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We examine a class of Hamiltonians characterized by interatomic, interorbital even-odd parity hy-
bridization as a model for a family of topological insulators without the need for spin-orbit coupling.
Non-trivial properties of these materials are exemplified by studying the topologically-protected edge
states of s-p hybridized alkali and alkaline earth atoms in one and two-dimensional lattices. In 1D
the topological features are analogous to the canonical Su—Schrieffer—Heeger model but, remarkably,
occur in the absence of dimerization. Alkaline earth chains, with Be standing out due to its gap size
and near particle-hole symmetry, are of particular experimental interest since their Fermi energy
without doping lies directly at the level of topological edge states. Similar physics is demonstrated to
occur in a 2D honeycomb lattice system of s-p bonded atoms, where dispersive edge states emerge.
Lighter elements are predicted using this model to host topological states in contrast to spin-orbit
coupling-induced band inversion favoring heavier atoms.

The study and search for topologically insulating ma-
terials is an important part of contemporary materials
science research owing to the unique and often useful
properties such systems exhibit. Topological insulators,
by definition, host states physically localized on the sur-
faces or edges of a sample that energetically lie in a gap
of the bulk material’s band structure [1-3]. Because the
emergence of these surface states is rooted in topology
and the associated symmetries of the Hamiltonian, their
existence can be robustly protected from impurities or
external perturbations. This makes topological insula-
tors appealing platforms for various applications such as
the low-dissipation semiconductor devices and, due to the
spin-momentum locking of surface states, also for mag-
netic applications [1-7]. A plethora of systems has been
shown to be topological insulators but the search for new
candidates is ongoing, motivated by the need for specific
physical properties and materials suitable for technolog-
ical applications.

We examine and analyze here a class of Hamiltoni-
ans that host topological phases, applicable to materials
in which interorbital hybridization of even (gerade) and
odd (ungerade) atomic orbitals is a significant part of
the low energy electronic physics. As prototypical exam-
ples, we focus on systems dominated by nearest-neighbor
sigma hybridization between s and p orbitals; due to their
electron configuration, alkali and alkaline earth atoms
constitute excellent systems to which our model can be
applied. We concentrate on lower-dimensional materi-
als since, compared to 3D systems, they more commonly
feature band gaps extending over the full Brillouin Zone.
These systems however have different electronic struc-
tures and Fermi energies than their 3D counterparts. The
fundamental physics of interest for such materials is at
first most clearly illustrated in a one-dimensional chain;
such a system has been studied in the framework of the
modern theory of polarization [$8-10], but the aim of the
1D-focused part of this article is to formally describe
the topology involved by analyzing a simple Hamiltonian

containing the key even-odd orbital hybridization (simi-
larly to the Shockley model) [11, 12] in order to show that
it is enough for topological phases to emerge by using re-
alistic parameters calculated with an ab initio approach,
specifically density functional theory (DFT) in this work

[13, 14].

For materials to exhibit this type of topological be-
haviour, their band structure needs to feature a gap in-
duced by the avoided crossing of an even and an odd
parity band. For this to be of practical importance,
their chemical potential should lie in this gap either nat-
urally or by shifting it accordingly through small electron
or hole doping. This makes the topologically-protected
edge states emerging in the gap experimentally accessi-
ble. The alkali and alkaline earth linear chains and 2D
honeycomb lattices discussed in detail later feature such
gaps. As shown in Table I, while the Fermi energy in
the conducting alkali chains is separated from the gap,
for alkaline earth chains which have two valence elec-
trons per atom it lies in the gap and, additionally, di-
rectly at the energy of the degenerate edge states Ergge
in the topological phase [15]. Consequently, we present
data focused more on the alkaline earth materials in this
work. Of course, there are likely alloys and intermetal-
lic compounds in which these elements play a dominant
role in the valence electronic structure where this also
could occur, highlighting the rather broad classes of ma-
terials that potentially exhibit this type of topological
behavior. Naturally, the discussion of a topological insu-
lator involving p orbitals brings graphene to mind as a
historically important system [16—18]. The model ingre-
dients we consider here are however fundamentally dif-
ferent and spinless; proposals for graphene-based [19, 20]
and even 2D trigonal s-p topological insulators [21] are
characterized by the rise of the quantum spin Hall effect
that requires strong spin-orbit coupling, whose strength
is increased through the adsorption of heavy atoms or a
substantial external field [22].

We consider a one-dimensional infinite chain of equidis-
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FIG. 1. s-p chain results. a) Diagram of a uniform chain
of s and p orbitals and the allowed nearest-neighbor hopping
processes. b) Band structure calculated with Eq. (1) (black
curves have ts, = 0 set). The high symmetry points are T’
(k=0)and Z (k = £5;). c) Density of states of a N = 5000

2
chain of Be atoms, where the value for the edge states in red

has been multiplied by 10 for visual clarity. Inset: charge
density of the two degenerate edge states in the gap. d) and
e) are the same as b) and c¢) for Ra chains which don’t exhibit
gap states. The Fermi energy is set at £ = 0, and the ab
initio parameters used are listed in Table I.

tant atoms that each host an s orbital and a p orbital with
lobes aligned along the chain axis, as illustrated in Fig.
1 (a). The tight binding Hamiltonian in reciprocal space
in an ordered (s,p) basis reads

h(k) = <—2tss cos(ak) — &

—2it, sin(ak) (1)
2it sy, sin(ak) ’

2t cos(ak) + 5

where A is the on-site energy difference between the p
and s orbitals in the chain, a is the lattice constant and
k represents the crystal momentum in the chain direc-
tion [23]. In Fig. 1 (b) and (d), the band structure using
beryllium and radium parameters listed in Table I respec-
tively are displayed. Comparing the bands with (¢5, > 0)
and without (ts, = 0) s-p mixing in Fig. 1 shows that
the light Be chain bands in (b) anticross, leading to the
manifestation of two degenerate edge states in the gap
in (c¢), while the heavy Ra chain in (d) has no crossing
at all and thus no topological states in (e). We note
that the p, and p, orbitals, which are higher in energy
from the chain-aligned p, orbitals by crystal field effects,
are not important to this model [15]. The two alkaline
earth extremes were selected to highlight and contrast
the mass dependence of the s-p hybridization topological
phenomenon with the more common spin-orbit coupling
induced topology. As shown in the gap data found in
Table I, the lighter elements host topological phases and

the band gap monotonically decreases for alkali and al-
kaline earth materials respectively until the gap closes,
indicating a transition from the topological to the triv-
ial phase in which no avoided crossing occurs, and then
the gap increases monotonically. On the other hand, the
strength of relativistic effects, including spin-orbit cou-
pling, increases strongly with higher nuclear charge and
principal quantum number n of the valence band states
[24-26]. This, along with the decrease of the bandwidths
with nuclear charge controlled by ¢4, and ¢, due to larger
equilibrium lattice constants a and the increasing emer-
gence of nodes in the orbital wavefunctions affecting or-
bital overlaps, explains why heavier elements exhibit in-
creased separation between ns and np bands thus avoid-
ing band crossing in the first place [27].

1D 2D

Element| a | A | tss | tpp | tsp
Gap|EEgdge |Gap

FEage
Li 3.04(2.64|1.19(1.51|1.36| 2.54 |2.75| 3.81 |3.19
Be 2.15|3.73(2.25[2.23|2.35| 0.00 |5.23| 2.61 |6.36
Na [3.28(4.57(1.03|1.69(1.31| 2.17 |0.87| 4.43 |1.09
Mg [3.07{4.96(/1.04|1.70|1.31| 0.00 [0.53| 1.01 |0.78
K 4.10(2.73]0.65|0.84(0.74| 1.32 |0.27| 2.68 [0.52

Ca |3.99|2.12|0.58(0.34|0.55| - ]0.28] 0.20 [0.18
Rb |4.34|2.19|0.56|0.43|0.57| - ]0.22| 2.30 |0.19
Sr |4.48(1.75]0.47|0.12|0.43| - |0.57| - |0.18
Cs ]4.76]1.68/0.46|0.16/0.40f - |0.43| - |0.09
Ba |3.90/2.25|0.63|0.01{0.40| - [0.98| - ]0.36
Fr (4.69(2.40/0.49(0.30|/0.41| - [0.83] - ]0.50
Ra |5.11]1.94|0.37|0.07|0.32| - |1.04] - |0.71

TABLE I. Topological phase data of 1D chains and 2D hon-
eycomb lattice alkali and alkaline earth materials. The results
are based on the listed Hamiltonian parameters, which were
obtained from fits to ab initio calculations performed using
FPLO, an atomic orbital-based DFT code [28]. Egqge is the
energy of the center of topological edge states in the gap with
respect to the Fermi energy set to zero. All energies are given
in eV, and the equilibrium lattice constants a are in angstrom.

As is convenient for the topological analysis of two-
band systems, we write the Hamiltonian (1) as h(k) =
do(k)oo+d(k)- o in terms of a vector o = (04,0,,0,) of
Pauli matrices acting in the orbital (s,p) basis and the
identity matrix og. Here do(k) = —2t_ cos(ak),

d(k) = (0, 2tspsin(ak), —2t4 cos(ak) — A/2), (2)

and ty = (tpp * tss)/2. For generic values of pa-
rameters h(k) respects spinless time-reversal symmetry
T : h(k)* = h(—k) with T2 = 1, which places it in class
AT of the Altland-Zirnbauer classification [29]. In space
dimensions 1 and 2 this class allows only trivial topol-
ogy and hence we do not expect any strong topological
phases in our model. If, however, we include spatial sym-
metries, then weak topological phases become possible.



The Hamiltonian (1) is inversion-symmetric, respecting
T : o,h(k)o, = h(—k). The two symmetries, T and
7, together enforce the absence of the o, term in h(k),
as also manifest in Eq. (2). This form of Hamiltonian
implies a quantized winding number,
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where u(k) denotes the periodic part of the Bloch wave-
function of the occupied band. For a 2 x 2 Bloch Hamil-
tonian 47y equals the solid angle swept out by d(k) as k
traverses the Brillouin zone. When d(k) is confined to a
plane as is enforced here by the presence of the inversion
symmetry, only 7o = 0,£1/2 are possible which respec-
tively correspond to a trivial and topological phase. The
Hamiltonian (1) thus possesses a Zs topological invariant
and is topologically equivalent to the SSH model [30-32].

The main physical aspect distinguishing the topo-
logical from the trivial regime is that the band struc-
ture in the topological phase is highly s-p hybridized,
while the trivial phase is reached if the energy differ-
ence between the s and p levels is high enough such
that no avoided crossing occurs between the upper and
the lower band. This contrasts these systems from the
dimerization-driven SSH model. However, this essential
behavior would be absent if not specifically for the even-
odd nature of that hybridization, which can be visual-
ized in Fig. 1 (a) as s-p hopping to the left and to the
right of a given site having opposite signs. If, for ex-
ample, we replaced the p orbital by another of the same
energy but with even parity, the off-diagonal terms in
the Hamiltonian (1) would not be of the form =+isin(ak)
thus removing the possibility of a non-zero winding num-
ber around the origin in the Pauli matrix space. The Ki-
taev chain Hamiltonian has exactly the same off-diagonal
element structure (in that case due to the form of the
p-wave superconducting order parameter). Systems in-
volving higher angular momentum states than s or p can
also have even-odd mixing symmetry, similarly making
them potential candidates for extending the reach of this
mechanism to other classes of materials. Interesting can-
didates would be ones involving p and d bands, or f and
d bands [33] which often also involve strong correlations
and magnetic phases [34].

For systems with inversion symmetry and a Zs topo-
logical classification, it is possible to calculate the invari-
ant by analyzing the inversion properties of the eigenstate
representing the occupied fermionic band, in our case the
lower, mainly s band. We thus express the k-dependent
wavefunction U (k) associated with this band as

(k) = Ozs(k)(bs + O‘p(k)(bp) (4)

where ¢, and ¢, are the wavefunctions associated with
the s and p atomic states respectively, and a; (k) and

a) A<4ty|
. 1
= Bonding
\G.'l 0 Anti-Bonding — Re(as) 0
(NN} 5 —Im(ap) 1
Z r Z7Z r Z
b) A=4]t,|
1
S 5 . B
(3] 0 = Bonding 0
~ Anti-Bonding — Re(as)
w -5 —_— Im(ap) 1
Z r ZZ r Z
C ) A> 4|t |
—~ 5 1
> Bondin
— 9
3 0 Anti-Bonding Qe(as)w 0
s \/ — me 1
Z r ZZ r Z

FIG. 2. 1D chain band structure (left column) and the eigen-
states of the lower band with respect to k (right column) in
different regimes; a) for the topological phase, b) at the phase
transition point and c) in the trivial regime. The Fermi en-
ergy is set at £ = 0, and ts, > 0 for all cases.

«, (k) are normalized complex coeflicients. With a suit-

able choice for the overall phase, we can write this wave-

function such that o (k) is purely real and (k) is

purely imaginary for all k [23]. Then, if we consider

the eigenvalue ~y (k) of the inversion operator Z associ-

ated with W (k) at the two special k-points that map to
us

themselves under inversion, namely k = 0 and k = 7, we
can define a Z5 invariant v as

v=70)y(2). (5)
a
In this case, v (k) can only be equal to 1 or —1. Thus, v
also either has the value 1 (trivial phase, A > 4|t;]|) or
—1 (topological phase, A < 4|t;| and tg, > 0) [35, 36].
This is consistent with the results displayed in Fig. 2; for
the topological phase, v(0) =1 and v (g) = —1, while
they are both equal to 1 for the trivial phase. At ex-
actly the phase transition point A = 4|t;| the winding
number is undefined since the system becomes gapless
and it is not possible to uniquely identify the eigenstate
belonging to the lower band. It is crucial to note here
that the band structures in (a) and (c) are nearly identi-
cal in shape and structure. Consequently, looking solely
at DFT band structures, one may not recognize that a
system is in a topological phase; information about the
electronic wavefunctions is necessary. Seeking only band
crossings with Dirac-like dispersion and spin-orbit degen-
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FIG. 3. Physical origin of the fractionally quantized polar-
ization in the s-p chain with N sites. a) The trivial phase
(y¢ = 0), where N Wannier orbitals are centered at the lat-
tice sites. b) The topological phase (y¢ = +3), where N — 1
Wannier centers are located midway between the lattice sites,
forcing an electron to occupy one of two edge modes resulting
in polarization P = 3.

eracy breaking, the type of topology highlighted here can
easily be missed.

In the special case t,, = tss, the term in h(k) pro-
portional to oy vanishes and the Hamiltonian acquires
particle-hole symmetry, P : ozh(k)*c, = —h(—k) with
P? = 1. This places the system in class BDI which ad-
mits integer topological classification in 1D [37]. The
Hamiltonian then becomes topologically equivalent to the
Kitaev chain where the topological invariant counts the
number of Majorana zero modes localized at one end of
the chain [38—40]. In our case the Hamiltonian acts in
the space of s and p orbitals (and not in Nambu space)
but zero modes still form when in the topological phase.
The fact that the Be chains almost exhibit this symme-
try since t,5 ~ t,, as seen in Table I highly increases the
potential for experimental observation of its topological
edge states since their centering in the large band gap
shown in Fig. 1 (¢) makes it harder for perturbations to
shift their energy up or down which would lead to them
being swallowed by the bulk bands. Like in the SSH
model, the physical observable associated with the topo-
logical phase are the two fractional polarization states
P = 45 which can be interpreted as the last valence
electron residing in one of the two degenerate end modes
[41]. An intuitive picture for this mechanism is given in
Fig. 3, which shows the emergence of edge Tamm states
in the topological phase [412, 43].

While physically enlightening, one-dimensional models
are often difficult to realize experimentally although we
here envision the possibility of forming 1D chains at step
edges of a substrate which is inert regarding covalent in-
teractions with the chain atoms [141]. We thus extend
our analysis by considering a 2D honeycomb lattice gov-
erned by the same even-odd interatomic hybridization
and demonstrate that the conclusions we reached for the
1D system also apply in higher dimensions. The honey-
comb lattice was specifically chosen because, in analogy
with graphene, its energy spectrum is gaped for all Kk
away from two Dirac points and can be easily turned
insulating. This is unlike most square lattice systems
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FIG. 4. Results for a 2D s-p honeycomb lattice. a) Honey-
comb lattice with an s, p, and p, orbital at each site. €; and
€5 are the primitive lattice vectors, and high symmetry points
in the associated Brillouin Zone are shown. b) Band structure
in the topological phase, ¢) at the phase transition point and
d) in the trivial phase. e) Density of states of a honeycomb
strip that is infinite along the €; direction with a thickness
of 100 unit cells in the &> direction made of Be atoms, and f)
of Ra atoms. The inset shows the momentum-averaged com-
bined charge density of the two gap topologically protected
dispersive edge modes. The Fermi energy is set at £ = 0.

which typically exhibit large Fermi surfaces, distinguish-
ing this system from the BHZ model [1, 45]. As shown in
Fig. 4 (a), each site of the honeycomb lattice in the z-y
plane hosts an s, p, and p, orbital, and nearest neighbor
hopping between all of those is allowed. The resulting
6-band Hamiltonian is most easily written in the chiral
basis (s4,PA+,PA—; SB,PB+,PB—) Where s, denotes the
s orbital on n = A, B sublattice and p,+ = py, £ipy,. It

reads
o ho  has(K)
h(k) = (hAB(E)T h ) (6)

where hg = diag(—A, A, A)/2,

. tssZO(E) tspz2(E) tspzl(E)
hap(k) = | typz(K) typzo(k) tepaa(k) [, (7)
tspza(k) tspza(k) tpp20(k)

and z,(K) = ek y oilkda—pZF) 4 i(K&+u%F)  Here
a; = ay, da3 = a(—V/3% £ §)/2 are three nearest neigh-
bor vectors in the honeycomb lattice [L7, 46].

Using again the parameters in Table I (with the p,
and p, atomic levels being degenerate), we compare the
band structure in Figs. 4 (b-d). Interestingly, along with
lower energy mainly s bands and higher energy mainly



p bands, two completely flat purely p bands appear. We
identify these as linear combinations of localized p states
in the honeycomb bulk discussed previously [17, 48]. Tt
is interesting to note that the flatness of these bands is
not perturbed by the introduction of s-p mixing into the
model. Such flat bands are appealing due to their propen-
sity to form strongly correlated phases in the presence of
interactions and have been studied in optical and elec-
tronic systems [19]. An interesting feature of the Hamil-
tonian described by Equations 6 and 7 is that, simi-
larly to the 1D chain, a band inversion that occurs when
A = 3tss + t%p| = 313t — t_|. As illustrated in Fig. 4
(b-d), at the phase transition three bands become degen-
erate at the I' point whereby the lower flat band detaches
from p-bands and attaches to s-bands. Consequently, the
Fermi energy for half-filled alkaline earth chains in the
topological phase lies right under this set of localized p
states, which have to be filled to access the topological
end modes in the gap. By projecting the Hamiltonian
(6) onto the degenerate subspace it is straightforward to
derive an effective 3-band k- p Hamiltonian for this tran-
sition,

0 0 —vk_
heg(k)=1 0 0 wvky |- (8)
—vky vk m

Here ky = k,+ik,, v = 3tpa/2 and m = A— 3|3t —t_|.
The energy eigenvalues are (m,+v'm? + v2k?). At the
transition point marked by m = 0 the spectrum con-
sists of a Dirac cone and a flat band, both centered at
zero energy. Although once again there is in general
no strong topology allowed in the Hamiltonian belong-
ing to Al symmetry class in 2D, we can understand the
emergence of the edge modes by regarding the 2D Bloch
Hamiltonian h(k,,k,) placed on a long strip as a col-
lection of 1D Hamiltonians hy, (k,) parametrized by the
transverse momentum k,. We find that, when the system
resides in the inverted regime, the flat band contributes
a quantized winding number ¢ for each transverse mo-
mentum k, and the invariant v defined in Eq. (5) is
equal to —1. Like in the 1D chain case, this results in
a localized end mode with the energy inside the gap for
each k,. These end modes then form a dispersive edge
state visible in Fig. 4 (e). Note that as hg,(k;) is not
particle-hole symmetric we do not expect the dispersive
edge modes to be centered in the gap.

These results open the way for experimental studies
of an underexplored type of topological materials favor-
ing lighter elements in contract to spin-orbit coupling
driven topological systems; any material that exhibits
the requisite s-p hybridization in its low-energy sector
such as the alkali and alkaline earth elements is a po-
tential candidate for the observation of these properties.
Notably, due to naturally hosting one more valence elec-
tron per atom than the alkali, alkaline earth materials

are of particular interest since their Fermi energy in 1D
chains lies directly at the topologically-protected edges
modes, making their experimental detection significantly
easier. Beryllium chains in particular stand out as the
most promising even-odd hybridisation-based topological
insulators because of their near particle-hole symmetry
and large band gaps strongly protecting the end modes
from perturbations compared to other candidates [15].
Beryllene, The 2D honeycomb Be system, has been ex-
perimentally realized [50] and would be an excellent sys-
tem to explore the ramifications of our model, especially
since Be-based materials such as Be3Xs (X = C, Si, Ge,
Sn) [51] have been predicted to be Dirac semimetals and
to possess significant contributions from surfaces states
to the density of states at the Fermi energy [52, 53].
Other low-dimensional candidates to explore s-p topo-
logical physics which include alkaline earth elements are
CaBg nanowires [54] or MgBy [55].
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