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ON BLOW-UP CONDITIONS FOR SOLUTIONS OF SYSTEMS OF
QUASILINEAR SECOND-ORDER ELLIPTIC INEQUALITIES

A.A. KON’KOV AND A.E. SHISHKOV

ABSTRACT. We study systems of the differential inequalities
{ —div A1 (2, Vuq) > Fi(z,u2) in R",
—div Ay(z, Vug) > Fo(z,u;) in R”,
where n > 2 and A; are Caratheodory functions such that
CilefP < €Ai(x,€),  |Ai(z,§) < ColelP ™, i=1,2,

with some constants C1,Cs > 0 and p;,p2 > 1 for almost all x € R™ and for all
¢ € R™, n > 2. For non-negative solutions of these systems we obtain exact blow-up
conditions.

1. INTRODUCTION

We consider systems of the differential inequalities
—div Ay (x, Vuy) > Fi(x,up) in R",
{ —div As(z, Vug) > Fy(z,u;) in R",
where n > 2 and A, are Caratheodory functions such that
Cile™ < €AW, €),  |A(@, )| < Coléf*™, k=12, (1.2)

with some constants C, Cy > 0 and py, ps > 1 for almost all z € R™ and for all £ € R™.
In so doing, the functions F; and Fy are assumed to be non-negative on R" x [0, o),
positive on R" x (0, 00), and non-decreasing with respect to the last argument on the
interval [0, ] for some real number 0 < ¢ < 1.
An ordered pair (uj,uy) € W, (R") x W}

p1,loc pa,loc
Fi(x,us), Fy(x,u1) € L1 10.(R") and, moreover,

/Al(x,Vul)Vgode/ Fi(x,us)pdx

(1.1)

(R™) is called a solution of (L)) if

and
/Ag(x,Vug)Vgode/ Fy(x,uy)pdx

for any non-negative function ¢ € C§°(R").
Without loss of generality, we can assume that solutions of (I.1]) satisfy the relations

es%infuk =0, k=12 (1.3)

If this is not the case, we replace uy by up — oy, where

= esiinfuk, k=12 (1.4)
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After this replacement, the left-hand sides of (I.I]) obviously do not change and the
right-hand sides transform to Fj(z,us + o) and Fy(z, u; + aq).

The absence of solutions of differential equations and inequalities, which is known
as the blow-up phenomenon, has been studied by many authors [1-14|. In most cases,
these studies were limited to power-law nonlinearity. In our paper, we consider the
case of the general nonlinearity. In so doing, we manage to strengthen results of [1], 3].

Note that the only relevant case is n > max{p;,p>2}. Indeed, if n < p; for some
k € {1,2}, then any non-negative solution of the inequality

—Ag(z,Vu;) >0 inR"
is a constant [12].

Below it is assumed that # > 1 is some given real number and

fr(r,¢) = essinf Fi(z,(), r (>0, k=1,2. (1.5)
r€By,\By /g
Let us denote by B, the open ball of radius » > 0 centered at zero. We also assume
that for any real numbers ¢,,(, > 0 there exist a real number r, > 0 and functions
Qk © [re,00) = [0,00) and gi : [(r,00) = (0,00), k = 1,2, satisfying the following
conditions:

(a) for all r € [r,,00) and C € [(, 00) such that

1/(p2—1) 1/(p2—1)
¢ ¢
< ) <c oand om0 ey (o ) <e

rn—p2 rn—p2

we have

1/(172 1)
folr 8*7,p1/(p1—1)f11/(p1—1) r, ( p2 Q1 (1.6)
/rTL

(b) for all r € [ry,00) and ¢ € [(,, 00) such that

Yy 1/(p1-1)
C 1 <e and ¢ 71”/(1’2 1) 1/(p2 1) C 1T <.
e - ’ rn—ri —

we have

T ¢ 1/(p1-1)
il 5*7”’2/(”2_1)f2/(p2 ' (r”‘pl) > qo(1)g2(C).

2. MAIN RESULTS

Theorem 2.1. Suppose that n > max{py,p2}. Also let for any real numbers e,, (. > 0
there be a real number r, > 0, non-decreasing functions gi, ga : [, 00) — (0,00), and
locally bounded measurable functions qu,qs : [, 00) — [0,00) such that (a) and (b) are

valid and, moreover,
—— <> (2.1)
¢ 9x(C)

and .
/ " Lan(r) dr = oo (2.2)
for some k € {1,2}. Then any non-negative solution of (1), (L3]) is identically zero.
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The proof of Theorem [2.1]is given in Section[3 A partial case of (I1]) is the systems
—div Ay (z, Vuy) > ay(x)uy’ in R”,
— div Ay(z, Vug) > ag(x)u* in R,

where a; and ay are non-negative measurable functions and A, Ay > 0 are real numbers.

(2.3)

Corollary 2.1. Suppose that n > max{p;,p2} and
A1z
(pr = 1)(p2— 1)
Also let there be k € {1,2} such that

/100 (1) dr = oo, (2.5)

> 1. (2.4)

where \ )
p=n—1+ 2P1 12(n—p2) ’
p—1 (p—1(p2—1)
A Ao (n —
gy =n—1+ Vo 21(” pl) ’
po—1 (p2—1)(p1 —1)
A2/(p1—1)
ap(r) = (ess inf al) essinf as, , (2.6)
By \B /0 By \B, /0
and
A1/ (p2—1)
as(r) = (ess inf a2> essinf a; (2.7)
Bor\Br /0 BQT\BT/G

for some real number 8 > 1. Then any non-negative solution of (23), (L3) is identi-
cally zero.

Proof. We assume, without loss of generality, that (2.5) holds for £ = 1. If £ = 2, then
all reasoning is absolutely similar. For systems (2.3)), inequality (L€) takes the form

> q1(r)g1(€)-

rn—p2

¢ A2/ ((p1—1)(p2—1))
Ei\zal (,r),r.)\ﬂ?l/(Pl_l) (_>

Thus, using Theorem 2.1] with
B(C) = OVA@IDED) and g () = 2 /DA el (1D 1) o (1)

Y

we complete the proof. O
Corollary 2.2. Suppose that n > max{p;,p2} and
A1 Ao
(p1 = 1)(p2 — 1)
If at least one of the following two relations is valid:

<1. (2.8)

lim sup r"+’\2p1/(p1_1)_’\("_p2)a1(7’) > 0, (2.9)
T—>00

lim sup 7" FA1P2/(P2=D=Am=p1) ) (1) > ), (2.10)
T—00

where A > 1 is a real number and the functions ay and oy are defined by (2.6]) and (2.7)
for some real number 6 > 1, then any non-negative solution of ([2.3)), (I3)) is identically
zero.
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Proof. We assume that (2.9) is fulfilled. In the case where (Z.10) holds, our reasoning is
absolutely similar. Let r;, i = 1,2, ..., be a sequence of real numbers such that r; — oo
as i — oo and, moreover,

T;z-l-)\zpl/(m—l)—)\("—pz)al (Tz) >
with some constant v > 0 for all ¢ = 1,2,.... Putting
A2/(p1—1)
aq(r) = | essinf a; essinf as,
Bér\Br/é Bér\Br/é

where 1 < 6 < 6 is some real number, we obviously obtain

7,7"L+)\2P1 /(P1=1)=A(n—p2)
KA

lpf~ aq > y
(7‘19/9,7‘19/9)

for all i = 1,2,.... Hence,
/ "L (r) dr = oo,

where
aq1 (7”) = T>\2p1/(p1—1)—)\(n—p2)a{1 (7‘)

¢ A2/ ((p1—1)(p2—1)) ¢ A
(=) > ()

for all real numbers r > 0 and ¢ > 0 satisfying the condition

< <y (2.11)

rn—pz —

Since,

we also have
> qu(r)¢? (2.12)

for all real numbers r > 0 and ¢ > 0 satisfying (2.I1). It can bee seen that for systems

of the form ([2.3) inequality ([2.12)) is equivalent to (L6) with gi(¢) = e2¢* and 0
replaced by 6. Thus, to complete the proof, it remains to apply Theorem 2.1 O

& (T)Tkzm/(m—l) ( ¢

rn—p2

) A2 /((p1—1)(p2—1))

Example 2.1. Consider the system
—div Ay (z, Vuy) > u)' in R",
— div Ay(z, Vug) > ui\Q in R",
where n > max{py,p2} and A;, Ao > 0 are real numbers. By Corollaries 2.1 and 2.2] if
n(pp — 1 -1 )
(s )\1))\(52 ) > min {n—pl—(pl—l)i—z,n—pz—(p2—1))\—1}= (2.14)

then any non-negative solution of ([2.I3), (L3]) is identically zero. Indeed, in the case
where (24)) is valid, this follows immediately from Corollary 211 Let (2.8]) be fulfilled.
We obviously have

(2.13)

n+ Aop1/(p1 — 1) >n — py;
therefore, there exists a real numbers A > 1 such that
n+Xop1/(p1 — 1) = A(n — p2) > 0.

Thus, to show the triviality of any non-negative solution of (2Z.13]), (I3), it is sufficient
to use Corollary 2.2
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Note that (2.14)) coincides with the analogous condition obtained in [I, Theorem 4.6].

Ezample 2.2. Let us examine the case of critical exponents A; and As in (2.14]). Namely,
consider the system

1
— div Ay (x, Vuy) > uy* log”™ (e + —) in R",
U2

X (2.15)
— div Ay(z, Vug) > u)? log™ (e + —) in R",
Uy
where n > max{py, pa}, the real numbers A\, Ao > 0 satisfy (24)), 01,00 € R and,
moreover,

n(pr —1)(p2 — 1) D1

=n—ps— (p2—1)

A1\ A
nd (p1 —1)(p2 — 1)
n\p1 — D2 — b2
<n-—p; — —1)—.
Mg n—m (p1 ))\2

If uy = 0 or ug = 0, then it is assumed that the right-hand side of the corresponding
inequality in (2.I3]) is equal to zero. It can be verified that for any real numbers
€4, G« > 0 there is a real number 7, > 0 such that condition (a) is satisfied with some
positive continuous functions

<>\1)\2/((P1—1)(P2—1))

91(¢) <

Thus, in accordance with Theorem [2.1] if

o2+A201/(p1—1)

1
and  qi(r) < r_" log r.

1Og\02|+)\2|01|/(101—1) ¢

A
02 + 291 2 _]-7
p1—1

then any non-negative solution of (2.19)), (L3) is identically zero.

3. PROOF OF THEOREM [2.1]

Let us agree to denote by C, o, and 3¢ various positive constants that can depend
only on n, pi, pa, C1, Cs, €, 8, and A. In so doing, by x, we mean the characteristic
function of a set w C R", i.e.

() = 1, zew,
XV =130, = g w.
Assume that A is a Caratheodory function satisfying the uniform ellipticity condition
C1lElP < CA(x,€), Az, ) < Caolef”, p>1, (3.1)
for almost all # € R™ and for all £ € R". We say that v € W,,.(w) is a solution of the
inequality
div A(z,Vv) > a(z) in w, (3.2)
where w C R” is a non-empty open set and a € Ly jo.(w), if

—/wA(:E, Vu)Veds > /a(:L")SOdiE

w

for any non-negative function ¢ € C5°(w). A solution of the inequality
—div A(x,Vu) > a(zr) in w, (3.3)

where w C R” is a non-empty open set and a € Ly jo.(w), is defined in a similar way.
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Lemma 3.1 (Generalized Kato’s inequality). Let v € W, .(w) be a solution of (B.2).
Then vy = X, v satisfies the inequality
div A(z, Vuy) > xw, (x)a(z)  in w,
where wy = {x € w:v(x) > 0}.

The proof of Lemma BTl is given in [9, Lemma 4.2]. Putting v = ¢ —u in Lemma 3.1,
we obtain the following statement.

Corollary 3.1. Let u be a solution of [B3). Then u. = Xu.u~+ (1 — Xu. )€ satisfies the
inequality
—div A(x, Vu.) > xw.(z)a(z) in R",
where w. = {z € R" : u(z) < e}.
We also need the three lemmas below.
Lemma 3.2 (Weak Harnack inequality). Let u > 0 be a solution of the inequality

—divA(z,Vu) >0 in R", (3.4)

1 1/
( / u? dx) < (Cessinfu
mes By, Jp,. By

for all X € (0,n(p—1)/(n—p)) and r € (0,00).
Lemma 3.3. Let u > 0 be a solution of the inequality
—div A(z, Vu) > a(x) in R, (3.5)

where a € Ly 10.(R™) is a non-negative function. If u* € Lyj.(R™) for some X €
(p—1,00), then

1 1 \ (p=1)/A
de <Cr? | ————" d
mes B, /BT- aw)dv < Cr (mes By, \ B, /BZT\BT ! x)

for all r € (0, 00).
Lemma 3.4. Let u > 0 be a solution of ([B.4) such that
es%infu =0, (3.6)

where n > p. Then

where n > p. Then
i e B\ we
rgrolo mes B,
where w, = {x € R" 1 u(z) < e}.

Lemmas and are proved in [I5, [16, 17] and [I], respectively. Lemma B4
or its equivalent statement can be found in [2, Lemma 3.1|. This lemma is a direct
consequence of Lemma

Corollary B.1] and Lemmas and B3 with A € (p— 1,p) N (0,n(p — 1)/(n — p))

imply the following assertion.

Corollary 3.2. Let u > 0 be a solution of ([B.0), where n > p and a € Ly ,.(R") is a
non-negative function. Then

1 ot
/ a(x)dx < Cr7? (ess inf ue)
mes B, J, g, By

for all r € (0,00), where w. = {z € R" : u(z) < e} and u. = x,.u + (1 — xw.)e.

=0,
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Proof of Theorem[2.1. Assume the converse. Let (uj,us) be a non-negative solution
of (I.I), (L3)) that is not equal to zero. According to Lemma B2 both the functions
uy and us are positive almost everywhere in R™.

We put Q. = Q; .NQy ., where Q. = {x € R" : uy(z) < e}, k =1,2. By Lemmal(3.4]

iy Tes B\ Q-

=0, k=12
r—oo  mes B,

Hence, there is a real number rq > 0 such that
mes ). N By, \ B, > Cr", (3.7)

for all » > ry. Denote

and
Ey(r) = / Fi(z,ug)dx, 7 >0.
Q.NB,

Also let 7; = 0'rg, i = 1,2, . ... Corollary implies the estimates

1 p1—1
Fy(z, us) dz < Cr™ ( essint =12,
mes B, /anBr 1z, ue) de < Cr; (esgrlin ulﬁ) 7
and
1 p2—1
Fy(z, up) dz < Cr" ( essint =12,
mes B, /anBr b(z,uy) de < Cr; (esgrlin uzﬁ) 7
where
Upe = X, Uk + (1 — Xxo,.)e, k=12, (3.8)
whence it follows that
1/(p1-1)
= > - .
gls%rBle Uy = esgjinf Ure >0 ( e ) =1,2,..., (3.9)
and
1/(p2—1)
gzsfr%rBLTf Uy = esg:znfUQE >0 ( —— ) =1,2,.... (3.10)

Taking into account (3.9) and the fact that F(z,-) is a non-decreasing function on
the interval [0, ¢] for almost x € R", we obtain

Es(r:) 1/(p1-1)
Fy(z,ui(x)) > F (x gls%gf ul) > | @o ( RET )

for almost all x € ;. N B,,, ¢ = 1,2,.... This immediately implies that

1
F: d
mes. N B, \ B,,_, /ngBr \B,., 2(e, ) do

1—1

E. ; 1/(p1-1)
> essinf  F, <x,a( ZET)) , o 1=1,2,...,
2€Q:NBy \Br, | pP1

7
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whence in accordance with (8.7)) and the definition of fo we have

AN V(p-1)
Ei(r;) — E1(ric) > Cr fo (7‘,0 (Eigz)) ) (3.11)

(2

forall r € (ri_q,13),1=1,2,....
Analogously, taking into account ([B.7) and (B.I0) and the definition of f;, we obtain

1/(p2—1)
Bo(ry) — Es(ri1) > Cr™fy (n o (%@) ) (3.12)

(2

for all r € (r;_1,7;), i = 1,2,.... The last inequality, in particular, implies that

AN V(p2—1)
EQ(T,’) Z C’f’nfl (’f’, g <Erll(_,;lz)) )
r.

)

for all r € (r;_1,7;), 1 =1,2,.... Combining this with (BIT]), we arrive at the estimate

_ E ; 1/(1’2—1)
Ei(r;) — Er(ri-1) > Cr" fy (7“, Urpl/(pl_l)ff/(pl Y <7“> (7% 1G ))

rn—p2

for all r € (r;_1,7;), 1 =1,2,.... In the same way, it can be shown that

B By (7 1/(p1—1)
Es(r;) — Ea(riz1) > Cr" fy (r, grp2/p2=1) £1/(P2=1) <r, (7% 2&: ))
reT

forall r € (ri_q,1m3),1=1,2,....
Thus, there are an integer iy > 0, non-decreasing functions g1, g2 : [, 00) — (0, 00),
and locally bounded measurable functions ¢, ga : [, 00) — [0, 00) such that

Ei(ri) — Es(ri—1) > Crqs(r)gs(>Es(r;)), s=1,2,
for all ¢ > iy and r € (r;_1,7;) and, moreover, conditions (2.I)) and (2.2)) are valid with
some k € {1,2}, where r, = r;, and (., = zmin{F;(r;,), Fa(r;,)}. We obviously have
Ey(ri) — Eg(ri-1)
9i (2B (r4)),
for all i > iy and r € (r;_1,7;), whence in accordance with the inequalities

/E'“(”) d¢ S Ey(r;) — Ei(riz1)
Brroy) 96(2C)) T gr(eEk(ri)),

> Cr'qi(r)

and .
sup  "qx(r) > C/ r"_lqk(r) dr
ri1

re(ri—1,r;)
it follows that

Ey(r:) d¢ i
/ 20/ r"lgn(r)dr, i=dg+ 1,00 +2,....
Ek(Tifl) gk(%C)) Ti—1

Summing the last expression over all i > i, we obtain

[e%) dC /oo .
>C g (r) dr.
/;k(rio) gk(%g» Tig
This contradicts (2.I]) and (2.2]). O
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4. SOME REMARKS AND GENERALIZATIONS

As in the previous section, we denote by C, o, and s various positive constants that
can depend only on n, py, ps, Ci, Cy, €, 6, and .
4.1. Consider systems of the form

—div Al(l’, Vul) Z CL1(£U)h1(U2) in Rn,
—div Ay(z, Vug) > az(z)ho(ug) in R",
where ay,ay : R™ — (0,00) and hy, he : [0,00) — [0, 00) are measurable functions such
that hy and hy are positive on the interval (0, c0) and non-decreasing on [0, €] for some
real number 0 < € < 1. It does not present any particular problem to verify that for
these systems Theorem [2.1] remains valid with (LH) replaced by
hu,(C
fk(ra C) = k< )

n
1 -\
(mOS Bor\Br /g fBer\Br/e A, (SL’) d:L’)

where A > 0 is a real number. In so doing, if

/ a;Mx) dr = oo
Bor\Br /¢

for some r € (0,00) and k € {1,2}, then we assume that f,(r,{) = 0 for all ¢ € (0, c0).
Indeed, inequality (3.9) yields

ha(u1 (7)) = hy <o— (%g))” WU)

(2

r,( >0, k=1,2, (4.1)

for almost all x € €, . N B,,, whence it follows that
1 A/ (14
h d
mes ). N B, \ By, , /QEOBT.\BT.l 2 (ur) do

By(r)\ /O
> /0 <o— (%3) L i=1,2,....
T

Combining this with (8.7)) and the estimate

/ hg/(l“)(ul)dx:/ a;A/(l“)(:c)ag/(HA)(:c)hg/““)(ul)dx
QsﬂBr'i\Bri71 Qsme'i\B"“ifl

1/(1+X) A (14XN)
< / 07 (2) dx / 0 (2)ha(uiy) d
Q.NBr\Br, | 0.NB,\Br, .

which follows from Holder’s inequality, we obtain

A\ L/(p—-1)
Cri*hy (a (f,fﬁgf) ' )

/ a2(x)h2(u1) dx Z
QEOBTZ.\BTFl 1

) /X7
mes Br,\Br,_,; \/‘B”.\BTF1 ay (I) dl’)

i=1,2,....

The last formula obviously implies (3.11]) with

By (r) :/Q a@ha(u)dr, 7 >0,
Em ™

and fo defined by (4.T]).
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Repeating the previous reasoning with (3.9]) replaced by (B.10), we also have

A\ 1/ (p2—1)
Cri*hy (a <f3£’;’2)) ’ )

/ ay(x)hy(ug) dx > X
.NBy,\B, 1 Y
QeNBr\Br;_, <mosBTi\Bri71 fBri\BrH a; " (x) d:)s)

This in turn implies (3.12) with

Ey(r) :/Q N ar(z)hi(uz)dz, r >0,
5n i

and f; defined by (@.T]).

4.2. An interesting case is when Fy and F, on the right in (L)) are non-decreasing
functions with respect to the last argument on the whole interval [0, 00). Fix some real
number 0 < € < 1. Also let for any real numbers ¢,,(, > 0 there be a real number
r. > 0 and functions ¢x : R" \ B,, — [0,00) and g : [(s,00) — (0,00), k = 1,2,
satisfying the following conditions:

(a') for almost all z € R™\ B,, and for all ¢ € [(,, 00) such that

¢ 1/(p2—1) g -
<e and e, |x|p1/ p1—1) 1/(p1 1) 2], ..
|5L'|n_1”2 |$|n _

we have

1/( 3 ¢ 1/(p2—1)
F (:c Ex \:c|p1/ pi=l) g /P (\ B (|:)3|"‘p2> )) > q1(2)g1(¢); (4.2)

(0') for almost all z € R™\ B, and for all ¢ € [(,, 00) such that

¢ 1/(p1—1) ) -
<e and e, |x|P2/ p2—1) 1/(p2 1) 2, ..
|l'|n_p1 |$|n _

i=1,2,....

we have
) 1) ¢ Hp=h)
i (medal 0 100 (1ol () > p@e@), (43
where
1
fk(/ra C) mesBr LT k(za C) dIa T>C >O> k )

Theorem 4.1. Suppose that n > max{py,p2} and, moreover, the functions F| and
Fy are non-negative and non-decreasing with respect to the last arguments on the set
R™ x [0,00) and positive on R"™ x (0,00). Also let for any real numbers €., (, > 0 there
be a real number r, > 0, non-decreasing functions gi, ga : [Cx, 00) — (0,00), and locally
bounded measurable functions qi,q2 : R™ \ B,, — [0,00) such that (a') and (V') are
valid. If there exist k € {1,2} such that (21)) holds and

/ qx(z) dx = oo, (4.4)
Rn\BT*

then any non-negative solution of (L)), (L3) is identically zero.
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Proof. Arguing by contradiction, we assume that (u,us) is a non-negative solution

of (LI), (I3) that is not equal to zero. By Lemma [B:2] both the functions u; and us

are positive almost everywhere in R". We take a real number ry > 0 such that
essinfug, <e, k=12 (4.5)

70

In view of (3], such a real number 74 obviously exists. Let us put r; =2, i =1,2,....
Applying Lemmas B2 and B3 with A € (p — 1,p) N (0,n(p — 1)/(n — p)), we obtain

1 p1—1
/ Fi(x,up)de < Cr; ™ (essinful) ., 1=1,2,...,
mes B, B., vy
and
1 p2—1
— /BT. Fy(z,uy) de < Cr;?? <esgrilﬁfu2> ., 1=1,2,...,

whence it follows that

essinfu; > o (fi(_z))l/(m—l) 1o (46)
and
essinfuy > o (%)W(m—l) , oi=1,2,..., (4.7)
where Z i
Ey(r) = / Fy(z,uy)de, 7 >0,
and T

Es(r) :/ Fy(x,us)dx, r>0.

Inequalities (£6) and (A7) imply the estimates

E i 1/(;01—1)
Fy(z,ui(z)) > Fy (:B,es;inful) > Iy (ifag (%21))
T T;

(2

By (r; 1/(p2—1)
Fy(w,ug(z)) > I (x,esginfuz) > I (m,a ( iEZQ))
r.

-
? 1

and

for almost all x € B,,, i = 1,2, .... Integrating them over B, we have

Ey(r; 1/(p1—-1)
Ei(r;) > mes B, fo <ri,a ( 12191:1)) ., i=1,2,...,
r.

(2

Ey(ra)\ VD
Es(r;) > mes B, fi (7%0 ( ,11(_7;,2)) . i=1,2,....

Consequently, one can assert that

- - Ey(r; 1/(p2—1)
Fy(z,ui(x)) > Fy (:L’,arfl/(pl 1)fl1/(p1 1) (Ti, <% nl_(p/’; ))

and
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and
_ _ E. i 1/(p1-1)
Fy(x,up(z)) > F <x orf T 1Y < (—”Tﬁ(,fl ))
for almost all x € B,,, i = 1,2,.... In view of conditions (a’) and (b'), this yields
Fy(x,u(2)) 2 qu(2)g1(3Ex (rs))
and

Fi(x,up(x)) > qa() g2 (scEs(rs))

for almost all x € B,, \ By, ,, i = ig + 1,i9 + 2,..., where iy > 0 is some integer.
Integrating further the last two inequalities over B, \ B, ,, we obtain

Ey(ri) — By(ri_y) > g1 (B (1)) / G(@)de, i—io+Lio+2..., (48)
Br\Br;_,
and
Eg(?"i) - Eg(’f’i_l) 2 gg(%Eg(’l"Z)) / QQ(ZL’) d[lj’, 1= io + 1, io + 2, e (49)
Br\Br;_,

In can be assumed without loss of generality that (2.I]) and (4.4]) are valid for k£ = 1.
It follows from (A.8]) that

> E Ti) — E Ti—
Z 1(7) 1(ri1) 2/ () d.

whence in accordance with the evident estimates

/El(ri) dg S El(’f’i) — El(’f’i_l)
B 9102C) 1B (1))

o d
/ ¢ > / ¢ () dx.
Bi(rg) 91(7C) ~ Jamp,,

This contradicts (Z1)) and (Z.4]).
To complete the proof, it remains to note that, in the case where ([2I)) and (£4) are
valid for k = 2, we repeat our reasoning with (£S8)) replaced by (£9). O

i:’i0+1,i0+2,...,

we have

4.3. The above method is suitable for non-negative solutions of the inequality
—div A(z, Vu) > F(z,u) inR" (4.10)

for which (B.6) is valid, where A is a Caratheodory function satisfying the uniform
ellipticity condition (3]) and the function F' is non-negative on R" x [0, €], positive on
R™ x (0,¢), and non-decreasing with respect to the last argument on the interval [0, €]
for some real number 0 < e < 1.

Denote

f(r,¢) = essinf F(x,(), r (>0, (4.11)
r€Bg,\By /g
where # > 1 is some given real number. We shall assume that for any real number
¢« > 0 there exist a real number r, > 0 and functions ¢ : [r.,00) — [0,00) and
g : [Cs, 00) = (0, 00) satisfying the following condition:
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(c) for all r € [ry,00) and ¢ € [(,, 00) such that

1/(p-1)
(&)=

¢\ Mo
f (r, <rn_p> ) > q(r)g(C)-

Theorem 4.2. Suppose that n > p. Also let for any real number (, > 0 there exist a
real number r, > 0, a locally bounded measurable function q : [r.,00) — [0,00), and a
non-decreasing function g : [(x,00) — (0,00) satisfying condition (¢) and, moreover,

/c* m < 0 (4.12)

/ " q(r) dr = oco. (4.13)
Then any non-negative solution of ([AIQ), (B.6]) is identically zero.

Proof. By contradiction, we assume that (£.10), (3:6) has a solution u > 0 that is not
identically zero. According to Lemma [3.3] this solution is positive almost everywhere
in R™. We denote u. = xo.u + (1 — xq.)e, where Q. = {x € R" : u(x) < ¢} and xq, is
the characteristic function of the set .. Also let

E(r):/ F(z,u)dx, r>0.
Q:NB,

By Lemma [3.4] there is a real number 7o > 0 such that ([B.7)) is valid for all r > rq.
As in the proof of Theorem 2.1l we put r; = 0'ry, i = 1,2, .... Corollary yields

we have

and

1 _ o
/ F(x,u)d:vSCrip<essinqu) , o 1=1,2,...,
mes B, Jo.om, B
whence it follows that
B(r)\ VoD
%ss%gnfu:es]ginfu€ 20’( nip)) , i=1,2,.... (4.14)
eN T T T’i

This in turn implies the estimate

Blr)\ Ve
F(z,u(z)) > F (x,ess infu) > F (:c,a ( ,Ef ))
Q:NBy, T P

for almost all x € Q. N B,,, © =1,2,.... Consequently,
vl
F(x,u)dx
mes QE ﬂ B’r‘i \ BT,L',l QsmBri\Bri,1 ( )

E(r)\ Ve
> ess inf F(m,a( Tgi)) , 1=1,2,...,
2€QeNBr\Br; ri P

7

whence in accordance with (8.7) and (4I1) we have
)\ VD
E(r;) = E(ri) 2 Cr" f (r, (% (ZZ)>
rT
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for all r € (r;_1,7;), i = 1,2,.... By condition (c), this implies that
E(TZ) - E(’f’i_l)
9(E(ri))

for all r € (r;_1,7;), 1 =19+ 1,99 + 2, ..., where i3 > 0 is some integer. Combining the
last estimate with the inequalities

> Cr'q(r) (4.15)

E(ri) ¢4 E(r:) — E(r,
/ C- Z (TZ) (Tl_l) (416)
(i) 9(54C)) 9(E(r:))
and
sup r"q(r) > C’/ " tq(r) dr,
TE(Tifl,T’i) Ti—1
we obtain
/E(m = 0/ a(r)
— > r"q(r)dr, i=1y+1,i9g+2,....
E(ri—1) g(%C» i1
Summing the last expression over all integers i > 7y, one can conclude that
>C " g (r) dr.
/E(rio) 9(>()) Tig
Thus, we arrive at a contradiction with (£I12) and (EI3). O
For F(z,() = a(x)h(¢), Theorem 4.2 remains valid with (£11) replaced by
h
£C) = ©) nC>0. (4

1/
1 —
(mOS Bor\B; /e fBQT\Br/G a () d:lf)

where A > 0 is some real number. To see this, it suffices to repeat the reasoning given
in paragraph 4.1. Really, from (4.1I4]), it follows that

h(u(x)) > h (U (f;i;))l/@_l))

for almost all x € Q. N B,.,, i =1,2,.... Consequently, we have

€ m T \ Ti—1 Qg Bri \BTZ 1

1(p-1)
> pM <o— (E(”)) ) i=1,2
> nar , 2,
T

Combining this with (8.7) and the estimate

/ hA/(l—i—A)(u) dr = / a—A/(l—i-)\)(:L,)a)\/(l—i-)\)(x)h)\/(1+)\)(u) dr
QeNBr\Br, QeNBr\Br, ,

1/(143)
< (/ ax) dx) </ a(x)h(u) d:ﬂ)
Q.NBr\Br,_, Q:NBr\Br,_,

A/ (1+X)
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which follows from Holder’s inequality, we obtain

L\ 1/ -1)
c»yh(a(ggg) )

a(z)h(u) dx
/QsﬂBri \Br, , < 1 a=*x) dx)

mes Br, \BTF1 fBri \BTF1

v

o =12,

The last relation implies (£.I5) with
E(r)= / a(x)h(uy)dzx, r >0,
Q.NB:

and f defined by (£IT).

Theorem can be strengthen if we assume that the function F' is non-negative
and non-decreasing with respect to the last argument on the whole set R™ x [0, 00)
and positive on R” x (0, 00). Namely, let for any real number (, > 0 there be a real
number 7, > 0 and functions ¢ : R"\ B,, — [0,00) and ¢ : [(., 00) — (0, 00) satisfying
the following condition:

(¢') for almost all € R™\ B,, and for all ¢ € [(,, c0) such that

/(p—1)
(uéw)l =
¢ 1/(p—1)
F (I, (W) ) > q(z)g(C).

Here ¢ € (0,1) can be an arbitrary real number. We should only assume that ¢ does
not depend on (,.

we have

Theorem 4.3. Suppose that n > p and the function F' is non-negative and non-
decreasing with respect to the last argument on the set R" x [0,00) and positive on
R™ x (0,00). Also let for any real number , > 0 there be a real number r, > 0,
a locally bounded measurable function q : R™\ B,, — [0,00), and a non-decreasing
function g : [Cy, 00) — (0, 00) satisfying condition (¢'). If (£I2) is valid and, moreover,

/ q(z) dz = oo, (4.18)
R™\B.,

then any non-negative solution of (LI0), (B.0) is identically zero.

Proof. By contradiction, let there be a non-negative solution of (£.10), (3.6) that is not
identically zero. According to Lemma [3.3] this solution is positive almost everywhere
in R™. We put

E(r):/ F(z,u)dx, r>0.

T

By (8.4), there is a real number ry > 0 such that

essinfu < e.
Bry

We also denote r; = 2%, i = 1,2,.... Lemmas and [3.3] lead to the estimate

1 Pt
/ F(x,u)d:BSC’ri_p(essinfu) , 1=1,2,...,
B,

mes B, -

7
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whence it follows that

E(r)\ Y@
essinfuza( (T)) , o 1=1,2,....

T4

This in turn yields

B\ V0D
F(z,u(z)) > F (x,esginf u) > F (;)g,g ( ﬁp))
r; T

(2

for almost all x € B,,, i = 1,2,.... Hence, taking into account condition (¢’), we have
F(z,u(x)) > q(z)g(>E(r:))
for almost all x € B,, \ By, ,, i = ig + 1,ig + 2, ..., where 7y > 0 is some integer.

Integrating the last inequalities over B,, \ B,, ,, one can conclude that
B(r) = Elri) 2 g<BG) [ ale) ds
Bri\Br;_,
or, in other words,
E(’I“Z) - E(’l“i_l)
9(xE(r:))
Combining this with (£I6]), we obtain
BEtra g
/ 72/ q(x)d:c Zzlo+1,lo+2,
E(ri—1) 9(3)) By \Br;_;
Thus, summing the last expression over all ¢ > 7y, we arrive at the inequality
o d
/ < s¢ q(z) dx
E(riy) 9(%0) R™\Br,,
which contradicts (A12]) and (£.I8]). O

4.4. Consider the systems
—div Ay (z, Vuy) > Fi(z,uy,us) in R”,
— div Ag(z, Vug) > Fy(z,u1,uz) in R™,
where A; and A, are Caratheodory functions satisfying the uniform ellipticity condi-
tion (L2) and, moreover, the functions F; and F» are non-negative and non-decreasing
with respect to the last two arguments on the set R™ x [0, ] x [0, ] and positive on
R™ x (0,¢) x (0,¢) for some real number 0 < e < 1.

We shall assume that for any real number (, > 0 there exist a real number r, > 0
and functions q : [r.,00) — [0,00) and ¢ : [(x,00) — (0, 00) satisfying the following
condition:

(d) for all r € [r,,00) and (1, (2 € [C4, 00) such that

G 1/(p1-1) O 1/(p2—1)
( ) <e and ( ) <eg
rn—ri rn—p2
we have

G \YED g \ Ve
f (ﬁ (rn_pl) ) (Tn_m) ) > q(r)g(G + G),

2/ q(x)d:c Z:ZO—Fl,ZO—i‘Q,
Bri\Br;_,

(4.19)
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where

f(?”, C17C2) = essinf (Fl(xvclvc2) + F2(x7 glaéﬂ)? Ty §17g2 > 07

r€Lgr \Dr /g

with some given real number 6 > 1.

Theorem 4.4. Suppose that n > p. Also let for any real number (., > 0 there exist
a real number r, > 0, a locally bounded measurable function q : [r.,00) — [0,00),
and a non-decreasing function g : [(.,00) — (0,00) satisfying conditions (d), (L12),
and [@I3). Then any non-negative solution of (AI19), (L3)) is identically zero.

Proof. Assume by contradiction that (uq,uz) is a non-negative solution of (EI9), (L3)
not equal to zero. In view of Lemma [3.2] the functions u; and uy are positive almost
everywhere in R”. As in the proof of Theorem 2], we denote €. = ;. N Qs ., where
Qe ={x € R" : u(z) < e}, k =1,2. By Lemma [3.4] there is a real number ry > 0
such that (B3.7) holds for all r > ry. We put r; = 0'rg, i =1,2,.... Also let

Ey(r) :/Q N Fi(z,uy,up)dx, r >0,
:NB,

and
Ey(r) = / Fy(z,uy,ug)dx, r > 0.
Q.NB,

Corollary 3.2 allows us to assert that

—1
1 B ] p1 .
7 Fi(z,uy,us) de < Cr; " ( essinf u; . ., i=1,2,...,
mes By, Jo.np,, By,
and
1 p2—1
E / Fy(z,uy,us) de < Cr; 72 (essinfu%) ., i=1,2,...,
mes By, Jo.np,. By,

where the functions uy ., k = 1,2, are defined by (3.8). This immediately yields

. . Eq (7”2) Y(e1=1) .
S%s%%f Uy essrlinf Ule >0 ( Rz , 1=1,2,..., (4.20)
and -
. . Es (7”2) b2 .
S%s%%f Us es;rlinf Uge > O ( R , 1=1,2, (4.21)

Hence, taking into account the fact that F; and F, are non-decreasing functions with
respect to the last two arguments on the set R"™ x [0, ¢] x [0, €], we obtain

Fi(z,ui (), ug(x)) > Fy, (x,gss inf uy, essinf UQ)

l,z‘:r\| T 2,6037‘1-

E 2 1/(101—1) E i 1/(102—1)
> F, (a:,a ( ;EZR) o ( i(_;)) . k=1,2, (4.22)
r; r;

for almost all x € Q. N B,.., i = 1,2,.... This implies that
Fi(z, ui(2), ua(2)) + Fa(z, ui (2), ua())

- %El('ri) 1/(p1—-1) %E2(Ti) 1/(p2—1)
= AN e N
r T
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for almost all x € Q. N B,, \ B
last expression, we have

/ (Fi(x, ur, us) + Fy(x, ur, u5)) da
Q.NBy;\Br,_,

>Crf | r =B (1) Y 2By (r;) 1p2-1)
=i "\ e "\ pn—p2

for all r € (r;_1,r;), 1 = 1,2,.... Taking further condition (d) into account, we arrive
at estimate (£I5]) with

and for all r € (r;_1,7;), i = 1,2,.... Integrating the

Ti—1

E(r) = Er\(r) + Ex(r), r>0. (4.23)
Thus, to complete the proof, it remains to repeat the argument given in the proof of
Theorem [4.2] O

Theorem [4.4] can be strengthen if the F; and F, are non-decreasing functions with
respect to the last two arguments on the whole set R™ x [0, 00) x [0, c0).

In this case, it should be assumed that for any real number (, > 0 there exist a real
number 7, > 0 and functions ¢ : R" \ B,, — [0,00) and g : [(s, 00) — (0, 00) satisfying
the following condition:

(d") for almost all z € R™\ B,, and for all (1, (s € [(s, 00) such that

G 1/(p1-1) G 1/(p2—1)
< — ) <e and < — ) <eg
ERE ERE
we have

1/(p1—1) 1/(p2—1)
1 G2
F _ >t _ 52
" <|ZE|""’1) ’ <|ﬁf|"_”2)

Cl 1/(p1—-1) gz 1/(p2—1)
MR <93 (W) : (|x|n—p2) ) > q(x)g(G+ G)-

In so doing, we do not make any assumptions regarding the real number ¢ € (0, 1),
except that it does not depend on (,.

Theorem 4.5. Suppose that n > p and the functions Fy and F» are non-negative and
non-decreasing with respect to the last two arguments on the set R™ x [0,00) x [0, 00)
and positive on R™ x (0,00) x (0,00). Also let for any real number (. > 0 there be
a real number r, > 0, a locally bounded measurable function q : R™\ B,, — [0, 00),
and a non-decreasing function g : [(,00) — (0,00) satisfying conditions (d'), (£12),
and [@I8). Then any non-negative solution of ([AI19), ([L3)) is identically zero.

Proof. By contradiction, let (u1,us) be a non-negative solution of (£I9), (L3) that is
not equal to zero. According to Lemma [3.2] both the functions u; and uy are positive
almost everywhere in R"™. In vie of (L)), there exists a real number ry > 0 such
that (5] is valid for all r > ro. Also let r; = 0irg, i = 1,2,. ...
We denote
Eq(r) :/ Fi(z,uy,u9)dx, r >0,

T

and
Es(r) :/ Fy(z,uy,u9)dx, r > 0.



ON BLOW-UP CONDITIONS 19

Corollary implies the estimates

1 B p1—1
/ Fi(x,uy,ug) de < Cr; ™ (essinful) , 1=1,2,...,
mes B;, /g, vy
and
1 p2—1
/ Fy(z,uq,ug) de < Cr; P2 (essinfm) , i=1,2,...
mes B;, /g, v

whence it follows that

E ; 1/(p1—-1)
essinfulza( 1(7")) , 1=1,2,...,

n—p1
i

i

and

E. ; 1/(p2-1)
essinquza( 2(T)) , 1=1,2,....

n—p2
i

i

Taking into account the fact that F; and F; are non-decreasing functions with respect
to the last two arguments on the set R™ x [0,00) x [0, 00), we have

Fr(z,ui(x),us(z)) > Fy (:E,esginf ul,esginf Ug)

T4 T4

By (r; 1/(p1—1) Ey(r; 1/(p2—-1)
> B, <g;a< iﬁ}f) ,g< iﬁ}ﬁ) k=12,
T T

for almost all x € B,, \ B,, ,, i =1,2,.... By condition (d’), this implies that

Bz, un (), ua(2)) + Fo(w, ur (), ug(2)) 2 q(2)g(s(Er(r:) + Ea(ri)))

for almost allx € B,,\B,, ,,%=1,2,.... Integrating the last inequality over B,,\ B,, ,,
we obtain ({.I5) with E defined by (£23)). Thus, it remains to repeat the argument
given in the proof of Theorem [£.2] O

4.5. In (£I9), let the functions F; and Fy do not depend on z. In other words, we deal
with the system

—div Ay (z, Vuy) > Fi(uy,us) in R,
{ 1( 1) 1 (g, ug) (4.24)

—div Ay(x, Vug) > Fo(uy,uz) in R”,

where A; and A, are Caratheodory functions satisfying the uniform ellipticity condi-
tion (L.2)). In so doing, the functions F; and F» are non-negative and non-decreasing
with respect to every of their arguments on the set [0,e] x [0,e] and positive on
(0,e) x (0,¢), where 0 < & < 1 is some real number.

We shall assume that for any real number (, > 0 there exist real numbers r, > 0
and p > 1 and a function f : (0,00) — (0, 00) satisfying the following condition:

(e) for all r € [r,,00) and (1, (s € [(s, 00) such that

1/(p1-1) 1/(p2—1)
G <e and G2 <e
rn=Pp1 - |x|n—p2 -
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we have

G 1/(p1—1) Co 1/(p2-1)
N(ESEES
B << G )1/(p1—1) | ( Co )1/(p2—1)> - ((Cl + Cz)l/(p_1)> |
yn—p1 yn—p2 rn—p

Theorem 4.6. Suppose that n > max{p1,ps}. Also let for any real number (, > 0 there
ezist real numbers r. > 0 and p > 1 and a non-decreasing function f : (0,00) — (0, 00)
satisfying condition (e) and, moreover,

/ ° flQde
o (ine=1/(n—p)

Then any non-negative solution of (L24), (L3) is identically zero.

Proof. Let us follow the same argument and notation as in the proof of Theorem [4.4]
The only difference is that F; and F, are now independent of the spatial variable.
Taking into account (4.22), we have

Fy(uy(z), ua(z)) + Fi(ui (), uz())

E,(r 1/(p1—-1) Ey(r 1/(p2—1)
> I (0 < Tigl)) 0 (%)
Ey(r; 1/(p1-1) BEy(r; 1/(p2-1)
PR ( () ()
T T

for almost all x € Q. N B,.., 1 =1,2,.... In view of condition (e), this implies that

v+ Ey(r)\ V0D
Fi(ui(x),uz(x)) + Fi(ur(x), us(x)) > f (” <E1( Zi:_—f ( )> )

(2

for almost all z € Q.NB,,, i = 1,2,.... Integrating the last relation over Q.N B, \ B,,_,,
we arrive in accordance with (3.7) at the following estimate:

N\ /1)
E(ri) —E(ri.1) >Crlf (% (E,EZ,)) ) . i=1,2,...,

7

where the function F is defined by (4.23]). In particular, one can assert that n > p;
otherwise we obtain

| I V1)
timinf 20 > Climint £ <% (E(“)) ) >0,

i—00 rln i—00 r?_p

which contradicts (4.20) and ([4.2I). Thus, to complete the proof, it suffices to repeat
the argument given in the proof of [I1, Theorem 2.1]. O

4.6. Let us note in conclusion that the method outlined in our paper is obviously
suitable for systems containing more then two inequalities. It is also not difficult to
transfer all the above results to Carnot groups.
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