, one can consider choosing a different set of free operations while keeping the essence of
the physical setting represented by the necessary requirement for free operations

A(o) €F, YA€ © (A1)

for a set IF of free states and a set O of free operations. Employing the flexibility in choosing different
sets of free operations is usually effective when O comes with a complicated structure and is difficult
to analyze. For instance, in the case of entanglement, it is notoriously hard to study the full potential
of LOCC, and therefore several classes of other operations, which include LOCC as their subset,
were investigated. One such set is separability-preserving operations, which is the maximal set that
satisfies (A1). This admits a great simplification of the analysis and results in significant insights into
entanglement transformation [44-46].

The two examples of free operations in the entanglement theory mentioned above have different
perspectives and focuses. In particular, LOCC is motivated by an operational viewpoint, which
aims to reflect the reasonable operations that two distant parties can actually accomplish, while
separability-preserving operations employ an aziomatic approach that respects the bear minimum
constraint that operations should not create entanglement for free. It is clear from the definition
that the latter contains the former, and the inclusion is indeed strict [46]. Although each choice is
able to extract different aspects of underlying quantum resources, it is still important to clarify the
relationship between them. In particular, one crucial question here is how much resources are needed
for a free operation in the smaller set O to simulate the action of a free operation in the larger set
O, which provides the idea of how “operationally reasonable” the axiomatic free operations are. One
can formalize this by asking a channel implementation cost for a channel A € Q; defined by

Cre(A) = min { Re(n) | AC) = A 9), A€ Oz (A2)

for some resource quantifier Ry with respect to the set IF of free states. In this work, we study this
question in the setting of quantum thermodynamics.

2. Thermal and Gibbs-preserving Operations

One of the major approaches in quantum thermodynamics is to employ a resource-theoretic
framework [1, 3, 14], which focuses on the ultimate operational capability of thermodynamic op-
erations in the manipulation of quantum systems. In this approach, the thermal Gibbs state
75 = e PHs /Tr(e=PHs) for a system S with Hamiltonian Hg is considered to be a state that is
freely accessible, and allowed thermodynamic operations are chosen so that they map a Gibbs state
to another Gibbs state.

One of the standard choices for such thermodynamic operations is based on an operational moti-
vation and is known as Thermal Operations [2, 3, 47]. A channel A : S — S’ is called a Thermal
Operation if there exists an environment E and F’ with S® E = 5’ ® E’ and an energy-conserving
unitary U on S ® F such that

Alp) =Trp (Up® TsUT) , U, Hiot] =0 (A3)



where Hiot = Hs @ 1g +1s ® Hg = Hg @ 1g + 15 ® Hg/ is the total Hamiltonian. On the
other hand, one can also consider a broader class based on the axiomatic formulation, which is only
restricted by the minimum requirement that they should map Gibbs states to Gibbs states. This is

known as Gibbs-preserving Operations—a channel A : S — S’ is called a Gibbs-preserving operation
if

A(rs) = 1g. (A4)

We remark that we here allow the final system S’ to differ from the initial system S. This setting is
motivated by the observation that discarding an arbitrary subsystem should operationally be allowed,
which may result in a different system from the initial one [1, 3, 21, 47]. One could also formulate
the change in the initial and final systems by inducing different Hamiltonians by introducing ancillary
systems working as a switch [3, 11, 48], which generally comes with a different work cost to realize
state transformation. Although these distinctions should carefully be taken into account when one
investigates the work cost, here we do not delve into this discussion further, as our main focus here is
the coherence cost, which is not affected by these subtleties. We also note that the main consequences
of our results, i.e., diverging coherence cost and its bounds for approximate implementation, still hold
for the restricted settings with identical initial and final systems, particularly because of the broad
applicability of Theorem 3. See the main text for relevant discussions.

It is elementary to see that any thermal operation is Gibbs-preserving, and therefore the set Org
of thermal operations and the set Ogp of Gibbs-preserving operations satisfy the inclusion relation
Or1o € Ogp. Furthermore, this inclusion is shown to be strict, i.e., Oro € Ogp [13]. A key
observation to see this strict inclusion relation is to study energetic coherence, which we review in the
following.

3. Quantum coherence in energy eigenbasis

Recent studies found that, in the realm of quantum thermodynamics, quantum coherence also
plays a major role that allows one to extract work and thus serves as another type of quantum
resource besides out-of-equilibrium energy distribution [14-17]. To formalize quantum coherence, let
H =73 E,n)n|be a Hamiltonian where { £, },, is the set of (possibly degenerate) energy eigenvalues
and {|n)},, is the orthonormal set of energy eigenstates. We say that a state p has quantum coherence
or energetic coherence if p has an off-diagonal term, i.e., superposition, for different energy levels.
Formally, let IIx be a projector onto the subspace with energy E given by

n:E,=F

Then, a state p has energetic coherence if )" IIgplly # p. Equivalently, a state p has nonzero
coherence if et petft -£ p for some t € R.

The letter expression particularly allows us to formalize energetic coherence in relation to a group
action represented by a unitary representation of U(1) (or R if the Hamiltonian contains relatively
irrational eigenvalues). Namely, incoherent states—states that do not have coherence—are equivalent
to the states invariant under a unitary representation {e~*1*},. This observation provides a way of
quantifying the amount of energetic coherence employing the resource theory of asymmetry [42, 49],
which considers states invariant under action of a unitary representation of a group G as free states,
ie, F = {0|U90U9T = o0, Vg € G}, and the operations covariant with such group actions as free
operations, i.e.,, 0 = {A: S — 5| Us/ygA(p)U;,’g = A(US’ng;g)7 Vg € G} where Ux 4 is a unitary
representation acting on a system X. One can then realize that incoherent states coincide with
the set of free states in the framework of resource theory of asymmetry with U(1) group with the
representation U; = e *H!, equipped with

Fine = {0 |e " Hloe’t = 5, Vt} (A6)
and free operation called Covariant Operations
Ocoy = {A: S — S |e st \(p)etlst = A(e st peitlst) yi}, (A7)

It is easy to check that covariant operations are indeed free operations for energetic coherence in the
sense that it does not create a state with nonzero energetic coherence from an incoherent state.



Another insightful characterization of covariant operations is that an arbitrary covariant operation
A : S — S admits the following dilation form [49, 50]

Ap) =Trp (Up®oU'), [UHs®1lp+1s® Hgl=0, 0 € Fiye (A8)

for some systems E and E’. The similarity between (A3) and (AS8) represents an intriguing interplay
between resource theories for quantum thermodynamics and energetic coherence. Indeed, since Gibbs
states do not have energetic coherence by definition, we immediately notice that

@TO g ©cov~ (Ag)

On the other hand, Ref. [13] presented a Gibbs-preserving operation A € Ogp that can create a
coherent state from an incoherent state, showing A & Q... This shows the strict inclusion Qo C
Ogp. In other words, in an operationally driven approach with thermal operations, energetic coherence
serves as a precious resource that cannot be created for free, while in an axiomatic approach with
Gibbs-preserving operations, energetic coherence loses the status of the precious resource.

4. Coherence cost for Gibbs-preserving operations

The aforementioned gap between thermal and Gibbs-preserving operations naturally raises a ques-
tion [20]: what is the coherence cost for thermal operations to implement Gibbs-preserving operations?
Indeed, Gibbs-preserving operations have been widely studied because of their simple mathematical
structure [4-12]. However, if it requires unreasonable additional resource costs to implement, it would
lose the physical ground as a reasonable set of free operations from an operational perspective.

This motivates us to study the channel implementation cost introduced in Sec. A 1 in our setting,
which corresponds to F = Fipe, O1 = Ogp, and Oy = Opp. For a coherence quantifier Ry, ., we
employ quantum Fisher information, the standard measure of coherence (and asymmetry in general),
defined for an arbitrary state p by

Fp) =23 BB (A10)

where H is the Hamiltonian of the system that p acts on, and {p;}; and {|j)}; are the eigenvalues
and eigenstates of p =3, p;[7)(j|. The coherence cost of a channel A is then

Fu(A) = min{]—"(n) ’ A=RK(@n), Ac @TO} . (A11)

To encompass general and practical scenarios, we extend this quantity to the cost for approximate
implementation, admitting some error e. Here, we measure the error by a channel purified distance [24]

Dp (A1, A2) = meax Dr(id ®A1(p),id @A2(p)) (A12)
where

Dp(p,0) =+/1—F(p,0)%, F(p,0)="Tr\/\/po/p. (A13)

We particularly write Ay ~. Ay to denote Dp(A1,As) < e. We then define the approximate imple-
mentation cost for a channel A by

FEA) = min{}"(n) ‘ A~ AC®n), Ae @To} . (A14)

5. Trade-off relation between symmetry, irreversibility, and quantum coherence

The main goal of this work is to evaluate the coherence cost in (A14) for Gibbs-preserving Op-
erations. In particular, we are interested in the fundamental limitations on the implementation of
Gibbs-preserving Operations, which could be analyzed by obtaining lower bounds for F¢. Lower
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bounds can never obtained by studying specific implementation protocols, and we thus need an ap-
proach that can put general restrictions on all feasible implementation strategies.

The key technique we employ to this end is the universal trade-off relation between symmetry,
irreversibility, and quantum coherence recently found in Ref. [19]. Let us define a measure of the
irreversibility of a channel A : S — S’ for an orthogonal state pair P := {p1,p2} on S satisfying
F(p1,p2) =0 as follows:

5(A,P):= min Z%Dp(pj,RoA(pj))Z. (A15)

Here R runs over all CPTP maps from S’ to S. This irreversibility measure gives lower bounds for
other relevant quantities, e.g., the entropy production and recovery errors of error-correcting codes [19],
and various errors and disturbances of quantum measurements and the out-of-time-ordered correlators
(OTOC) [30].

For an arbitrary orthogonal state pair P = {p1, p2}, we define

C(AP) = |[V/p1(Hs — AN (Hs) /P22, (A16)
where [|O]|2 = /Tr(O10) is the Hilbert-Schmidt norm. We also define coherence cost for channel

implementation by covariant operations
Fecor(d) = min { F() | A=A¢-@mn), A €Oy} (A17)

Then, it turns out that there is a fundamental trade-off relation between these quantities and the
coherence cost for exact channel implementation.

Theorem S.1 (in Ref. [19]). For an arbitrary quantum channel A : S — S’ and an arbitrary
orthogonal state pair P, the following inequality holds:

C(A,P)
VFecor(A) + A(Hs) + A(Hs!)

where A(O) is the difference between the minimum and maximum eigenvalues of an operator O.

< 5(A,P), (A18)

We remark that the above relation can be extended to a general state ensemble {p;,p;}; that
may not be orthogonal to each other [19]. The relation (A18) is given as a unification between the
Wigner-Araki-Yanase (WAY) theorems on quantum measurements [25-29] and unitary gates [31-34]
and the Eastin-Knill theorems on quantum error correcting codes [34—39]. It also allows restrictions
on the classical information recovery in the Hayden-Preskill thought experiments [51] imposed by the
energy conservation [19] and extends the WAY theorem to various errors and disturbances of quantum
measurements and the out-of-time-ordered correlators [30]. Here, we utilize this relation to obtain
a lower bound for coherence cost for approximately implementing Gibbs-preserving Operations by
Thermal Operations.

Appendix B: Lower bound for pairwise reversible Gibbs-preserving Operations
(Proof of Theorem 2)

Recall that we call a channel A pairwise reversible with a reversible pair P if each state in P is
perfectly reversible, i.e., 6(A,P) = 0. (See Definition 1 in the main text.) We then obtain the
following lower bound for coherence cost.

Theorem S.2 (Theorem 2 in the main text). Let A : S — S be a pairwise reversible Gibbs-preserving
Operation with a reversible pair P. Then,

Fem) = B Ay s, (B1)

where A(O) is the difference between the minimum and maximum eigenvalues of an operator O.
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Proof. Let A, be a channel that approximates A with error €, i.e., Dp(Ac, A) < e (recall (A12)). We
aim to apply Theorem S.1 to A, while expressing each term by the quantities in (B1) relevant to the
desired channel A and the accuracy of implementation.

We first bound §(A¢,P) by the implementation error e. Let R be a recovery channel such that
R o A(p) = p for each state p € P, whose existence is ensured by assumption. Then, for each state p
in P, we have

where in the first line we used the triangle inequality of the purified distance [24], the second line
is because of the perfect reversibility of p with R, the third line follows from the data-processing
inequality of the purified distance, and the fifth line is because of the assumption that A, ~. A. This
particularly means that

1 1
S(ALP) < J SDF(ROA(p1), p1)2 + 5Dr(R o Aclpa), pa)? < e (B3)

We next obtain an expression of C(A.,P) in terms of C(A,P). We first get

C(Ae,P) = ||\/pi(Hs — Al (Hs))v/p2ll2
> |lVpi(Hs — A (Hs))y/p2ll2 = |lv/pr (A (Hs:) = AL(Hs ) /P22 (B4)
=C(AP) — |[vpr(AT(Hs') — Al(Hs')) /P22

where in the second line we used the triangle inequality of the Hilbert-Schmidt norm. We therefore
focus on upper bounding the second term ||\/p1(AT(Hgs/) — Af(Hgs/))\/pall2. For states pi,p2 € P,

let p1 = >, g and pa = >, q;,¢r be their spectral decompositions, i.e., (¢, |[¥r,) = Or,k, and
(Dr|Prs) = On/ky - Then, direct computation gives

IV (A (Hs) = Al (Hs)yalla = |3 vy an (A (Hs) — Al (Hs))

kK’

= Z Ardr

k,k’

2 (B5)
(Ul (AT (Hs) — Al(Hs)|ow)]| -

We further remark that (¢r|ér) = 0 for all k¥ and &’ because Tr(p1p2) = 0 by the definition of
reversible pairs. For arbitrary orthogonal pure states ¢ and ¢, the following relation holds:
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(AL(Hs) = A (Hg)|9)] < §|<w|AI<HS/> = Al(Hs)|@) + (oAl (Hsr) — AT (Hgo) )]
+ S [IAL(Hs) — AY(Hg)[6) - <¢>|A*<H5f> — AV (Hs)|)
= & ITe(Hs (A — A)(X| + 6D + 5 ITr (s (A — A) (eS| — o))
= 3 ITe((Hy — alg) (A — A)(REX] + oKw)]
+ 3 ITe(Hy — als)) (A — A)([)o| ~ [6)w))
< S lHs: — aLs ol (A — NY(0Ke] + Ko
+ S lHs — ool (A — M) (6] ~ XD

= %HHSI — allg[looll(Ae = A) (g )t | = [n-Xn-D Il

1
+ 5l1Hs = als flool|(Ac = A) (I )n's | = [nZ)nZ )l

<4||Hg —algs| o€
< 2A(Hs e
(B6)
where a is an arbitrary real number, and |ny) = - 5 ([) £ [¢)) and |77’i> = %(| ) +i|p)). In the

second last line, we used the triangle inequality for the trace norm and %||p — olli < Dp(p, o). In the
last line, we ﬁxed a to satisty ||Hg|loo = A(Hg)/2.
Together with (B5), this particularly implies

IVPr(AT(Hs) = Al(Hs )Pzl <[> araw2A(Hs:)e
kK (B7)

= 2A(HS/)E.
Combining this with (B4), we get
C(Ae,P) > C(A,P) —2A(Hg )e. (B8)

We finally note that since Oto C Qcov as in (A9), Fe(A) > F¢ ., (A) always holds. We conclude
the proof by combining all these observations. Let us particularly take A, to be the optimal channel
achieving the coherence cost with error ¢, i.e., Ac ~c A and Fe cov(Ac) = F¢ oy (A). Then,

FE(A) = [ FEcov(D)

= ]:c,cov(Ae)
C(A.,P) (B9)
Z 5(AP) A(Hs) — A(Hgr)

C(A,P)

€

> — A(Hs) = 3A(Hs')

where we used Theorem S.1 in the third line and (B3) and (B8) in the fourth line.

Appendix C: Construction of pairwise reversible Gibbs-preserving Operations
(Proof of Theorem 3)

We first show a general sufficient condition for the existence of pairwise reversible Gibbs-preserving
Operations. To this end, let ¢ be a pure state in S. We define the min-relative entropy with respect
to the Gibbs state by [6, 8, 52, 53]

Diin(¥]|7s) = — log Tr(¢7s). (C1)
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Also, for an arbitrary state p in S, max-relative entropy with respect to the Gibbs state is defined
by [6, 8, 52, 53]

Dinax(p||7s) = log min { s ’ p < STs} . (C2)
We then obtain the following result.

Theorem S.3. Let S be a system with Hamiltonian Hg = Y, E, g|n)n| and S’ be a system with
some arbitrary Hamiltonian. If there exists a pair of pure states 1 € S and ¢ € S’ such that

(illi) #0,  (jlYli) #0, Eis# Ejs (C3)
and
Dinin(¥||7s) = Dmin(@7s7) = Dmax(|I7s7), (C4)
there exists a pairwise reversible Gibbs-preserving Operation from S to S’.

Proof. Let ¢ and ¢ be the pure states in (C3) and (C4). Define

Alp) = Tr(vp)p + Tr (1 — ¥)pln (C5)
where
_ 15 — Tr(¢75)9
"= N s (C6)

The operator 7 is a valid state because it clearly has the unit trace and
¢ < 2Pmax@liTst) g, — 9Pmin(WlTs) 7, — Tr(yprg) ~'rgs (C7)

where the first inequality is by definition of Dy,ax, the first equality is due to (C4), and the last equality
is by definition of Dy;,. This ensures that 7 > 0 and that A is a valid Gibbs-preserving channel.
Moreover,

Tr(¢n) o Tr(¢prg ) — Tr(hrg) = 27 Pmin(@liTs) _ 9=Dmin(¥ll7s) — (C8)

where the final equality is due to (C4). This implies that ¢ and 7 are perfectly distinguishable and
thus ensures that 6(A,P) = 0 for a choice of state pair P = {¢, 0} where o is an arbitrary state in S
such that Tr(yo) = 0.

As a choice of o, we can particularly choose an orthogonal pure state ¥ defined as follows. Let
a; = (i|) and a; = (j|1)) be the coefficients for i th and j th energy of ¥, where ¢ and j are the labels
in (C3). We assume a; ; € R without loss of generality, as incoherent unitary—which can arbitrarily
adjust the relative phase—is energy conserving. We then choose

1

[, Ja

lp*) = = (ajl1) — ail)) (C9)

for which one can directly check that the condition Tr(1") = 0 is satisfied. Since
A'(Hs) = Te(¢Hs ) + Tr(nHs:)(1 = ), (C10)
we get
(W|AT(Hs)[ph) = 0. (1)
Therefore,
|aiaj|

———|Eis — Ejs| >0 12
1/@?—1—0@ (C12)

where the last inequality is because of the assumption that E; ¢ # E; ¢. This ensures

(W H — At (Hs) )| = | H|pb)| =

C(AP) = [(¥|H — AT (Hs/)[¢H)] > 0 (C13)

with a reversible pair P = {1, 1"}, concluding the proof. O
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Theorem S.3 admits the following simple sufficient condition.

Corollary S.4 (Theorem 3 in the main text). Let 7x,; = (i|7x|i)x be the Gibbs distribution for the
Gibbs state for a system X with Hamiltonian Hx =) . Ex ;|i)i|x. Then, if there are integers i, j,
and ' for systems S and S’ such that

TS, < Ts'it < TS5, (C14)

there ewists a pairwise reversible Gibbs-preserving Operation A : S — S’ and a reversible pair P such
that C(A,P) > 0.

Proof. Let r € (0,1) be a real positive number satisfying
Tsr i =178 + (1 —1)Ts 5, (C15)
whose existence is guaranteed because of (C14). Let ¥ and ¢ be the pure states defined by
[¥) == Vrli)s + VI—rlj)s, (C16)
¢) = [i")s. (C17)

It suffices to show that ¢ and ¢ satisfy (C3) and (C4). It is straightforward to check (C3) noting
0 <r < 1. Eq. (C4) can be checked as follows:

Dmin(¢||75') = - IOgT\r(’L/JTs)
= —log(rrs; + (1 —7r)7s,;)

= 7log TS’,i’
= —]OgTI‘[(bT,S”] = Dmin(¢||7-5')
= log min{s \ i) (i |5 < STS/} = Dinax(¢]7s7)- (C18)

We also provide an alternative construction.

Proposition S.5. For a countably infinite series { Ey, }y, of real numbers, let Sq({En}rn) be an arbitrary
d-dimensional system equipped with Hamiltonian Hyg = ZZ;E E,|n)n|. Then, for arbitrary d > 3 and
d' <d, and an arbitrary energy spectrum {E,},, with E; > E;, ¥i,j such that it is not fully degenerate
above the ground energy, i.e., there exists 1 < i < d— 1 such that E;y1 > E;, there exists a pairwise
reversible Gibbs-preserving map A : Sq({En}tn) — Sa({En}n) with a reversible pair P such that
C(A,P) > 0.

Proof. Let 79 =Y Ts,n be the Gibbs state for S4({Ey}n) and 75: = >, 75/, be the Gibbs state for
Sa({En}n). Let ¢ be an integer such that 1 <i < d—1 and E;;; > F; ensured by the assumption.
Define

A(p) = Te(l+)+z,i+10)|0)X0] + Te(|=X~lsi+10) [1X1] + Te(Prgy10)n (C19)

where P, = 1g — (Ji)i| + i +1)(i + 1]) is the projector onto the input space complement to
span{|¢), i + 1)}, and

p o T Tr(|+><+i,i+17;342fl;$r(—><—|i1i+17's)|1><1|' (C20)

(3

The operator 7 is a valid state because it clearly has a unit trace and

TS,i T TS,i+1 TS,i T TS,i+1 N
woc (0 = TR ool (ry - TS S roulitil =0 o
12

where we used the fact that for any k,

d—1 d —1

7 — 7)e~BEx
TSk — TSk = % >0, Z:= Z e PEn 7 = Z e PEn (C22)

n=0 n=0
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because d > d’ by assumption, which implies Z > Z’. We then get

TS,i + TS,i+1 TS+ Tsit1

TS0 — 5 > T5,0 5 >0
TS+ Ts.i TS.i+ Ts.i (023)
T — S, 5 S,i+1 > Tl — S, 5 S,i+1 > 0

where the last inequalities hold because E; 1 > F; > E; > Ey and thus 75,41 < 753 < 75,1 < Tg,0-
This ensures that A is a measure-and-prepare channel, and due to the definition of n, A is Gibbs-
preserving.

In addition, a state pair {|4+)(+|ii+1,|—)}—lii+1} is reversible because A(|4+)}+|iix1) = [0)0]
and A(]—X—|iit1) = |1X1]| are perfectly distinguishable. This ensures §(A,P) = 0 for P =
(X1, [ =X =l )

One can also check C(A,P) > 0 as follows. We have

AT (Hy) = Te(Har |O)O) )+ i1 + Te(Har (DL =X~ iir1 + Te(Han) Prgy (C24)
resulting in
i1 (H AT (Ha)[=)ijien = 0. (C25)
On the other hand,
Eiyn—E;
2
because E;+1 > E; by assumption. This ensures C(A,P) > 0.

li,i+1{+|Hal =)i,i+1] = >0 (C26)

Appendix D: Upper bound for the coherence cost of Eq. (2)

We show that the coherence cost F.(A) for the channel A : S — S’ defined by
A(p) = (tp[L)n + (0lp|0)o (D1)
satisfies the upper bound
Fe(A) < F(n) + F(o). (D2)

Proof. Let E be an ancillary system with Hg = 0. Let A; : S — E and Ay : E — S’ be the channels
defined by

A1(ks) == (Urs|1)[1)1]5 + (0xs]0)|0X0| e (D3)
and
As(kp) = (1rp[l)n + (0lkp|0)o (D4)

for arbitrary states kg in S and kg in E.
Let S be a system identical to S (equipped with Hamiltonian Hg). The channels A; and As can be
implemented by unitaries U on SE and V on ESS by

Ay (ks) = Trg[Uks @0)(0|pUT] (D5)
Ao(kp) = Trpg[Vip @ n @ oVT] (D6)
where
U :=[00)(00|sg + [11)(10|sg + [01)(01|sE + [10)(11|sE, (D7)
V= 10)(0]g ® Lgg + [1)(1|p ® Uswap (D8)

where Uswap is the swap operator between S and S. Because of Hg =0 and Hs = Hg, the relations
U ,Hs + Hg] =0 and [V, Hg + Hs + Hg] = 0 are satisfied. Therefore, we obtain

Fe(Ar) < F(J0X0]) =0 (DY)
Fe(A2) < F(n® o) = F(n) + F(o). (D10)
Since Fo(A) < Fe(A1) + Fe(A2), we obtain (D2). O
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Appendix E: Upper bounds (Proofs of Theorems 4 and 5)

We first show Theorem 5, which we later utilize to prove Theorem 4.

Theorem S.6 (Theorem 5 in the main text). Let A : S — S’ be an arbitrary quantum channel
admitting a dilation form

Alp) =Trp (V(p @ |n)n)VT) (E1)

for some environments E and E' such that S® E = S’ @ E’, some unitary V on S ® E, and some
pure incoherent state |n) on E. Then,

A(Hyoy — VIH oV
]_—CE (A) S ( tot o tot ) + \/iA(Htot) (EQ)
where Hiot = Hs@1lp+1s @ Hg = He @ 1gr + 1o ® Hgr, and A(O) is the difference between the
minimum and mazimum eigenvalues of an operator O.

Proof. Ref. [33, Theorem 2] shows that an arbitrary unitary channel V(-) = V -V on a system with

Hamiltonian H can be implemented with error € with coherence cost A(H}i‘jH‘/) +V2A(H). Let V.
be such a channel approximating V satisfying Dr(Ve,V) < €, and define A, = Trgr oV, o P,y where
Py (p) = p @ [n)n| is a state preparation channel. Noting that P,y and Trgs can be implemented

with no coherence cost, we get

VFe(he) < VF(Ve) < AHuor _QZTH““V) + V2A(Hyy). (E3)

Therefore, it suffices to show that Dp(Ac,A) < €, which would ensure that \/F<(A) < /F.(Ac)
and result in the advertised upper bound. This can indeed be checked by
DF(AG, A) = DF(TI‘E/ o Ve o P|77>’ TI‘E/ (¢] V o ,P‘m)
< DF(TI'E/ o VG,TI'E/ ] V)
F(Vea V)

€

(E4)

IN

where the second line comes from the definition of the channel purified distance (A12), the third line
is because of the data-processing inequality of the purified distance, and the fourth line follows from
the assumption of V.. O

We next show Theorem 4, which shows that the lower bound in Theorem 2 is almost tight, where
C(A,P) serves as a fundamental quantity that characterizes the coherence cost for a Gibbs-preserving
operation.

Theorem S.7 (Theorem 4 in the main text). For every real number a > 0, there is a pairwise
reversible Gibbs-preserving Operation A and a reversible pair P such that C(A,P) > 0 and

C(A,P) 2C(A,P

AP < yrm < AP, (55)
€

Proof. For a given a > 0, consider a qubit system S with Hamiltonian Hg = a|1)(1| with & = a/v/2

and another qubit system S’ with trivial Hamiltonian Hg: = 0. Consider a channel A : S — S’ defined
by

Alp) = (+lp[+){0X0] + (=[p|=)[1X1]. (E6)

This is evidently a Gibbs-preserving operation, noting that Hg: = 0. Take the state pair P =
{|4+X+],|=X=|}. Since both states are reversible under A, we have §(A,?) = 0, and C(A,P) > 0
can be checked by direct computation. This ensures that Theorem S.2 can be applied, and the lower
bound in (E5) then immediately follows noting that A(Hg) = a < a and Hg: = 0.

To get the upper bound, notice that the channel A can be implemented by

Alp) = Trs(Vp @ [0Y0]s: V') (ET)
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where V = CNOTgs Uy ® 15/ is a unitary on SS” where Uy is the Hadamard gate and CNOTgg' is
the CNOT gate controlled on S. Noting that Hg: = 0 and thus Hiot = Hg ® 1/, we get

Hiot =V HiV=Hs®1 - VI(Hs ® 1)V = (Hs — Uy HsUp) ® 1. (E8)
This gives
A(Hyoy — VIH V) = A(Hs — UgHsUp ) = V/2a. (E9)

On the other hand,

C(A,P) = [(+|Hs —UnHsUpn|-)| = (E10)

|

Combining (E9) and (E10) gives
A(Hyor — VIHiol V) = 2V2C(A, P), (E11)

from which the upper bound in (E5) follows by using Theorem S.6 and noting A(Hg) = @ = a/v/2
and A(HS/) =0. L]
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