
Comment on “Absence of Topological Protection of the Interface States in ℤ𝟐 

Photonic Crystals” 

 

In the Letter [1], Xu et al. reported that edge modes disappear in the expanded structure of Wu-Hu 

model characterized by Z2 topological index [2, 3], while appear in the trivial shrunken structure, 

when the edge cuts through the hexagonal unit cell. They then concluded that these edge modes 

are defect modes lacking topological protection. Unfortunately, their approach is not justified, 

rendering the conclusion unsolid.  

 

First, discussions in the Letter [1] on the fate of edge states and the attempt to identify the 

corresponding topology by edge states when the edge cuts through the hexagonal unit cell are 

invalid. It is important to note that the unit cell and edge morphology should be tied one by one 

when considering bulk-edge correspondence, and the unit cell used for calculating topological 

index must be kept intact when looking for corresponding edge states. Cutting edge in a different 

way in fact changes the unit cell, which induces a position-dependent phase factor [4] 𝑢!,𝒌(𝒓$) →

𝑒%&𝒌(𝒓")𝑢!,𝒌(𝒓$) with 𝛼  the site index (𝑈(6) gauge in Wu-Hu model with 6 sites), yielding a 

nonvanishing term in Berry curvature  

𝛺!(𝒌) → 𝛺!(𝒌) − 𝛻𝒌 ×/[𝛻𝒌𝜁𝒌(𝒓$)]𝑢!,𝒌∗ (𝒓$)𝑢!,𝒌(𝒓$)
$

, (1) 

thus modifies the topology, even though the bulk band structure remains unchanged.  

 

As a matter of fact, it has been revealed that the system with 𝑡+ > 𝑡, (shrunken structure) in FIG. 

1(a) of the Letter [1] is characterized by non-zero mirror winding numbers when a rhombic unit 

cell is taken (see Figure 1); gapless helical edge states exist along the partial-bearded edge 

compatible with the rhombic unit cell [5, 6]. We point out that the edge shape in FIG. 2(b) in the 

Letter [1] corresponds exactly to the rhombic unit cell, which remains intact along the edge 

whereas the hexagonal unit cell is broken. This can also be demonstrated by the Wilson loop 

spectra as shown in Figure 1, which exhibits clearly the dual relation between the two cases of 

opposite relative strength of 𝑡+ and 𝑡,, and explains fully the results in FIG. 2 in the Letter [1]. The 

gap opening in the dispersions of edge states in FIG. 2(d) and 2(e) is merely due to the choice of 

edge direction, where the mirror operation mixes the two sublattices [5]. 



 

In addition, we note that the topology and corresponding helical edge states in the expanded 

structure of Wu-Hu model have been described successfully by  ±2𝜋-winding Wilson loops based 

on the two-fold pseudospin subspace supported by the C2T symmetry [7]. Namely, taking 

pseudospin into account, states in the expanded structure are Wannier obstructed, thus 

topologically nontrivial in accordance with the criterion of Letter [1]. Without closing the band 

gap and breaking the 𝐶-. symmetry, this structure can be connected adiabatically to another model 

of fragile topology [8], which indicates that the two models share the same topology and accounts 

for the same helical edge states of the two models [7]. In this sense, consequences of categorization 

of topology based straightforwardly on elementary band representation are not necessarily clear 

for the associated edge states. 

 

Lastly, we cast doubt on the discussion of the Letter [1] that gapping the edge states by including 

long-range hopping integrals reflects the absence of topological protection. Theoretically the 

topological protection for armchair edges/interfaces is not strict, since the sublattice symmetry is 

missing under the mirror operation mentioned above which opens a gap in the edge/interface states 

[5]. Moreover, the hopping integrals taken for FIG. 3(b) are totally unphysical, where sites 

separated farther have stronger couplings (see Supplementary Information of the Letter [1]). 

Including more unphysical “perturbations” can change the effective spatial dimension, which 

eventually damages the topology.   
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Figure 1. (a) and (b) Schematics for the hexagonal unit cell and the rhombic unit cell. Blue and red bonds 

represent 𝑡! and 𝑡", respectively. Black dashed line in (b) stands for the mirror plane. (c) and (d) Wilson loops 

for the hexagonal unit cell. (e) and (f) Wilson loops for the rhombic unit cell. The integration direction of the 

Wilson loops in (e) and (f) is perpendicular to the mirror plane.  The first Brillouin zone is given in (c).  


