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Utilizing the Stern-Gerlach apparatus to create matter-wave superposition states is a long-sought-
after goal, not only due to its potential applications in the quantum realm but also because of its
fundamental implications for studying the quantum properties of gravity. The main challenge in
creating a macroscopic quantum interferometer arises from the loss of coherence, primarily through
two channels. One channel involves strong coupling with the environment for macroscopic matter,
leading to decoherence. The other channel relates to the precision of wave packet overlap, which can
occur due to external and internal fluctuations of various sources. The latter introduces a unique
challenge for larger-scale masses by perturbing the centre of mass motion of the macroscopic object.
Here, we study a particular challenge, namely, the issue of internal degrees of freedom, specifically
phonon fluctuations and contrast reduction. This work will investigate the contrast reduction caused
by spin-magnetic field and diamagnetic interactions at the phonon occupation level in the quantum
gravity-induced entanglement of masses (QGEM) protocol configuration.

1. INTRODUCTION

The matter-wave interferometer is an essential tool
for generating sizeable spatial superposition states. It
represents the forefront of theoretical physics, as the
creation of spatial superposition states can aid in con-
structing a theory that reconciles gravity with quantum
mechanics[1–5], studying the equivalence principle[6–9],
decoherence mechanism[10–22]. In terms of applications,
matter-wave interferometers are also considered for de-
tecting gravitational waves[23], neutrinos [24], detecting
light axion-like particles [25], for precise measurements
of Earth’s gravitational acceleration[23, 26–33], and de-
tection of space debris [34].

To test the quantum nature of gravity, a proposal
known as quantum gravity induced entanglement of
masses (QGEM) has been recently proposed [35] 1. To
further probe the nature of gravity, the gravitational-
optomechanical test, which tests the analogue of light-
bending experiment in quantum gravity [38], and
measurement-based tests [39], all require the creation of
a matter-wave interferometer.

The QGEM proposal utilizes the two masses, each pre-
pared in a spatial superposition state, which is kept at
a distance where the only interaction between them is
mediated via gravity. If detectable entanglement exists
between these two masses, one can ascertain that the
gravitational interaction is quantum in nature [40–46].
This quantum-entanglement-based, experimental is con-
cordant with the LOCC theorem, which states that clas-
sically one cannot mediate quantum entanglement be-
tween the two quantum systems [47].

In QGEM, the spatial superposition is created by the
Stern-Gerlach (SG) apparatus [48] while the test mass
is played by a diamond internally embedded with a

1 This work was first reported in [36]. A similar proposal was made
in Ref. [37].

nitrogen-vacancy centre (NV). The SG device utilizes the
coupling between the magnetic field and the spin (NV-
centre) to create a spatial superposition state. Based
on similar mechanisms, there have been approaches to-
ward atom interferometry. Such interferometer has been
experimentally realized on atom chips for half-loop [49]
and full-loop [50] schemes. For the former, the coherent
time for maintaining spatial superposition was 21.45 ms,
and the size of 3.98 µm was reached. For the full loop,
the coherent time and superposition size were 7 ms and
0.38 mum, respectively.

Of course, QGEM imposes higher demands on the
interferometer’s performance, with critical requirements
including the diamond’s mass M ∼ 10−15 − 10−14 kg
and the spatial superposition size needing to reach ap-
proximately 10 − 100µm [15, 18, 22, 35], and [51]. The
larger mass objects tend to couple more strongly with
their environment, such as the electromagnetic fields and
collisions with residual gas particles. These couplings
act as measurements, causing the collapse of the spa-
tial superposition state into classical states, known as
decoherence [52, 53]. Furthermore, due to experimental
constraints on the magnetic field gradient [54, 55], the
time required to achieve large-scale spatial superposition
states is on the order of ∆t ∼ 1 second makes it more
challenging to maintain the spin coherence state of NV
centres and the spatial superposition state of diamond 2.

For a closed-loop scheme, another challenge that is in-
dependent of the environment arises from the Humpty-
Dumpty (HD) effect[58–61], which refers to the overlap
problem of matter waves. For example, in the atomic
interferometer mentioned above, if the wave packets on
both sides of the interferometer arm cannot precisely
overlap (both in translational and rotational degrees of

2 See also gravity gradient and relative acceleration noise [34, 56,
57] for other sources of noise that lead to dephasing the interfer-
ometer along with electromagnetic sources of noise [19, 20].
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freedom), they cannot generate interference fringes and
thus lead to the loss of contrast, see [62] where the analy-
sis of HD effect has been analysed quite nicely including
the impact of angular momentum and the libration mode
of the NV spin. For macroscopic objects, there is also a
challenge of overlap due to the internal degrees of free-
dom, such as phonon vibration. In a very interesting
work[63], the contrast reduction of phonon wave packets
induced by coupling NV centres with magnetic fields was
demonstrated. More recently, this coupling has been ex-
tended to white noise, providing a boundary on creating
larger-scale spatial superposition states that have been
considered [64].

This work will also investigate the contrast loss caused
by phonons in matter-wave interferometers. Unlike
atomic-scale interferometers, due to the diamagnetic
property of a diamond and its interaction with the mag-
netic field being proportional to its mass, the diamag-
netic interaction becomes essential in the matter-wave
interferometers with a massive object. For example, the
diamagnetic interaction contributes to the trajectories
of the diamond’s centre of mass (CoM) wave packets.
Therefore, the magnetic field must be carefully designed
to guarantee a close loop[54, 65–67]. Besides, there has
been recently proposed a mass-independent scheme[67]
based on diamagnetic interaction of creating large super-
position size. From the perspective of internal degrees
of freedom, the diamagnetic repulsions of the diamonds
on either side of the interferometer arms are different,
leading to the excitation of varying phonon modes and
thus resulting in a contrast reduction of internal degrees
of freedom. This is fundamentally similar to the spin-
magnetic field interaction papers [63, 64].

In this regard, our paper differs from the Refs.[63, 64].
We validate their results for the spin-magnetic field inter-
action. However, we also Consider the effect of diamag-
netic contribution, which brings another layer of com-
plexity that is not present otherwise. In the case of dia-
magnetic contribution, the phonons are also coupled to
the CoM of the diamond, intrinsically bringing a new
kind of interaction. The difference lies in the fact that for
diamagnetic interaction, each carbon atom in the atomic
chain on both sides of the interferometer arms experi-
ences repulsion in the same direction, while for the spin-
magnetic interaction, the chains are plucked at the NV-
centre in opposite directions, as illustrated in Fig. 1.
Besides the magnetic effects, we will also briefly mention
the role of electric dipole interaction with phonons and
how it affects the latter in comparing the loss of contrast
for the one-loop interferometer.

The structure of this work is arranged as follows. In
section 2, we introduced the setup, which includes the
phonon model and the statistical model of phonon modes
at finite temperature, and introduced the Wigner func-
tion. In 3, we provided the Hamiltonian of the diamond
and presented the model for the trajectory of the dia-
mond wavepacket. In 4, we examined the different effects
of diamagnetic repulsion and spin-magnetic field interac-

tion on phonon dynamics and further utilized displace-
ment operators in Section 5 to describe the phonon’s con-
trast reduction. In Section 6, we presented numerical re-
sults and compared the contrast loss induced by these two
interactions at different temperatures. Also, we have con-
sidered contrast loss led by other interactions, potential
dipole-electric field interaction, in the level of phonon;
this part of the discussion can be found in Appendix C
and D.

2. BRIEF REVIEW ON PHONON

Phonons constitute the primary focus of this work, and
the model is derived from the lattice chain model, see
Ref.[68]. In the case of atomic interactions, the Hamilto-
nian for free phonons can be expressed as follows,

Hfree = m
∑
i

ẋ2i
2

+
∑
i,j

Kij

2
xixj

=
∑
q

1

2

(
u̇2q + ω2

qu
2
q

)
,

(1)

where Kij is a matrix associated with the inter-atomic
interaction while Qq(Xi) = Qi

q represents the eigenvec-
tor of the matrix. The position of each atom can be
represented as Xi(t) + xi(t), where the capital Xi(t) de-
notes the equilibrium position of the ith atom at any
instant of time, and xi represents its small vibrations.
Because the position of the diamond as a whole varies
within the SG apparatus, the equilibrium position Xi(t)
of each atom in the chain becomes a function of time.
Notably, the relative distances between these equilibrium
positions, Xi+1 −Xi = const., remain constant. There-
fore, Xi(t) can effectively be regarded as the trajectory of
the diamond, with their distances relative to the centroid
Xc(enter) remaining unchanged. Here, for convenience, we
assume that the NV centre within the atom is embedded
at the centroid’s position, Xs(pin)(t) = Xc(t). In the fol-
lowing, we sometimes neglect the time t for convenience.

The small movement xi(t) can be expanded into mode
amplitude uq, with creation and annihilation operators
as,

xi(t) =
1√
Nm

∑
q

Qi
quq(t), (2)

where the relation between uq and its conjugate (the mo-
mentum u̇q), and the creation and annihilation operator
can be expressed as,

aq =
1√
2ℏωq

(ωquq + iu̇q),

a†−q =
1√
2ℏωq

(ωquq − iu̇q).

(3)

For simplicity, in our one-dimensional atomic chain
model embedded with an NV centre, we assume that
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(a) (b)

FIG. 1: Illustrations of different forces acting on a lattice chain (represented by black solid wave lines) where positions of
atom/spin are dotted in black. The wave packets of the centre of mass (CoMs) in the two interferometry arms denoted here
by the left (L) and right (R) arms are plotted by orange and blue circles. Panel (a) shows splitting forces FL,R

s acting on the

spin with site number s have the same magnitude but opposite direction. Panel (b) shows diamagnetic forces FL,R
i acting on

every atom, where, for simplicity, we assume it acts on the spin as well without changing the main dynamics of the chain.

all particles have identical mass, and the total mass is
given by M = Nm, where N is the total number of
particles in the diamond, and m is the atomic mass
of the diamond. The ωq is the eigen-frequency of the
chain model with fundamental tone ω0 = πc/L, where
c = 17.5 × 103m/s is the sound speed within a dia-
mond [68] and L is the length. For example, for the
masses in a rangeM ∼ 10−14 ∼ 10−20 kg the correspond-
ing fundamental tone ranges from ω0 ∼ 1010 − 1012 Hz.
At the initial stage, t = 0, before the diamond enters

the SG apparatus and interacts with the magnetic field,
one can assume that the phonons are in a thermal equi-
librium state at a temperature T [68],

⟨nq(t = 0)⟩ = 1

2
coth

(
1

2

ℏωq

kBT

)
. (4)

According to the equipartition theorem, one can establish
the relationship between the average number of phonons
⟨nq(0)⟩, the characteristic length σuq

and the character-
istic momentum σu̇q as [68],

⟨nq(t = 0)⟩ = ωq

ℏ
σ2
uq

=
1

ℏωq
σ2
u̇q
, (5)

where σuq and σu̇q are statistical averages. A review
of this detail can be found in the appendix A. In the
case of thermal equilibrium, the phonons in each mode q
form a mixed state. The amplitudes and momenta of the
phonons thus take on Gaussian distributions, represented
by the Wigner function[69] as follows,

W (uq, u̇q) = N exp

[
−

(
u2q
2σ2

uq

+
u̇2q
2σu̇q

)]
, (6)

where N is normalization factor. Eq. (5) gives the nor-
mal mode’s characteristic length and momentum. Note
that σuq

and σu̇q
are statistical averages dependent on

temperature T , see appendix A. Once we let the dia-
mond experience the SG force, the occupation number of
the phonons will evolve, and we will estimate that in the
following sections.

3. INTERACTIONS IN STERN-GERLACH
APPARATUS

For the diamond embedded with a single spin S in the
NV, we already assume that it has been prepared in a
superposition of opposite direction SR = 1 (right) and
SL = −1 (left), hence the spatial superposition. The
Hamiltonian for the diamond’s CoM consists of three
parts 3,

HCoM =
P 2
c

2M
− µSL,RB − χρM

2µ0
B2, (7)

the first term is just the kinetic energy relating to CoMs’s
momentum. The second term is the spin-magnetic field
coupling with the magnetic moment µ = gµb, where
the Landé g-factor g ≈ 2 and Bohr magneton µb =
9.27 × 10−24 (J/T). For simplicity, we assume the NV-
centre is located at the centre of mass of the diamond
with equilibrium position Xs = Xc. The third term
relates to diamagnetic energy with mass susceptibility
χρ = −6.2× 10−9m3/kg and vacuum permeability µ0.
For the magnetic field in Eq. (7), we give its form that

is experienced by the ith atom as,

Bi(t) = B0 + b(t)Xi(t), (8)

where B0 is the bias magnetic field, and b(t)Xi(t) de-
notes the gradient in the SG setup experienced by the
ith atom. Note that in Eq.(8), the coordinates along the
ex-axis are represented by the uppercase Xi, indicating
the equilibrium positions of atoms in the chain. For ex-
ample, the magnetic field experienced by the spin, which

3 There is also a term related to D(S · n̂)2 related to the zero-point
splitting [62, 65]. This term is relevant for the internal spin de-
grees of freedom. Here, we are not considering this contribution;
we do not consider the rotation of the diamond in our current
context.
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we have assumed to be located at the centre of the chain,
becomes Bc = B0 + b(t)Xc. In this model, we only con-
sider the one-dimensional case, where the separation of
the diamond and the force on the atomic chain is confined
to the ex direction.

We do not consider the motion of the diamond in other
dimensions, such as in drop tower experiments where
the diamond needs to move in the direction of Earth’s
acceleration or in magnetic levitation setups where it
moves along a direction orthogonal to ex. In these cases,
the form of a magnetic field becomes very complicated
for a closed loop, and it needs a careful design, espe-
cially when one takes the diamagnetic term into account
[67, 70]. For simplicity, we consider the movements of
CoMs only along ex, and they are subjected only to
the spin-magnetism interaction (second term in Eq. (7)).
Therefore, to get a closed loop, the magnetic gradient
b(t) can be expressed in a very simple form as [56],

b(t) =



+ηb, t = [t1, t2]

−ηb, t = [t2, t3]

0, t = [t3, t4]

−ηb, t = [t4, t5]

+ηb, t = [t5, t6]

(9)

where in different time intervals, the gradients take con-
stant values±ηb. The closed loop is guaranteed as long as
the acceleration and deceleration durations are the same.
So far, we can observe from the Hamiltonian Eq. (7) that
the diamond experiences two types of forces, i.e., the sep-
aration force acting on the NV-centre particle located at
the centre Xc, and the diamagnetic force exerted by the
entire diamond. Regarding the former, the force acts only
on the central particle, the spin, which can be read out
by doing partial derivative to the second term in Eq. (7),
which has the form,

FL,R
s (t) = µSL,Rb(t), (10)

where subscript represents the spin. From here, one
can immediately write down the interaction between the
magnetic field and phonon as −Fsxc, which we will dis-
cuss in the following section. The tiny vibration of the
NV-centre is imparted by xc(t), and the characteristic of
the unique centre position is captured by the eigen-vector
Qc

q(t) introduced in Eq. (2). Here, we keep labelling the

spin-magnetic force as FL,R
s to distinguish it from the

following diamagnetic force. But one should note that
FL, R
s acts on the CoM, Xc(t), and it is responsible for

the trajectories of the diamond.

The diamagnetic force acts on the entire diamond ef-
fectively at the positions of CoMs XL, R

c . Here, we make
an assumption that the diamagnetic force experienced
by the entire diamond can be equally distributed to each

individual atom inside the diamond.

FL,R
i,dia(t) = FL,R

c (t) =
χρM

Nµ0

(
B0b+ b2XL,R

c (t)
)
. (11)

Note that the diamagnetic force acting on each atom (in-
cluding the NV centre for convenience) is equal to the
diamagnetic force experienced by the CoMs of wave pack-
ets of diamond divided by the total number of atoms N .
Here, FL,R

c represents the diamagnetic force experienced
by any arbitrary atom ith inside the diamond. And the
phonon-diamagnetic force coupling can now be written

as −FL,R
i,diaxi = −FL,R

c xi (summed over i and mode q).
Recalling that we use a linear magnetic field, this

simple magnetic field is widely applied in interferome-
ters [54, 71]. Since the magnetic field gradient can be
modelled as a step function, the separation force Eq. (10)
acting on the spin is independent of its equilibrium po-
sition Xs(c). Therefore, there is no coupling between the
trajectories of wave packets and the phonon degrees of
freedom.
In contrast to the splitting force acting on the NV cen-

tre, the situation for the diamagnetic force (11) acting
on each particle in the atomic chain is more complicated.
The tiny vibrations of these particles (phonons) are cou-
pled to their equilibrium positions (trajectories) through
the magnetic field (considering FL,R

c × xi for each par-
ticle). Additionally, as shown in Fig. 1 (a), the forces
acting on the NV centre in different wave packets are of
the same magnitude but in opposite directions. There-
fore, when the loop is completed, the contrast of phonons
modes always differs by a positive or negative sign in
both normal coordinates and momentum. For the dia-
magnetic force in Fig. 1 (b), the corresponding atoms
in the atomic chain of the two wave packets experience
the same direction of diamagnetic force but with different
magnitudes (depending on the scale of spatial superpo-
sition). It is not difficult to imagine that the phonon
modes will exhibit contrast reduction under such differ-
ential influences.
In this toy model, we only investigate the contrast loss

of phonon modes; the mismatch issue with the exter-
nal degrees of freedom is beyond the scope of this work.
We assume perfect overlap of the equilibrium positions

(CoMs as well as XL,R
i ), a necessary assumption also em-

ployed in the seminal works [63, 64]. Thus, we consider
a simplified trajectory scenario where the trajectory of
the diamond wave packets is solely governed by the spin-
magnetic field coupling (10). In this simplest case, the
equilibrium positions of corresponding particles in the
two wave packets are symmetric given by XR = −XL, as
illustrated in Fig. 2. The maximum accelerations of the
two paths are thus a series of constants given by,

aL,R(t) =
µSL,Rb(t)

M
, (12)

we assume that at the initial moment, the spin inside the
diamond has been prepared in a superposition, and the
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FIG. 2: Illustrations of matter wave packet trajectories shown in panel (a), velocities in panel (b) and acceleration protocols
in panel (c), where blue lines represent CoM wave packet on the right (S = SR) and orange dash lines represent the left
(S = SL). Duration of acceleration and deceleration in time intervals [t1, t2], [t2, t3], [t4, t5], [t5, t6] are the same and is
denoted as a positive value τa. During the time interval [t3, t4], we assume a free-flight process of wave packets with zero

acceleration. The duration of this process is denoted as 2τf. The total duration for wave packets flying in the SG apparatus is
therefore 4τa + 2τf.

CoM of the diamond is at rest. When the loop starts, the
magnetic field gradient b(t) takes the protocol as men-
tioned in Eq.(9). In this toy model, we are neglecting
the acceleration due to the induced diamagnetic poten-
tial for the time being. In fact, including the effect will
not modify the current scenario a lot, as what matters
is the relative force difference between the left and the
right trajectories of the interferometer.

As depicted in Fig. 2 (c), under the given magnetic
field gradient settings, the acceleration of the CoMs also
exhibits a series of step functions. The blue and or-
ange line segments correspond to the trajectories of SR

and SL, respectively. The corresponding trajectories are
shown in Fig. 2 (a), and they can be expressed by the
following expressions,

XL,R
c (t) =



aL,R(t+2τa+τf)
2

2 , t = [t1, t2]

aL,R(t2−2τ2
a+2τft+τ2

f )
2 , t = [t2, t3]

aL,Rτ2a , t = [t3, t4]

aL,R(t2−2τ2
a−2τft+τ2

f )
2 , t = [t4, t5]

aL,R(−t+2τa+τf)
2

2 , t = [t5, t6]

(13)

Thus, the relative separation distance ∆X(t) between
the two trajectories is also a quadratic function of time.
During the time interval [t3, t4], this distance between the
two trajectories reaches its maximum value,

∆Xm = 2
∣∣aL,R∣∣ τ2a , (14)

where we defined the positive constant maximum ac-
celeration

∣∣aL,R∣∣ = µηb/M , and total duration time
∆t = t6 − t1.

4. PHONON FLUCTUATIONS

In this section, we will investigate the impact of the
above-mentioned interaction forces, see Eqs. (10, 11),
acting on the lattice chain on the contrast of phonon wave
packets. Here, we generally represent the aforementioned

forces as Fi(X
L,R
i ) (we will neglect XL,R

i for simplicity

sometimes and use just FL,R
i ). The total Hamiltonian

regarding every atom and their interactions with exter-
nal fields can be written as,

Htot = Hfree −
∑
i

FL,R
i xi

= Hfree −
∑
i,q

Qi
qF

L,R
i√
M

uq,

(15)

where Hfree is the free phonon Hamiltonian mentioned in
Eq. (1). Eq. (15) represents the energy change of the di-
amond interacting with the magnetic field after entering
the SG apparatus.
When the diamond enters the SG apparatus, the in-

teraction between its internal particles and the external
field changes the number of phonons. With the Hamilto-
nian Eq. (15), the kinematic equations for the canonical
coordinates of each vibrational mode q can be derived as,

üq + ω2
quq := fL,Rq =

∑
i

Qi
qF

L,R
i√
M

, (16)

where fq encompasses the forces acting on all atoms, it
can be regarded as the force acting on the lattice chain.
The solution of Eq. (16) is,

uq(t) =uq(0) cos(ωqt) + u̇q(0)
sin (ωqt)

ωq

+

∫ t

0

sinωq(t− t′)

ωq
fL,Rq (t′) dt′ .

(17)
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FIG. 3: The occupation numbers of the phonons for the spin-magnetic field interaction shown in panel (a), and for the the
diamagnetic force shown in panel (b). The blue and orange curves represent the wave packets of the diamond on the right
and left sides, respectively. The black dashed line represents the number of phonons in the diamond before entering the SG
device (scaled to one), and the blue and orange dashed lines represent the number of phonons on both sides after the closure

of the trajectory of the diamond’s CoMs.

Here, the initial conditions, the phonon amplitude uq(t =
0), and its conjugate momentum u̇q(t = 0) are solely
dependent on the initial temperature of the diamond
Eq. (5). The initial phonon population in mode q is (4)
for the thermal equilibrium mixed state considered here.
From here, it can be observed that due to the difference
in forces acting on the atomic chains on the two sides of
the interference arm, a discrepancy exists in the popula-
tion of phonons with mode q.

nq(t) =
1

2ℏωq

(
u̇2q + ω2

qu
2
q

)
. (18)

Recall that FL,R
i in (16) is a generalized form introduced

for convenience. When investigating spin-magnetic field
coupling, it needs to be substituted with (10). In this
case, the summation over atomic index i disappears (we
consider only a single NV-centre). When studying the
influence of the diamagnetic force of the lattice chain in

different trajectories on internal degrees of freedom, FL,R
i

is replaced by (11), and the summation in (16) should
include all atoms.

In Fig. 3, we have separately illustrated the differences
in the number of phonons induced by these two types of
forces (10, 11). Recall that the eigenvector Qq

i of phonons
is a quantity related to the atom index ith. Here, we
choose it to be one as the upper limit. the number of
phonons is constant at the initial moment. After the di-
amond enters the SG apparatus, the number of phonons
in the two trajectories changes differently and stabilizes
with a constant difference after the duration time ∆t.
Recall that we are interested in diamond masses rang-
ing from M ∼ 10−20 to 10−14 kg with frequencies ωq

in the range of ωq ∼ 1010 − 1012 Hz. Therefore, the
rate of change of the population of phonons of mode q

is extremely rapid. Here, for visual clarity, we plot the
variation in the number of low-frequency phonons in two
types of interactions. One should note that due to the
size constraints of diamonds (ω0 = πc/L), elastic waves
in the material do not reach such low frequencies. The
change of phonon number is small in the high-frequency
range and becomes a perturbation.

Here, we introduce the difference in phonon amplitude
and momentum on both sides of the interferometer arms,
which arise from fL,Rq .

∆uq =

∫ t

0

∆fq(t
′)
sinωq(t− t′)

ωq
dt′

∆u̇q =

∫ t

0

∆fq(t
′) cosωq(t− t′)dt′,

(19)

where we define ∆fq = fRq − fLq . From here, one can ob-
serve that due to the spatial superposition of CoM’s, the
lattice chain in the two wave packets experiences differ-
ent forces. In Fig. 4, we illustrate the differences in the
phase space of phonon wave packets from different paths.
For visual clarity, the early stage of phase evolution is
faded out, and normal coordinate and its conjugate have
been made dimensionless. In [63, 64], the authors have
shown that the phase space trajectories of phonons ex-
hibit differences because the spin in the lattice is moving
toward different directions, as shown in Fig. 4 (a). In
the case of diamagnetic interactions, the differences in
the force value exerted on the lattice still contribute to
the reduction in contrast for phonon wave packets. In
the next section, we will estimate the loss of contrast due
to phonon fluctuations.
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5. LOSS OF CONTRAST

The contrast in the internal degrees of freedom is de-
fined as the inner product of the quantum states of
phonons after evolving in the two interferometry arms;
for a specific mode q, it becomes,

Cq = |⟨ψL
q (∆t)|ψR

q (∆t)⟩|. (20)

From Eq. (20), it can be seen that the contrast is es-
sentially the inner product of normalized phonon wave
functions. Thus, a perfect closure of position, momen-
tum, and other relevant degrees of freedom, including
phonon vibrations, would yield Cq = 1, while an im-
perfect closure results in Cq ≤ 1. Contrast loss is de-
fined as the logarithmic part of Eq. (20). We employ the
time-dependent perturbation theory in quantummechan-
ics for the time evolution of phonon quantum states. In
Eq. (15), the interaction between phonons and external
field in the equation is considered as a small perturba-
tion. Now, we ignore the summation over q and focus on
one mode; the Hamiltonian becomes,

Hq = ℏωqa
†
qaq −

∑
i

FL,R
i xi

= ℏωqa
†
qaq −

∑
i

FL,R
i Qi

q

√
ℏ

2Mωq
(a†−q + aq).

(21)

Here, recall that the force FL,R
i is time dependent and it

is subjected to the equilibrium positions XL,R
i (t) of the

atomic chain. Considering that the diamond is in a spa-
tial superposition state, the forces acting on the atomic
chains in the two trajectories are different. In the inter-
action picture, denote the time-dependent perturbation
part in Eq. (21) as Vq(t), the quantum state of phonon
obeys the Schrödinger equation. The overlap of phonon
wavepackets in the two arms becomes,

⟨ψL
q (∆t)|ψR

q (∆t)⟩

= ⟨ψq(0)| exp

{
i

ℏ

∫ ∆t

0

dt′
[
V L
q (t′)− V R

q (t′)
]}

|ψq(0)⟩

= ⟨ψq(0)|UL,†
q UR

q |ψq(0)⟩,
(22)

where Uq is the time evolution operator,

UL,†
q UR

q = exp
i

ℏ

[
∆u̇qûq +∆uq ˆ̇uq

]
, (23)

when computing the second line of Eq.(22), ∆u̇q(t) and
∆uq(t) emerge, which are precisely defined in Eq.(19). In
Eq. (23), one can first consider the case of spin-magnetic
field coupling (10). In this case, V L

q and V R
q differ ex-

actly by a positive or negative sign, which is because the
forces exerted on the phonon wavepackets on both sides
of the interferometer arms happen to be in opposite direc-
tions. In this scenario, the amplitudes and momentum of
the phonons on both sides of the interferometer arms are

displaced in opposite directions by 1
2∆uq and 1

2∆u̇q, re-
spectively. The contrast of phonon can be comprehended
as the probability of its amplitude and momentum stay-
ing in the initial state ψq(0) [63] as shown in Fig. 4 (a),
once these two wave packets are separated, the overlap
would not be perfect.
For the diamagnetic interaction, the decrease in con-

trast is also not difficult to imagine. In this case, the
amplitudes and corresponding momentum of the phonons
on both sides of the interferometer arms are displaced to
varying degrees in the same direction. One can always
utilize Eq.(22) to calculate the contrast of the phonon
wave function. (details are given in the appendix) as,

C = |
〈
ψL(∆t) | ψR(∆t)

〉
|

=
∏
q

∣∣Tr [UL,†
q UR

q |ψq(0)⟩⟨ψq(0)|
]∣∣

=
∏
q

∣∣Tr [UL,†
q UR

q ρq(0)
]∣∣ . (24)

Here, we have considered an initial thermal equilibrium
ensemble of phonons composed of a state ρq(0).
Note that to evaluate the contrast Eq. (24), it is equiva-

lent to evaluate the mean value of UL,†
q UR

q which consists
of both phonon’s “position” and its conjugate.Therefore,
it is convenient to calculate the mean value by using
the Wigner function, which is a quasi-distribution of
phonon’s position and momentum in phase space, where
for a harmonic mode considered here, it has a form of
double Gaussian Eq. (6).

Therefore, in the end, by multiplying the exponential
operator with Eq. (6) and integrating over uq and u̇q, the
contrast becomes,

Cq =Tr
[
UL,†
q UR

q ρq(0)
]

= exp

−coth 1
2

ℏωq

kBT

4ℏωq

∣∣∣∣∣
∫ ∆t

0

∆fq(t)e
iωqt dt

∣∣∣∣∣
2


= exp

[
−
coth 1

2
ℏωq

kBT

4ℏωq

∣∣∣∆f̃q(ωq)
∣∣∣2] .

(25)

The final result of the contrast is an exponential function
and is temperature-dependent. Naturally, when ∆f̃q(ωq)
is zero, interference arms on both sides will exhibit no
distinction, and Eq. (25) will yield a result of one. How-
ever, if there is a difference in the forces acting on the
lattice chain on both sides of the interference arms, then
C ̸= 1, and the loss of contrast 4is expressed as logC.

4 From the expression of contrast, one can directly see why high
temperature will destroy contrast. Suppose T → ∞ for a fixed ωq

then the expression for the exponential part of Eq.(25) goes as,

− kBT
2ℏ2ω2

q
|∆f̃q |2 → −∞, therefore C → 0. The transfer function

∆f̃q is always non-zero in our case. In the other limit, when
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(a)
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q

σu. q

(b)

FIG. 4: Illustrations of phonon amplitude in x-axis and momentum in y-axis in phase space. Panel (a) represents the
difference induced by spin-magnetic field interaction, and panel (b) shows the phase space due to phonon-diamagnetic force
interaction. The blue and orange curves, respectively, represent the wave packets of the diamond on the right and left sides.

The early stages of the phase space trajectories are faded for clarity.

The Fourier transform,

∆f̃q := ∆f̃q(ωq) =

∣∣∣∣∣
∫ ∆t

0

∆fq(t)e
iωqt dt

∣∣∣∣∣ , (26)

represents a power spectrum that is a function of ωq and
∆t, determining the value and properties of the contrast.
In the study of noise in SG devices, macroscopic noise
is transformed into the phase fluctuation through this
transform. Thus it is also referred to as the transfer func-
tion [34] (see also [56]). The transfer function is closely
related to the trajectory of the interference arms. For
the simplest acceleration protocol (Fig. 1), the transfer
function of the splitting force is very trivial, transforming
two constant accelerations. The resulting fq(ωq) for this
transformation only contains 1/ωq. However, for forces
closely related to the trajectory, their transfer function
contains powers of (1/ωq)

n. In the following sections, we
will compute the contrast.

6. NUMERICAL RESULTS

In this section, we numerically explore contrast reduc-
tion due to phonon wave packets from the interactions
given in Eq. (7). Since we do not want the magnetic
field gradient, which controls the spatial superposition

ωq ∼ cq → 0, for a finite temperature, again means that the
C → 0. Lower values of ωq can occur for systems with a lower
speed of sound. Typically, these are more compressible objects
for which the speed of sound is smaller than that of the diamond-
like system.

Diamagnetic

Spin

10-14 kg
10-18 kg

1.×10-6 5.×10-61.×10-5 5.×10-51.×10-4 5.×10-4 0.001

10-69

10-49

10-29

10-9

ΔXm [m]

-
Lo
g
C

FIG. 5: We show the contrast reduction. Black and red
lines correspond to spin-phonon and diamagnetic

force-phonon interaction, respectively. Solid and long
dash lines represent spin-magnetism and diamagnetic
interaction in low temperature (4 K). Dot lines and
short dash lines correspond to spin-magnetism and

diamagnetic interaction in room temperature (300 K).

state, to be too large (ηb ≤ 106) T/m, see such gra-
dients can be achieved in [49, 72], thus the magnetic
field gradient determines the maximum spatial separa-
tion distances ∆Xm ∼ 10−6−10−3m for different masses.
For simplicity, here we consider phonons as longitudinal
elastic waves, ωq = cq [68], and treat them as continu-
ous with a minimum frequency (fundamental frequency)
ω0 = πc/L. Besides, we take the eigenvector Qi

q = 1
(recall that in solid state physics, these vectors are sinu-
soidal functions) as an upper limit. We also define the
moment when the diamond wavepacket reaches its max-
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FIG. 6: Panels (a), (b), (c), and (d) illustrate the contrast reduction resulting from spin-magnetic field coupling and
diamagnetic interaction under different scenarios, where the colour shading from dark to light represents progressively

intensified contrast reduction. The first column corresponds to spin-magnetic field coupling, while the second corresponds to
diamagnetic interaction. In the first row, (a) and (b) depict scenarios with a diamond mass of M ∼ 2.25× 10−14 kg, showing
different maximum separations ∆Xm (horizontal axis) and duration times ∆t (vertical axis). In the second row, (c) and (d)
assume a desired separation distance of ∆Xm = 10−4m for the diamond’s CoMs. We explore the contrast loss caused by

phonon wavepackets of different masses under varying duration times. In the four subfigures depicted, we have marked the
cases where the contrast loss reaches 1%. In subfigures (a) and (b), for a diamond with mass M = 2.25× 10−14kg, significant

contrast loss requires achieving maximum separation distances of approximately ∼ 10−3m and ∼ 10−2m for the
centre-of-mass wave packet within 0.05s, respectively. In subfigures (c) and (d), to achieve ∆Xm = 10−4m within 0.05

seconds, the diamond mass needs to reach approximately ∼ 10−13kg and 10−12kg, respectively, to exhibit significant contrast
loss. In these four cases marked, the magnetic gradients required are all large, becoming approximately 1000 to 10000 times

greater than the current experimental capability.

imum separation distance ∆Xm as time t = 0. Thus,
t1 = −2τa − τf, and t6 = −t1 = 2τa + τf.

To compute Eq. (25), we need to convert Eq. (10) and
Eq. (11) into respective transfer functions. Here, we first
provide their forms in the temporal domain as differences

on both sides of the interferometer arms,

∆Fs(t) = µ(SR − SL)ηb = 2µηb

∆Fdia(t) = N(FR
c − FL

c )

=
χρM

µ0
η2b
(
XR

c −XL
c

)
.

(27)

The differential force for spin-phonon interaction is eas-
ily understood in (27). These are the constant differences
between the left and right interferometer arms at differ-
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ent time stages. Recall that ηb is the maximum value of
the magnetic field gradient.

For the difference generated by diamagnetic repulsion,
we have made an assumption: the diamagnetic repul-
sion experienced by the diamond as a bulk is averaged
over each of its particles at its CoM, and we neglect the
differences in diamagnetism between carbon atoms and
nitrogen defects. Therefore, the summation over i in fq
of diamagnetic repulsion for each particle becomes the
diamagnetic repulsion experienced by the central parti-
cle (averaged) multiplied by the number of particles N .
Thereafter, we can obtain their corresponding transfer

functions,

|∆f̃s(ωq)|2 =M

(
2∆Xm

τ2aωq

)2

× Γ2(ωq)

|∆f̃dia(ωq)|2 =M5

(
χρ∆X

3
m

2µ0µ2τ6aω
3
q

)2

× Γ2(ωq) .

(28)

In Sec. 3, the coupling of the magnetic field with the
spin generates the spatial superposition state of the dia-
mond wave packet. Here, we parameterize the trajectory,
acceleration, magnetic field gradient, and other parame-
ters of the wave packet in terms of the acceleration du-
ration τa, mass M , and maximum separation distance
∆Xm. The Γ(ωq) here arises from the Fourier transform.
For the two types of interactions, their forms are the
same,

Γ(ωq) = sin[(τf)ωq]− 2 sin[(τa + τf)ωq]

+ sin[(2τa + τf)ωq].
(29)

Substituting the corresponding transfer function in
Eq.(28) into equation Eq.(25), we can obtain the expres-
sion for the contrast reduction brought about by these
interactions,

−Log Cspin =∑
q

coth

(
1

2

ℏωq

kBT

)
M∆X2

m

τ4aω
3
qℏ

Γ2(ωq),
(30)

−Log Cdia =∑
q

coth

(
1

2

ℏωq

kBT

)
χ2
ρ

16µ2
0µ

4ℏ
M5∆X6

m

τ12a ω7
q

Γ2(ωq).

(31)
In Fig. 5, we show the contrast reduction resulting
from spin-magnetic field and diamagnetic interactions in
a setup with ∆t = 1s. The horizontal axis represents
the maximum separation distance of the diamond’s cen-
tre of mass in the spatial superposition state. The black
and red lines compare diamonds of different masses, solid
and long dash lines represent results at low temperature
(4 K), while dotted and short dash lines correspond to
room temperature (300 K). The results indicate that the
contrast loss induced by the spin-magnetic field coupling
is dominant, while the effect of diamagnetic interaction is

significantly smaller. The source of these differences can
be easily understood by comparisons in (30, 31). The
contrast reduction caused by spin-magnetic field-phonon
interaction is suppressed by ω3

q , whereas the contrast loss
caused by phonon-diamagnetic repulsion is suppressed by
ω7
q .

5

Moreover, room temperature does not drastically al-
ter the outcomes for either of them. Additionally, it can
be observed that larger diamond masses lead to more
phonon contrast reduction, which is quite understand-
able. Larger mass implies a lower range of phonon fre-
quencies. From Eqs. (25) and (28), it can be seen that
these ωq terms appear in the denominators.

From Eq.(25), we can see that the acceleration proto-
col profoundly impacts the contrast of the phonon wave
packets. In Fig. 6, we use a density plot to detail the
contrast reduction resulting from different acceleration
protocols. In the four subplots, we highlight the black
curve, where the magnetic field gradient is precisely 106

T/m, and in the region above it, the duration time is
longer, thus requiring a smaller magnetic field gradient.
In Fig. 6(a) and (b), we study the contrast of a diamond
with a mass ofM = 2.25×10−14 kg under different max-
imum separation distances ∆Xm and duration times. In
the QGEM, the separation distance of the CoM wave
packets should be sufficiently large (e.g., ∆x ∼ 10−4 m).
We can observe that under a one-second flight time, the
contrast loss resulting from spin-magnetic field coupling
and diamagnetic interaction ranges from 10−9 to 10−6

5 Since the main contribution of contrast loss comes from the fun-
damental frequency ω0 ∼ c/L. One can consider two limits here,
one is ℏω0 ≪ kBT and the other is ℏω0 ≫ kBT . For the former
limit, the square of the transfer function will yield the maximum
value of |Γ(ω0)|2 ∼ 1, and Eqs. (30) and (31) become, respec-
tively,

−Log Cspin ≈
2kBT

ℏ2
M∆X2

m

τ4aω
4
0

∼
2kBT

ℏ2
ρ

(
∆Xm

c2τ2a

)2

L7,

−Log Cdia ≈
kBTχ2

ρ

8ℏ2µ2
0µ

4

M5∆X6
m

τ12a ω8
0

∼
kBTχ2

ρρ
5

8µ2
0µ

4ℏ2

(
∆X3

m

c4τ6a

)2

L23.

In the other limit, when ℏω0 ≫ kBT the hyperbolic function goes
coth 1

2
ℏω0
kBT

→ 1. The contrast reductions from the two interac-

tions become as,

−Log Cspin ≈
M∆X2

m

ℏτ4aω3
0

∼
ρ

ℏc3

(
∆XmL3

τ2a

)2

,

−Log Cdia ≈
χ2
ρ

16µ2
0µ

4ℏ
M5∆X6

m

τ12a ω7
0

∼
χ2
ρ

16µ2
0µ

4ℏ
ρ5

c7

(
∆X3

mL11

τ6a

)2

.

In the above two limits, we have used the relation: M = ρL3,
where ρ is the density of test masses and L is the length. In either
of the limits, one can always conclude that more rigid material
(which means faster sound speed) and smaller size of the test
masses will produce less reduction in contrast. The diamond-
like crystal will be an example of an ideal crystal for the QGEM
experiment.
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and 10−33 to 10−26, respectively. In (c) and (d), we set
the CoM’s maximum separation distance to 10−4 m and
explore the contrast loss for different diamond masses
and duration times.

Consistent with intuition, larger masses lead to larger
volumes, thus involving more phonon modes. A larger
mass requires larger acceleration to create a large spa-
tial superposition, hence a large force to be imparted on
the diamond. The larger force leads to a significant loss,
in contrast. For instance, at ∆t = 0.05 s, a diamond
with a mass of 10−12 kg will experience a contrast re-
duction of approximately 1% due to spin-magnetic field
coupling. However, within the current experimental con-
straints where the SG magnetic field is constrained to be
less than 106T/m [49, 72], the contrast loss induced by
both couplings, e.g. spin and induced diamagnetic terms,
is negligible for QGEM.

7. DISCUSSION

In this paper, we have analyzed the contrast loss due to
phonon in creating spatial superposition of a nanoscaled
diamond embedded with a single NV centre based on
a Stern-Gaelach interferometer. During the process of
creating a spatial superposition state using the coupling
between the spin and the linear magnetic field, the spin
particle in the lattice chain generates a pair of forces (10)
of opposite directions and equal magnitudes due to their
own spin superposition state. Similar to the Humpty-
Dumpty problem at the centre of mass of the diamond,
the spin particles on both sides of the interferometer arm
have different vibrational states in the lattice, resulting
in differences in the quantum states of the phonons. This
also leads to imperfections in the overlap of phonon wave
packets.

The other interaction arises from the diamagnetic
properties of diamond. Each atom in the lattice chain
produces a diamagnetic force (11) when subjected to an
external magnetic field. This diamagnetic force is of the
same direction but has a different magnitude on both
sides of the interferometer arm. Similarly, due to this
difference, the quantum states of phonons on both sides
are also different, resulting in contrast reduction.

In this paper, we use a linear magnetic field (8), which
is widely used in atomic interferometers. Furthermore,
this linearity greatly simplifies the calculation of the mo-
tion state of spin particles. That is, the splitting force is
independent of trajectories and the equilibrium position.

The situation is more complex regarding the interac-

tion between diamagnetic force and phonons. Since the
diamagnetic term in the Hamiltonian includes B(Xi)

2,
the force on the lattice is now coupled with its trajectory.
This external field mediated coupling between phonon
and CoM’s trajectory is common in the study of optical
cooling of the motion state of diamond centre. In this
work, we typically studied the latter situation and made
comparison of contrast reduction between these two in-
teractions.
Specifically, we assumed that the phonons were ini-

tially at a specific temperature T , and we utilized the
Wigner representation to express and compute the evo-
lution of the quantum state of the phonons.
Our results indicate that among these two sources con-

tributing to the contrast loss in the phonon degrees of
freedom, the effect of the spin-magnetic field coupling
is dominant. The contrast loss induced by the diamag-
netic term is smaller than the former, as shown in Fig.
5. This counter-intuitive result can be directly under-
stood from (30) and (31). For the spin-magnetic field
coupling, which does not depend on the trajectory, the
contrast reduction is suppressed by the phonon frequency
to the power of three. Meanwhile, the contrast loss due
to diamagnetic interaction is suppressed by the phonon
frequency to the power of seven.
The latter case directly arises from its coupling with

the trajectory, as the diamagnetic force is a function of
time, and its variation is adiabatic. In the seminal work
[63, 64], this is also referred to as the degree of adiabatic-
ity.
However, overall, the contrast reduction induced by

both interactions is minimal. This is good news for
matter-wave interferometers. There are two main rea-
sons for this result. One is that we limit the gradient
of the magnetic field. The most important reason, how-
ever, is that we are studying diamonds of very small size
(10−20 ∼ 10−14 kg) compared to the speed of sound
c multiplied by the duration time (on the order of mi-
croseconds and 1 second for QGEM). Since the frequen-
cies of the phonons are very high (tens of gigahertz to
several terahertz), their contribution to contrast loss is
tiny. However, if we prefer a different material where the
speed of sound is much smaller than that of the diamond,
we would see the loss of contrast occur. However, it also
depends on how we create the superposition; hence, it
depends on the details of the transfer function.
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[56] M. Toroš, T. W. Van De Kamp, R. J. Marshman, M. S.
Kim, A. Mazumdar, and S. Bose, Phys. Rev. Res. 3,
023178 (2021).

[57] A. Großardt, Phys. Rev. A 102, 040202 (2020).
[58] B. Englert, J. Schwinger, and M. O. Scully, Foundations

of Physics 18, 1045 (1988).
[59] J. Schwinger, M. O. Scully, and B. G. Englert, Zeitschrift

für Physik D Atoms, Molecules and Clusters 10, 135
(1988).

[60] M. O. Scully, B.-G. Englert, and J. Schwinger, Physical
Review A 40, 1775 (1989).

[61] B.-G. Englert, Zeitschrift für Naturforschung A 52, 13
(1997).

[62] Y. Japha and R. Folman, (2022), arXiv:2202.10535 .
[63] C. Henkel and R. Folman, AVS Quantum Sci. 4, 025602

(2022), arXiv:2112.01263 [quant-ph] .
[64] C. Henkel and R. Folman, (2023), arXiv:2305.15230

[quant-ph] .
[65] R. Zhou, R. J. Marshman, S. Bose, and A. Mazumdar,

(2022), arXiv:2211.08435 .

http://dx.doi.org/10.1103/PhysRevLett.120.183604
http://dx.doi.org/10.1103/PhysRevLett.120.183604
http://dx.doi.org/10.1103/PhysRevLett.125.191101
http://dx.doi.org/10.3390/e25030448
http://dx.doi.org/10.3390/e25030448
http://arxiv.org/abs/2203.11628
http://dx.doi.org/10.1103/PhysRevD.108.L121505
http://dx.doi.org/10.1103/PhysRevD.108.L121505
http://arxiv.org/abs/2310.06899
http://dx.doi.org/10.1103/PhysRevA.84.052121
http://dx.doi.org/10.1103/PhysRevLett.107.020405
http://dx.doi.org/10.1088/1367-2630/12/3/033015
http://arxiv.org/abs/0909.1469
http://arxiv.org/abs/0909.1469
http://dx.doi.org/10.1103/PhysRevA.104.052416
http://dx.doi.org/10.1103/PhysRevA.105.032411
http://dx.doi.org/10.1103/PhysRevA.102.062807
http://dx.doi.org/10.1088/1367-2630/abf3eb
http://arxiv.org/abs/2012.06230
http://arxiv.org/abs/2012.06230
http://dx.doi.org/10.1088/1361-6382/ad0496
http://arxiv.org/abs/2210.16919
http://arxiv.org/abs/2210.16919
http://dx.doi.org/10.1103/PhysRevA.105.032411
http://arxiv.org/abs/2312.05452
http://arxiv.org/abs/2307.07001
http://arxiv.org/abs/2008.08609
http://arxiv.org/abs/2307.07536
http://dx.doi.org/10.1088/1367-2630/ab9f6c
http://dx.doi.org/10.1088/1367-2630/ab9f6c
http://arxiv.org/abs/1807.10830
http://dx.doi.org/10.1103/PhysRevResearch.5.023012
http://dx.doi.org/10.1103/PhysRevD.106.L041901
http://dx.doi.org/10.1038/23655
http://dx.doi.org/10.1038/23655
http://dx.doi.org/10.1080/09500340408233603
http://dx.doi.org/10.1080/09500340408233603
http://arxiv.org/abs/gr-qc/0312096
http://dx.doi.org/10.1103/PhysRevD.73.084018
http://dx.doi.org/10.1103/PhysRevD.73.022001
http://dx.doi.org/10.1103/PhysRevD.73.022001
http://dx.doi.org/10.1103/PhysRevD.78.122002
http://dx.doi.org/https://doi.org/10.1016/j.physletb.2009.06.011
http://dx.doi.org/https://doi.org/10.1016/j.physletb.2009.06.011
http://dx.doi.org/10.1140/epjd/e2019-100324-6
http://arxiv.org/abs/1907.03867
http://dx.doi.org/10.1103/PhysRevLett.110.171102
http://dx.doi.org/10.1103/PhysRevD.107.104053
http://dx.doi.org/10.1103/PhysRevD.107.104053
http://arxiv.org/abs/2211.15695
http://dx.doi.org/10.1103/PhysRevLett.119.240401
http://dx.doi.org/10.1103/PhysRevLett.119.240401
https://www.youtube.com/watch?v=0Fv-0k13s_k
https://www.youtube.com/watch?v=0Fv-0k13s_k
http://dx.doi.org/10.1103/PhysRevLett.119.240402
http://dx.doi.org/10.1103/PhysRevLett.119.240402
http://dx.doi.org/10.1103/PhysRevD.108.064023
http://dx.doi.org/10.1103/PhysRevD.108.064023
http://arxiv.org/abs/2209.09273
http://arxiv.org/abs/2307.08133
http://arxiv.org/abs/2307.08133
http://dx.doi.org/10.1103/PhysRevA.101.052110
http://dx.doi.org/10.1103/PhysRevA.101.052110
http://dx.doi.org/10.1103/PhysRevD.105.106028
http://dx.doi.org/10.1103/PhysRevD.105.106028
http://dx.doi.org/10.1103/PhysRevD.107.124036
http://arxiv.org/abs/2303.17640
http://dx.doi.org/10.1103/PhysRevD.108.035018
http://dx.doi.org/10.1103/PhysRevD.108.035018
http://arxiv.org/abs/2303.07371
http://arxiv.org/abs/2202.03368
http://dx.doi.org/10.1088/1361-6382/aaf9ca
http://dx.doi.org/10.1088/1361-6382/aaf9ca
http://dx.doi.org/10.1103/PhysRevD.105.086001
http://dx.doi.org/10.1103/physreva.54.3824
http://dx.doi.org/10.1126/sciadv.abg2879
http://arxiv.org/abs/2011.10928
http://arxiv.org/abs/2307.15743
http://dx.doi.org/10.1016/j.physrep.2019.10.001
http://arxiv.org/abs/1911.06282
http://dx.doi.org/10.1103/PhysRevResearch.4.023087
http://arxiv.org/abs/2105.01094
http://arxiv.org/abs/2105.01094
http://arxiv.org/abs/2304.14638
http://dx.doi.org/10.1103/PhysRevResearch.3.023178
http://dx.doi.org/10.1103/PhysRevResearch.3.023178
http://dx.doi.org/10.1103/PhysRevA.102.040202
http://dx.doi.org/10.1007/bf01909939
http://dx.doi.org/10.1007/bf01909939
http://arxiv.org/abs/2202.10535
http://dx.doi.org/10.1116/5.0080503
http://dx.doi.org/10.1116/5.0080503
http://arxiv.org/abs/2112.01263
http://arxiv.org/abs/2305.15230
http://arxiv.org/abs/2305.15230
http://arxiv.org/abs/2211.08435


13

[66] R. Zhou, R. J. Marshman, S. Bose, and A. Mazumdar,
Phys. Rev. Res. 4, 043157 (2022).

[67] R. Zhou, R. J. Marshman, S. Bose, and A. Mazum-
dar, Phys. Rev. A 107, 032212 (2023), arXiv:2210.05689
[quant-ph] .

[68] Jishi, Radi A, (Cambridge University Press, 2013).
[69] W. B. Case, American Journal of Physics 76,

937 (2008), https://pubs.aip.org/aapt/ajp/article-
pdf/76/10/937/13118327/937 1 online.pdf .

[70] R. Zhou, R. J. Marshman, S. Bose, and A. Mazumdar,
(2022), arXiv:2211.08435 [quant-ph] .

[71] C. Henkel, G. Jacob, F. Stopp, F. Schmidt-Kaler,
M. Keil, Y. Japha, and R. Folman, New Journal of
Physics 21, 083022 (2019).

[72] H. J. Mamin, C. T. Rettner, M. H. Sherwood, L. Gao,
and D. Rugar, Applied Physics Letters 100, 013102
(2012).

Appendix A: Initial thermal equilibrium mixed state

Here, we provide supplementary information about characteristic length and characteristic velocity for phonons in
(5). Consider that before any interaction between fields, the quantum oscillator system for mode q is,

Hfree =
1

2
(u̇2q + ω2

qu
2
q), (A1)

the eigen-energy of this simple Hamiltonian is obvious En = ℏωq(n + 1
2 ) where n is the phonon number in mode q.

In this pure state, there is no ensemble to work with. Now, let us consider that initially, there are various phonon
modes live in the diamond where they have reached a thermal equilibrium state with partition function,

Z =
∑
n

e−βEn

= e−
β
2 ℏωq

∞∑
n=0

e−nβℏωq

=
1

2 sinh
(

β
2 ℏωq

)
(A2)

where β = 1/kBT . The mathematical calculations from the second line to the third line in Eq. (A2) are somewhat
complex, but this portion of the content can be found in any material related to thermodynamics and statistical
mechanics. The average energy is, thus,

⟨E⟩q = −∂ lnZ
∂β

=
ℏωq

2
coth

(
β

2
ℏωq

)
(A3)

Note that the equipartition theorem tells us that the collection of phonon’s potential energies and kinetic energies are
the same, such that we have, 〈

u̇2q
2

〉
=

〈
ω2
qu

2
q

2

〉
=

⟨E⟩q
2

=
ℏω
4

coth
ℏω
2T

. (A4)

Therefore, the square of characteristic width and velocity becomes,

σ2
u̇q

=
〈
u̇2q
〉
=

ℏω
2

coth
ℏωq

2kBT
, σ2

uq
=
〈
u2q
〉
= σ2

uq
=

ℏ
2ωq

coth
ℏωq

2kBT
(A5)

Appendix B: Displacement and Wigner representation

Here, we supplement some details about Eq. (22). Based on the analysis from Fig. 3, we can consider the
coupling between phonon modes after the natural frequency and magnetic field (spin-magnetic field-phonon interaction
and phonon-diamagnetic force) as perturbations. Therefore, we can represent the time evolution of the phonon
wavefunction in the interaction picture for a specific mode q as,

|ψL,R
I,q (t)⟩ = exp

(
− i

ℏ

∫ t

0

dt′V L,R
q (t′)

)
|ψL,R

q (0)⟩ (B1)
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We have set |ψI,q(0)⟩ = |ψq(0)⟩ where |ψq(0)⟩ is a stationary state in the Schrödinger picture. We have also ignored
a global phase factor which does not contributes to the contrast. One can express the interaction potential in terms
of phonon mode amplitude and momentum as,

V L,R
q (t) = −

∑
i

FL,R
i Qi

q

√
ℏ

2Mωq
(â†−qe

iωqt + âqe
−iωqt)

= −
∑
i

[
ûq
FL,R
i√
M

Qi
q cos(ωqt) + ˆ̇uq

FL,R
i√
M

Qi
q

sin(ωqt)

ωq

]

= −ûq cos(ωqt)f
L,R
q − ˆ̇uq

sin(ωqt)

ωq
fL,Rq

(B2)

Where fL,Rq has already been defined in Eq. (16) and the relation between creation, annihilation and phonon amplitude
can be found in (2) and (3). The overlap of the wavefunctions of phonons on both sides of the interferometer arm can
be expressed as:

⟨ψL(∆t)|ψR(∆t)⟩

= ⟨ψI(0)| exp

{
i

ℏ

∫ ∆t

0

dt′
[
V L
q (t′)− V R

q (t′)
]}

|ψI(0)⟩

= ⟨ψI(0)| exp

{
i

ℏ

∫ ∆t

0

dt′
[
ûq cos(ωqt)∆fq + ˆ̇uq

sin(ωqt)

ωq
∆fq

]}
|ψI(0)⟩

(B3)

The integral terms in the third line of Eq. (22) precisely represent the differences in phonon amplitudes and momentum
given in Eq. (19). Here, one can observe that if the force acting on the atomic chain is coupled with spin and magnetic
field, then V L

I = −V R
I . For diamagnetic interaction, since the diamagnetic force points in the same direction, the

situation is different.
We use the Wigner representation to calculate the average of (22). under the Wigner representation, the average

of an operator Â(x) can be calculated as,

⟨Â⟩ =
∫ ∫

W (x, p)Ã(x, p)dxdp (B4)

where W (x, p) is the Wigner function, it provides a quasi-distribution of quantum state simultaneously in position x
and momentum p space. Usually, in the Wigner representation, one typically needs to utilize the Weyl transform to
express the operator Â as a function Ã(x, p). In this context, the exponential operator in (B3) is already a function of
phonon normal coordinates and their conjugates. We first consider a pure state of phonons in mode q, and its ground
state wavefunction can be expressed as follows,

ψ (uq) =
(ωq

πℏ

)1/4
e−ωqu

2
q/2ℏ. (B5)

The Wigner function is defined as,

W (uq, u̇q) =
1

2πℏ

∫ ∞

−∞
eiu̇qyψ

(
uq +

y

2

)
ψ∗
(
uq −

y

2

)
dy

=
1

πℏ
exp

−
 u2q

2
(

ℏ
2ωq

) +
u̇2q

2
(

ℏωq

2

)
 (B6)

where ℏ
2ωq

and
ℏωq

2 relate to characteristic width and velocity, respectively. In the thermal equilibrium mixed state,

one needs to replace,

ℏω
2

→ ℏω
2

coth
ℏωq

2kBT
,

ℏ
2ωq

→ ℏ
2ωq

coth
ℏωq

kBT
. (B7)
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Appendix C: Contrast loss due to intrinsic dipole-phonon coupling

In this section, we present the contrast loss due to dipole-phonon coupling. It’s worth noting that the dipole-phonon
coupling we consider does not involve energy level transitions of the dipole, such as in the Jaynes-Cummings model.
We only consider the overlap of the positions and momenta of the phonons on both sides of the interferometer arm,
that is, the motion state of the phonons.

Here, let’s first consider the case of an intrinsic dipole. In diamond materials embedded with NV centres, due to the
NV centre itself carrying a negative charge, the inevitable occurrence of compensatory positive charges arises when
it replaces a carbon atom in the material. As a result, a dipole moment d0 arises, and its specific value depends on
the distance from the compensatory positive charges to the NV centre. This value is approximately one Debye. Here,
we aim to study the effect of the dipole on lattice vibrations through its interaction with an external electric field.
Therefore, we assume that this intrinsic dipole overlaps with the NV centre, meaning that the compensatory positive
charges and the NV centre are located in the same lattice site.

Same to the analysis in the main text, let us denote the position of a single intrinsic dipole as Xc(t)+xc, where Xc(t)
represents the equilibrium position while xc represent dipole’s vibration. The dipole-phonon interaction Hamiltonian
is again mediated by an extra electric field E(Xc) as.

HIntrinsic = −d0E(Xc) (C1)

Recall that the diamond has its trajectories as illustrated in Fig. 2, the Xc can be expressed explicitly as (13) and
E(Xc) represents the electric field experienced by the dipole.
Again, due to the dipole being in a spatial superposition state (considering the diamond entering the SG apparatus),

if there is a difference in the derivatives of E(Xc) on both sides of the interferometer arm, there will be differences
in the amplitudes and momentum of the phonons, as illustrated in (19). Obviously, if E(Xc) is linear, the coupling
between the dipole and the electric field will not cause such differences.

Appendix D: Contrast loss due to induced dipole-phonon coupling

This section presents an analysis of the induced dipole-phonon coupling on phonon contrast loss. Similarly, we only
consider the motion state of the phonons and do not consider the energy level issues of the dipole. We consider that
each particle ith in the atomic chain experiences an external linear electric field,

E(Xi) = E0 + ηeXi(t) (D1)

where the constant electric gradient is labeled as ηe. Again, particles move parallel to the diamond’s trajectories, and
their equilibrium positions Xi become functions of time. Due to the fact that the diamond is a dielectric material
when subjected to the external electric field, an induced dipole will be generated in each atom of the lattice chain as,

di(Xi) =
α

ϵr
E(Xi) (D2)

where ϵr ≈ 5.7 is the relative dielectric constant and the polarizability α is given by the Claussius-Mossotti relation,

αN

3ϵ0V
=
ϵr − 1

ϵr + 2
. (D3)

where V is the volume of the diamond. Therefore, the interaction Hamiltonian with the external electric field can be
expressed as,

HInduced = −
∑
i

di(Xi)E(Xi)

= −
∑
i

α

ϵr
E2(Xi)

(D4)

The force exerted on ith particle can be written straightforwardly as,

F dp
i =

2α

ϵr
E0ηe +

2α

ϵr
η2eXi (D5)
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The force acting on each polarized particle can be divided into two parts. The first term is the same on both sides of
the interferometer arm, while the second term differs due to the spatial superposition state of the diamond. It should
be noted that Fi here represents the force experienced by each polarized atom, and depending on their equilibrium
positions, the force on each atom is different. However, since in this model, Xi+1−Xi = const. where const. represents
the distance between two atoms, therefore we have XL

i −XR
i = ∆Xc. Substituting (D5) into (25) and (26), one can

obtain the contrast loss caused by induced dipole-phonon interaction as,

Cdp =
∏
q

exp

[
−
coth 1

2
hωq

kBT

ℏωq
×
∣∣∣∣3V∆Xmη

2
e

τ2aω
3
q

ϵ0 (ϵr − 1)

ϵr (ϵr + 2)
× Γ (ωq)

∣∣∣∣2
]

(D6)

where, Γ (ωq) is related to the Fourier transform given in (29). Here, one can estimate that the contrast loss induced
by the induced dipole is very weak. Taking the diamond masses of interest (10−20 to 10−14 kg) as an example,
their phonon frequency ranges from tens of gigahertz to several terahertz. In this case, the first term in (D6) is
approximately on the magnitude of 10−24. For the absolute value term, even if one chooses the maximum value of
Γ(ωq) and specifies a splitting protocol that achieves a maximum splitting of around 100µm within one second, the
order of magnitude of this term only reaches about 10−130 × η4e . Consider a case where a single charge is held at a
distance of 500µm away from the diamond, in this case the electric gradient reaches only to 30V/m2. Even if one
assumes that the distance between the free charge held from the diamond reaches 100nm, the electric field gradient
at this point is approximately ∼ 1010V/m2, which is not sufficient to increase the contrast caused by dipole-electric
field-phonon coupling becomes negligible.


