Nonadiabatic Field with

Triangle Window Functions on

Quantum Phase Space

Xin He, Xiangsong Cheng, Baihua Wu, and Jian Liu*

Beijing National Laboratory for Molecular Sciences, Institute of Theoretical and Computational

Chemistry, College of Chemistry and Molecular Engineering,

Peking University, Beijing 100871, China

(Submitted on March 14, 2024)

AUTHOR INFORMATION

Corresponding Author

* Electronic mail: jianliupku@pku.edu.cn




Abstract

The constraint coordinate-momentum phase space (CPS) formulation of finite-state quantum
systems has recently revealed that the triangle window function approach is an isomorphic
representation of the exact population-population correlation function of the two-state system. We
use the triangle window (TW) function and the CPS mapping kernel element to formulate a novel
useful representation of discrete electronic degrees of freedom (DOFs). When it is employed with
nonadiabatic field (NaF) dynamics, a new variant of the NaF approach (i.e., NaF-TW) is proposed.
Extensive benchmark tests of model systems in both the condensed phase and gas phase
demonstrate that the NaF-TW approach is competent in faithfully capturing the dynamical
interplay between electronic and nuclear DOFs. In comparison to the symmetrical quasi-classical
(SQC) method where triangle window functions were originally proposed, the performance of
NaF-TW is significantly better when the bifurcation characteristic of nuclear motion in the

asymptotic region is important.
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Nonadiabatic transition dynamics is crucial in understanding many important light-driven,
photo-emission, charge transfer, and cavity modified phenomena in natural and artificial complex
molecular systems in chemistry, materials, biology, quantum information and computation,
environmental science, and so forth!''*. In these systems, we often depict electrons by discrete
electronic states and nuclei in continuous coordinate space. Numerical simulations of such
composite systems often employ two prevailing categories of practical dynamics approaches with
independent trajectories. The first category uses Born-Oppenheimer (BO) trajectories generated
from different single potential energy surfaces (PESs). The surface hopping approach pioneered
by Tully and coworkers'>!” has been modified by various hopping algorithms!®2° for connecting
two independent Born-Oppenheimer trajectories on two different adiabatic PESs. The category of
BO-trajectory-based dynamics often meets the challenge for nonadiabatic processes where the
states remain coupled all the time, especially when the temperature is relatively low. Another

0

category utilizes the mean field trajectory in the spirit of the Ehrenfest theorem®®. In addition to

31-33

the original Ehrenfest dynamics® for nonadiabatic transitions®!33, a few Ehrenfest-like dynamics

approaches*>* have been developed since the Meyer-Miller mapping Hamiltonian model was

34, 55

proposed for treating both nuclear and electronic DOFs on the same footing . Among these

Ehrenfest-like dynamics approaches, the symmetrical quasi-classical (SQC) method for

45-47.49.30 i5 of particular interest. In the latest version of the SQC method,

nonadiabatic dynamics
Cotton and Miller introduced the triangle window function (TWF) approach for discrete electronic
DOFs*-4%-5°  The TWF approach was empirically proposed but reasonably accurate for electronic
dynamics (in the frozen-nuclei limit) even in the weak state-state coupling region*®. In addition

that the TWF approach offers the initial condition as well as the integral expression of the time-

dependent physical property for electronic DOFs, the independent quasi-classical trajectory is



generated from Ehrenfest-like dynamics of the Meyer-Miller mapping Hamiltonian**. The SQC
with TWF for nonadiabatic dynamics*®4”-4° has widely been applied to various condensed-phase

system-bath models as well as realistic molecular systems® 363,

The category of mean field
trajectory-based dynamics methods performs well in the nonadiabatic state-state coupling region,
but is more difficult in capturing the bifurcation characteristic of the nuclear motion in the
asymptotic region where the state-state coupling disappears. In addition to the two major
categories, there are some other methods using independent trajectories®®-%%.

The unified phase space formulation with coordinate-momentum variables offers an exact

0976 where the constraint

interpretation of quantum mechanics to describe composite systems
coordinate-momentum phase space (CPS) representation is used for discrete (electronic) degrees
of freedom (DOFs) while the infinite (Wigner) coordinate-momentum phase space representation

is used for continuous (nuclear) DOFs. The CPS representation (of discrete electronic DOFs)

related to the quotient space U(F)/ U(F —1) was first introduced to nonadiabatic dynamics by the

sphere representation with coordinate-momentum variables in Section II of Ref 7' and by the

simplex representation with action-angle variables in Appendix A of Ref 7. It was shortly

developed to a generalized phase space formulation, CPS with commutator variables’ 7*

in spirit
of refs 7! which is related to the quotient space U(F)/U(F —r) (with 1 <r < F'), namely the

d77—79

complex Stiefel manifol The exact equations of motion (EOMs) of mapping coordinate-

momentum variables of CPS for the pure finite-state quantum system are linear’>, which is superior

to the conventional phase space approaches with angle variables®’%3

used in physics for studying
dynamics of composite systems. The unified phase space formulation has recently led to a

conceptually novel trajectory-based approach in the adiabatic representation of electronic states,

nonadiabatic field (NaF) that is promising in faithfully describing both nuclear motion and



electronic coherence/dissipation®. In the state-state coupling region, the nuclear EOMs of the
independent trajectory of NaF involve an important nonadiabatic nuclear force term in addition to
an adiabatic nuclear force term of a single electronic state (either stochastically with electronic
weights or deterministically with the dominant electronic weight). This is substantially different
from the two conventional categories of nonadiabatic dynamics methods that involve either BO
trajectories on different PESs or mean field trajectories.

The NaF strategy®* has been applied to the framework of Ehrenfest dynamics*, fewest-switches

)15, 16 71, 73-75, 85

surface hopping (FSSH , and CPS with commutator variables The investigation
suggests that the nuclear EOMs of the NaF strategy should considerably improve over various
surface hopping and Ehrenfest-like dynamics methods. It also indicates that the key of the most
successful NaF approach includes the exact phase space representation of discrete electronic
DOFs*, which offers a consistent way in dealing with the other two critical properties of a
trajectory-based quantum dynamics method’®, namely, the initial condition of the trajectory and
the integral expression for evaluation of the time-dependent physical property.

In the letter, we employ the triangular window function®’, in addition to the original mapping

kernel of the U(F)/ U(F —1) CPS""72, to formulate a novel representation of discrete (electronic)

DOFs, which is applied with the NaF strategy to offer a more consistent trajectory-based approach
for studying nonadiabatic transition dynamics.

Assume a coupled F-electronic-state Hamiltonian operator of the composite system

F

=3 Ho (R

n,m=1

: (1)

where {R,P} are the coordinate and momentum variables for the nuclear DOFs, and

{|n>} LN E {1,~ - F } is the “complete” set of orthonormal electronic states (F is in general infinite



when the set of electronic states is rigorously complete). Consider the composite system in the

frozen-nuclei limit of eq (1), where each element H (R,P)EHH is constant and the

nm m

F
Hamiltonian operator of eq (1) becomes H = Z H,

n,m=1

, which is the pure F-state quantum

system. A generalization of the idea of the exact weighted CPS representation of ref 7 implies
that the integrand function on electronic mapping CPS is not limited to the product of the element

of the mapping kernel and that of the inverse mapping kernel of electronic DOFs®®. The general

phase space expression of the time correlation function between |n> <m| and |k> <l | reads

Tr, [| n)(m| "™ k)1 e—u:]t]

. 2)
1
= (Cnm,k[ (t)) Idy W(Y)IS(x,p,F;y) FdXdpdr Gnm,kl (Xa pa r) y; t)

where Tr,[ | represents the trace over electronic DOFs, {x,p} :{x(l),---,x(F Lo, ptf )} are

the mapping coordinate and momentum variables for discrete electronic DOFs, T is the F x F

commutator matrix® 7 that can be expressed by auxiliary coordinate-momentum variables,

r,, =3 s (&0 +iz™)(£" -iz)/2. 3)
k=1

F
In eq (2), FdxdpdI' with dI' = [ d&{dz{" is the integral measure, S(x,p,I;y) defines the

k,m=1

phase space constraint that involves parameters v, w(y) is the quasi-distribution of parameter
vector v, and C,, ,(¢) is the time-dependent normalization factor. G, , (x,p,T;v;¢) defines the
integrand function on the phase space corresponding to |n><m| at time 0 and ™ |k> <Z|e”ﬂ’ at

time #, which is a generalization of K, (x,p,I') K, (x,p,I;¢), the product of the element of the



mapping kernel and that of its inverse mapping kernel of our CPS formulations®-7% 7% %7 (The
convention 7 =1 is used for discrete electronic DOFs throughout the paper.)
The general expression of the time correlation function eq (2) with trajectory-based dynamics

becomes

Tr, [

(Coru®) ' | W(V)dyja

n)(m| e &)/ e } =

_ : (4)
)Fdxodpodro Gnm,kl ({X,p, F}OSrét aYat)

Xo,Po.T05Y

where {x,p, F} v<.<, denotes the trajectory on the phase space, G ({x, P, F} veres 3V t) defines the

integrand function on the phase space corresponding to |n> <m| at time 0 and ™ |k><l |e"lﬁ’ at

time ¢ for trajectory dynamics, and Enm,k, (¢) 1s the time-dependent normalization factor of the

trajectory-based dynamics approach. The expression of eq (4) is a generalization of the formalisms
in the CPS formulation®-7% 787 where the trajectory is generated by the linear EOMs yielded

from the symplectic structure of CPS.

Our work of ref 8 presents a new class of isomorphic representations of the exact population-
population correlation function of the pure two-state quantum system (i.e., F =2 ). Remarkably,
the TWF approach (for discrete electronic DOFs) proposed by Cotton and Miller*®, which is
practically useful but generally believed to be ad hoc, is proved as a special case of the new class
of phase space representations for exact population dynamics®®. The proof involves the projection
of the TWF onto the U(F)/U(F —1) CPS for the two-state system and integral identities for the
exact population-population correlation function. Because the TWF approach is exact for
population dynamics of the two-state system®® and reasonably accurate for that of the multi-state

system (i.e., F'>3)%, it suggests that the triangle window function should be valuable for



developing a novel useful representation of discrete electronic DOFs (e.g., for nonadiabatic

dynamics).

Consider the pure F-state system of eq (1). We focus on a special class of eq (4),

el 1]
= (Cp (t))_l de W(Y)I

S(x9po-To357)

B . (5)
Fdx,dp,dT, Guni (X,5P- T3 X,.p,» T,

Equation (5) includes four kinds of time correlation functions of electronic DOFs, namely,

population-population ( n=mand k =/ ), population-coherence ( n=mand k #/ ), coherence-
population (n#mand k =/ ), and coherence-coherence (n# m and k = /) correlation functions.
Commutator matrix I' can be constant, I'=y1, where y is a scalar parameter and 1 is the

identity matrix. In this case, the constraint of CPS reads
F

S(x,p;y)= 5[2%((}5") )2 +(p("))2)—(1+F7/)] (6)

n=1

with parameter y €(—1/F,), and

1
jsu,p;nF dxdp g(x,p) = [ Fdxdp——3S(x.p;7)2(x.p) - (7)

Q(y)

where Q(y) is the normalization factor’"- 77>

(2z) (1+ Fy)"™
(F-1)!

Q(r)= j dxdpS(x,p;y) = (8)

By employing a generalization of the weighted constraint phase space’®, the expressions of time

correlation functions read

Tr, D n)(m| e Laxd e M }

_ L g — - )
= (Cnm,kl(t)) J:I/FW(y)d}/js(x(]’po;y)FdxodpoGnm,kl (Xo,po;xt,pt)



For example, the CMM approach of ref ® can be re-interpreted by eq (9) with w(y)=5(y-7,)

and G (Xo,Po3 X5, ) = K, (XosPo ) K5 (X,,p, ), where K, (x,p) and K,'(x,,p,) are matrix
elements of eqs (7)-(8) of ref ® with phase space parameter y,, respectively. In this letter, we

employ the TWF? for the electronic correlation function. The expressions read

Tr, [ n){m |e’f” La3xd e”ﬁt}

> (Cm,kl(t))_l IOH W(7)d7,|. » Fdx deG,,m (X0 Po3X,5D, ) (10)
= -1 F- F! =
:(Cnm,k/(t)) jdxodpo (272-)}7 (FF _1) Gnm,kl (Xo,pO;Xt,pt)
F? Pl 1-1/F .
where  w(y)= P (1 + F)/) and .[ w(y)dy=1 . In the expression of

Tr, D n><n|ei’:1’ |m) <m|eiiﬁ’} of eq (10),

G””’””” (Xoapo;xt’pt) SQC(XoapO)KSr?C(Xoapo)K::;(Xzapz)9 (11)
where
Z(FF _1) 1 5 ) 2-F
SQC (n) (n)
(Xg,Po) = FFl (2_5((% ) +(p0 ) )j . (12)

The time-dependent normalization factor reads

(13)

whose initial value C__ (0) is 1.

nn,mm

The TWF for |n)(n




1if (x,,p,) €M,
Kf}?c(xo,po)g s ) (14)
0 otherwise

where M, includes the following set of phase space points,

t<o((x) +(p) ) <2
M, (x,p):1(x,p) . . (15)

e () o (p) #2747 )2

F
For any point (x,p) in M, (x,p), the value of Z l((x(") )2 + (p(") )2) lies in region [1, F], so that

n=1
the domain of y is 7/6[0,1—1/F].
The TWF for eiﬁt|m><m|e"iﬁ’, the population of m -th state at time ¢, is also an indicator

function,

. 1 f bin
Kbln(xt’pt)_{ 1 (Xﬂpt)e'/\/lm , (16)

" 0 otherwise

where

N e G
M, (x,p) 4 (X,p) | i i : (17)
vk mo((x0) +(p) )21

Because functions K> (x,,p,) and K" (x,,p,) of eq (10) and eq (13) are always non-negative,
the population-population correlation function remains positive-definite all the time for the choice

of the electronic basis set {| n>} ofeq (1). The expression of eq (10) for the population-population

correlation function is exact for only the pure two-state system. We note that the phase space
formalism of eqs (10)-(11) is not the only option, and an alternative formulation derived for

triangle window functions is presented in Section S5 of the Supporting Information.

10



Unfortunately, the SQC approach with either triangle or square window functions*® 38 does not
lead to exact results for the other three kinds of electronic correlation functions even for the pure
two-state case (F =2). It is crucial to construct the new phase space representation with the
triangle window function used in eqs (14)-(15) for the initial condition such that the other three
kinds of electronic correlation functions are exact. Here, we employ the element of the mapping

kernel of the U(F)/ U(F —1) CPS"""? to accomplish the task.
In the expression of eq (10) for Tr, [|n> <n|e’ﬁ’ |k)(1 |e"’ﬁt} with k # [, the population-coherence

correlation function,

G""’kl(XO’pO;Xtapt):WSQC(Xo’pO)KnSf?C(XoapO)Kl(IiMM(Xzapz) > (18)
where
MM _Loo o
Ky (xt,p,)=5(x, +ip, )(xt —p, ) (19)
is the element of the mapping kernel of the U(F)/U(F —1) CPS™ 7. The time-dependent

normalization factor of eq (5) is constant, Enn, L) =1.

When the initial electronic density matrix includes the coherence term, n> <m| (where n#m),

in the expression of eq (10) for both the coherence-population (where n#m and k=/) and

coherence-coherence (where n# m and k # 1) correlation functions,

Gﬂm,kl (Xoapo;xtapz) = w:?nh (Xoapo)KrSLwM (Xoapo)KliMM (Xtapt) > (20)

coh

where w

nm

(X,-P,) _0 D W (X, P)K ¥ (Xy,P,) involves the triangle window functions for

the n -th and m -th states at time O . The time-dependent normalization factor Enm’k, (t)=1 for

n# m 1s also a constant.

11



The new electronic representation of eq (10) for evaluation of the electronic density matrix at
time ¢, which is denoted as the CPS with triangle window functions (CPS-TW) approach. It has
three important properties:

1) In the frozen-nuclei limit, the representation of the electronic population-population
correlation is exact for the two-state system ( /= 2 ) and is expected to be reasonably accurate
for the multi-state system ( F >3). (See more discussion in ref %¢)

2) The representation of the other three kinds of correlation functions yields the exact frozen-
nuclei limit for all cases (F>2). (See more discussion in Section S4 of the Supporting
Information.)

3) Regardless of the approach for dealing with nuclear DOFs, the expression of the electronic
population-population correlation (eq (10)) is always positive-definite for all cases (F >2).

In comparison to the exact CPS representations of electronic DOFs, the third property (of the
CPS-TW approach) is indispensable for solving the negative population problem of phase space
mapping dynamics methods for general F-state systems, e.g., as shown in Figures 4 and 7 of ref 7
and in Figure S12 of the Supporting Information of ref 3.

By employing the CPS-TW approach instead of the exact CPS representations for electronic
DOFs, in addition to using the infinite Wigner coordinate-momentum phase space for nuclear

DOFs, we obtain the expression of the correlation function for both electronic and nuclear DOFs

Trn,e[(|n><m|®21m)e’ﬁ’(|k><l|®éﬂu0)eﬁﬁ’}
I—>(Enm’k,(t)) (27h) " [dR,dP j w(y)dny ,Fdx,dp, . 1)

x 4, (Ry,P)) B, (R,,P,) Gunit (X, P03 X,5P, )

12t

Here, Trn[ ] represents the trace over nuclear DOFs, 4, (R,P) and B, (R,P) are the Wigner

A

phase space functions of nuclear operators A and B

nuc nuc

respectively.  For instance,

12



4, (R,P)=[dA(R-A/2|4,,

R +A/2)exp(—iA-P/h). Provided that eq (21) is the integral
expression of the time-dependent property, we propose a new variant of the NaF approach, namely,
NaF with triangle window functions (NaF-TW), in the adiabatic representation.

Consider the full Hamiltonian of nuclei and electrons of the system

H = : (22)

BN Bs A (R) = 3P B 3 (RO R0 (R

where M = diag {mj} is the diagonal nuclear mass matrix, H o (ﬁ) is the electronic Hamiltonian

that includes the kinetic energy of electrons and all the electrostatic potential among electrons and

nuclei, and E, (R) denotes the adiabatic PES of the 4-th adiabatic electronic state,

#.(R)). The

expression of the right-hand side (RHS) for the full Hamiltonian operator of eq (22) was first

75, 89

employed for phase space mapping methods for non-adiabatic dynamics in refs . The non-

adiabatic coupling vector in the adiabatic representation is d, (R) = <¢m(R) ‘%> , of which

the J-th component is @'/ (R). Note that —id"")(R) is a Hermitian matrix of electronic DOFs

and that vector —id (R implies a non-abelian gauge field’>*°. Assume that {|¢n>},n e{l,---, F}

are effectively complete to describe the process and that the gauge field tensor,

0(—id”) 9(-ia")
oR, oR,

+i[-id",-id"],, , is close to zero and may be ignored with caution.

Following the procedure for the derivation of NaF in ref 8, it is straightforward to obtain the EOMs

of NaF-TW,

g(R)=—iV"" (R,P)&(R)
R=M'P
P=f

nonadia

, (23)
(R)-V,E, (R)

13



where g(R)=X(R)+ip(R) , (i,f)) are electronic mapping variables in the adiabatic

representation, P is the kinematic nuclear momentum of the adiabatic representation*’> 73 75 84

(equivalently, the mapping diabatic momentum’>#*), the elements of the effective potential matrix,
Vv are functions of nuclear phase space variables,
V" (RP)=E,(R)S, ~M'P-d,(R) (24)

and the nonadiabatic nuclear force reads

frnaia (R) == (E,(R)~E,(R))d,,(R) |5, (R) . (25)

k=l

In eq (25), p,,(R) is the element in the k-th row and /-th column of the matrix,

1+F/3) ~~
(+ )gT

ﬁ(R):Tre[gg*] g'-1/3 . (26)

The 1+ F /3 term of eq (26) corresponds to the parameter value, 1/3, suggested in ref *¢. (Please
see more discussion in Section S3 of the Supporting Information). The nonadiabatic nuclear force,
eq (25) intrinsically accounts for nonadiabatic transition processes in the state-state coupling
region and disappears in the region where the state-state coupling vanishes. Its importance in the
nuclear EOMs has been demonstrated by the applications to a few benchmark condensed phase

model systems®. Following ref , the adiabatic nuclear force —V E . (R) of eq (23) is

contributed from the single-state adiabatic nuclear force that has the largest weight, i.e.,

—Z V.E, (R) [Hh( Pu = P;; )] with the Heaviside function h( y)={lify>0else 0}. That is,
k

J#k
the contribution of adiabatic force ingredients with smaller weights is neglected. We focus on this
approach of the single-state adiabatic nuclear force from the dominant weight, although other

approaches are also possible®*. The NaF mapping energy (on phase space) in the adiabatic

14



P'M'P+E, (R), is conserved by rescaling the

N | =

representation, H . (R, P,X(R),p (R)) =

adiabatic kinematic nuclear momentum P (that is equivalent to the mapping diabatic momentum’
$4) along the momentum vector after the integration of the EOMs of eq (23) as well as when the
largest weight is switched®. If it is impossible to conserve the NaF energy when the largest weight
is switched, the switching is prohibited, with no change of P, and the single-state adiabatic nuclear
force is still contributed by the gradient of the previously occupied adiabatic PES. The algorithm
of NaF-TW is described in detail in Section S1 of the Supporting Information.

We consider a series of typical benchmark condensed phase and gas phase nonadiabatic model
systems where numerically exact results are available, which have been used for testing the
numerical performance of approximate dynamics methods in refs. 7> 7> 834 The latest SQC
approach with triangle window functions of ref * (which is denoted as SQC-TW), the conventional
Ehrenfest dynamics®’, the fewest-switches surface hopping (FSSH)!¢ algorithm described in ref?!,

and the original NaF (with y =1/2) of ref 3 are also tested for comparison. The initial condition

for nuclear DOFs is sampled from the Wigner distribution on nuclear coordinate-momentum phase
space, which takes care of nuclear quantum effects in all the trajectory-based nonadiabatic
dynamics methods for fair comparison. All simulations are performed in the adiabatic
representation. When exact results are available in only the diabatic representation, the diabatic
initial condition is transformed to its adiabatic counterpart, and dynamics results in the adiabatic
representation are transformed back to the corresponding diabatic results.

We first consider standard system-bath models, where the system is bilinearly coupled with
harmonic bath DOFs of a dissipative environment in the condensed phase. The coupling imparts
a substantial influence from the bath environment and yields the reduced dynamics of the system

across a broad spectrum ranging from coherent to dissipative regimes. Such models serve as

15



pivotal tools for understanding important processes governing electron/exciton energy transfer
dynamics in the realm of chemical and biological reactions. Methodologies that yield numerically
exact results for condensed phase system-bath models, most in the diabatic representation, include
quasi-adiabatic propagator path integral (QuAPI)*'** and more efficient small matrix PI
(SMatPI)** % hierarchy equations of motion (HEOM)’*'% (multi-layer) multi-configuration
time-dependent Hartree [(ML-)MCTDH]'%!"!% time-dependent density matrix renormalization
group (TD-DMRG)'*, and so forth. We use the two-site spin-boson model and the seven-site
Fenna—Matthews—Olson (FMO) monomer model for testing trajectory-based nonadiabatic

dynamics methods.

Figure 1 investigates four typical spin-boson models at low temperature, which range from weak
to strong system-bath coupling. Three hundred discrete bath modes are utilized for the Ohmic
spectral density. Initially, the (nuclear) bath DOFs are at thermal equilibrium and the system is in
the diabatic excited state. (Please see more numerical details in Section S2-A of the Supporting
Information.) In comparison to numerically exact data, while Ehrenfest dynamics produces the
worst results, FSSH performs better but does not capture the correct asymptotic behavior for a
relatively long time. In contrast, SQC-TW, NaF, and NaF-TW yield results that are in overall
good agreement with exact data.

Figure 2 considers the seven-site FMO monomer model related to the photosynthetic organism
of green sulfur bacteria. One hundred discrete bath modes per site are employed for the Debye
spectral density. At time ¢ =0, the (nuclear) bath DOFs are at thermal equilibrium at 77 K and
the first site is occupied. Both Ehrenfest dynamics and FSSH perform poorly even for relatively
short time and fail to even qualitatively capture the steady-state behavior in the long-time limit. In

comparison, SQC-TW, NaF, and NaF-TW show much better performance and are capable of

16
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Figure 1. Panels (a-d): The population difference between State 1 and State 2, D (l‘) , as a function

of time for the four spin-boson models with the Ohmic spectral density at the inverse temperature

B =5 . Panels (e-h): The modulus of the off-diagonal (coherence) element of the reduced

electronic density matrix, |p , (¢)|, as a function of time. Panels (a-d) or (e-h) represent the results
of the spin-boson models with parameters {a =0.1, @, = 1} , {a =04, 0. = 1} , {a =0.1, o, = 2.5} ,

and {a =04, o = 2.5}, respectively. Black points: (exact results produced by) eHEOM. Cyan

long-dashed lines: Ehrenfest dynamics. Orange short-dashed lines: FSSH. Green solid lines: NaF.
Purple solid lines: SQC-TW. Red solid lines: NaF-TW. Converged results are obtained using
three hundred discrete bath modes. For SQC-TW, the expression of the population-population
correlation function is equivalent to that of ref ** of Cotton and Miller, while eqs (10) and (18)-
(19) are used for the population-coherence correlation function because its SQC expression with
triangle window functions of ref *° is not exact for even the pure two-state system. More details
of the parameters of the spin-boson models and the simulations are described in Section S2-A of

the Supporting Information.
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Figure 2. The initially occupied site is Site 1. Panel (a): The population dynamics of the seven-
site FMO monomer model at temperature 77 K. The red, blue, green, orange, purple, brown and
cyan solid lines represent the population of Sites 1-7, respectively. Panel (b): Dynamics of the oft-
diagonal (coherence) terms of the reduced electronic density matrix of the same model. The red,

blue, green, and purple solid lines illustrate |p,, (1)|, |p,,(1)|» |p,s ()] and |p,, (¢)|, respectively.
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The exact results produced by HEOM are presented by dashed lines in corresponding colors. Sub-

panels (al-a5) or Sub-panels (b1-b5) denote the results of NaF-TW, SQC-TW, NaF(y =0.5),

Ehrenfest dynamics, and FSSH, respectively. One hundred discrete bath modes for each site are
employed to obtain converged results. For SQC-TW, eqgs (10) and (18)-(19) are used for the
population-coherence correlation function because its SQC expression with triangle window
functions for the multi-state system is not available in the literature. More details of the FMO

model and the simulations are depicted in Section S2-A of the Supporting Information.

reasonably describing the evolution of both electronic population and “coherence”, from the fast
relaxation behavior at short time to the asymptotic behavior at long time.

In either of the two types of system-bath models, the performance of NaF-TW is comparable to
that of SQC-TW. This implies that triangle functions for electronic DOFs are not limited to
Ehrenfest-like dynamics of the SQC approach, and also work well for NaF dynamics. Both NaF-
TW and NaF outperform FSSH, which suggests that the NaF strategy is superior to conventional
SH approaches in studying systems where the electronic states remain coupled all the time.

We then consider two typical models of cavity quantum electrodynamics (cQED), where the
matter system is tightly coupled to the vacuum field in a confined optical cavity'® 19197 The first
atom-in-cavity model involves two atomic energy levels, and the second one includes three energy
levels. The highest energy level is initially occupied. More details of the models and initial
conditions are described in Supporting Information S2-B. Figure 3 shows that both Ehrenfest
dynamics and FSSH lead to significant deviation since a relatively short time and meet challenges
in capturing the re-coherence around ¢ =1800 a.u. In contrast, SQC-TW, NaF, and NaF-TW yield

much more accurate data for population dynamics of all energy levels and are capable of semi-
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quantitatively describing the short time behavior, as well as the re-absorption and re-emission
processes around # =1800 a.u. The comparison between NaF and NaF-TW demonstrates that NaF
dynamics performs robustly well, regardless of whether CPS or CPS-TW is used for the electronic
representation. The performance of NaF-TW matches, if not exceeds, that of the SQC-TW
approach where mean-field trajectories are employed.

The third set of tests focuses on the linear vibronic coupling model (LVCM) that captures the
characteristic of the pivotal conical intersection (CI) region of the molecular system in various
photo-driven phenomena. We use two LVCMs where MCDTH results in the diabatic
representation are available. The first test case involves the two-electronic-state LVCM with three

108,199 " which mimic the S1/S2 conical

nuclear modes and that with 24 nuclear modes of refs.
intersection of the pyrazine molecule. The initial condition is set as the cross-product of the
vibronic ground state and the excited electronically diabatic state (S2) %1% The second test case
employs a 3-electronic-state 2-nuclear-mode LVCM of the Cr(CO)s molecule, where the initial
condition is the cross-product of a Gaussian nuclear wave-packet and the first excited
electronically diabatic state as described in ref !'°. More details of the LVCMs are demonstrated
in Section S2-C of the Supporting Information. Figure 4 shows the results of the population
dynamics in all these LVCM cases. FSSH, NaF and NaF-TW significantly outperform Ehrenfest
dynamics. While FSSH performs slightly better for the 2-state 24-mode case of pyrazine in Figure
4(b), NaF and NaF-TW are overall superior for the 2-state 3-mode case of pyrazine in Figure 4(a)
as well as for the 3-state 2-mode LVCM of the Cr(CO)s molecule. NaF-TW considerably improves
over SQC-TW for the peaks of long time dynamics of the pyrazine molecule in Figures 4(a-b) and

for the population oscillation behavior when the evolution crosses or re-crosses the CI region of

the realistic gas phase molecular system as shown in Figures 4(c-e).

21



Two Atomic Levels in Cavity

Three Atomic Levels in Cavity

Population
o
2

Ehrenfest

Population
o
23

0f e et T . 0
0 250 7/ T800 2000 0 700 7/~ T800 2000
Time (a.u.) Time (a.u.)

1 L(b) . 1 T

Population
o
o

Population
o
13

3 vy 2
200 77 1800

2000

3 VY i 3
200 77 1800 2000

Population
o
o

Population
o
o

200 771800 2000

Population
o
o

====Exact

—state 1| SQC-TW

—State 2

Population
o
[$)]

—State 1
——State 2
—State 3

Population
o
o

J
’

Population
o
()]

260 7~ 800 7000

260 7~
Time (a.u.)

Time (a.u.)

22



Figure 3. Panels (a-e): Results for the population dynamics of the two-level atom-in-cavity model.
The red and blue solid lines represent the population of State 1 and that of State 2, respectively,
while the dashed lines in corresponding colors demonstrate the exact results. Panels (f-j): Results
of the population dynamics of the three-level atom-in-cavity model. The red, blue and green solid
lines represent the population of State 1, State 2 and State 3, respectively, while the dashed lines
in corresponding colors demonstrate the exact results. Panels (a-e) or (f-)) present the results of

Ehrenfest, FSSH, NaF (y =0.5), SQC-TW, and NaF-TW, respectively. The exact results are

obtained from refs 1 112

. Four hundred standing-wave modes for the optical field are used to
obtain converged data. More details of the models as well as the simulations are presented in

Section S2-B of the Supporting Information.
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Figure 4. Panels (a-b) denote the population dynamics of the second state of the 2-state LVCM

108 109

with 3 modes for the pyrazine molecule™ and that with 24 modes for the same molecule™”,
respectively. Panels (c-e¢) denote the population dynamics of States 1-3 of the 3-state 2-mode
LVCM for the Cr(CO)s molecule!!’, respectively. Cyan dashed lines: Ehrenfest dynamics.

Orange dashed lines: FSSH. Green solid lines: NaF (y =0.5). Purple solid lines: SQC-TW. Red

solid lines: NaF-TW. In Panels (a-b), black solid lines represent exact results produced by
MCTDH!"3. In Panels (c-¢), black solid lines with black points denote exact results obtained from

ref 119,

Finally, we test typical gas phase models with one anharmonic nuclear DOF where asymptotic
regions are involved. The first case includes the coupled three-electronic-state photo-dissociation
models of Miller and coworkers®®. Numerical details are presented in Section S2-D of the
Supporting Information. We focus on Model 3, which is the most challenging. Its nuclear
momentum distribution in the long time limit produced by the numerically exact discrete variable
representation (DVR) method!!* includes one peak in the higher momentum region and another
one in the lower momentum region, while that yielded by Ehrenfest dynamics has only one peak
and entirely misses the two-peak characteristic in the asymptotic region. Figure 5 demonstrates
the results of Model 3. Although SQC-TW noticeably outperforms Ehrenfest dynamics for the
electronic population dynamics, it leads to a broader asymptotic nuclear momentum distribution
with only one peak. This indicates that SQC-TW with mean field trajectories is not capable of
qualitatively capturing the two peaks in the nuclear momentum distribution in the long time limit,
which is a consequence of the bifurcation nature of the nuclear motion in the asymptotic region

where the nonadiabatic coupling vanishes. As shown in Figure 5, NaF-TW is superior to SQC-
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TW and yields results similar to those of FSSH and NaF, which are close to exact data by DVR.
The second case involves Tully’s standard scattering models!®, among which the extended
coupling region (ECR) model is the most challenging one. More details are presented in Section
S2-E of the Supporting Information. Quantum dynamics of the ECR model involves both the
nuclear wavepacket that transmits forwardly and the one that reflects backwardly in asymptotic
regions. The dramatic bifurcation characteristic has considerable influence on both electronic and
nuclear dynamics. The performance of Ehrenfest dynamics is poor for the ECR model. Figure 6
shows that SQC-TW improves over Ehrenfest dynamics, but is incompetent in reproducing the
sharp step-like change in the transmission/reflection probability on State 2 as a function of the
momentum of the center of the initial nuclear gaussian wavepacket. In comparison, NaF-TW, as
well as NaF and FSSH, leads to reasonably accurate electronic dynamics for the ECR model.
Figure 5(e) and Figure 5(f) demonstrate that, while SQC-TW does not perform well in describing
nuclear dynamics for the ECR model, NaF-TW yields a much more accurate nuclear momentum
distribution in the asymptotic region in comparison to the exact DVR data. Although NaF-TW
and SQC-TW share the same CPS-TW expression of eq (21) for the electronic correlation function,
the comparison in Figures 5-6 suggests that NaF dynamics (of NaF-TW) is more consistent than
Ehrenfest-like dynamics (of SQC-TW) in describing the correct correlation between electronic and

nuclear dynamics.
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Figure 5. Panels (a-e) denote the population dynamics of the third photo-dissociation model of ref
38 where the black, red, and blue solid lines represent the population of States 1-3, respectively,
and the exact results produced by DVR are presented by the dashed lines in corresponding colors.
Panel (f) presents the nuclear momentum distribution in the asymptotic (long time) limit (¢ =200
fs), where the cyan dashed, orange dashed, green solid, purple solid, and red solid lines represent

the results of Ehrenfest dynamics, FSSH, NaF(y =0.5) , SQC-TW, and NaF-TW, respectively.

The exact nuclear momentum distribution obtained by DVR is presented in the black solid line.
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Figure 6. Panels (a-b) denote the transmission probability on (adiabatic) State 1 and that on State
2 for Tully’s ECR model. Panels (c-d) denote the reflection probability on (adiabatic) State 1 and

that on State 2 for the same model. Panels (e) and (f) present the asymptotic nuclear momentum

distribution for the initial momentum £} =20 of the center of the nuclear Gaussian wavepacket

and that for £} =40, respectively. Cyan dashed lines: Ehrenfest dynamics. Orange dashed lines:
FSSH. Green solid lines: NaF (y =0.5). Purple solid lines: SQC-TW. Red solid lines: NaF-TW.

Black points: Exact results by DVR.

In comparison to the exact CPS formulation for discrete (electronic) DOFs, although the CPS-
TW representation of the population-population correlation function (i.e., the population dynamics)

is exact for only the pure two-state system®¢

, its applications to three-state or multi-state
nonadiabatic systems (e.g., in Figures 2, 3(f5), 4(c-e), and 5) are also reasonably accurate in
practice. Because the CPS-TW expression of the population dynamics is always positive-definite
irrespective of the number of electronic states and the approximation of nuclear dynamics, the
advantage of the CPS-TW representation helps NaF-TW outperform NaF in the cases of Figure
5(f) and Figure 6.

In summary, since the unified phase space formulation with coordinate-momentum variables
offers a powerful tool for studying composite systems, we construct the CPS-TW representation
for discrete (electronic) DOFs and employ it with the recently developed NaF strategy. It leads to
the NaF-TW approach for nonadiabatic transition dynamics. We test the performance of NaF-TW
extensively for a series of standard benchmark condensed phase and gas phase nonadiabatic

systems where numerically exact data are feasible for comparison. NaF-TW is competent in

capturing the dynamical correlation between electronic and nuclear DOFs in a reasonably accurate

29



manner. The performance of NaF-TW is similar to that of the SQC approach with mean field
trajectories*’ in (molecular) systems where the electronic states remain coupled all the time. More
importantly, NaF-TW significantly outperforms the SQC approach in (molecular) systems where
the evolution involves the asymptotic region where the state-state coupling disappears. The
comprehensive benchmark numerical tests in the main text as well as in the Supporting
Information suggest that NaF dynamics is overall superior to conventional surface hopping
dynamics and Ehrenfest-like dynamics in a broad region.

Because the CPS formulation and CPS-TW representation can be used for the interpretation of
discrete quantum states of light atoms or those of high-frequency vibrational DOFs, the NaF
strategy can be employed to study nuclear quantum effects in proton/hydrogen transfer processes!'”
48,115 1t is expected that further development of NaF-TW and the CPS formulations “in ever-
increasing levels of abstraction” will lead to a promising and robust trajectory-based approach for
investigating nonadiabatic transition phenomena and dynamic processes with important quantum

effects in complex/large composite systems in chemistry, biology, materials, environmental

science, quantum information, quantum computation, and so forth.
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S1: Numerical Details

Within the phase space framework, the trajectory-based quantum dynamics methods for
nonadiabatic systems feature three key aspects: the initial condition, the time correlation function,
and the equations of motion of trajectories. The main text of this paper introduces NaF-TW
dynamics, which employs the triangle window (TW) functions for the time correlation functions.
This feature makes NaF-TW dynamics distinguished from the original NaF dynamics. In this
section, we present the numerical details of NaF-TW dynamics, NaF dynamics, and SQC-TW

dynamics.

S1-A: Initial Conditions for NaF-TW, NaF and SQC-TW Dynamics

In NaF dynamics, the initial values of electronic phase space variables, (x(O),p(O)) in the
diabatic representation or (f((O) ,p (0)) in the adiabatic representation, are uniformly sampled on
the CPS, which is the 2F -dimensional sphere corresponding to S (x,p; ;/) . In NaF-TW or SQC-
TW dynamics, the initial values of electronic phase space variables, (x(O),p(O)) in the diabatic
representation (and similarly for (i(O),f)(O)) in the adiabatic representation), are sampled from
the quantized submanifold M, according the following procedure. We define the action
variables {e} and angle variables {0} as

o® :%((x(lo)z +(p(k))2) |

0" =arctan (p(k)/x(k) )

(S1)



The initial values of {e(()k ) k=1,...,F } are sampled via Cotton’s algorithm which is described in
ref !, and those of {Qék),k = 1,...,F} are uniformly sampled on [0,27). The sampled (e(O),O(O))

is then transformed back to (X(O),p (O)) according to eq (S1).

The NaF-TW, NaF, and SQC-TW dynamics also vary in their treatment of the initial condition
of the commutator matrix I'(0) in the diabatic representation (or I'(0) in the adiabatic
representation). For NaF-TW dynamics in the main text, T'(0) (or T'(0)) is set to #I, termed the

scalar approach. Meanwhile, for NaF dynamics and SQC-TW dynamics, the initial commutator

matrix is given by

(0= 5{(# @) (7 @) ) 5., Jo. &

in the diabatic representation, or

1

L O=(5(( ) +(77 0 ). o )

in the adiabatic representation. This approach is referred to as the full commutator matrix approach.

As mentioned in the main text, when the initial sampling is done in the diabatic representation, the

phase space variables (x(O) ,P (0)) as well as the commutator matrix I'(0) are transformed to the

adiabatic representation in order to perform the NaF dynamics.

S1-B: Numerical Integrator for Trajectory Dynamics

Numerical Integrator for NaF-TW and NaF

Numerical integrators are employed in the realization of NaF and NaF-TW dynamics. There are

six steps in one time step At, updating the nuclear coordinates R, kinematic momentum P,



electronic phase variables § =% +ip , and commutator matrix I" in the adiabatic representation. In

this part, we describe the six steps in details.

Step 1: Propagate the nuclear kinematic momentum within half a time step Az/2

At

P A
2

t+At/2 <~ Pt + (_v E (Rt) + fnonadia (t)) (S4)

R™ oo (1)

where -V E, (R,) represents the state-specific force evolving on the j,.(7)-th state, and

N OESSY [(E (R)-E,(R,)))d, (Rt)][)k, (¢) stands for the state-dependent nonadiabatic

k#l

force. Here p(¢) denotes the quasi-density matrix, which is

B(1) = %gmg*(r) () (S59)
for NaF, and
p(1) = (1+ F/3)&(0)g" (1) / Tr,[&0E ()] -1/3 (S6)

for NaF-TW.

Step 2: Propagate the nuclear coordinate within a full time step At

R, <R +M'P,, Al (S7)

t+At t+At/2 :

Step 3: Propagate phase variables of electronic DOFs within a full time step A¢ according to
gt+At <~ ﬁ(RH—At’ Pt+At/2;At)gt . (88)

Here, U (R (¢),P(1); At) = exp [—iAtV(eff) (R (¢),P (t))] denotes the unitary short time propagator

within a full-time step Az in the adiabatic representation. Moreover, in the case of NaF, the



equation of motion for ' reads = i[f v (R,P)—V(eff) (R,P)f}, leading to the propagator

within a full time step,

r,,<UR,,,.P, ;AU (R

t+AL° T t+AL/2°

t+At t+At? Pt+At/2 > At) . (89)

In cases where it is more convenient to utilize potential energy surfaces in the diabatic

representation, the short time propagator in the adiabatic representation can be replaced with

T'(R,, )exp| —iAtV(R,,, ) |T(R,) , where T(R) represents the diabatic-to-adiabatic

transformation matrix with elements T (R)=<nl¢m (R)> and V(R) denotes the diabatic

potential energy surfaces matrix.

Step 4: Update j_ . (¢) to a new occupied state j _(z+Af) based on the switching strategy, i.e.,

select the state with the largest weight. Following this, rescale P if j (¢+A?)# j . (¢),

HNaF (Rt+At > Pt+At/2 ’ it+At > ﬁt+At ) o Ejocc (1+A1) (Rr+m)
Ponr < Posn P’ M P B . (S10)
t+At/2 t+At/2
If Hy, (Rt+ s Poss XD At) <E, 4.a(R,,), the switching of the adiabatic nuclear force

component is frustrated. In such a case we keep j  (¢+Af)=j . (¢) and the rescaling step eq

(S10) is skipped.

Step 5: Propagate the nuclear kinematic momentum within the other half time step Az/2

P

t+At

At
< Pt+At/2 + (_VREI'OCC(HAt) (Rt+At) + fnonadia (t + At))? . (Sl 1)

Step 6: Finally, rescale the nuclear kinematic momentum P again to ensure energy conservation

in the mapping variables:



Joce

P M'P . /2

t+At t+At

P, «P

t+At t+At

\/HNaF(RO’PO’iO’ﬁO)_E‘ (z+Az)(Rt+Az) (812)

If Hy: (R, Py, %y, Py ) <E . wan(Ry,5) , 1t indicates that the time step size At is relatively large

for the integrator from time # to time ¢+ Az . In such a case, one should then choose a smaller time

step size Az and repeat Steps 1-6 for the update of (R,,,,,P_,.X,,.P,. ) from (R,P.X,.P,).

t+ALS T AL
The time step size At should be adjusted in the region where the sum of adiabatic and nonadiabatic

nuclear force terms is large.

The rescaling of P alongside its direction is used in the numerical propagators in order to ensure

the energy conservation. In similar virtue, in Steps 1 and 5, f ofeq (S4) and eq (S11) can also

> “nonadia

be replaced by its projected component f

nonadia

perpendicular to P, i.e.,

DU SR VT (S13)

nonadia nonadia
P-P

Numerical Integrator for SQC-TW and Ehrenfest Dynamics

In contrast to the aforementioned NaF integrator, SQC-TW and Ehrenfest dynamics employ the
mean force picture rather than the nonadiabatic force picture. In this picture, the integrator includes
Steps 1, 2, 3, and 5 of the NaF/NaF-TW integrator. Unlike NaF/NaF-TW, for SQC-TW and
Ehrenfest dynamics, the full nuclear force (i.e., the time derivative of P) in Steps 1 and 5 is defined

as

P=f,()==) | VeE,(R)3, +(E,(R)-E(R))d,(R) |5, (1) . (S14)



For SQC-TW, p(¢) =%g(r)§(z‘)—f‘(0), where the commutator matrix I' does not evolve with

time. This is corresponding to the ‘zero-point energy adjustment’ treatment of the SQC-TW
approach of Cotton and Miller in ref2. (It should be noted that only the population-population

correlation functions are corresponding to ref?, and we propose the formulations of other kinds of

. . . . .. 1., .. .
time correlation functions; see the main text.) For Ehrenfest dynamics, p(¢) = Eg(t)g*(t) is used.

Numerical Integrator for FSSH Dynamics

FSSH dynamics employs the adiabatic force picture rather than the nonadiabatic force picture,
where the full nuclear force in Step 1 and Step 5 (of the numeric integrator of NaF/NaF-TW) is
P=f

adia

(t)=-V,E,

i(R,) instead. While in this approach, Step 4 (of the numeric integrator of
NaF/NaF-TW) is replaced with the famous Fewest-Switches-Surface-Hopping algorithim™® * (i.e.,

the eq (S51) of the Supporting Information of ref °) to determine a new occupied state j,_ (¢ +At).

The detailed description of the numerical integrator for FSSH dynamics can be found in Section

S7 of the Supporting Information of ref ®.

S2: Model Details
S2-A: Reduced Dynamics for System-Bath Models.

For system-bath models, the system is always bilinearly coupled with harmonic bath DOFs of a
dissipative environment in the condensed phase. The system-bath coupling, representing the
substantial influence from the bath environment, governs the dynamics of the system across a

spectrum ranging from coherent to dissipative regimes. These models serve as pivotal tools for



understanding the electron/exciton dynamics in chemical and biological reactions. Numerically
exact results of the spin-boson model can be achieved by quasi-adiabatic propagator path integral
(QuAPI)” and more efficient small matrix PI (SMatPI)!® ! hierarchy equations of motion
(HEOM)!*16 (multi-layer) multi-configuration time-dependent Hartree [(ML-)MCTDH] 71, and
time-dependent density matrix renormalization group (TD-DMRG)?>.

Within this study, we test two distinctive models: the two-site spin-boson models and the seven-
site Fenna—Matthews—Olson (FMO) Monomer model:
Spin-Boson Model: The two-site spin-boson models stand as a fundamental prototype for

comprehension of electron transfer and energy transport phenomena. The Hamiltonian for spin-
boson models reads H = H, + H, + H, with employing the environment bath part H , , the linear

coupling term H ¢ and the system part H ¢ as

2 Nbl D2 2p2
HB:Z_(PJ‘ +“’ij)

J=1

A=Y, (11-12)(2) 19
A= (01-[2)e0)+ (1) 21+ |2)0)

Here & denotes the energy bias while A signifies the tunneling between states |1) and |2). The

[\9)

bath is discretized into a series of quantum harmonic oscillators, with {131} , {IAQ ].} , {a)_ ].} and {cv ].}

representing the mass-weighted momentum, coordinate, frequencies and the coupling coefficients

of the j-th oscillator, respectively. For spin-boson models, we adopt the discretization scheme

proposed in refs 2! 2% for the Ohmic spectral density J (@) = %aa) exp(—w/ ,) with the Kondo

parameter o and the cut-off frequency @, , as depicted below:



» J=L-+,N,. (S16)

In our simulation, we investigate four specific spin-boson models outlined in ref *>. These models
span a range of system-bath coupling strengths from weak to strong (small to large « ), and the

cut-off frequency @, from low to high. Additionally, all simulations are conducted at low
temperatures ( f=5) and utilize three hundred discrete bath modes to characterize the Ohmic

spectral density within the spin-boson models.

FMO Monomer Model: The FMO complex derived from green sulfur bacteria serves as a prototype
system crucial for investigating photosynthetic organisms?*!. Specifically referencing ref 2%, the
FMO monomer employs a site-exciton model, encompassing a seven-site structure coupled with a

harmonic bath, whose three parts of Hamiltonian alternatively reads,

n){m|

12410 -87.7 55 =59 67 -13.7 -99 : (S17)
—-87.7 12530 308 82 0.7 11.8 43
55 308 12210 -53.5 22 9.6 6.0
=| =59 82 -53.5 12320 -70.7 -17.0 —63.3 |cm
67 07 22 =707 12480 81.1 -13
-13.7 118 9.6 -17.0 8I.1 12630 39.7
-99 43 60 —633 -13 397 12440




A

Here the variables {Ry,}énj} denote the mass-weighted momentum and coordinate of the j-th
quantum harmonic oscillator for the bath on n-th site, and the bath frequencies {a)]} and system-
bath coupling coefficients {c j} are determined by discretizing the spectral density. Specifically,

we utilize the Debye spectral density J (@) =21w,o /(@ + @) for each site, with parameters

A=35cm™ for the bath reorganization energy and @, =106.14 cm™ for the characteristic

frequency. The discretization scheme employed here is based on refs '% 32 33;

V4 Tj .
o = tan| ————— |, =1---,N
i = (2 2(N,,+1)] / ’

21
¢ =, =l N
=N b

A challenging temperature 7 = 77K is investigated as studied in our previous work>*. The first

(S18)

site of the system is initially occupied, and the bath DOFs are sampled from the Wigner
distributions of the corresponding harmonic oscillators. In the FMO monomer model, one hundred

discrete bath modes per site (totaling N, =100) are used to represent the continuous Debye

spectral density.

We consider the decoupled initial condition for both spin-boson models and FMO monomer
model, where the system is in the excited state and the bath modes are at the thermal equilibrium
(i.e., the quantum Boltzmann distribution for the pure bath Hamiltonian operator). Specially, the

bath modes are sampled from the corresponding Wigner distribution

p, (R,P)oc exp _Z_h:zg(ﬁw.)(lj«fzij«?) (S19)
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with O(w) = _ prepz as the quantum corrector™. For both the spin-boson models and the
tanh (Shao/2)

FMO monomer model, we use the exact results obtained from our previous work? using

HEOM/extended HEOM (eHEOM)?*% 37 for comparison.

S2-B: Cavity Quantum Electrodynamic for Atom-in-Cavity Models.

It has been observed that several significant phenomena manifest in cavity quantum
electrodynamics (cQED), particularly under conditions where matter is tightly coupled to the
vacuum field within a confined optical cavity*®*!. In the main text, we examine benchmark cQED
models featuring a multi-level hydrogen atom confined within a one-dimensional lossless cavity**-
45 The atomic system is coupled to multi-cavity-modes, whose Hamiltonian is described by F
atomic energy levels:

n F
H=2 ¢,
n=l1

N N

1 n n ~ L
n><”|+Z§(Pf +a)]2'R12')+ij/1j (”o)RjZﬂnm

j=1 Jj=1 n+m

; (520)

where &, is the atomic energy level of the n-th atomic state, and we employ a three-state model
with the energy levels ¢ =-0.6738 , &, =-0.2798 , ¢ =-0.1547 , and u, denotes the
transitional dipole moment with nonzero values g, =—1.034, p,, =-2.536 (all in atomic units).
The first model involves full three atomic levels, and the second one is a reduced two-level model
where only the two lowest levels are considered. The variables Iéj,lsj,a;f denote the canonical

coordinate, canonical momentum, and frequency of the ; -th optical field mode, respectively, and

the atom-optical field interaction reads

2 . (jrr .
A = |—sin| =—2|, j=1---,N, S21
(n)=\77 (L ] J (s21)

11



where L, &, and 7, denote the volume length of cavity, the vacuum permittivity, and the location
of the atom, respectively. We fix L =236200 a.u. and r,=L/2, and employ four hundred
standing-wave modes for the optical field, with the frequency @, of the j-th mode setto jzc/L

(Here ¢ =137.036 a.u. denotes the light speed in vacuum). Initially, the highest atomic level is
excited, while all cavity modes remain in the vacuum state. Subsequently, spontaneous emission
occurs, releasing a photon that traverses the cavity and reflects back to interact with the atom. This
sequence is followed by re-absorption and re-emission process. We compare our results with

benchmark data obtained from truncated configuration interaction calculations, as reported in refs

42,43

S2-C: Dynamics around Conical Intersection for Linear Vibronic Coupling Models.

The linear vibronic coupling model (LVCM) is a straightforward yet powerful model that
simulates molecular systems, particularly those where the conical intersection (CI) region is
pivotal, such as in light-induced processes. In the diabatic representation, the Hamiltonian of

LVCM is expressed as

F

ﬁ:ﬁﬂ(ﬁu?)é[g SRR j|n><n|+z[§z<nm>fe ]|n><m
2 k k n — k k k k

n=1 n#m \ k=1

; (822)

where E, (n=1,..,F) is the vertical excitation energy of the n-th state, while P, and R,

(k=1,...,N) denote dimensionless weighted normal-mode momentum and coordinate of the k-th

nuclear DOF, respectively, with the corresponding frequency @, . Additionally, the parameters

K,ﬁ”) and /1,5”’”) represent the linear coupling coefficients of the k-th nuclear vibronic DOF with the

diagonal and off-diagonal elements of the electronic density, respectively.

12



In our first case study, we explore two versions of the linear vibronic coupling model (LVCM)
applied to the S1/S2 conical intersection of the pyrazine molecule. One LVCM variant includes
three nuclear modes, while the other incorporates 24 nuclear modes. Detailed parameters for these
models can be found in refs *> 47, The initial state consists of the cross-product between the vibronic
ground state and the electronically excited diabatic state (S2). Furthermore, we investigate a typical
three-electronic-state LVCM with two nuclear modes for the Cr(CO)s molecule, as detailed in ref
48 Here, the initial condition comprises the cross-product of the first electronically excited diabatic
state and a Gaussian nuclear wave-packet. The Gaussian wave-packet is centered at the minimum
point of the ground state of the Cr(CO)s molecule, where a carbonyl group dissociates. The width
of each mode is determined by the corresponding vibrational frequencies. While we employ the
diabatic representation for initializing and evaluating dynamical properties, consistent with the
approach in MCTDH, we switch to the adiabatic representation for real-time dynamics to ensure
fair comparison among different non-adiabatic dynamics methods. The parameter lists for the
LVCMs applied to both the pyrazine and Cr(CO)s molecules can be found in the Supporting

Information, specifically in Tables S2-S4 of ref *°.

S2-D: Photodissociation Dynamics of Gas Phase Models with One Nuclear Degree of

Freedom.

We further test NaF and NaF-TW for gas phase models with asymptotic regions. We consider
the coupled three-electronic-state photodissociation models of Miller and coworkers °°. Each PES

is described by a Morse oscillator and the coupling terms are depicted by Gaussian functions:

u

V,(R)=D,[1- 9T 4c,, i=1,23. )

V. (R) =V. (R) =4 e_aij(R_R!/)Z

ij ij ?

i,j=1,2,3; andi# j.

13



where the detailed parameters match those of Model III as described in ref *°. The Wigner
distribution for nuclear DOF is p,, (R, P) oc ¢ "*® )=/ "where m =20000 a.u. is the mass of
the nuclear DOF, @ =0.005 a.u. is the vibrational frequency of ground state, and R, denotes the

center of wavepacket. The initial occupation is in the first electronic diabatic state. Numerically
exact results for the models can be obtained by the discrete variable representation (DVR)

approach’!.

S2-E: Nonadiabatic Scattering Dynamics of Tully’s Models.

We investigate the performance of trajectory dynamics for Tully’s three models* for
nonadiabatic scattering dynamics, namely, the single avoided crossing (SAC) model, the dual
avoided crossing (DAC) model and the extended coupling region (ECR) model. The results of the
ECR model are demonstrated in the main text. The ECR model poses a formidable challenge for
mapping-based methods, involving some trajectories that transmit forward while others reflect—
a complex scenario inadequately described within mean-field approximations. The Hamiltonian

of ECR model reads

V11(R):+Eo
V,,(R)=-E, , (S24)
V,(R) =V, (R)=C[e®™h(-R)+(2—¢ ") n(R)]

where B=0.9, C=0.1, E, =-0.0006, and h(R) represents the Heaviside function. Initially, the
system with mass m = 2000 a.u. occupies in the electronic adiabatic ground state, and the nuclear

—a(R=Ry)’ 12+iFy(R-Ry)

wavefunction 1 (R) e leads to the corresponding Wigner distribution

o (R,P) oc efa(RfRO)a(P*P‘J)z/a. The center of the wavefunction, denoted by R, is positioned at

—13, with a width parameter of o =1. The initial momentum is set to F, varying from 2 to 50.

14



In addition, we also provide supplemental results of trajectory-based dynamics for the SAC

model and the DAC model*. The SAC model reads

Vi, (R)= A(l—e‘B‘R‘)sgn(R)
V,(R)=-V,,(R) . (S25)
V,(R)=V, (R)=Ce ™

with 4=0.01, B=1.6, C=0.005, D=1.0, and initial R, =-3.8; and the DAC model reads
n(R)=0

Vy(R)=—de ™ +E, . (S26)
Vo (R) =V, (R)=Ce™™

with 4=0.1, B=0.28, C=0.015, D=0.06, £, =0.05 and initial R, =—10. Other parameters

keep the same as those used in the ECR model. Figure S1 presents the transmission probabilities
of the SAC and the DAC models. For the SAC model, the results of all methods are close to each
other. For the DAC model, the phase space dynamics (NaF, SQC-TW and NaF-TW) slightly
outperform Ehrenfest dynamics and FSSH dynamics, especially in the high kinematic energy

region where F, > 20.

15
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Figure S1. Panels (a-b) describe the transmission probability on (adiabatic) State 1 and that on
State 2 for Tully’s SAC model. Panels (c-d) present the transmission probability on (adiabatic)
State 1 and that on State 2 for Tully’s DAC model. Black points: Exact results produced by DVR.
Cyan long-dashed lines: Ehrenfest dynamics. Orange short-dashed lines: FSSH. Green, purple,

and red solid lines respectively illustrate NaF, SQC-TW, and NaF-TW dynamics.

S2-F: Electron Transfer Rate in Condensed Phase

We apply NaF-TW to calculate the electron transfer rate in condensed phase. We adopt the

model employed in refs >3, which elucidates a two-level system coupled with a solvent bath:

A A A

A=A (R,P)+H,(RP,R,B). (S27)

N
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Here,

H,(R,P ):%f’”eﬁégzé‘?+c‘§“’j|l><l|

s

+(—%g+%g21§j —csf?sj (2| (S28)
+A(1)(2[+[2)(1])

N (PO Y PO R &

H,,(R,P,RS,R):; Shi+se Rn+a)3 R || (S29)

where {}A’S,ﬁs} denote the nuclear momentum and coordinate of the reaction DOF, respectively,

and {13”, An}(n =1,---,N,) represent those of solvent bath DOFs. The frequencies {w,} and the

coefficients {Cn} (n=1,---,N,) for solvent bath are obtained by discretizing the Ohmic spectral
density with the Kondo parameter & =9.49x10™° and the cut-off frequency @, =Q=3.5x10""

a.u. The reorganization energy A=2.39x10" a.u., the coupling A=5x10" au., and the

parameter ¢, =Q+/A/2 . One hundred discrete bath DOFs are utilized in the calculations.

The electron transfer rate is obtained from>*
k= j:dtRecFF(t), (S30)

where the flux-flux correlation function is given by

Cpe (1) =Tr p,Fe™ e ], (S31)
with the flux operator defined as F = iA(| 1> <2| - | 2> <1|) . The initial density p, for nuclear DOFs

reads

17



p, < exp[—ﬂ%(ﬁf + a)f]%j)/% exp[—ﬂ(ff /2 +QzlA2_¥2 /2+ cSIA?S )} , (S32)

n=1

with the temperature set at 300 K.

Given the scenario of weak coupling and relative high temperature, the Marcus electron transfer
theory™ is anticipated to perform reasonably well and is utilized as a benchmark. We also present
the results from ref >* obtained using an earlier version of SQC. Figure S2 depicts the relationship
between the electronic transfer rate & and the bias ¢ . The results obtained from NaF-TW exhibit
strong agreement with Marcus theory in both the normal and inverted regimes, and they show

slightly better agreement compared to those of SQC in ref 3.

10° | - 1
A IR
7 EI‘\
i :
°
107 | R SN ]
\
V4
~ho / -=-Marcus \\
al ® NaF-TW ;\
-8 / O SQC \
10°] )/ v
[ \\
l’ \\
"'}
109 - 1 1 1 ;
0 0.5 1 1.5 2

Figure S2. The electronic transfer rate k against £/ A. Blue dashed line: Marcus theory. Red

points: NaF-TW. Purple hollow squares: SQC taken from ref 3.
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S3: Comparison of Different NaF-TW Strategies
In this section, we compare two NaF-TW strategies. The first, as presented in the main text,

employs the scalar scheme for the initial condition of the commutator matrix, with the quasi-
density matrix used as p=(1+F/3)gg" /Tr, [gg*]—l/ 3. In the second approach, denoted as

NaF-TW2, we may alternatively employ the full commutator matrix scheme, with the quasi-

. . . ... = o
density matrix used as p=—gg' —I". NaF-TW and NaF-TW2 schemes exhibit nearly comparable

\9)

performance across all benchmark models. In Figure S3 and S4, we compare their performance

using the spin-boson model and LVCM model of pyrazine, respectively.
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Figure S3. Comparison of the population dynamics (panels (a-d)) and coherence dynamics (panels
(e-h)) of NaF-TW and NaF-TW2 for four spin-boson models discussed in the main text. The

parameters for the models in panels (a-h) are consistent with those detailed in Figure 1 of the main

20



text. Red lines indicate: NaF-TW. Blue lines with hollow squares: NaF-TW2. Exact numerical

results are denoted by black points.
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— Exact
—NaF-TW
—=—NaF-TW2
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Figure S4. Comparisons of NaF-TW and NaF-TW2. Panels (a-b) depict the population dynamics
of the second state of the 2-state LVCM with 3 modes for pyrazine *¢ and that with 24 modes for

the same molecule*’, respectively. Red lines: NaF-TW. Blue lines with hollow squares: NaF-TW2.

Black lines: Exact numerical results produced by MCTDH 6,

S4: Proof of Exact Time Correlation Functions Involving Coherence Terms for Pure Multi-

Electronic-State Systems
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In the main text, we have proposed a set of expressions of time correlation functions involving
coherence terms, as shown in eqs (10), (12), (14)-(15) and (18)-(21). For pure multi-electronic-
state systems, one can utilize the transformation eq (S1) to obtain the expression of population-

coherence correlation functions: for k #/,

Tr, [ n><n|eiﬁt |k><l|e"ﬁ’J
HI : 2dx,dp, KSQC(XOJPO)KCMM(prt) ’ ($33)
F n n
e (23 ()]
=J‘ deeodeo — K:,?C(eO,OO)KIiMM(e” t)
(27)" (2-¢)")
where
K} (e,0)=K,> (e)= ( ") _ )Hh( o®) e(k')) (S34)
k'#k
and
KziMM (e, 9) = \/e(l)e(k)ei(g(”_am) (835)

are derived from substituting eq (S1) into eqs (14)-(15) and eq (19) of the main text.

For n # m, the coherence-population and coherence-coherence correlation functions read

Tr, U n> <m | e | k> <l | e }

J-IZdXOde K:QC(Xovpo) KCMM(X p )KCMM(X p)
02Po Py

mn (S36)
s(27) AL 1 . a2\
S oy ()]
12de,do, KSQC(eoa 0) CMM CMM
e,,0)K e.0
15(27[) ,;,,(2 R (e, 0,)K;"™ (€,.0,)
The exact time correlation functions read
T [ [m){m| ™ [£) (1] | = U@), U, (S37)
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where the time evolution operator ¢ ™ is represented by a unitary matrix U(f)=¢™"". In this

section, we prove that the correlation functions eqs (S33) and (S36) for pure electronic DOFs are
exact, when the equations of motion of mapping variables read
g=-ivg, (S38)

whose solution reads

g =U(1)g,=e"'g,. (S39)
Corresponding to eq (S39), the time evolution of off-diagonal (i.e., / # k) elements of CMM
kernel reads
K" (e.,0,) =K, (x,.p,)
=S i) (5 -

_ %(U(t)go ), (807 @),

S . )il -6
= Y U@, U @0 e e

r,s=1

(S40)

1) the exact population-coherence correlation functions for pure electronic dynamics:

When only electronic DOFs are involved, using eq (S40), and also utilizing that for any

Hék),k=1,...,F, and integer m

[Te ag =218, =6, do (S41)

the population-coherence correlation functions eq (S33) undergo the following transformation,
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2de,do,
| . = K3 (e0,00) K™ (e,,0,)

(22) (2=e")
:J. 2de d()( )) ,?,?C (eO)ZF: U(t)/r U*(l)/m /e(()r)e(()‘) ( o ) . (S42)
2 e, 7=l
:J. 2de0 KSQC O)Z U(l‘)[rU (t)kr (V)

(n)
2 e,

F
Then, using the properties that for [ # &, ZU(f)er*(f)kr =0 and that forany r #s#n,

r=1

2de

(2 —e )F_z

2de
I (2 —e™ )F_z

equation (S42) is transformed to

KX (e)e" = | K59 (e)e . (S43)

2d
[ %KSSC(%)Z U@, U0, ¢
(2 — e(()"))
2de,

= U(0), U (1), | (2—

")

. (S44)
KSQC(eO)( n) _ (th))

Cotton and Miller had obtained the following integrals in ref !,

J- 2de

(2 —e )F_z

= ["2dee (2" T[T de (S45)

n'#n

Ko (@)

and
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e
2—-e"

_J‘ 2de™ (2 e(”)) I dee” T J’ 4

n'#{n,r}

1
3

Substituting eqs (S45) and (S46) into eq (S44), we obtain

j 2de0d00 - KZ?C (eo 0, )KI(ISMM (et ,0, )
F (n)
(27[) (2 —€ )
o (41
= U(t)an (t)kn (g_gj

=Tr U ny(n| e |k)(1| e”ﬁt}

(S46)

(S47)

Thus, the population-coherence correlation functions are the same to the exact quantum results.

2) the exact coherence-population correlation functions and coherence-coherence correlation

functions for pure electronic dynamics:

Utilizing eqs (S40)-(S41), for eq (S36) with n # m , we can also derive

J-12de0d90 Z KiQC(eoa ()) CMM

5(27)" dn (2-¢)
_ J-12de0d9 KSQC(eO,OO) ,—(m) o i)

5(272')F i=n,m (2 e(’))

a * D (o) i85
x D UE), U () e e e { )

r,s=1

=U(0), U (), |

( 07 O)KiMM(eﬁe[)

12de, z K;%(e,) £ o
NF-2%0 *o
5 i=n,m (2 — e(()’))

we can derive that

(S48)
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IZde KszQC(e) () %K)

(2 —e® )F_z
= Lz 2de™e® (2 —e® )Z_F LHW de'e” k!{_j[k} OHW de*” . (S49)
_3
12

Substituting eq (S49) into eq (S48), we obtain

J-12de0d90 3 KSQC(eO,OO) MM

mn (e s )KCMM (et’et)
5(27[)F i=n,m (2—6(())) o "

— U@, U (), @x 2x%j , (S50)

_ Tr“ n><m|eiﬁt/h |k><l|e—th/h:|

so that the coherence-population correlation functions and coherence-coherence correlation

functions are also exact for pure electronic dynamics.

S5: Alternative Phase Space Formulations Derived from Triangle Window Functions

We can transform the integrations on the action space of SQC-TW approach to integrations on

single CPS surfaces. Observing that one phase space point at any time ¢ always lies on a particular

(n) _

F
iso-action line Ze = A, the integral on the action space can be expressed as

n=1

+oo
J.o de® ---dE(F)f(E(“,--~,E(F’;9)

:.[(:wd/TJ.OMdE(I)"'dE(F)f(E(l),"',?(F);G) (i 2l _] - (851)
=1

=40
n=1

7:(1+F7)ﬂ
A_: (1+Fy)jomﬂ-'dﬂj:"daw...de<F>f(;te<l>,... 2e";0) 8 (Ze(”) 1+F7/)
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The transformation {E(](i) } - {leé” } leads to { <’)} {ﬂ,ef")} atany time 7. We can then explicitly

rewrite the integrals involved in the population-population correlation functions of electronic

DOFs of the triangle window framework of Cotton and Miller" 27,

2de,do "
S gy @)
T — €,

_(1+Fy) [ Fde d05(§:é“ L+Fy0x

(27)"
I:o 245 d,ih(;t ((n)) )h(z(e(g")) A)Hh(% j (S52)

F (2 — /16(") ) n'#n

n(a-(e) " )TT((e) ")

m#m

P50

1 F . ﬂ,F_l
i y S [ e d05{§:<“ 1+Fy j.u F(2fﬁé“)padl
0

where the time-dependent boundaries 4, and £, rely on the indexes » and m,

h, = max {(e(()") )_1 ,(et('”) )_l } ,

, | , (S53)
— i (n) - m' )Y\ |1 ’
hz—mm{2(e0 ) o (e ) n#£n, m im}
0
a, ifa>0, o~ o ) ,
and [a] = . When h <h, sothat p}% (£)=0, ™ >e™ for any m'#m. Also, at
* 10, otherwise

247
time O the n-th state is occupied, thus e!” > e for any n'#n. Noting that W is

2- el

monotonically increasing on the integrating domain of A, we analytically evaluate that
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jhz 2),1:_1 H h( (n) _ e(n’) )H h (e(m) _ e(m') ) %
Iy F (2 _ le(()n) )F n'#n ° m'#m t t
. , (S54)

) 2 1 - 1 1w
{(é[mln{ (n)+ (n), (m)|n £n,m ;tm} ] ¢[max{@,e§m)},eo

where

(6—2F — Ae™)
L'(F)

#(Aie")=2"(2-2e")" (2(F —2)(F-1),E(,LF+1;2¢™ /2)+ J .(S55)

Here, 2]:“l(a,b; c;z) is regularized hypergeometric function. Transforming back to the constraint

phase space variables, the population-population correlation functions for electronic DOFs read

e[ (e |m)(m|e™™ [ (ot () [ P APy, (%0503 %P KY (5 B)K (D) (S56)

where K}¥(x,p) = K.”(e,0) Hh( ) (”')), the time-dependent normalization factor is

nn
n'#n

F
nglmm (t) = Z J.S Fdxodpowrszgzkk (XO ’ pO ; X[ ° p[ )K;gz (XO s pO )KZ/?Z (Xz s pz ) (857)
k=1
and the generalized weight function is

sqz sqz

nn mm(XO’pO’ t’p ) nnmm(eO(XOJPO);et(Xﬁpt))

(1+Fy) . 2 1 11 (S58)
=21 mm{ o P ¥ Sy rier n'in,m'im};e(") _¢[max{ —, } e J
F { ( +e(()) [( ) 0 (()) [( )

+

for general F -state systems, which depends both on the values of e (x,,p,) and e (x,,p,).

Denoted as the Squeezed SQC (sqz) approach, within this formulation, the initial sampling is on

the U(F)/U(F —1) CPS denoted by S (X,p; 7/) , and the formulation involves a time-dependent

denominator for population-population correlation terms.
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Particularly, for the case F=2 , we derive ¢5(/1;e("))=2.2 , and correspondingly

(1+Fy)

. 2
2min {e((,”), et(’")}

—sqz —sqz

Wnn,mm (XO’pO;Xt’pt) = Wnn,mm (eO (XOJPO);et (Xt’pt)) = 2 -

. This F =2 case of the

formalism has been validated as a representation for exact population dynamics for pure two-state

systems in ref %,

B AUTHOR INFORMATION
Corresponding Author

*E-mail: jianliupku@pku.edu.cn
ORCID

Xin He: 0000-0002-5189-7204
Xiangsong Cheng: 0000-0001-8793-5092
Baihua Wu: 0000-0002-1256-6859

Jian Liu: 0000-0002-2906-5858

Notes

The authors declare no competing financial interests.

B ACKNOWLEDGMENT

This work was supported by the National Science Fund for Distinguished Young Scholars Grant
No. 22225304. We acknowledge the High-performance Computing Platform of Peking University,
Beijing PARATERA Tech Co., Ltd., and Guangzhou supercomputer center for providing

computational resources. We thank Youhao Shang for useful discussions.

B REFERENCES

29



(1) Cotton, S. J.; Miller, W. H., A Symmetrical Quasi-Classical Windowing Model for the
Molecular Dynamics Treatment of Non-Adiabatic Processes Involving Many Electronic States. J.
Chem. Phys. 2019, 150, 104101. http://dx.doi.org/10.1063/1.5087160

(2) Cotton, S. J.; Miller, W. H., Trajectory-Adjusted Electronic Zero Point Energy in Classical
Meyer-Miller Vibronic Dynamics: Symmetrical Quasiclassical Application to Photodissociation.
J. Chem. Phys. 2019, 150, 194110. http://dx.doi.org/10.1063/1.5094458

3) Tully, J. C.; Preston, R. K., Trajectory Surface Hopping Approach to Nonadiabatic
Molecular Collisions: The Reaction of H' with D,. J. Chem. Phys. 1971, 55, 562-572.
http://dx.doi.org/10.1063/1.1675788

4) Tully, J. C., Molecular Dynamics with Electronic Transitions. J. Chem. Phys. 1990, 93,
1061-1071. http://dx.doi.org/10.1063/1.459170

(%) Wu, B.; He, X.; Liu, J., Nonadiabatic Field on Quantum Phase Space: A Century after
Ehrenfest. J. Phys. Chem. Lett. 2024, 15, 644-658. http://dx.doi.org/10.1021/acs.jpclett.3c03385

(6) Wu, B.; He, X.; Liu, J., Phase Space Mapping Theory for Nonadiabatic Quantum
Molecular Dynamics. In Volume on Time-Dependent Density Functional Theory: Nonadiabatic
Molecular Dynamics, Zhu, C., Ed. Jenny Stanford Publishing: New York, 2022.

(7)  Makarov, D. E.; Makri, N., Path Integrals for Dissipative Systems by Tensor Multiplication.
Condensed Phase Quantum Dynamics for Arbitrarily Long Time. Chem. Phys. Lett. 1994, 221,
482-491. http://dx.doi.org/10.1016/0009-2614(94)00275-4

(8) Makri, N.; Makarov, D. E., Tensor Propagator for Iterative Quantum Time Evolution of
Reduced Density Matrices. II. Numerical Methodology. J. Chem. Phys. 1995, 102, 4611-4618.
http://dx.doi.org/10.1063/1.469509

9 Makri, N.; Makarov, D. E., Tensor Propagator for Iterative Quantum Time Evolution of
Reduced Density Matrices. 1. Theory. J. Chem. Phys. 1995, 102, 4600-4610.
http://dx.doi.org/10.1063/1.469508

(10)  Makri, N., Small Matrix Path Integral with Extended Memory. J. Chem. Theory. Comput.
2021, /7, 1-6. http://dx.doi.org/10.1021/acs.jctc.0c00987

(11) Makri, N., Small Matrix Disentanglement of the Path Integral: Overcoming the
Exponential Tensor Scaling with Memory Length. J. Chem. Phys. 2020, 152, 041104.
http://dx.doi.org/10.1063/1.5139473

(12) Tanimura, Y.; Kubo, R., Time Evolution of a Quantum System in Contact with a Nearly
Gaussian-Markoffian ~ Noise Bath. J.  Phys. Soc. Jpn. 1989, 58, 101-114.
http://dx.doi.org/10.1143/JPSJ.58.101

(13) Yan, Y.-A.; Yang, F.; Liu, Y.; Shao, J., Hierarchical Approach Based on Stochastic
Decoupling to Dissipative Systems. Chem. Phys. Lett. 2004, 395, 216-221.
http://dx.doi.org/10.1016/j.cplett.2004.07.036

30



(14) Xy, R.-X.; Cui, P.; Li, X.-Q.; Mo, Y.; Yan, Y., Exact Quantum Master Equation Via the
Calculus on Path Integrals. J. Chem. Phys. 2005, 122, 041103.
http://dx.doi.org/10.1063/1.1850899

(15)  Shao, J., Stochastic Description of Quantum Open Systems: Formal Solution and Strong
Dissipation Limit. Chem. Phys. 2006, 322, 187-192.
http://dx.doi.org/10.1016/j.chemphys.2005.08.007

(16) Moix, J. M.; Cao, J., A Hybrid Stochastic Hierarchy Equations of Motion Approach to
Treat the Low Temperature Dynamics of Non-Markovian Open Quantum Systems. J. Chem. Phys.
2013, 739, 134106. http://dx.doi.org/10.1063/1.4822043

(17) Meyer, H.-D.; Manthe, U.; Cederbaum, L. S., The Multi-Configurational Time-Dependent
Hartree Approach. Chem. Phys. Lett. 1990, 165, 73-78. http://dx.doi.org/10.1016/0009-
2614(90)87014-i

(18) Thoss, M.; Wang, H.; Miller, W. H., Self-Consistent Hybrid Approach for Complex
Systems: Application to the Spin-Boson Model with Debye Spectral Density. J. Chem. Phys. 2001,
115,2991-3005. http://dx.doi.org/10.1063/1.1385562

(19) Wang, H.; Thoss, M., Multilayer Formulation of the Multiconfiguration Time-Dependent
Hartree Theory. J. Chem. Phys. 2003, 119, 1289-1299. http://dx.doi.org/10.1063/1.1580111

(20) Ren, J.J.; Li, W. T.; Jiang, T.; Wang, Y. H.; Shuai, Z. G., Time-Dependent Density
Matrix Renormalization Group Method for Quantum Dynamics in Complex Systems. Wiley
Interdiscip. Rev. Comput. Mol. Sci. 2022, 12, e1614. http://dx.doi.org/10.1002/wcms.1614

(21)  Makri, N., The Linear Response Approximation and Its Lowest Order Corrections: An
Influence  Functional Approach. J.  Phys. Chem. B 1999, 103, 2823-2829.
http://dx.doi.org/10.1021/jp9847540

(22) Wang, H., Iterative Calculation of Energy Eigenstates Employing the Multilayer
Multiconfiguration Time-Dependent Hartree Theory. J. Phys. Chem. A 2014, 118, 9253-9261.
http://dx.doi.org/10.1021/jp503351t

(23) He, X.; Gong, Z.; Wu, B.; Liu, J., Negative Zero-Point-Energy Parameter in the Meyer-
Miller Mapping Model for Nonadiabatic Dynamics. J. Phys. Chem. Lett. 2021, 12, 2496-2501.
http://dx.doi.org/10.1021/acs.jpclett. 1c00232

(24) Fenna, R. E.; Matthews, B. W., Chlorophyll Arrangement in a Bacteriochlorophyll Protein
from Chlorobium-Limicola. Nature 1975, 258, 573-577. http://dx.doi.org/10.1038/258573a0

(25) Engel, G. S.; Calhoun, T. R.; Read, E. L.; Ahn, T. K.; Mancal, T.; Cheng, Y. C;
Blankenship, R. E.; Fleming, G. R., Evidence for Wavelike Energy Transfer through Quantum
Coherence in Photosynthetic Systems. Nature 2007, 446, 782-786.
http://dx.doi.org/10.1038/nature05678

(26) Maiuri, M.; Ostroumov, E. E.; Saer, R. G.; Blankenship, R. E.; Scholes, G. D., Coherent
Wavepackets in the Fenna-Matthews-Olson Complex Are Robust to Excitonic-Structure

31



Perturbations ~ Caused by  Mutagenesis. Nat.  Chem. 2018, 10, 177-183.
http://dx.doi.org/10.1038/Nchem.2910

(27) Higgins, J. S.; Lloyd, L. T.; Sohail, S. H.; Allodi, M. A.; Otto, J. P.; Saer, R. G.; Wood,
R. E.; Massey, S. C.; Ting, P. C.; Blankenship, R. E., et al., Photosynthesis Tunes Quantum-
Mechanical Mixing of Electronic and Vibrational States to Steer Exciton Energy Transfer. Proc.
Natl. Acad. Sci. 2021, 118, €2018240118. http://dx.doi.org/10.1073/pnas.2018240118

(28) Ishizaki, A.; Fleming, G. R., Theoretical Examination of Quantum Coherence in a
Photosynthetic System at Physiological Temperature. Proc. Natl. Acad. Sci. 2009, 106, 17255-
17260. http://dx.doi.org/10.1073/pnas.0908989106

(29) Tao, G.; Miller, W. H., Semiclassical Description of Electronic Excitation Population
Transfer in a Model Photosynthetic System. J. Phys. Chem. Lett. 2010, I, 891-894.
http://dx.doi.org/10.1021/jz1000825

(30) Miller, W. H., Perspective: Quantum or Classical Coherence? J. Chem. Phys. 2012, 136,
210901. http://dx.doi.org/10.1063/1.4727849

(31) Cao, J. S.; Cogdell, R. J.; Coker, D. F.; Duan, H. G.; Hauer, J.; Kleinekathofer, U.;
Jansen, T. L. C.; Mancal, T.; Miller, R.J. D.; Ogilvie, J. P., et al., Quantum Biology Revisited.
Sci. Adv. 2020, 6, eaaz4888. http://dx.doi.org/10.1126/sciadv.aaz4888

(32) Wang, H.; Song, X.; Chandler, D.; Miller, W. H., Semiclassical Study of Electronically
Nonadiabatic Dynamics in the Condensed-Phase: Spin-Boson Problem with Debye Spectral
Density. J. Chem. Phys. 1999, 110, 4828-4840. http://dx.doi.org/10.1063/1.478388

(33) Craig, I. R.; Thoss, M.; Wang, H., Proton Transfer Reactions in Model Condensed-Phase
Environments: Accurate Quantum Dynamics Using the Multilayer Multiconfiguration Time-
Dependent ~ Hartree =~ Approach. J. Chem. Phys. 2007, 127, 144503.
http://dx.doi.org/10.1063/1.2772265

(34) He, X.; Wu, B.; Gong, Z.; Liu, J., Commutator Matrix in Phase Space Mapping Models
for Nonadiabatic Quantum Dynamics. J. Phys. Chem. A 2021, 125, 6845-6863.
http://dx.doi.org/10.1021/acs.jpca.1¢04429

(35) Liu, J.; Miller, W. H., A Simple Model for the Treatment of Imaginary Frequencies in
Chemical Reaction Rates and Molecular Liquids. J. Chem. Phys. 2009, 131, 074113.
http://dx.doi.org/10.1063/1.3202438

(36) Duan, C.R.; Tang, Z. F.; Cao,J. S.; Wu, J. L., Zero-Temperature Localization in a Sub-
Ohmic Spin-Boson Model Investigated by an Extended Hierarchy Equation of Motion. Phys. Rev.
B 2017, 95, 214308. http://dx.doi.org/10.1103/PhysRevB.95.214308

(37) Tang, Z.; Ouyang, X.; Gong, Z.; Wang, H.; Wu, J., Extended Hierarchy Equation of
Motion for the Spin-Boson Model. J. Chem. Phys. 2015, 143, 224112.
http://dx.doi.org/10.1063/1.4936924

32



(38) Haugland, T. S.; Ronca, E.; Kjenstad, E. F.; Rubio, A.; Koch, H., Coupled Cluster Theory
for Molecular Polaritons: Changing Ground and Excited States. Phys. Rev. X 2020, 10, 041043.
http://dx.doi.org/10.1103/PhysRevX.10.041043

(39) Garcia-Vidal, F. J.; Ciuti, C.; Ebbesen, T. W., Manipulating Matter by Strong Coupling to
Vacuum Fields. Science 2021, 373, eabd0336. http://dx.doi.org/10.1126/science.abd0336

(40) Toida, H.; Nakajima, T.; Komiyama, S., Vacuum Rabi Splitting in a Semiconductor
Circuit Qed System. Phys. Rev. Lett. 2013, 110, 066802.
http://dx.doi.org/10.1103/PhysRevLett.110.066802

(41)  Guerin, W.; Santo, T.; Weiss, P.; Cipris, A.; Schachenmayer, J.; Kaiser, R.; Bachelard,
R., Collective Multimode Vacuum Rabi Splitting. Phys. Rev. Lett. 2019, 123, 243401.
http://dx.doi.org/10.1103/PhysRevLett.123.243401

(42) Hoffmann, N. M.; Schafer, C.; Rubio, A.; Kelly, A.; Appel, H., Capturing Vacuum
Fluctuations and Photon Correlations in Cavity Quantum Electrodynamics with Multitrajectory
Ehrenfest Dynamics. Phys. Rev. A 2019, 99, 063819.
http://dx.doi.org/10.1103/PhysRevA.99.063819

(43) Hoffmann, N. M.; Schifer, C.; Siakkinen, N.; Rubio, A.; Appel, H.; Kelly, A.,
Benchmarking Semiclassical and Perturbative Methods for Real-Time Simulations of Cavity-
Bound Emission and Interference. J. Chem. Phys. 2019, 151, 244113.
http://dx.doi.org/10.1063/1.5128076

(44) Li, T. E.; Chen, H. T.; Nitzan, A.; Subotnik, J. E., Quasiclassical Modeling of Cavity
Quantum Electrodynamics. Phys. Rev. A 2020, 101, 033831.
http://dx.doi.org/10.1103/PhysRevA.101.033831

(45) Saller, M. A. C.; Kelly, A.; Geva, E., Benchmarking Quasiclassical Mapping Hamiltonian
Methods for Simulating Cavity-Modified Molecular Dynamics. J. Phys. Chem. Lett. 2021, 12,
3163-3170. http://dx.doi.org/10.1021/acs.jpclett.1c00158

(46)  Schneider, R.; Domcke, W., S1-S2 Conical Intersection and Ultrafast S2->S1 Internal
Conversion in Pyrazine. Chem. Phys. Lett. 1988, 150, 235-242. http://dx.doi.org/10.1016/0009-
2614(88)80034-4

(47) Krempl, S.; Winterstetter, M.; Plohn, H.; Domcke, W., Path-Integral Treatment of Multi-
Mode Vibronic Coupling. J. Chem. Phys. 1994, 100, 926-937. http://dx.doi.org/10.1063/1.467253

(48) Worth, G. A.; Welch, G.; Paterson, M. J., Wavepacket Dynamics Study of Cr(CO)s after
Formation by Photodissociation: Relaxation through an (E ©® A) © e Jahn-Teller Conical
Intersection. Mol. Phys. 2006, 104, 1095-1105. http://dx.doi.org/10.1080/00268970500418182

(49) Wu, B.; He, X.; Liu, J., Nonadiabatic Field on Quantum Phase Space: A Century after
Ehrenfest. J. Phys. Chem. Lett. 2024, 15, 644-658. http://dx.doi.org/10.1021/acs.jpclett.3c03385

(50) Coronado, E. A.; Xing, J.; Miller, W. H., Ultrafast Non-Adiabatic Dynamics of Systems
with Multiple Surface Crossings: A Test of the Meyer-Miller Hamiltonian with Semiclassical

33



Initial Value Representation Methods. Chem. Phys. Lett. 2001, 349, 521-529.
http://dx.doi.org/10.1016/s0009-2614(01)01242-8

(51) Colbert, D. T.; Miller, W. H., A Novel Discrete Variable Representation for Quantum
Mechanical Reactive Scattering Via the S-Matrix Kohn Method. J. Chem. Phys. 1992, 96, 1982-
1991. http://dx.doi.org/10.1063/1.462100

(52) Huo, P.; Miller, T. F.; Coker, D. F., Communication: Predictive Partial Linearized Path
Integral Simulation of Condensed Phase Electron Transfer Dynamics. J. Chem. Phys. 2013, 139,
151103. http://dx.doi.org/10.1063/1.4826163

(53) Cotton, S. J.; Igumenshchev, K.; Miller, W. H., Symmetrical Windowing for Quantum
States in Quasi-Classical Trajectory Simulations: Application to Electron Transfer. J. Chem. Phys.
2014, 141, 084104. http://dx.doi.org/10.1063/1.4893345

(54) Miller, W. H.; Schwartz, S. D.; Tromp, J. W., Quantum-Mechanical Rate Constants for
Bimolecular Reactions. J. Chem. Phys. 1983, 79, 4889-4898. http://dx.doi.org/10.1063/1.445581

(55) Marcus, R. A., On the Theory of Electron-Transfer Reactions. VI. Unified Treatment for
Homogeneous and Electrode Reactions. J.  Chem. Phys. 1965, 43, 679-701.
http://dx.doi.org/10.1063/1.1696792

(56) Worth, G. A.; Beck, M. H.; Jackle, A.; Meyer, H.-D.The MCTDH Package, Version 8.2,
(2000). H.-D. Meyer, Version 8.3 (2002), Version 8.4 (2007). O. Vendrell and H.-D. Meyer
Version 8.5 (2013). Version 8.5 contains the ML-MCTDH algorithm. See http://mctdh.uni-hd.de.
Used version: 8.5.14.

(57) Cotton, S. J.; Miller, W. H., A New Symmetrical Quasi-Classical Model for Electronically
Non-Adiabatic Processes: Application to the Case of Weak Non-Adiabatic Coupling. J. Chem.
Phys. 2016, 145, 144108. http://dx.doi.org/10.1063/1.4963914

(58) Cheng, X.; He, X.; Liu, J., A Novel Class of Phase Space Representations for Exact
Population Dynamics of Two-State Quantum Systems and the Relation to Symmetrical Window
Functions. Chinese J. Chem. Phys. 2024. submitted.

34



	JPCL-SQC-preprint-main
	NaF-TWF-Supporting Information

