arXiv:2404.03803v1 [quant-ph] 4 Apr 2024

Scaling of quantum Fisher information for quantum exceptional point sensors
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In recent years, significant progress has been made in utilizing the divergence of spectrum
response rate at the exceptional point (EP) for sensing in classical systems, while the use and
characterization of quantum EPs for sensing have been largely unexplored. For a quantum EP
sensor, an important issue is the relation between the order of the quantum EP and the scaling of
quantum Fisher information (QFI), an essential quantity for characterizing quantum sensors. Here
we investigate multi-mode quadratic bosonic systems, which exhibit higher-order EP dynamics, but
possess Hermitian Hamiltonians without Langevin noise, thus can be utilized for quantum sensing.
We derive an exact analytic formula for the QFI, from which we establish a scaling relation between
the QFI and the order of the EP. We apply the formula to study a three-mode EP sensor and a
multi-mode bosonic Kitaev chain and show that the EP physics can significantly enhance the sensing
sensitivity. Our work establishes the connection between two important fields: non-Hermitian EP
dynamics and quantum sensing, and may find important applications in quantum information and

quantum non-Hermitian physics.

Introduction. — Exceptional points (EPs), the degen-
erate points of non-Hermitian systems where two or more
eigenstates coalesce [1-4], have recently emerged as a
novel platform for achieving high precision sensing of
physical parameters [5-21]. In a classical system, the high
sensitivity stems from the scaling of the eigenspectrum
~ w'/? of a typical second-order (i.e., two-fold degener-
acy) EP, leading to a divergent spectrum response rate
d (Aw) /de o< e~ /2 under a perturbation € of a physical
parameter deviated from the EP [5, 8]. For a higher
(M > 3) order EP with Aw ~ ¢% (d, > 1/M), the di-
vergence can be more substantial ~ ¢'/M~1 to achieve
higher sensitivity [9, 12, 15].

While the EP-based sensing is well studied in classical
open systems like gain/loss nanophotonics, its generaliza-
tion to a quantum system poses a fundamental challenge
[16-18, 22-27]. In an open quantum system, the intrinsic
Langevin noises may break the underlying symmetry (e.g.,
parity-time) that protects the EP, rendering the concep-
tual difficulty for even defining EP-based quantum sensor
[27]. Recently, it was shown in a two-mode bosonic para-
metric amplification process, an EP could emerge from the
dynamical evolution matrix of the Hermitian quadratic
bosonic Hamiltonian, thus avoids Langevin noise [20, 21].
Around the EP, the quantum dynamics are very sensitive
to the small perturbation of the parameter, therefore can
be utilized as a quantum EP sensor [21].

The emergence of the quantum EP in the two-mode
bosonic Hamiltonian and its application in quantum sens-
ing naturally raise questions about the general EP physics
and the characterization of EP-based quantum sensors in
multi-mode quadratic bosonic Hamiltonians, which have
been experimentally engineered in nonlinear optical me-

dia [28, 29], multi-frequency superconducting parametric
cavities [30, 31], and optomechanical systems [32-34] in
recent years. In quantum sensing, quantum Fisher in-
formation (QFT) is one main characteristic quantity that
provides a low bound for sensing precision through quan-
tum Cramér-Rao bound [35, 36]. QFT is very different
from the divergence of the spectrum response rate that
characterizes classical EP-based sensors. It is unclear how
the scaling of the quantum EP spectrum is connected
with the behavior of the QFI and whether there exists
certain universal scaling of the QFI at/around the EP.

To address these questions, we study the QFI in
a generic multi-mode bosonic quadratic Hamiltonian,
which is Hermitian but its Heisenberg equation of motion
(HEOM) is governed by a non-Hermitian dynamical ma-
trix [37-39], yielding the EP physics. Our main results
are:

i) We derive an analytic formula of the QFI that is
generally hard to calculate even numerically for multi-
mode quadratic Hamiltonians due to the exponentially
large Hilbert space of particle numbers. Current methods
for the estimate of QFI relies on approximate the input-
out theory in quantum optics [19, 40], instead of the direct
evaluation over the quantum wavefunction. We further
explore of the applications of the analytic formula in a
three-mode quantum sensor as well as the multi-mode
bosonic Kitaev chain.

i1) Utilizing the analytic formula, we find a universal
scaling of the QFI F(t) ~ t% with dp < 4M — 2 at an
M-th order EP for a large time ¢, which establishes the
connection between the QFI and the order of the EP. From
the analytic formula and scaling relation, we show: 1) EP
can significantly enhance the sensitivity: the achievable
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FIG. 1. (a) Schematic diagram of different terms in the generic
Hamiltonian (1). (b) and (c) illustrate the three mode model
and bosonic Kitaev chain, respectively.

t*M=2 gcaling showcases the QFI can grow much faster

over time than non-EP sensors with typically ~ t? scaling;
2) Different from the divergence of the spectrum response
rate, there is no divergence of the QFI at EP due to the
continuity of the QFI formula, therefore the large EP
sensitivity enhancement can be achieved for parameters
close to the EP.

i11) In an N-mode bosonic Kitaev chain, near the EP
the QFT per particle at a fixed time has an exponential
scaling F(t) ~ $*¥=2 (8 > 1 depends on parameters
of the Kitaev chain), which indicates the sensitivity of
quantum EP sensor can increase exponentially with the
system size, paving the way for designing novel quantum
EP sensors through size/mode engineering.

Analytic formula for QFI:  Consider a generic N-mode
Hermitian bosonic quadratic Hamiltonian (i.e., Bogoli-
ubov Hamiltonian),
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where Gy, is the bosonic annihilation operator, hj i = hy, ;,
Ajx = Ay due to the Hermiticity of H and bosonic
commutation relation. A schematic diagram of different
terms in the Hamiltonian is shown in Fig. 1(a). The
Heisenberg equation of motion (HEOM) is i4V (t) =
HpV (t), where V(1) = [ 4, AT]T, A = (a1, ...,an), T
is the transpose operator,
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is the dynamical matrix, h and A are N x N matrices. Hp
satisfies the symmetries 7, Hp7, = —H},, T, HpT, = HTD
and Ty HpT, = —HT [41-45], where Tz, Ty, and 7, are
Pauli matrices. According to HEOM, we have V (t) =
e*"HDtV(O) = S(t)V(O).

In terms of the real and imaginary parts of h and A,
the dynamical matrix can be written as

Hp =19 ®ihr +7. @ hg + 7, ® iAr + i1y ® AR, (3)

where hIT = —hy, hIT{ = hg, A? = Ay, Aﬂ = Apg are
all real matrices. Hp generally does not possess EPs
(e.g., A = 0 and Hp is Hermitian), and the EPs may
exist when both A and A are nonzero. In the presence of
certain symmetry of Hp, the 2N x 2N dynamical matrix
can be block diagonalized into two N x N matrices. For
instance, when hg = A = 0 (e.g., the three-mode and
Kitaev chain shown below), Hp satisfies a symmetry
[Hp, ] = 0, allowing the block diagonalization of Hp.
In each block, the EP is determined by the corresponding
block matrix, but the maximum order of EPs M < N.
We consider a N-mode coherent initial state given
by |w0> == |Oé]_, ...7C¥N> = Dl(al)...DN(aN)|O> with
ﬁj () = €*1%7%7%  The quantum state at time ¢ be-
comes [1;) = e H|1py). With a tedious calculation, we
find the QFL F,, = 4[(0,04|0y1) — |(¥¢|0nte)|?] for a

sensing parameter 7 is [46]
F, =4B'B + 2Tx[C] Cy), (4)

where B = Cia + Ca™, o = [y, ..
Cs are N x N matrices given by

ay]|t and C; and

(g; gf ) =/yt_ody[5(y)]T226nHDS(y), (5)

where 3, = 7, ®1, S(y) = e"H0 Tis the N x N identity
matrix.

Egs. (4) and (5) also apply to time-dependent sys-
tems with S(y) = Tlexp(—i [ deHp(z))] for time-
dependent dynamical matrix Hp(t), where 7T is the time
ordering operator. The QFI formula for other initial
states beyond coherent states is given in the supplemen-
tary materials [46].

The scaling of the QFI with time can be derived from
Eq. (4). At an M-th order EP, when the imaginary parts
of the eigenvalues of Hp are equal to zero (i.e., stable
region), there always exists at least one matrix element
in S(y) = e"¥H1p whose leading order is proportional
to yM~1 [2]. According to Eq. (5), the leading matrix
elements of C; and C; are proportional to t*™~1 except
for accidental parameter regions where the coefficient
cancellation leads to lower order of ¢ dependence. Hence
F,(t) ~ t% with dp < 4M — 2, and the maximum dp =
4M — 2 can be achieved for general parameter regions.
In contrast, for a Hermitian Hamiltonian, S, is purely a
phase and C; ~ t, thus the QFI is ~ ¢2.

The above results can be better illustrated with a simple
single mode (N = 1) Hamiltonian

i, = data + ig(afz —a?), (6)

where the dynamical matrix Hpy = 07, + ikT,. K
is the single mode squeezing parameter, and § is the
phase mismatch. Hp; obeys the anti-P7 symmetry
{Hp1,PT} =0 with P = 7, and T = K, and possesses



a second order (M = 2) EP at § = &.

spectrum response Aw4 = + (56)1/2 for a perturbation
€ = 0 — k from the EP for the parameter k. At the

EP, the time evolution matrix S(t) = ( Lo 1o )

The energy

to 144t
with the leading order ~ t~! = t. For the sensing
parameter k, OxHp1 = i7,, X%, = 7, and the resulting
Cy = —46%t3/3 and Cy = —2i62t3 /3 + 6%t2 + it, with the
leading order ~ t?M~1 = ¢3. Therefore the QFI scales as
F, = 4|Cra+Coa*|? +2|Cy|? ~ t° with dp = 4M —2 =6
as predicted by the scaling law. Hereafter, we apply the
analytic formula and the scaling law to two complex multi-
mode examples: a three mode sensor and a multi-mode
Kitaev chain.

Three mode quantum EP sensor. — Three coupled
optical cavities with gain/neutral/loss pattern exhibit a
third order EP with enhanced sensitivity, as demonstrated
in recent experiments [9]. Here we consider a similar three
mode Hamiltonian

~ cont Lt 1K1 . 1K3 .
Hs = zéa]iaz + zéagag + —1a§ + —3a§2

h.c.
5 5 43 +he,  (7)

where the gain/loss pattern is replaced by the single
mode squeezing in modes 1 and 3, as illustrated in
Fig. 1(b). The dynamical matrix can be written as
HD3 = T0 ® K1 + T X K2 with K1 = —5(>\2 + )\7)7
Ko = diag[—ik1,0,iks], and Ay and A7 being Gell-Mann
matrices [47]. As discussed previously, the 7, symmetry
allows the diagonalization of Hpj3 into two irreducible
blocks Hps+ = K; + K. Hps+ can be regarded as the
quantum generalization of the gain/neutral/loss cavity
model [9].

Each block exhibits a third-order (M = 3) EP at
V26 = k1 = k3 with three degenerate eigenvalues wki =0
for k = 1,2,3. Consider a perturbation of x; = /26 + €
(e << ¢) from the EP for mode 1, the spectrum response
Awif = W (€) — wif (0) = ieFimk/352/3¢1/3 at the leading
order, showing a €!/3 scaling behavior (i.e., the exponent
d,, = 1/3) [46], similar as that for classical coupled cav-
ities [9]. In Fig. 2(a), we plot the numerical results for
the maximum spectrum response Aw,, = Inaxi?k\Awf\
with respect to € (red triangles) and the linear fitting
In(Awy,) = 0.331In(e) + 0.01 (black solid line), showing
excellent agreement with the analytic result.

For quantum sensing of the parameter x;, we find
F,, o« t'9 when t — 400 from Eq. (4) [46] for a coherent
initial state. In Fig. 2(b), we show the numerical result
of In(F,) as a function of In(¢), and its linear fitting
In(Fy,) = 101n(t) — 3.22, showing the numerical result
agrees well with our analytical prediction [46]. dp =
4M — 2 = 10 reaches the maximum exponent of the
scaling. Far from the EP with xk; = k3 = 0, Fy, x t2
when ¢t — 400 [46], similar as that for a Hermitian sensor.
The 2 to t'° scaling change of the QFI demonstrates the
EP-enhanced sensitivity.
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FIG. 2. Maximum spectrum response and QFI for the three
mode model. Parameters § = 1 and k1 = k3 = /2 for
the EP. (a) Plot of maximum spectrum responses versus the
perturbation e. (b) Plot of QFI versus time ¢. In (a) and (b),
the red triangles and blue dots are numerical results without
and with constraint k1 = k3 = n, respectively. The solid lines
are fitting functions.

Different perturbations for the same EP may induce dif-
ferent spectrum responses, leading to different scalings of
the QFL In the three mode Hamiltonian (7), a constraint
K1 = k3 = 1 with a perturbation 7 = /28 + € for both
modes 1 and 3 around the third order EP 5 = /26§ leads
to the double degenerate spectrum response Awli =0,
Ain = i\ 2\/556, and Aw?jf = —i\/2v/26e. They have
the €'/2 scaling, agreeing with the numerical result and
its fitting line In(Aw,) = 0.51n(e) + 0.51 in Fig. 2(a),
where Aw, = maxy ,|Awif| for the perturbation in 7.
The QFI F, o t5 when ¢t — +oc [46], which also shows
excellent agreement with the numerical result and its
linear fitting In(F),) = 61n(¢) — 0.82 in Fig. 2(b). Here
dp =6 <4M —2 and d, =1/2 > 1/M.

Bosonic Kitaev chain — We extend the analysis from
three modes to N modes and consider the bosonic Kitaev
chain with the Hamiltonian [19, 38, 48]

N-1
ke =Y (idafag e +iQalal,, +he).  (3)
j=1
The dynamical matrix for the HEOM Hpgx = 79 ® Ly +
7r ® Lo, where Ly and Ly are N x N matrices with
(L1)j g1 = —(Ln)j1, = @J and (L2)j 41 = (L2)j41,5 =
Q) (all other elements are 0). The model is schematically
illustrated in Fig. 1(c). Under unitary transformation
(Tws Ty, T2) = (T2, Ty, —Tz), Hpx can be block diagonal-
ized as 7o ® L; + 7. ® Ly with Hpgy+ = L; + Lo and
Hpg_ = Lj — Ly being two irreducible blocks that rep-
resent Hatano-Nelson model [49]. At J = €, both blocks
Hpg+ reduce to the N-dimensional Jordan normal forms
with zero eigenvalues in the diagonal, yielding two degen-
erate N-th order (i.e., M = N) EPs.
A perturbation from the EP ¢ = J— () leads to the
change of the 2N eigenvalues

Awy, = 24/(2J — e)ecos(NkI 1) 9)

for kK = 1,..., N, which are double degenerate for two
blocks. Clearly, Awy, = 0 for kK = (N + 1)/2 with an odd
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FIG. 3. Maximum spectrumn response and QFI of bosonic
Kitaev chain at J = @ = 1. (a) Schematic diagram of the
exponents dr (blue) and d., (red) versus 6. (b) Maximum
spectrum response versus In(n). The red triangles (blue dots)
are numerical results of In(Awy,) for N = 20 (10). (c) The red
triangles (blue dots) are numerical results of QFI versus In(t)
for 0 = 3w /4 (0 =2.997/4). n =0 and N = 6. (d) QFI versus
In(t). The red triangles (blue dots) are numerical results of
In(F;) for N = 20 (10). The solid lines in (b-d) are fitting
functions.

N, while all other spectrum responses Awy,  €'/2 do not

reach the maximum scaling ¢'/V. The QFI Fy, oc t%+2
for both N = 2j and 2j + 1, indicating each non-zero /e
spectrum may contribute 2 scaling of QFI. The scaling
factor dp = 47 +2 < dp** =4M — 2.

In order to reach the maximum spectrum response

exponent d, = 1/N, we consider a local perturbation

H, = in |sin(@)al a1 + cos(f)alal| +hc.  (10)
that couples modes 1 and N. f{n adds (Ly)ya =
—(L1)1,n = insin(f) and (Lo)n,1 = (L2)1,ny = incos(h)
in the dynamical matrix. We find the maximum spectrum
response Aw, = maxy(|Awg|) < /Y (ie., d, = 1/N)
for § # 3% and ¢, while Aw, = 0 (i.e., d, = 0) for
0 = 3= or I% [46]. From Eq. (4), we find F, oc t*V—2
(ie., dp = 4N —2) for 0 # 3* and T, and F, o< t2 (i.e.,
dp = 2) for § = 3% or & [46] when ¢t — oco. In Fig.
3(a), we illustrate dp and d,, as a function of 6 at the EP
J=0Q=1and n=0.

The analytical results are confirmed by the numeri-
cal calculations. In Fig. 3(b), we plot the numerical
maximum spectrum response with respect to the per-
turbation 7 around the EP J = @ = 1 for the sys-
tem size N = 20 and 10), together with their fittings
In(Awy) = 0.051n(n)+0.69 and In(Aw,) = 0.11n(n)+0.69.
They agree well with the analytical expressions for the
response exponent 1/N shown in Fig. 3(a). In Fig. 3(c),
we plot In(F;;) versus In(t) for N = 6 at the EP withn =0
for slightly different 8 = 37/4 and 6 = 2.997/4. The fit-

ting functions are found to be In(Aw,) = 2.021n(t) — 0.74
and In(Aw,) = 21.92In(t) — 20.14, respectively. The
result confirms the ¢? scaling of the QFI at the acci-
dental degenerate point § = 37/4. In Fig. 3(d), we plot
In(F,) versus In(t) at the EP for two different system sizes
N = 20 and 10, with their linear fitting functions In(F,)) =
77.931n(t) — 111.49 and In(F,)) = 37.97In(t) — 31.89. We
see they satisfy dp = 4N — 2, reaching the maximum
scaling exponent for the QFT.

Far from the EP with J # 0 and n = Q = 0, we find
F, o t? when t — 400 from Eq. (4). Therefore our ana-
lytical and numerical results demonstrate the enhanced
quantum sensitivity at the EP (from #2 to t*¥~2). The
Kitaev chain model also indicates that the maximum scal-
ing t*™ =2 can be reached for an M-th order EP when the
dynamical matrix can transform to the Jordan normal
form.

At an N-th order EP and with a fixed large time ¢ = ¢,
F, is proportional to téN ~2 at the leading order, indicating
the sensitivity may be exponentially enhanced by the
system size. However, such ¢ty may approach infinity
exactly at the EP. Since the QFT is a continuous function
of time and other parameters, the enhanced sensitivity
at the EP may pass to the nearby interval around the
EP, where tg is finite. We consider the parameters near

the EP with n = 0, 8 = /922 > 1 and a fixed but

finite large time ty. We can diagonalize the dynamical
matrix Hpg with a unitary matrix and find that F, (t =
tp) is proportional to 4VN~=* at the leading order, i.e.,
In(F,(t = to)) is approximately proportional to 4N In(f).

In Fig. 4(a), we plot the numerical calculation of In(F;,)
as a function of In(t) for N = 4,9, 14,19, with parameters
J=1,Q2=09, 0 =x/4, and n = 0. We see the
growth of QFI with time becomes polynomial after certain
time, indicating the saturation of the initial exponential
growth due to the finite size of the system. In fact,
in a periodic Kitaev chain, the parameter J = 1 and
Q = 0.9 yields imaginary eigenspectrum, leading to the
exponential growth of the QFT with time. However, the
finite size spectrum is still real, leading to the saturation
of QFT after the boundary effect kicks in. In Fig. 4(b),



we show the numerical calculation of In(F},) with respect
to N at a fixed time ty = 1000, with the fitting equation
In[F;,(t = 1000)] = 5.69N+6.17. The numerical coefficient
5.69 is consistent with theoretical coefficient 41n(3) ~
5.89.

Finally, the leading term of total particle number
Q = (¢ Zj\[:l d;f-dj|1/)t> scales as Q ~ 32N ~2, therefore
the QFT at the fixed time reaches the Heisenberg limit
with F,, ~ @2, indicating the QFI per particle is exponen-
tially enhanced. Such exponentially enhanced sensitivity
may originate from the non-Hermitian skin effect (NHSE).
In the bosonic Kitaev chain, there is an NHSE for Hpg
without the perturbation 7, leading to the accumula-
tion of the wavefunction at the boundary. However, the
boundary coupling from the perturbation 7 leads to the
disappearance of the NHSE, which causes a dramatic
change of the wavefunction and energy spectrum, yielding
the exponential enhancement of the QFI per particle [11].
This reveals that previous conclusion that NHSE cannot
be used to enhance per-particle sensitivity [19] based on
the input-out theory may be model dependent.

Conclusion and discussion. — In this Letter, we derive
the exact QFI formula for a generic quadratic Bosonic
Hamiltonian. Utilizing the exact formula, we establish
the connection between the QFT scaling exponent and the
order of EP of the dynamical matrix. Our analytic meth-
ods can also be applied to other important models, e.g.,
quadratic bosonic Hamiltonian with topological bands
[11, 39], for studying quantum squeezing, entanglement
and sensing of topological multi-mode chains. While our
work on the QFI establishes the lower bound for the ul-
timate precision for quantum EP sensors, the optimal
strategies for achieving such bound are unknown and
demand developing well-designed measurement schemes
[50]. Our result bridges the fields of quantum sensing
and non-Hermitian EP physics and may be useful for the
design of new EP-based quantum sensors.
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SI. DERIVATION OF THE ANALYTIC FORMULA FOR QUANTUM FISHER INFORMATION

A. QFTI for coherent initial state and time-independent Hamiltonian

In this section, we derive the quantum Fisher information (QFI) formula for a sensing parameter n in a generic

multimode bosonic quadratic Hamiltonian
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where hj; = h;m Ajr = Aypj, and a is the bosonic annihilation operator satisfying the bosonic commutation

relations [a;, a;] = 0 and {a}, ak} = 0;%. The Hamiltonian is Hermitian and reduces to the well-known tight-binding
model when A = 0. The Heisenberg equation of motion (HEOM) is

ddé t(t) = i[H, a;(t)] = izk:[—hj,kak(t) — Al (b)), ($2)
which can be rewritten as
i% /(t) = HpV (1) ($3)
with
m-( 4 2 "
V(t) = [as(t), aa(0), ... an (), 4] (1), ab (1), ... al ()] (5)

h and A being N x N matrices. Hp is the dynamical matriz, instead of the Hamiltonian matrix. Hp satisfies
T.HpTy = —H}), T, HpT, = HIJB and 7, HpT1, = —Hg, where 7., 7, and 7, are Pauli matrices.
According to HEOM, we have

V(t) = e otV (0) = S(H)V(0), (S6)
where
S(t) = e ot (S7)
Thus the time evolution of the field operators becomes
N
a;(t) = Y (P (0) + Qr(0af(0) ) (8)
k=1

where P (t) = Sjx(t), Qjx(t) = Sj k) (t), and j = 1,2, ..., N. For convenience, we use a and dz to represent a(0)
and dz (0), respectively.
In this section, we consider a coherent initial state

o) = |, g, ..., an) = Dy (1) Da(az)... Dy (an)|0),
where
Dj(ay) = e 3%,
The QFT is defined as
Fyy (£) = A[0nel|0g10e) — (el |0ye) ),
which requires the evaluation of the quantum state at time ¢
[e) = ="lubo).

Inset the coherent initial state in, we have

|87,’(/1t> = ane_iﬁtb1(al)bg(ag)...ﬁN(OéN”O).



The derivative with the sensing parameter 7 is only applied to the term e~ it with
o e—'i]:lt
Ui

1 . R .
:/ dr - efth(lfx)an(ith)esztx
=0

1 . N A A* s
=it /z w00, minil(hmmdinan e ] s
N a1 A . O A On A, A (S9)
= D —ite™ / da - €M1t (6nhm,na1n&n + S Gl ;”ama> emifits
m,n=1 z=0
N 1 *
- oA AT n
= > —ite ! / dz - [anhm,najn(xt)an(xtH N Gt (xt)al (xot) + S (:Et)an(act)]
m,n=1 =0

t A o A .

dy - [%hm,nﬁin(y)&n(y) + =R (v)al (v) + 2am(y)ﬁbn(y)] :

N ~
— E _ie—lHt /
m,n=1 Y

where y = xt.
Substitute Eq. (S8) into Eq. (S9) (for convenience, we use P; ; and @, » to represent P; ;(y) and Q; x(y), respectively),

we have

ane—iﬁt
N
= Z —1e~ / dy [anh ( :;L ]d Q:n,j&j) (Pn’k&k + Qn,kdl) *
m,n,j,k=1
On A . o /AVAN. N . . .
% (Pj,‘l ;0 ) ( kak + Qy, 1Ak ) + ’T (Pm,jaj + Qm,ja}) (Pn,kak + Qn,kaiﬂ
N
A, A AT,
- Y e K P Pt + L5 P Qe+ WQm,an,k) bk + (Ol P Qo
m,n,j,k=1
+ 772 Pk+ U Qm,]an)aak+(ahanijnk+ 4 Q ,ank+ . P, P )ajak
0, Am n . PAN. A .
(8 B Qi j Qe+~ 5 O U 5 : Pm,an,k) ajaﬂ
(S10)
N ot oA
= S e[ty [ (O P+ Qs+ BRER 00+ Qi
m,n,j,k=1 y=0
0, A N

m,n AT A * * * 0 A:Knn AT~
D) (Qm,j n,k + Pm an,g)) a;ak + <anhm,an,an,k + Pm’an,k; + 1 2 : Qm,an,k) a;az"'

8Amn 8Amn 5z
(8 hanijnk+ 4 Q ,Jan'i_ L P P >ajak:+

(8 hanmJan+ /= 2 Q ,]Pnk+ K 9 : Pm,an,k) 5j,k:|

T .5 o it .
= _ 56 iHt Co + Z (201’]@’]@2@]' + Cg’k’jala} + C37k’jakaj)
k,j

:e_mt(;).
(S11)



Here

N

t *
* a An * * aTIA 2
Co = Z 2/yo dy <8nhm,an,an,j N/ 5 el Qm,jpn,j + 2m, le,an,j)
1 =

mn,j*

CL] k= Z / |:anhm,n(Pm7an,k: + Qm,an,j) + %(P Q k + Q k;P )

m,n=1
AL
2

Cajk = Z / 2 {8 homn (P, i@k + Pk @n ) + (Prog P + PP g) +
8 Afn n
(Qm,an k+ Qm an,J):|

QP + Pm,an,j):|

OnAmn
2

O Amn .
C3]k’ - Z / dy |:a hmn(QmJPnk+Qm kp 7]) ! 2 : (Qm7JQn,k+Qm7an7j)+
m,n=1
oAy,
2 (PmJPnk+PmkPnj)
. i L . B
O =-— 5 Co + Z (2017]61]'(1200- -+ CQ,k,jaLa}L' + CS,k,jakaj>

k,j

C. (#=1,2,3), P, and Q are N x N matrices and [C.];, j, = C. j, j,- In the matrix form, we can rewrite the above
equations as

(& &)=, wisw=o,mso) (513)

where ¥, =0, ® 1, S(y) = e Hp 5, is a Pauli matrix, and I is the N x N identity matrix.
The QFT becomes

Fyy = 4[(0|O0"Oltho) — | (to|Olebo) . (S14)

Notice that we have

=D;(a;)Dj(—a;)a;Di(o1) Da(az)...Dj(ay)... D (an)|0) (515)

and

(tholal = o (hol. (S16)

Take Eq. (S12) into Eq. (S14), and we expand the first term of Eq. (S14) as a summation of normal ordered terms
(NOTS). According to Egs. (S15) and (S16), the normal ordered quadratic terms (NOQTSs) of the first and second
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terms of Eq. (S14) cancel with each other. We have
(0|0 Olabo)

<"/}0| Co + Z 201 J2,J1& d 02 »J1 JQG’JIG’J? + 03 J1,J2d;'1&;2) X
J1,j2=1
N
Co+ Z (201,k1,k2&21&k2 + Cg’kh]%&;ildLQ + Cg’kl’kdel(Ale) |¢0> (817)
k1,ka=1
1 N
=1<1/10| Z (4C*J2 chl i,k @ ; L Ak, + 2Cl J2, ]102 k1,ka @ }L 26’21&22—"_

J1,J2,k1,k2=1

* PP * sooa AT AT
202,j1,j201,k1,k2aj1 Ay A, Ao + C2,j1,j202,k1,k2aj1 Ajy A, A, + NOQTS) |"/}0>7

al aj,af ay, = a}lazlajz% + Oy o1 Gy (S18)
&;1&j2d£1&£2 = &'; &L J2ak + 6]2 k@ AT Alz = d}1&£1d£2d12 + 5],2,’{02&;1 ag, + 5]27k1 AT‘ CLL ; (819)
&jl djzdzl dkz = &jl dzl ajzakz + 6k1,j2 aj, akz - &Ll &jl &jz &kz + 5j1,k1 &j’z &k2 + 5k1,j2&j1 &kz’ (820)
and
djl dedeL

=aj,a} aj,a) + 0y 150

:dlld]&&jzd& + 6j1’k1&j2&22 —+ 6j2,1€1 dj1 dlz

:dzldjl d-};Q&jQ + 5k2,j2a’;rcl &jl + 63'1,161 &jz &LQ + 5j2,k1 djl dzz (821)
:d£1&22&j1&j2 + 6j17k2&£1dj2 + 6k2,12d£1 djl + 6j17k1 dj2&22 + 5j27k1&j1&22

PN PSS N . NP iy . AT . NP ) . . .
=ay, A, A4, Ajy + 5]1,1620%1 Ajy + (Skz,jzakl aj, + 531,161 a, Aj, + 5]2’k1ak2ajl + 5]1’7615]2’7@2 + 5]2,7615]1%2‘

Take Egs. (512) and (S17)-(S21) into Eq. (S14), we can get that
Fyy =4[(10| OO0} — [(¢0|Olho)[*]

N
1 At A .
=4 Z<w0‘ Z (401 J2, chl kl,k25k1 J2a Ay + 2Cfl 2, jlcQ k1,k2 (6J27k2ajla;21 + 5]2,761 ;f a‘J]ch)"—

J1,d2,k1,k2=1

* PRI P * AT A At At

202,110’2 Clykth (5j17k1 (j, G, + 5k1,j2aj1ak2) + CQ,jl,jg CZ,kl,kz (5j1,k2 ag, aj, + 6162 J2 Ok, Ay + 5j1,k1 akzajéJr
Al A 2
Oja ks Qg Qs+ 0y k1 O ks 0y ey 0 ky) + NOQT ) [tho) — (10| Oltho)|
N
= Z [401 ]2 jlcl k1>k26k13]2a ak2 + 201 ]2 ]102 k17k2 (6]27k2aj1ak71 + 6]27k1aj1ak2)+

J1,J2,k1,k2=1

* * * * *
202,j1,j2 Cl,k1,k2 (6j1,k1 Ay Qe + 6k1,j2 ajlakz) + C2,j1,j2 C2,k1’k2 (5j1,k2 O, Oy + 5k27j2 O, Oy + 5j1,k1ak2 o, +

"
G kr Oy Oy + 0y ey Oy ks + O ey O k)]

J— * .
= E (401,j2,j1 Cl,]z,lﬁa o, + 2Cl 32, J102 kl1]2a akl + 2Cl ,J2, leQ’Jmkla ak1+
J1,J2,k1
* * * * * *
2035 5, 3 C1ji b Qg gy + 205 515 C gy ey @y ey + C3 515 C ey gy o, iy + C3 45 O gy iy 0, 0y +

* * * * * *
C5 152 o ka @y @y + C5 51 5, Co g k0 0, ) + Y (C5 5, 5,C o + C5 4y 1,C o) -
J1,J2

(S22)
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Notice that C. j, j, = C. j, j, for any z = 2,3 and ji,j2 = 1,2, ..., N according to Eq. (S12), then we have

FTI - E (401,1'2,]'1 017]2J€10‘ o, + 4Cl 2, 1102 k1 J2O‘ akl + 402 JJ1 12017]17/61 0y Oty +
Ji,J2,k1

2C;J1,j2027k17j1 043:1% + 20;,]'17]'20271'177“10[:1 aj2) + Z 2C§7j1,j2027j17j2 (823)
Ji,J2
* * * * * * * 2
- Z Z (4CT 12,51 Chga ka5, 0y + 8Re[CT 5, 5, Ok jn 0 05, ] +4C5 5 5,Co k03, @5) + 2/ C |
Jijz L k1
In term of matrices, we get
F, =4a'ClCia + 8Re[al Cy,Ca*] + 4aT CICra* 4 2Tx[CICy)]

(S24)
=4B'B + 2Tv[C] Cy).

where B = C1a + Coa* and o = [a1, g, ..., an|T and T is transpose operator. C; and Cy are N x N matrices given
in Eq. (S13).

B. QFI for general initial state and time-dependent Hamiltonian

Here we consider a general initial state |1o) = Zé’:l fil¥j), where Z;=1 £ =1, [¢)) = o), ad, .., oy), @ =

(o, ad, ...,ag\,]T, and o # o for j # k. The time-dependent Hamiltonian

N *
i) = Y (utafan+ 2 Watal 4 205, (525)

The QFT is

:4[<wo|@T Oliho) — \<z/zo|@\wo>|2]

l
Zf (¥;))O mek —|Z wj|)©(ka|wk>> ]

l
=4[ Z £7 (05107 Ol) — Z £ R OGN (D Fnfn(@om| OF[900))] (526)

J,k=1 7,k=1 m,n=1

l l
=40 1 10T0WR) = > fr frFi fn (5Ol (o | OT )]

7,k=1 Jyk,mmn=1

(t;1014x)
N

:<wj| Co + Z (201,k17k2d21&k2 + 02,7@1,’92&21d22 + C3,k1,7€2d/€1&/€2) Wk>
k1 =1

@I a2 ZN itk it it E ok

*

=€exrp \ — D) +ad" -« Co + (201,’61,]@20%10‘]@2 + CQ,kLkzaklakz + 03,k1,k2ak1ak2)
k1 =1

J|2 k|2 . ) . .
=exp <_|a|—;—|a| + ol ak) [CO +2a0TC e + adfCrad* + akTC;ak] ’
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where we use C3 = Cs.

(¥ |OTl1hn)
:<wn‘0|wm>T
m|2 2
=exp (a|;—|a| +a”- am*> (Co +2a™Cra™ + " Cra™ + a™TCsa™)T (527)

‘am|2+|a |2 n mk mt n nT x n m¥ mak
=exp —fﬁ—a e [C’0+2a Cia"+a" " C5a" + o™ Crax }

(¥;]0TOlyr)
ot ot ot
<1/)J‘ CO + Z 2C’1 ,J2 jla Ajy CQ N Jzajlan + C3 2J1 ]2aj1aj2) X
J1,J2=1
N
Co+ Y (2C1k, kol any + Copy ot @, + Cs ity kolin, Gky) | 110k) (528)
k1,ka=1
1 N
Sl S (100 Conl e 201 Coil il il
J1,d2,k1,k2=1

* aoa oot * ~ooa st AT
202,]'1,ngl,k17k2aj1aj2ak1 ag, + CQ,jl,j202>k17k2aj1aj2ak1 a, + NOQTS) W)k)

For R; i = 4((1;|OTOyr) — (0|OT[0on) (051010 / (1 |1x)), the NOQT of the first term cancels with that of the
second term. We have

Ry e =4[(150TOe) = (510" [Ye) (05 Olin) /(w5 116x)]
1 N
=4 Z<wj| Z <4Cik,j2,j1 Clyk17k25kl7j2d;1&kz2 + 20;,;'2,]'1 CQ,lim (5j2,k2d;1a£ + 5]2’161 jla‘LQ)—’—
J1,d2,k1,k2=1

QC;,jl,jgcl,kl,kz (5j1,k1&j2&k2 + 5k1,j2&j1 &kz) + C;,j17j2027k17k2 (5j17k2&;21 dj’z + 5k2,j2d;£;1 &jl + 6j1,k1 dJ}QQ&jz—’_
5j2,k1d22&?1 + 6j17k15j2,k2 + 5j27k15j1,k2) + NOQT) |,‘/}k> - <1/)J|OT|wk><¢]|O|wk/<wj|wk>>)}

N

— E J* g j*
- <¢] ‘wk> |:4CI J2, ]101 k17k26k17.72a akz + 201 ,J2, ]102 k17k2 (6]27k2a akl + 6.727kla ak2)+
Ji,J2,k1,k2=1

* k _k k _k *
2C5 4y 4o Ok ko (851 by O, OF, + Ok, 5o 05, ak,) + O )5, Oy ke (6, kzaklam + Ok, Jzaklo‘ + 9y, klakza +

) J* ) ) ) )
5]2,]61 ay., O + 5]1,’615]2,/62 + 5]2,]61 5]1,162)]
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— E . * J* J*
- <,(/)_7 |,(/Jk> (4cl,j27lj1 017]27k1 J1 aktl + 201 ,J2, ]1C2 k1>.72 ]1 + 201 J2, 7102:]2)k1 J1 ak1+
J1,J2,k1

k
202]1 J2Cl]1 klo‘ ak +202J1 JzClJz k1 @ akl-l-CthCkalakla +0231 ]202k1 J2O‘k1a +

k
C3 51,52 Co b0l 0, + Cz,jl,jQCZa'z,klaklO‘jl) + D Wiln) (G35, Coiva + €31 3, Cogans)

J1,J2

_ . § * . . k Kk
_<w.7 |wk> (4017lj2,j1 017]2)191@ akll + 401 J2 ]102 k17]2a + 402,j1,j2 Ol;]17k1aj2 ak1+

J1,J2,k1
(S29)
202 ,J1 JZC2 kl,]lak Oé + 202 ,J1 J2027J17k1ak1 j2) Z 202 ]1’32027J1J2
J1,J2
= > (Wjlew) [24 (Cf,p,jlcl,ja,kla?fa’zil +CF 4y i Coky o s+ Cs 5 C iy 0+
J1,J2 k1
Cj317.72c27j17k1ak1 Jz) + 2|027]1 32| }
= () |t [4(aﬁcjcla’“ + ol O + aFTCiCLak + oI ClCoal™) + m[cgcz]} .
l l
Fy =AY f1fu(10T0) = > £ fi b fn (51 O1k) (W OF[)]
j,k=1 J,k,mmn=1 (830)
l R X l A R
= > [ e (Ry ok + 405 O or) (5 |O1en) [ (sln)) = Y AF7 fid it (51010} (€m |OF [0,
Jk=1 j,k,;m,n=1
where (1/)j|(;)|¢k>, (1/)m|(;)lf|wn>, R are given by Egs. (S27), (S28), and (S29). Wiy =
i2 k2 .
exp (7 || erla E 4 i ak).
Z Jr(¥;|vK) {( [4(04”0}0101]“ +aTCyCr " + &FTCiC 0k + T CICr o) + 2Tr[CgC2]} +
G k=1
(C’O +2a9TCLa” + T Cra?* + akTC;ak) (C’o +2aTCia” + akTCg‘ak + ajTCgaj*)} - ($31)
l
ST Af fuf s ) (Co + 2071 Cro + a3t Crad® + 6T CG M)
7, k,mn=1
(CO + 2am’fclan + a”TCEa” + amTCZam*)
Finally, consider an integral initial state [¢o) = [*0 dafu|t,), where [* dx|f,|> = 1, [¢.) = |of, a8, ...,a%),

x

a® = [af,as,...,a%]", and o # o for z # 2. The QFI is

F, :/ / dadz £ f. (b |b,) { [4(&*0}01042 + ot CLCra™ + &*TCEC1oF + a*TC)Cra™) +
2Tr[C£CQ]i| +4 (Co + QQITclaz + awT02a$* + OlZTC;aZ) (CO + QazTclaz + CXZTC;aZ + amTCZaac*)} o

/ / / / dxdzdyds4f;fzf;fs<wx|1/zz>(1/Jy|1/13> (Co +2a%TCla? + a*TCra™ + aZTCgozz) X

(Co +2a¥1Cra* + a*TCia® + ayTCQay*) .
($32)



SII. QFI AND EXCEPTIONAL POINT SENSITIVITY OF A SINGLE MODE SENSOR

Consider a single mode Hamiltonian

with the HEOM
da .~ . .
o= i[H,,a] = —ida + ka'.

In the matrix form, we have

where V = (&,dT)T, and Hp, = 07, + ikT, is the dynamical matrix. The EP is at |s| = |d|.
V(t) = e P11y (0) = SV(0) with

where P(t) and Q(t) are given by Table (S1).

TABLE S1. The values of P(t) and Q(¢).

P(t) Q)
|k| > |6 |cosh(Not) — % sinh(Aot) | - sinh(Aot)
|k| < |9]] cos(Aot) — % sin(Aot) | 5= sin(Aot)
|| = 14| 1 —4td )

107210, [ihy) = e~ *H1t[hy), we have

Fy = 4[(0a0e|002) — (e |8itbe) ]
= 4|C10[ + CQOé*|2 + 2|C2‘2,

For an initial state |¢p) = |a) = e*?

where

t
Cy =i / dy (P*Q* — PQ)

=0

t
Cs :i/ dy (P - Q%) .
Yy

=0

Take Table (S1) into Eq. (S38), we get the values of C; and C3 in Table (S2).

TABLE S2. The values of C; and Cs.

Cl 02
sin 2t—i K2 i
I > 10|35t [ #2500 — 1] [ 2552 — 25 sinh(2Aat) + 7 cosh(2Aot)
Skt sin(2\ot) i6—2k2t 52 8 .
|| < |9] Y [1 —2 32)\05 } 232 + Y bln.(z);ot) ~ 52 cos(2Xot)
|F\Z| — |§| _253t it — 21t36 + 52t2

14

(S33)

(S34)

($35)

(S36)

(S37)

(S38)

According to Eq. (S37) and Table (S2), the QFTI is finite (without divergence) and continuous at or around the
exceptional point (EP). Figure S1 shows QFI versus A\g. We see QFI reaches it’s maximum at EP, and decreases to



15

x 103

FIG. S1. QFT as a function of \¢ for different Ao ranges. The parameters are 6 = 1 and ¢t = w. Top inset is a quadratic function
and bottom inset is a linear function.

zero when \g increases to 1. Fy oc t8 when t — 400 at the EP. F,, o t? when t — +oo for |§] > |s|. 6] < || is an
unstable region. The t? — 5 time scaling demonstrates that EP does enhance the sensitivity, but it is still finite.
At EP |k| = |4, The eigenvalues of Hp; are

wi(0) = 0. (S39)

Adding a perturbation to k, i.e., k =0 — € (e < J), the eigenvalues of Hp; become wy (¢). The eigenvalue responses
are Awy = wy (€) —wy(0). The leading orders of Awy are

Dwy = (2r6)'?, Aw- = —(2re)'/?, (540)

which show a €'/2 scaling. The €'/2 scaling of spectrum response of the dynamical matrix corresponds to the ¢ scaling
of QFIL. It satisfies dp =4M — 2 and d,, = 1/M, where M is the order of EP, d is the scaling exponent of the QFI
(ie., F o< t% for t — 0o) and d,, is the scaling exponent of the maximum spectrum response of the dynamical matrix
[i.e., Aw = maxy (|JAw|) o €d for € — 0]. dp reaches the maximum response exponent predicted by the scaling law.

SIII. QFT AND EXCEPTIONAL POINT SENSITIVITY OF A THREE MODE SENSOR

A. Without constraint

Consider a three mode Hamiltonian

Hs = id(alay — abay + abas — alay) + - (@t - al?) + 7(a;f —a?). (S41)
The HEOM is
d ~ ~
i Vs = HpsVs, (S42)

~ T
where V3 = (al, da, a3, ], ab, ag) . Hps = 70 9 K, + 75 ® Ky is the dynamical matrix, where

0 6 0 —k1 0 0
Ki=i| -6 0 6| ,Ky=i| 0 00 (S43)
0 —60 0 0 ks

Va(t) = e~ D3tV (0) = SV5(0), where S = 79 ® P(t) + 72 @ Q(t).
Under a unitary transformation (7,7, 7.) = (72, Ty, —Tz), Hps can be block diagonalized as 70 @ K; + 7. ® Ko,
with Hpsy = K; + Ky and Hps- = K; — Ks being two irreducible blocks of Hps. Hpsy can be regarded as

the quantum generalization of the gain/neutral/loss cavity mode [9]. Hpsi satisfies the parity time symmetry
(PTHD{J,iT_l’P_l = HDSi) given by

(S44)

o~ O
O O =
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and 7 = K is complex conjugate operator
Hps possesses two degenerate third-order EP at v/26 = k1 = k3, with the eigenvalues
wf(0)=0,  where j=1,2,3 (S45)
+ +
Adding a perturbation to sy, i.e., k1 = V20 +€ and k3 = /20 (e < 6) the spectrum responses are Aw = w; () —w; (0)
Using Newton-Puiseux series expansion, the leading orders of Aw? are
(S46)

Aw;—L — eimi/3§2/31/3
= e~ Hst|yy). At the EP

which have a €'/? scaling.
Dy (a1)D2(0r2) Ds(as)|0) and [¢) =

Consider the initial state |1g) = a1, ag, as) =
L —V26t —E6 0
Pt)=| o(=t) 1-4822 6t Q= %% o L] (S47)
5%t? _ 5%t2 5242
o(—t) SF-+1 0 - V20t

2

Take Eqs. (S47) and (S12) into Eq. (S24), we find Fy;, o< t'© when ¢ — 400 at the third-order EP. The €!/3 scaling of
the spectrum response of the dynamical matrix corresponds to #19 scaling of the QFI. They also satisfy dp = 4/d,, — 2.

Far from the EP at k1 = k3 = 0, we have
w () B ()
(1) = _sm(\vfiét) s (Vast) M om =10
sm fét 0
sin (%) - os* (%)

Take Egs. (548) and (S12) into Eq. (S24), we get that Fy, o t? when t — +00 at £ = k3 =0

sin(\/§5t)

00
00 (S48)
00

B. With constraint

Consider the same three mode model in Eq. (S41) but with the constraint k1 = k2 = 1. The Hamiltonian becomes
H = id(alay — abay + abas — alas) + - (af = al? +al? —a2), (549)

with the HEOM
cd - PR
i— V3 = Hp3Vs, (S50)
dt
. T
where V3 = (dl, as, as, dJ{, d;, a§> The dynamical matrix H},3 = 79 ® Ky + 7, @ Ko with
0 6 O -n 00
Ki=i|[l -6 0 0 | , Keo=i| 0 00 (S51)
0 O0n

0 —6 0
SV3(0), where S = 79 ® P(t) + 7. ® Q(t). Add a perturbation to 7, i.e., n = V26 + € (¢ < §),
+
J

Va(t) = e~ H#DstV5(0) = SV3(0),
and use Newton-Puiseux series expansion, we find the leading orders of the spectrum responses Aw? are

0, Awi =i\/2V20e, Awi = —i\/2V20e, (S52)

which show a €!/2 scaling for the maximum spectrum response
0). |Yy) = e iHst o). At the third-order EP V28 = 7, we have Eq. (547

+ _
Awy” =

We consider the initial state [1g) = |0).
Take Eqs. (S47) and (S12) into Eq. (S24), we get that F, o t® when ¢t — 400 at the third-order EP. It satisfies

dp <4M —2.
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SIV. QFI SCALING OF BOSONIC KITAEV CHAIN

A. At exceptional point

Consider a Hamiltonian I{IK = ﬁBKc + ﬁm where ﬁBCK is the bosonic Kitaev chain with

N-1
fpre = Y (idalas i +iQalal., +he.), (S53)
Jj=1
and
H, =1n sin(@)d}r\,dl +in cos(@)d al + h.c.. (S54)

is the edge coupling term that couples modes 1 and N. The HEOM

d A
Z%VK = HDKVK, (855)

with Vi = (dl, a2, ...,aN, di, d;, . dj\,)T, and the dynamical matrix Hpx = 79 ® L1 + 7, ® Lo. Here L; and Ly are
N x N matrices. (Ll)Nl = (L1)1 N = insin(@), (LQ)NJ = (LQ)LN = i?]COS(a), (Ll)j’j+1 = —(Ll)j+17j = iJ7 and
(La)jj+1 = (Lg)jy1,; = i, where j =1,2,...,N — 1. § € [0,27). Other elements of L; and Ly are 0. Under unitary
transformation U = e~"%™ | (1, 7,,7.) — (72, 7y, —Tx), and Hpx can be block diagonalized as 7o ® L1 + 7, ® Lo, with
Hpgy+ =Ly + Ly and HDK_ = L; — Ly being two irreducible blocks of Hp.

The eigenvalues of Hpg at the N-th order EP J =Q, n =0 are

w1(0) = ws(0) = ... = wan(0) = 0. (S56)

Add a perturbation to 7, i.e., n = € (¢ < ), the eigenvalues of Hpg are denoted as wi(e€), wa(€), ... wan(€). The
spectrum response are Aw; = w;(€) — w;(0), where j = 1,2,...,2N. From the equation Hpg 1) = EV, where
U = [wl,wg, ...,’(/)N]T, we find

—iE(/)j = 29¢j+1a fO'I" ] = 273, ceey N — ].7 (857)
—1E = e[—sin(0) 4 cos(0)]Yn + €[sin(f) + cos(0)]e, (S58)
—iEYn = €[—sin(0) + cos(0)]n—1 + €[sin(f) + cos(8)])1. (S59)

Combine Eqs. (S57)-(S59) with ¢; = 1 (we can always have that by fixing the gauge by dividing a constant for the
eigenstates), we have

—iF
20

(20)22N — €% cos(20) 2V 72 — 2eQ[cos(0) +sin(0)] =0, z = (S60)

For 6 # = 37 and 7—”, we can omit the second term in Eq. (S60), and the maximum spectrum response has a el/N

scaling. Simllar scaling also occurs for Hpg_ .

Consider an initial vacuum state |¢g) = |0) and |¢4) = ’iﬁKt|w0>. At the N-th order EP J = Q and n = 0, we have
=20 (JP + JP) T 20n)p J” J?)
P(t) =1 + 2 | ’
= (p!) =

where J¥ and J¥ are N x N matrices. (J
of JX and J” are zero. Thus

)jj+p =1, and (J”),4p; = (=1)?, where j = 1,2, ..., N — p. Other elements

+3

(QQt)Ul —Jzl

P . =(—1 (jl*jz)H(jlsz)%
PO =(-1) St

for ji#js (POl =1

(2Qt)l71 =32
2[lj1 — 52!l

(S61)

[Q(t)]j17j2 :(_1)(j1_j2)H(jl_j2)Sgn( .71) fO’f‘ J1 7é J2, [Q(t)]j17j1 =0.
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Here H(z) is Heaviside step function. Taking Eqgs. (S61), (S12), and (S13) into Eq. (S24), we get that F, =
Y et [Ca jikl?, where

2(1)N1(2Q)2(N1)t2N1]

(p!)?

(_1)N—j(29)N—j+k—1tN—j+k (_l)N—k(zQ)N—k+j—1tN—k+j:|
(N=Wk=1N -7 +k) (N=K)G-D(N—-k+7)

Co1n=Coni1= f% {cos(@)t + [cos(#) + sin(0)]

Cs .k = —i[cos(6) + sin(0)] [

J . 2—1)N-1(20)N+k—24N+Ek—-1 _1)\N—k(9Q)N—kN—k+1
Conr=Cop1 = —%[cos(@) + sin(6)] [ (=1) (29) (—1) (29) } 7

N—DIk—D)I(N+k—1)  (N—kI(N_—k+1)

(S62)
- B . 2(71)1\771@(29)21\/71@7%21\/71@ (29)k71tk
Cong=CoxnN= —5[003(9) + sin(6)] { (N —k)I(N = 1)I(2N — k) + (k—1)k }
N—14N
Cs,1,1 = —i[cos(8) + sin(0)] ((2}\(72)_ 1)6\7
N—1;N
CQ’N’N = —Z'[COS(Q) + sin(&)]m,

j.k=2,3,..,N —1. When t — +00 at the N-th order EP, F, oc t*N=2 for § # 3% and ¥, and F;, ¢ for 6 = 23X or
%”. The scaling exponent satisfies dp = 4M — 2 with M = N here.

B. Region close to the exceptional point

In this section, we derive the size (N) scaling of the QFI F,, at |J — Q|/|J + Q| < 1 and n = 0 region, which is close
to the EP. Under the unitary matrix U = e~?i™ for the block diagonalization of Hpk,

U'HprU =10 @ Ly + 7. @ Ly
:diag[Ll + LQ, L1 - LQ] (863)
=diag[-JS~1%,S, —JS%, 57,

where J = /(] — Q)(J +Q), S = diag[L, 8, 3%, ..., B8], and B = /4L, B, is a N x N matrix with [Z,]; ;11 =
—[3y]j41,; = i, and other elements being 0. Thus

e—iHDKt — Udiag[s—leijgyt‘g’ S@ijEytS_l]UT.
Denote S = e?/>st, then we have [S_leijgytS]mm =5, 37 [SeijzytS_l]mm =5, ,8m", and

57m+n _ Bmfn
—2 .

ﬂfm+n + ﬂmfn

= Sm,n 9 )

Qm,n = gm,n (864)

Take Egs. (S64), (S12), and (S13) into Eq. (S24), we find that the §’s leading order of the QFT is 54N74(f0t dy|§N71|2)2
when f(f dy|5‘N71‘2 # 0. Therefore F;, BAN—4,
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