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Motivated by recent numerical studies reporting putative quantum paramagnetic behavior in spin-1,/2 Heisen-
berg models on the maple-leaf lattice, we classify Abrikosov fermion mean-field Ansdtze of fully symmetric
U(1) and Z5 quantum spin liquids within the framework of projective symmetry groups. We obtain a total of
17 U(1) and 12 Z algebraic PSGs, and, upon restricting their realization via mean-field Ansdtze with nearest-
neighbor amplitudes (relevant to the studied models), only 12 U(1) and 8 Z distinct phases are obtained. We
present both singlet and triplet fields for all Ansdtze up to third nearest-neighbor bonds and discuss their spinon
dispersions as well as their dynamical spin structure factors. We further assess the effects of Gutzwiller projec-
tion on the equal-time spin structure factors, and identify a U (1) Fermi surface spin liquid whose structure factor
most closely reproduces the one obtained from pseudo-fermion functional renormalization group calculations.

I. INTRODUCTION

Two-dimensional geometrically frustrated lattices have
long been a fertile playground for realizing quantum spin lig-
uids (QSLs). Indeed, Heisenberg models on the celebrated
kagome and triangular lattices are known to realize a vari-
ety of paramagnetic phases, including the exotic U (1) Dirac
and chiral QSLs [1-7]. A relatively new entrant in search of
QSL behavior is the maple-leaf lattice [8—19] [see Fig. 1(a)],
where the existence of a putative QSL phase sandwiched be-
tween magnetically ordered and a dimerized ground state in
the spin S = 1/2 Heisenberg antiferromagnet has been re-
ported by pseudo-fermion functional renormalization group
(pf-FRG) calculations [16]. A subsequent study of this model
employing neural quantum states and density matrix renor-
malization group (DMRG) approaches also hinted at the pos-
sible existence of an intermediate QSL phase [17]. Another
recent DMRG exploration of parameter space with ferromag-
netic couplings on triangle and dimer bonds [red and blue
bonds in Fig. 1(a), respectively] provided an inkling for an
island of spin liquidity surrounded by magnetic and dimer
orders [18]. The precarious locations of the reported QSL
phases on the maple-leaf lattice have naturally led to spec-
ulations concerning their possible origin from a nearby de-
confined quantum critical point. In similar spirit, it has re-
cently been shown that the inclusion of longer range Heisen-
berg couplings induces quantum paramagnetic phases [20].
While the aforementioned approaches provide evidence of
quantum paramagnetic behavior, which could putatively be a
QSL, they fall short of characterizing its precise microscopic
nature, i.e., gapless vs gapped, U(1) vs Z, gauge structure,
etc. A powerful framework to systematically classify quantum
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spin liquids with different gauge groups is provided for within
a parton representation by the method of projective symmetry
groups [21, 22]. This framework has been extensively applied
on two- and three-dimensional lattices [23—48], and met with
wide success in describing the ground state and low-energy
behavior of quantum spin models [2, 6, 49-58].

To this end, we employ the projective symmetry group
(PSG) framework for fermionic partons to provide a system-
atic classification of fully symmetric QSL mean-field Ansdtze
with different low-energy gauge groups [21]. We find a total
of 17 U(1) and 12 Z, distinct algebraic PSGs on the maple-
leaf lattice. Upon restricting the (singlet) mean-field Ansdtze
to first neighbor amplitudes only, a total of 12 U(1) and 8 Z
states can be realized, while, if amplitudes up to third neigh-
bor are included, all U (1) and Z, distinct states are realizable.
While our treatment principally focuses on singlet QSLs, in
general, we also provide the symmetry allowed triplet am-
plitudes thus enabling for a consideration of competing fer-
romagnetic and spin-orbit couplings in the original spin sys-
tem. The Hamiltonians featuring such couplings are likely to
be present and potentially relevant in describing natural min-
erals [59-62] and synthetic crystals [63—67] with maple-leaf
crystal geometries or distortions thereof. In two dimensions,
it is well known that including these triplet fields can lead to a
plethora of topologically nontrivial spinon models and possi-
bly spin nematic states [68—72].

The article is organized as follows. In Sec. II the projec-
tive group approach is explicated and complemented by the
symmetry operators on the maple-leaf lattice in Sec. III. A
synopsis of the projective symmetry group results is provided
in Sec. IV, succeeded by a mean field analysis of the PSG
candidate states in Sec. V. The latter Ansdtze then enable us
to compute spinon bands as well as the static and dynamic
spin structure factors (Sec. VI). In Sec. VII, we conclude that
Heisenberg models on the maple-leaf lattice open up an arena
of elusive quantum paramagnetic phenomena awaiting further
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FIG. 1. (a) An illustration of the maple-leaf lattice with corresponding lattices vectors T and T2. The small vectors inside the hexagon
correspond to a; and a2 which describe the positions of the site u as explained in the main text. The three different colors stand for three
symmetry-inequivalent first nearest-neighbor bonds, whose labelling (within one unit cell) is specified in (b).

investigation and substantiation.

II. PROJECTIVE SYMMETRY GROUP APPROACH

In this section, we review the essential steps of the pro-
jective symmetry group (PSG) classification of effective low-
energy theories of QSLs [21, 22]. We start from a Heisenberg
model defined on a lattice
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where S, denotes the SU (2) spin-operator acting on the spin-
1/2 representation on site r. Due to the absence of magnetic
order in QSLs, a mean-field treatment must be carried out
within a parton representation of spin operators, and here we
adopt the representation in terms of two flavors of complex
fermions due to Abrikosov [73]

~ 1 ~ ~
St=5D Haolisfes, 2
af

where the spinon operator fm annihilates a fermion with spin-
a € {1,)} atsite r and o* (u € {z,y,z}) are the three
Pauli matrices. This mapping artificially enlarges the local
Hilbert space from the spin space C? to the four-dimensional
fermionic Fock space. Hence, this mapping reproduces the
physical Hilbert space of the spin model only in the subspace
of single occupation n, = 1 for all sites, which correspond

to S = 3/4, while the unphysical states with n, = 0 or 2,
yield S = 0 which do not correspond to spin states. There-
fore, a correct description of the physical model needs to in-
corporate a constraint which forbids empty and doubly occu-
pied sites. The constrained model leads to a description of the
QSL state in terms of a gauge theory [74, 75]. The Heisenberg
Hamiltonian becomes quartic in terms of these fermions and a
Hubbard-Stratonovich transformation is employed to further
decouple the interacting model. We choose this decoupling to
neglect any magnetic terms, which then introduces the auxil-
iary fields
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To make further progress we will assume static fields in

a mean-field treatment [76]. Using Nambu-spinors 1/31 =
( fjm fr)) one can write the Hamiltonian as
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with a local multiplier field a, (r) which ensures single occu-
pancy on the mean-field level, i.e.,

<Zfiafm>:17 (afes)=0 vr. @



The coupling matrices u,,- contain the mean-field amplitudes
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which can be parameterized by four real coefficients
%, ak, € R. Here, 7° is the 2 x 2 identity matrix and
T are the Pauli matrices acting in Nambu space. In the pure
mean-field picture (in this context often referred to as zeroth
order mean-field [22]) the Hamiltonian Eq. (4) can be read-
ily solved. However, having relaxed the constraint may in-
clude some contributions from unphysical states. We will
mitigate this problem by constructing particular mean-field
Ansdtze which are stable saddle-point solutions beyond the
zeroth order mean-field theory. To see which mean-field mod-
els are of interest, we consider the type of fluctuations which
are expected to induce gapless excitations beyond the pure
mean-field picture. Therefore, we re-examine the fermionic
representation of the spin operator in Eq. (2) which is in-
variant under a local U(1) transformation fm — etf(r) fm.
Within the physical subspace of single occupancy it is fur-
ther invariant under a particle-hole like transformation fm —
08 (r) fra + sign(a)sin ¢(r)fj77a, where —a means flip-
ping the spin label and sign(1) = 41, sign({) = —1. These
two transformations do not commute, as is manifest by con-
sidering their action on the spinor 12)1-. The angles of a succes-
sive application of U(1), particle-hole and again U (1) trans-
formations can be regarded as Euler angles parameterizing
the group of rotations in 3 dimensional space, SO(3), which
is locally isomorphic to SU(2) [34]. It follows that in the
fermionic representation the Heisenberg Hamiltonian should
be invariant under a local SU(2) transformation [75]. Note
that this local freedom is different from the global spin rota-
tion invariance of the Heisenberg model. The gauge freedom
is implemented in our description by an action on the spinors
according to 1/3,« — qu,@r with W, € SU(2). Equivalently,
one can act on the coupling matrices of a mean-field Ansatz
Uppr — WJ uyp Wy It is obvious that a generic coupling
matrix u,~ Will break this local invariance. However, for a
particular choice of the mean-field decoupling there might ex-
ist a subgroup G C SU(2), called the invariant gauge group
(IGG), for which

Upy' = W:U’rl‘/Wl‘/v Wr S g (7)

is true. Note that such a subgroup always exists since for
Zo C G Eq. (7) is trivially fulfilled. Different mean-field
Ansdtze which are related not only by Eq. (7) but by a generic
SU(2) gauge transformation lead to an equivalent description
and, therefore, the elements of G merely put different labels
on the same physical state [22]. One can further show that
fluctuations over a given mean-field Ansatz are generated by
elements of its G [21]. In this work, we will consider the
scenarios of G ~ U(1) and Z, '. In the later case, the ex-

! States with SU(2) IGG cannot be realized on the maple-leaf lattice given
its nonbipartite nature.

citations of the fluctuation-fields are gapped such that at suf-
ficiently low energies the mean-field Ansatz leads to a stable
saddle-point. In the U(1) case, however, stability arguments
are more subtle and need to be considered for each model sep-
arately [6, 52, 77-79].

The emergence of the local invariance has further implica-
tions regarding the symmetry properties of the model. As-
sume that we want to investigate if the system at hand has any
underlying symmetry. Such a symmetry would act on a mean-
field Ansatz as upy — Oo(r)u@(r)@(ﬂ)Oé(r,), where O is a
projective representation of the symmetry operation O acting
in Nambu space. Due to the local gauge freedom we say that
the system is invariant under a given symmetry operation if
we can find a suitable gauge transformation G such that

Ueer = Go(O(1))uomow) Gh(O(r)),
Golr) € SU2). (8)

This equation defines the PSG and in mathematical terms it is
the extension of the symmetry group (SG) by the IGG

PSG =1GG x SG. 9

PSGs provide a systematic way to classify and construct many
possible quantum states. This classification goes beyond the
Landau paradigm in the conventional sense [21, 22]. We will
make use of this method in the following section and construct
possible quantum spin liquid states for the maple-leaf lattice.

III. LATTICE AND TIME-REVERSAL SYMMETRIES

The site coordinates on the maple-leaf lattice can be generi-
cally described by r = 2T +yT5+u. We choose the Bravais
lattice vectors in the Cartesian basis as Ty = %(3v/3, —1) and
Ty = %(f\/i 5), with lattice constant a; u denotes the posi-
tion of lattice sites within the unit cell. The unit cell is fixed
such that its center coincides with the center of a hexagon as
depicted in Fig. 1. Every site u in the unit cell can be written
asu = x,a;+y,az wherea; = a(0,1) and ag = %(,\/g’ 1)
where z,, y, € {0,£1}. Using the convention of Fig. | we
label these sites in a shorthand notation by u = {1,...,6}.
The underlying symmetry group S of the maple-leaf lattice is
given by the wallpaper group P6 which can be generated by 4
operations: two translations (7} and 7%), inversion (Z) and a
Cj3-rotation (R) (we adopt an anticlockwise rotation) 2. These
operations act on a lattice site at (x, y, u) by

Ty (z,y,u) = (z+ 1,y,u),

Ty, y,u) = (z,y + 1, u),

R(z,y,u) = (-=y,z —y, R(u)), (10)
L(z,y,u) = (—z, —y, Z(u)),

R~ Yz, y,u) = (y — x, —z, R (u)).

2 Instead of (Z) and a Cs-rotation, one can equivalently work with only a
single six-fold rotation C's. Note that this lattice lacks any reflection sym-
metry.



wT wr 0 01 pz(u) # of PSG class
0 0 3601 0z 0 1
0 1 nm 0 prleclr g = 0,1,2,3 8
1 0 nw 0 NI TOmod(u,2),0 4
1 1 nmw 6 NITOmod(u,2),0 4
TABLE L. The 17 U(1) PSG classes are listed here. n and nz are integers that can take values 0 or 1.
Within our convention of the unit cell the operations R, Z only are
permute elements in u. Thus, one can compute their action on
the Bravais lattice (x,y) and on one unit cell u separately. o1y (2, y,u) = yb, or,(2,y,u) =0, (20)
The mutual relations of Eq. (10) lead to the following set of 1
algebraic conditions Or(z,y,u) = [zy — 7‘T(x - 19, @0
(ZSI Z,Y,u é +y)+pz(u (22)
T, =151, Y (20 ) = 0o ) )
2 ¢T($, Yy, u ) um wT,O' (23)
77 =1, (12)
T.IT, = 1, (13) The .parameters in the above equations are given in Ap-
5 pendix B. In total, we enumerated 17 distinct U(1) PSG
R° =1, (14) classes which are listed in Table I.
T, 'R = RT\ Ty, (15)
-1
T2 RT, =R, (16) B. Zs PSG solution
R'IRT =1. (17)

These relations fix the underlying group structure. Note that
in case of the PSG, the identity 1 is defined only modulo the
invariant gauge group G.

Besides operations acting on the site index of a spinor,
we also include time-reversal symmetry 7, which acts on an
Ansatz according t0 T (uypr, at') — —(uppr, at) [22]. This
leads to the additional conditions

T2 =1, (18)
TST 'S ' =1. (19)

In Appendix A, we list all the precise conditions for the cor-
responding representation matrices Gs(r) and G (r).

IV. PSG SOLUTIONS

In this section, we present a set of gauge inequivalent rep-
resentation matrices for the group extensions G ~ U (1), Z.
The details of the construction are presented in Appendix B
for the U(1) case, and Appendix C for the Z5 case.

A. U(1) PSG solution

The generic form of U(1) PSG solution for any
symmetry operator O is given by Go(z,y,u) =
gg(¢(g(x y,u))(itt)¥e. Here, g3(&) should be read as

€™’ with ¢ € [0,27), and we is an integer that takes the
Values 0 and 1. Note that for O € {T1, Tz, R} consistent so-
lutions only exist for wo = 0. The solutions for ¢po(x,y, u)

In the Zs case, the G are generic SU(2) matrices. A set
of gauge inequivalent solutions is given by

Gr, (z,y,u) = n¥7°, Gp, (2, y,u) = 7°, (24)
Gr(z,y,u) =y 27070, (25)
Gr(z,y,u) =" ¥yyie?, (26)
Grlz,y,u) =n4tgr, gre{rir*}. @D

Taking only lattice symmetries into account, the number of the
gauge inequivalent Ansdtze is classified by the integer (binary)
parameters 7, 7, yielding 22 = 4 distinct classes. Inclusion
of time-reversal leads to 22 x 4 = 16 PSG classes, as the
integer 17z can take values 0 or 1. However, the solutions
with g7 = 7% and 77 = 1 yield vanishing Ansdtze, so we
can effectively consider a total of 22 x 3 = 12 PSG classes
which lead to fully symmetric QSLs.

V. SHORT RANGED MEAN-FIELD ANSATZE

In this section, we explicitly construct and discuss all mean-
field Ansdtze for first nearest neighbors (1NN) amplitudes ac-
cording to the PSG symmetry conditions derived in the pre-
vious section. As shown in Fig. 1, there are three symmetry
inequivalent INN bonds, which are referred to as red, blue,
and green bonds in the remainder of the paper. Inserting the
gauge inequivalent PSG representations G in Eq. (8) enables
the construction of the mean-field matrices u,,» according to
the desired symmetry. A similar yet one-site condition can
be used for the Lagrange multiplier a,,(r). By an Ansatz, we
refer to the pair (uyr, a,(r)). We present the U(1) Ansdtze
first, followed by the Z, states in the later subsection. A con-
cise summary of the general transformation rules Eq. (8) for
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FIG. 2. (a) Ilustration of SU(2) fluxes on the maple-leaf lat-
tice. Note that all fluxes are defined starting from the same lat-
tice site marked by a red star. The two stars are therefore thought
of as equivalent. (b) The green (blue) hexagon depicts the first
(extended) Brillouin zone. The extended Brillouin zone is ob-
tained via scaling by a factor of v/7 and rotation by an angle ¢ =
arccos miﬁ w.r.t. the first Brillouin zone. The orange rectangular
region shows the reduced Brillouin zone corresponding to Ansdtze
which double the unit cell along 77. The high symmetry points are
(0,0), X (3%, 1) M(Z5, %), Y (- 1255, 35). K(3%, 5).

K’(Q—\/’%, 27) and M’(%,O).

the Z states is shown in Fig. 14. Appendix E contains the
results for mean-field models up to third nearest neighbors.

A. U(1) mean-field Ansdtze

We divide the U (1) Anscitze in four classes labeled by UA,
UB, UC and UD corresponding to the different PSG labels

SIS
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FIG. 3. Flux pattern for the Ansatz classes UA and UB. These
classes share the common property that all red bonds vanish. The
flux through the hexagons denoted by ¢y, and the blue bonds differ
for specific class members and are further specified in the main text.

(wr,wz) = (0,0), (0,1), (1,0) and (1, 1), respectively.

1. wz =0and wr = 0 (class UA)

The Ansatz matrices for this class are given by

12 _ .34 _ 56 _ ,23 _ 45 _ 61 _ : 0 _0 3.3
Uy = ULy = Ujg = Uy = Uy = Uiy = LX14T + X1gT"s
14 _ .3 _ ,52 _ 00 3.3
Uy = Upy = Uy = LX1pT T X167 s
’
uu
ulr :07 GH(U) 207
3
-1 X g
2 tan ((1)b>+017r.
X1b

(28)
Applying N successive translations along 7T will modify u%gl
and u39 according to

14 __
Uty = U(z,y,1),(z,y+1,4)

TN ~
= 93(=3NOL) Uizt N,y,1), (04 Ny+1,4)
= gs(—3Nbr)uit,
o 29)
Uty = U(z,y,3),(z—1,y—1,6)
N ~
= 93(BNOL)U(54N,y,3),(z+N—1,y—1,6)
= g3(3NO7)uly
while all other bonds remain invariant. The realization of such

an Ansatz on a finite lattice needs the implementation of the
following constraint

b7 — %w, with m,n € Z. (30)



FIG. 4. Flux pattern for the Ansatz UB03. The arrows on the lines
denote the orientation of the bonds. The triangles are pierced by
nontrivial flux ¢y which is defined for an anticlockwise rotation.
Triangles for which the circulation goes clockwise carry negative flux
—¢pg and here drawn in blue.

Members of this class will be labeled as
UA[m, n]. (€2

Since u¥* = 0, all the red bonds vanish for 1NNs and the
only SU(2) flux ¢ [see Fig. 2(a) for the definition of the
different fluxes] piercing through the central hexagon as de-

picted in Fig. 3. The precise flux value is determined by the
0/3

mean-field parameters x;,".

2. wz = 1and wyr = 0 (class UB)

We label this class as
UBnpz, (32)

where the classifying quantum numbers are n € {0,1}, and
pz € {0,1,2,3}. The coupling matrices are

ury = uiy = ujg = X1y + X1,

uts = uf) = uly = —gs(prm/3)(uil)l,

uty = ufy = ufy = ix}70 + X377, (33)
uty = —ngs(prm)uiy,

i =0, a,(u) =0.

where we denote g3(nm) = 7. The spatial dependence of u1l}
and u39 is given by

nNuﬁl(m + N, y) = uﬁl(l‘,y),

(34)
nNuls(z + N,y) = ulp(z,y)

FIG. 5. Flux pattern for the Ansatz UB0O. The green lines denote
bonds for which the coupling matrices are multiplied by —1.

Therefore, the realization of an Ansatz with n = —1 re-
quires a doubling of the unit cell. Like in the UA class, only
the loop operator corresponding to the hexagons is finite with

Py, x g3((pz + 1)m). (35)

The gauge inequivalent Anscitze in this class are as follows:
For n = 41 with ¢;, = 0 an Ansatz has to obey

12 _ .34 _ 56 _ 23 _ 45 _ 61 _ 3

ulg_ulg_ulg_ulg_ulg_ulg_xlgT?

14 _ .36 _ .52 _: 00 3.3

Upy = UL, = Ugy = UX1T + X167 s (36)
’

uu'

uy,. = 0.

An appropriate gauge transformation sets X(l)g = 0 and we
redefine Xifg = X14. This state is then labeled as UB0O3 and
shown in Fig. 4. Note that for INN pz = 3 and pz = 1 lead
to the same result.

For n = 41 with ¢;, = 7 the Ansdtze are

12 _ 34 _ 56 __ 23 __ 45 __ 61 __ 3
ulg — Ulg — Ulg — _ulg — _ulg — _ulg — XlgT 5
’ ’
uu uu
uyy =0, ujy =0.

(37
We label this state as UB0OO where pr = 0. Notice that this
configuration corresponds to the w-flux hexagonal plaquette
singlet state as shown in Fig. 5. pr = 2 gives the same state
for INN.
For n = —1 an Ansatz with ¢, = 7 appears for pr = 0
labelled by UB10 and is given by
“%3 = “?3 = “?2 = _U%g = —ui‘f; = —U?; = X19737
=t = uft = i+ odir® e o
(38)
and shown in Fig. 6. An Ansatz with pz = 2 is gauge equiva-
lent to UB10 for INN.



FIG. 6. Flux pattern for the Ansatz UB10. The green and blue lines
denote where the coupling matrices are multiplied by a sign factor
—1. The arrows on the lines denote the orientation of the bonds. With

1n = —1 one has a doubling of the unit cell which is enclosed by the
dashed lines. The triangles are pierced by nontrivial flux ¢, which
is defined for an anticlockwise rotation. Triangles for which the cir-
culation goes clockwise carry negative flux —¢y4 and here drawn in
blue. The hexagons carry a 7 flux.

Ansdtze for n = —1 with ¢, = 0 appear for p; = 3 and are
labelled by UB13. The matrices are given by

12 34 _ 56 _ 23 _ 45 _ 61 __ 3

U’lg - U’lg - U’lg - U’lg - U’lg - ulg = X147 (39)
uu’ uu’

uyy =0, ujy =0.

Such an Ansatz corresponds to the 0-flux hexagonal plaquette
singlet state. pr = 1 yields the same state for INN. This
state is effectively the same as for = +1 as the mean-field
amplitudes on the blue bonds vanish. Notice that for both,
0- and 7-flux, hexagonal singlet plaquette Ansdtze the IGG is
SU(2).

3. wz = 0and wr =1 (class UC)

This class is labeled as
UCnnz (40)

with n,nz € {0,1}. We use the shorthand notation n =
g3(nm) and nr = g3(nzm). The coupling matrices are de-
termined as

12 23 _ 34 45 __ 56 __ 61 __ 3
Urg = NTULg = Urg = NTULg = Upg = NTU15 = X1gT

14 _ 36 _ 52 _ 3 14 _ 147\t
Uy = Uy, = ujp, = X7, uy, = mz(ug)’,

13 _ .24 _ 35 _ 46 _ . 51 _ 62 _ 3
Uy = Upyp = NUy = Uy = NU = U = X1rT
as(u) #0, a1,a2 =0.

(41)

FIG. 7. Flux pattern (7, *, 0, *, x, ) for the Ansatz class UCO1 given
by Eq. (44). The green lines denote where the coupling matrices are
multiplied by nz = —1.

The spatial dependence is given by

N, 14

N uyy(z + N,y) = ugp(z,9),
nVuls(z + N,y) = ulf(z,y),
nNuld(z 4+ N,y) = uit(z,y),
N _ 13 13 (42)
77 ru’lr("z7 + Nv y) = ulr(zvy)v
nNuiS(z + N,y) = ui(z,y),
nNul(z + N, y) = uil(z,y),

while all other bonds are translation invariant. The Ansditze
forn =+1and nr = +1 are

af? = 38 =t = lf = 08 = uf} = xap7,
i = ulf =} =t “
= =l =t = o) = =
a3(u) # 07 ay, az = 07
while for nr = —1
ul2 = < =t = —ulf = 0 = —ull = 7,
uly =0,
i =t = =t = o) = =
as(u) #0, ay,az =0.
(44)

In the notation of Eq. (40), the above two states are la-
belled as UC00 and UCO1, respectively. Another way of
describing these states is by specifying their flux structures
(n, Oty 5 Dto, Gtyy Dry, @r). The definition of these different
fluxes is shown in Fig. 2. For the two previously discussed



FIG. 8. Flux pattern (0, *, 0, *, *, 7) for the Ansarz class UC10 given
by Eq. (45). The red lines denote where the coupling matrices are
multiplied by the sign factor n = —1. This sign factor leads to a
doubled unit cell which is enclosed by the dashed lines.

states this alternative notation leads to (0,0,0,0,0,0) and
(m,*,0, %, %, 7), respectively. The ‘+’-symbol indicates the
absence of a well defined flux operator of the associated loop.
Figure 7 shows the flux pattern of the UCOI class.

The mean-field amplitudes for the n = —1 Ansatz are given
by

12 _ .23 _ 34 _ 45 _ 56 _ 61 _ 3

Urg = Upg = Upg = Upg = Ug = Urg = X1gT
13_,24_ 35 _ 46 _ _ 51 _ 62 _ 3

Uy = Uy = —Upyp = U = Uy = Uy = X197 (45)
uu

uly =0, as(u)#0, aj,az=0,

for nz = +1. This state is classified as UC10 with the associ-
ated flux pattern (0, *, 0, *, %, w) which is shown in Fig. 8. In

the case that nz = —1 one finds
12 _ .23 _ 34 _ 45 _ 56 _ 61 _ 3
ulg - _ulg - ulg - _ulg - ulg - _ulg = X147
14 _ .36 _ .52 _ 3
Upp = Up = Uy = X10T
13 _ .24 _ 35 _ 46 _ 51 _ 62 _ 3
Uy = Upp = —Upyp = Upp = —Upp = Ugp = X1 T
ag(u) #0, aq,az =0.

(46)
We will call this Ansatz UC11. It features the flux pattern
(m,0,0,0,0,0), as depicted in Fig. 9.

4. wz = 1and wy = 1 (class UD)

Members of this class are labeled as

UDnnz. 47

d

FIG. 9. Flux pattern (7, 0, 0, 0, 0, 0) for the Ansatz class UC11 given
by Eq. (46). The red, blue and green lines denote the bonds in which
the coupling matrices are multiplied by a factor —1. The n = —1
factor leads to a doubled unit cell which is enclosed by the dashed
lines.

The transformation properties of the mean-field amplitudes
are

uﬁ = *ﬁzuﬁ = uz{"gl = fnzu‘llg = u?g = —nzu(f; = X1g73,
U%ZL = ui”g = U‘;’g = X177, Uﬁl = —nnzui?fv

uly = —ufy = nuiy = —uip = qufy = —uft = x1,7°,
a,(u) =0.

(48)
The spatial dependence is the same as that of the UC-class
[see Eq. (42)]. The following Ansdtze are for n = +1 and
nr = +1

12 _ 23 _ 34 _ 45 _ 56 _ 61 _ 3
ulg - 7u1g - ulg - 7u1g - ulg - 7“‘19 = X147
’
uu'
uy, =0,
13 _ 24 _ 35 _ 46 _ 51 _ 62 _ 3
Uy = U = Upyp = —Upp = Uy = —Up = X1 T -
(49)
The ones corresponding to 7 = —1 are
12,23 34 _ 45 _ 56 _ 61 _ 3
ulg = ulg = ulg = ulg = ulg = ulg = XlgT ,
14 36 52 3
Upp = UTp = U = X167, (50)
13 _ 24 _ .35 _ 46 _ 51 _ 62 _ 3
Uy = —U = Upp = —Upp = Uy = —Up = X210 T -

UDO00 and UDOI denote the two states above with their asso-
ciated flux structures presented in Fig. 10 and Fig. 11, respec-
tively.



FIG. 10. Flux pattern for the Ansatz class UDOO given by Eq. (49).
The red and green lines denote where the coupling matrices are mul-
tiplied by sign factors.

FIG. 12. Flux pattern for the Ansatz class UD10 given by Eq. (51).
The red and green lines denote where the coupling matrices are mul-
tiplied by sign factors. The dashed lines enclose the doubled unit

FIG. 11. Flux pattern for the Ansazz class UDO1 given by Eq. (50).
The red lines denote where the coupling matrices are multiplied by
-1

In the case of n = —1 the Ansditze for ny = +1 are

cell.
while those belonging to nz = —1 are
12 23 34 45 56 61 3
Urg = Upg = Upg = Upg = Upg = Uy = X1gT
uyy =0,
13 24 35 46 51 62 3
Uy = U = —Upp = —Upp = _ui)r = —Up = X1rT -
(52)
These states are labelled as UD10 (flux structure shown in
Fig. 12) and UD11 (flux structure shown in Fig. 13), respec-
tively.

Label INN Onsite
Uig U1b Uir
70002 XlgT? + A1g7'1 X167° + ATt Xx1rT° + ArpT! T?
20102 x147° + Agg7t 0 X1+ At P
71002 x147° + Agg7t 0 X1+ Ayt P
Z1102 X197'3 + A1g7'1 Xu7® 4+ At X170 4+ At TP
Z0012 ix147° + A1g72 Aqpr? X1 + Ayt TP
Z0112 ix147° + A1g7? ix167° X1 4+ Ayt 7P
Z1012 ix147° + A1g7? ix167° X1 4+ At 7P
Z1112 ix147° + Agg7? Aqp7? X1+ At TP

12 23 _ .34 __ 45 _ 56 __ 61 __ 3
Upg = —Ug = Upg = —Upg = Upg = —Upg = X197

14 _ 36 __ 52 3
Urp = Upp = Up = X167

13 __ 24 __ 35 __ 46 __ 51 __ 62 __ 3
Uy = U = —Up = —Upp = — U = — U = X1 T

(S

TABLE II. First nearest-neighbor symmetric Z2 mean-field Ansdtze
as they are classified in the main text. The allowed mean-field ampli-
tudes for the three symmetry inequivalent bonds are listed for each
class, together with the allowed onsite terms.



FIG. 13. Flux pattern for the Ansatz class UD11 given by Eq. (52).
The red and green lines denote where the coupling matrices are mul-
tiplied by sign factors. The dashed lines enclose the enlarged unit
cell.

B. Z-> mean-field Ansdtze

All the Ansditze with IGG ~ Z have been listed in Ta-
ble II. The corresponding sign structures, depicted in Fig. 14,
are given as

12 _ 23 _ 34 __ 45 _ 56 __ 61 __
Urg = NTULg = Upg = NTUIg = Upg = NTUI4 = Ulg
14 36 52
Uy = Upp = Upp = UTD (53)

f? =38 = t? =l = gt = o2 =

The spatial dependence is the same as for the UC and UD
classes [see Eq. (42)]. We adopt the following labelling
scheme for the Zy Ansditze:

ZMMmInTIV- (54)

Here, we denote the positive signs of the n-parameters by ‘0’
and the negative by ‘1’ accordingly. The y label corresponds
to the representation of time-reversal, i.e., g7 o 77.

The first four Ansdtze in the Table II correspond to a homo-
geneous representation of time-reversal G (z,y,u) = iT2.
Notice that the Zo state labelled by Z0002 belongs to the
non-projective class, i.e., the linear representation of the space
group with uniform real hopping and s-wave pairing. From
the given structures of these four Ansdtze one sees the connec-
tion to their parent U (1) states which is highlighted in Fig. 15.
70002, 20102, 21002 and Z1102 appear in the vicinity of the
U (1)-Ansdtze labelled by UC00, UCO1, UC10 and UC11, re-
spectively.

The next four Z, Ansditze contain a site dependent repre-
sentation of time-reversal G (x,y,u) = (—1)**lir2. The
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connection to the parent U(1) states is not apparent here but
it can be established by using appropriate gauge transforma-
tions. Let us consider the Ansatz labelled by Z0012. First
all pairing terms have to be set equal to zero A, = 0,
A1y, = 0 and Ay, = 0 which restores the continuous
U(1) symmetry. Then, using a gauge transformation of the
form W (z,y,u) = 75735m0d(u,2)70 transforms it into UCO1.
On the other hand, it transforms into UDO1 if one uses a
gauge transformation of the form W (x, y, u) = LTlémod(u’Q),o
which sets x14 = 0. Therefore, UCO1 and UDO1 share the
same Z, descendant given by Z0012. Similarly, one can
verify that UC00 and UDOO descent to Z0112, UC11 and
UDI1 to Z1012, and UC10 and UDI10 to Z1112. Finally,
for G (z,y,u) = (—1)“T17Y, Zy Ansditze with first nearest
neighbour amplitudes cannot be realized.

VI. SPINON BANDS, DYNAMICAL AND STATIC SPIN
STRUCTURE FACTORS

In this section, we summarize the properties of the spinon
excitation spectrum and dynamical structure factors of dif-
ferent U(1) Anscitze. We adopt the gauge choice given in
Sec. VA. In Fig. 16, we present the spinon spectrum ob-
tained upon fixing the magnitude of the symmetry allowed
first-neighbor hoppings equal to unity, and all further neigh-
bor hoppings fixed to zero. We plot the energy along the high
symmetry path, whichis I' = M — K — T’ of the first Bril-
louin zone [green hexagon in Fig. 2(b)] for the Ansditze realiz-
able in a single unitcellandI' = X - M - Y -1 - M
of the reduced Brillouin zone [yellow rectangle in Fig. 2(b)]
for the Ansditze realizable in a doubled unit cell.

» UCO0O0: This state is described by uniform hopping pat-
tern and thus its spectrum is that of the maple-leaf lat-
tice band structure [11]. This state has a Dirac point at
the center of the Brillouin zone [Fig. 16(a)]. However,
the presence of the Dirac like dispersion is an artifact of
fixing all first-neighbor hoppings to one. In general, for
other choices of hoppings the spectrum can be gapped
or feature a Fermi surface.

* UCO1: The spectrum consists of three doubly degener-
ate bands [Fig.16(b)]. The Fermi level is such that the
lower half of the middle band is filled which gives rise
to a Fermi surface.

» UDO0O: A nodal Fermi surface is observed in this Ansatz
[Fig. 16(e)]. However, this is not a robust generic prop-
erty as it gets gapped out upon varying the hopping am-
plitudes.

e UD11: This state consists of quasi-flat bands and fea-
tures a nodal Fermi surface [Fig. 16(h)] for the given
choice of parameters. It can nonetheless be completely
gapped out for other choices of hopping amplitudes.

e UC10, UC11, UDO1, UD10, UB03, and UB10: These
states comprise of gapped excitations for a generic
choices of hopping parameters, however, among these
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V]

Uig nz

N nzn

11

FIG. 14. Transformation pattern for the first neighbor bonds. The labeling convention is that site 1 sits at the twelve o’clock position and

12 14

increases counterclockwise (cfr Fig. 1). The form of the independent Ansatz matrices w1y, u7, and ul? for the Zy states is given in Table IV
and their transformation rules are depicted in (a), (b), and (c), respectively. Different shadings of the color encode the different phase factors

n, nz and their products.

UC00 UCO01 UC10 UC11

70002 70102 71002 71102

UC00 UCO01 UC10 UC11

|

70112 70012 7Z1112 71012

FIG. 15. Different PSG classes and the connection between the par-
ent U(1) and their descendent Zj states.

the UBO03 Ansatz shows Dirac dispersion for some
choices of hopping parameters.

Further characterization can be made by studying the spin-
spin correlations via the spin structure factors. Here, we con-

sider both the dynamical and equal-time structure factors, and
for the latter also assess the impact of Gutzwiller projection.
We first discuss the dynamical structure factor (DSF) as de-
fined in Eq. (G1) [see Appendix G for details]. In Fig. 17,
we show the DSF for different U (1) Ansdize along the high
symmetry directions I' — M’ — K’ — T of the extended
Brillouin zone. For the UCOQO state [see Fig. 17(a)], we no-
tice the appearance of low-energy intensity around the I'-point
which is expected due to the presence of a Dirac point. In
addition, there appear two principal dispersive variations in
intensity. Among these, the dispersive continuum at lower en-
ergy occurs due to the scattering process from the three filled
bands to the first empty band, while the intensity variation at
higher energy is due the scattering from the filled bands to the
dispersive uppermost empty band. For the UCO1 state [see
Fig. 17(b)], the dome like variation at lower energies is due to
the contribution from excitations near the Fermi surface. Be-
sides, there appears a flat strong intensity ontinuum at higher
energies on a diffuse low intensity background, and this can
be ascribed to scattering processes between the lowest (filled)
mode and the highest (empty) mode. As the UC10 state con-
sists of all quasi-flat modes, this reflects in the observed flat
continuum [see Fig. 17(c)]. Similar inferences can be drawn
for UC11, UD10 and UD11, shown in Figs. 17(d), (g) and (h),
respectively. However, due to the presence of few dispersive
modes above and below the Fermi level, a very low intensity
diffusive background can be noted for UC11. For UD11, the
remnant finite intensity down to zero energy at the I' point is
due to the excitations around the Fermi surface. Similar con-
sequence of the nodal Fermi surface can also be found in case
of UDOO state [see Fig. 17(e)]. Here, the horizontal intensi-
ties at w ~ 3,4.5,6, are due to the excitations between the
quasi-flat bands in the segment M K.

While the calculation of the DSF is performed at the mean-
field level given the numerical complexities involved, one can
still assess the effects of gauge fluctuations beyond mean-field
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FIG. 16. Spinon band structures for the different U (1) Ansdtze with
nearest neighbor hoppings only, corresponding to the gauge shown
in the manuscript figures. The magnitude of the symmetry allowed
hoppings is set to one. The gray line marks the Fermi level.

in the equal-time (frequency integrated) structure factor which
is given by

1 . PN
— >TSS W), (55)

S

S(k) =

2%

Here, the wave function |¥) is defined by Gutzwiller-
projecting the fermionic wave function to spin space, i.e., en-
forcing single fermionic occupation of each lattice sites. The
Gutzwiller projection is treated numerically by means of a
suitable Monte Carlo framework [80]. The results obtained
with and without projection are compared in Fig. 18 and 19 for
the various U (1) Ansdtze. The unprojected S(k) show a rather
featureless ring of intensity encircling the extended Brillouin
zone. The effects of gauge fluctuations introduced by the
Gutzwiller projection are pronounced and one observes the
appearance of well-defined momentum modulated features in
the projected structure factors. These are triangulated patterns
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around the K’ points, featuring either a homogeneous inten-
sity distribution or soft maxima at the triangular vertices. This
pattern is qualitatively similar to that of the dimerized hexag-
onal singlet state of Ref. [18]. It is interesting to note that
the projected S(k) of the UCOI state most closely resembles
that obtained from a recent pf-FRG calculation [16] within
the QSL phase, possibly hinting at the UCO1 Fermi surface
state providing a description of the spin liquid nature. Other
states with similar structure factors are gapped U (1) QSLs and
therefore unstable [81]. A generic feature of all Ansdtze is the
absence of pinch points in their projected S(k) in contrast to
the Dirac spin liquid on the kagome lattice [58].

VII. DISCUSSION AND OUTLOOK

In this work we have performed a projective symmetry
group classification of spin-1/2 symmetric quantum spin lig-
uids with different gauge groups on the maple-leaf lattice.
Employing the Abrikosov fermion representation we obtain
17 U(1) and 12 Z, distinct PSGs. The restriction of mean-
field Ansdtze to short-range (first-neighbor) singlet ampli-
tudes, of relevance to concerned models, leads to only 12
U(1) and 8 Z, distinct phases. In light of recent numerical
studies pointing to QSL ground states in extended S = 1/2
Heisenberg models on the maple-leaf lattice, our classifica-
tion thus sets the stage for future works aimed at character-
izing their precise microscopic nature. The Gutzwiller pro-
jected static structure factors for the different variational states
could be compared to those obtained from unconstrained nu-
merical approaches to narrow down and identify promising
candidate ground states. Subsequently, it would be worth-
while to perform a variational Monte Carlo study towards op-
timizing the corresponding Gutzwiller projected wave func-
tions and assess the energetic competitiveness of the U(1)
and Zs states for Hamiltonian parameter regimes displaying
QSL ground states. The evidence of a U (1) Dirac spin liquid
ground state on the triangular lattice [6, 7] and on its 1/4-site
depleted version, the kagome lattice [2, 3], poses the inter-
esting question concerning the potential stability of the Dirac
state under a periodic site depletion. Viewed from this per-
spective, it would be interesting to gauge its stability on the
maple-leaf lattice which is an intermediate depletion density,
being a 1/5-site depletion of the triangular lattice. An alter-
nate treatment of these Ansdtze would be their analysis within
the pseudo-fermion functional renormalization group frame-
work [82] by using the low-energy effective vertex functions
(instead of the bare couplings) within a self-consistent Fock-
like mean-field scheme to compute low-energy theories for
emergent spinon excitations [83, 84]. Within the parameter
space of nearest-neighbor couplings, a QSL has been located
between magnetic and dimer orders, which fuels the specula-
tion of its possible origin from a proximate deconfined quan-
tum critical point, and the scenario of a gapless spin liquid
as a plausible candidate. Furthermore, since Ref. [20] reports
nonmagnetic behavior arising from quantum melting of non-
coplanar orders in a S = 1/2 J;-Jo-J3 Heisenberg model, it
would be important to extend the current analysis to classify
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FIG. 17. Dynamical structure factor plotted along the high-symmetry path [see Fig. 2(b)] in the extended Brillouin zone for a system size of
14 x 14 x 6 sites, where all symmetry allowed first-neighbor hopping amplitudes are set to one, and farther neighbors to zero.
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FIG. 18. Equal-time spin structure factors of the UB and UC states (with all symmetry allowed hopping amplitudes set to one), as obtained
with the unprojected and projected fermionic wave functions within VMC. The color plot shows the isotropic structure factor S(k) in the

k. — ky plane. The momenta are in units of 2. The results have been obtained on a 6 x 12 x 12 (=

symmetries of the lattice. The red hexagons with solid (dashed) lines delimits the first (extended) Brillouin zones.
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chiral spin liquids. Given the recent reporting of QSL behav-
ior in a model featuring mixed ferro- and antiferromagnetic
couplings [18], the incorporation of symmetry allowed triplet
fields in the projected wave functions would prove essential to
accurately capture the ground state behavior. Finally, it would
be interesting to identify the respective parent QSLs whose
potential instabilities yield the plethora of dimer orders that
have been reported in the generalized parameter space of the
nearest-neighbor Heisenberg model.
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Appendix A: Generic gauge conditions

The algebraic conditions Eqgs. (11)—(19) written in terms of
PSG representations yield
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Gr,(z,y,u)Gr,(x — 1,y,u)

Gil(x, y—1, u)G;Q1 (z,y,u) = ei973/777'0 (Al)
Gr(w,y,u)Gr(—z,—y. I(w)) = €7 fnzr®  (A2)
Gil(x + 1Ly, u)Gzr(z+1,y,u)

Grl (2, —y, T(w) G (z, g u) = €977 /nz. 70 (A3)
G;j(x, y+ Lu)Gz(z,y+ 1,u)

G (—o, =y, Z(w)G7 (w,yow) = 57 fz, 70 (Ad)
Gr(z,y,u)Gr(y — 2, —z, R*(u))

Gr(—y.x =y, R(u)) = " /g7 (AS5)
Gr'(=y, @ —y, R(w)Gr, (—y,x — y, R(w))

Gr(—y— 1L,z —y, R(u))

GT1 (x + Ly + 1’U)GT2(x7y + 1au) = eszTg/anTO
(A6)

G};‘,l(_y’ =Y, R(u))G;j(_y’ rT—y+ 1, R(u))

Gr(—y, 2 —y+1,R(u))Gr,(x+ 1,y,u) = eieRyTS/nRyTo
(A7)

ijzl(*ya r—y, R(u))GI(fya r—Y, R(“’))

Gr(y,y — =, RT(u))Gz(~z. — y, I(w)) = €7 [npzr°
(A8)

GT(I’, Yy, U)GO(‘T; Yy, U)
GO (@, y,u)Go (z,y,u) = €970 Inror® (A9)
(Gr(z,y,w)]? = 77" 7, (A10)

where on the right-hand side of the equations the entry corre-
sponds to the U(1) extension and the second entry denotes the
Z.5 case.

Appendix B: U(1) PSG

The canonical form of a U(1) Ansatz is given by,

U5 = /;ImX/L'jTO + Rexij7'3 (B1)

Correspondingly, the loop operators take the form Po =
cp 3

UijUjk - .. u; = €7 = g5(€). The structure of the gauge

transformation which keeps the canonical form intact is

Go(x,ym) = 93(¢O(x7y7u))([’71)w07 (B2)

where we can take values 0,1 and O € {T,T5, R,Z, T }.

1. Lattice Symmetries

For O € {T1,T5}, there are three cases (i): (wp,,wr,) =
(0,0), (i): (wrp,,wr,) = (1,0) and (i)): (wr,,wr,) =
(1,1). The cases (ii) and (iii) can not satisfy Eq. (A7) and



Eq. (A6), respectively. Therefore, we need to consider only
case (i), i.e., w, = wp, = 0. Using the local gauge freedom
one can choose

o1, (x,0,u) = ¢p, (z,y,u) = 0. (B3)

Using this, Eq. (A1) gives
Gr, = gs(y0), Gr, =7°. (B4)
Let us now define A;¢p(z,y,u) = oo(x,y,u) —

do[T;  (z,y,u)]. With this definition and Eq. (B4) we can
recast Eq. (A3) and Eq. (A4) as

A1¢I($, Y, U) = éI + (1 - (_1)1111)?]07

(BS)
A2¢I(x7 Y, u) = er .

Generally, all solutions must obey the following consistency
relation

A1¢O($7 Y, u) + A2¢O [Tl_l(xa Y, u)}
= A2¢@($, Y, u) + A1¢O [T2_1(J}, Y, u)}
(B6)
For © = T and insertion of Eq. (B5) in the above relation
yields

(1= (=1)"")f =0, (B7)

which means for wz = 1 we have 20 = 0. Note that there
is no constraint on 6 for wz = 0. Substituting this back in
Eq. (B5), we obtain the following solution for ¢z

oz(z,y,u) = 207 + ybz, + pr(1) (B3)

where pz(u) = ¢z(0,0,u).
Eq. (A2) gives
pz(u) + (=1)"* pz(Z(u)) = 0z,
(1+(=1)"7)fz = (1+ (~1)"%)bz, =0,

Yy

Using this solution (B8) in

(B9)

which implies 251 = 201y = 0 for wz = 1, while there is no
constraint on # for wz = 0. From Eq. (A6) and Eq. (A7) one
obtains relations similar to Eq. (B5)

All,bR(l',y,U) = ye + (71)wR((1 - 1’)9 - 0R,,)7

B10
obrle,y,u) = (—1)*7(20 1 Op ). (B10

The consistency condition (B6) for O = R imposes the fol-
lowing restriction on 6

(1-(-1nH)*®)6 =0, (B11)
which means for wgp = 1, 20 = 0, while there is again no

constraint on # for wr = 0. Substituting this in Eq. (B10),
yields the following solution for ¢

(-1

¢R(x,y,u):x Y- (J,‘—l) ¢

— (=1)"“*(20r, — yOr,) + pr(u).

(B12)
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Notice that wr = 1 does not satisfy Eq. (AS5). Furthermore,
Eq. (AS5) gives the following condition for wg = 0

pr(u) + pr(R*(v)) + pr(R(u)) = Or. (B13)

Under a local gauge transformation W (z,y,u), the pro-
jective representation G transforms as Go(z,y,u) —
Wz, y,w)Gole,y, ) W[O (z,y,u)l. A local gauge
transformation of the form

W(z,y,u) = gs(€z + y&y) (B14)
does not change the structure of the G, besides a negligible
global phase which has no consequence on the Ansdtze. It
will, however, modify the phases 0, 0 R, 07 and sz such
that we can use a suitable choice to set

Or, =0r, = 0. (B15)
Then Eq. (A8) yields
for wz = 0:
éIZHIyZ%(O—FQ?Tp), p=0,1,2. (B16)
and for wz = 1:
7 = 6z, = 0, (B17)
pz(u) = pr(u) + (=1)"* (pz(ZR™ (u)) + pr(Z(u))) (]:319;)1.

Inserting Eq. (B16) and Eq. (B17), the solution for ¢z can be
rewritten as

B (,,w) = 3 (O 427D) (7)o 0(a-+9) 0 1+ pr ().

(B19)
Furthermore, we are left with a sublattice-dependent gauge
transformation of the form

Under such a transformation pg ,, transforms for v € {1, 3,5}
as

pr(1) = =& + pr(1) + &,

Pr(3) = =& + pr(3) + &1,
pr(5) = =& + pr(5) + &3.

(B21)

We choose &1, €3 and &5 such that pr(1) = pr(3) = pr(5) =
pr- This requires

&1 = pr(1) +& — pr,

£3 = pr(1) + pr(3) + & — 2pr,
3pr = pr(1) + pr(3) + pr(5).

(B22)

Substituting Eq. (B13) in the last condition of the above equa-
tions, gives 3pr = 6 which implies

1
PR = 5(934-277]73), WithpRZO,].,Q. (B23)



One can fix pr(2) = pr(4) = pr(6) = pg similarly by the
following choices

§2 = pr(2) + & — PR,
&1 =pr(4) + pr(2) + & — 2pr-

Note that we are still left with unfixed &5 and &g. With a suit-
able gauge choice, one can set pz(1) = 0. Let us fix the other
pz(u) separately for wz = 0 and wr = 1:

(B24)

a. wj_':O

In this case, using Eq. (B23), the relations given in Eq. (B9)
and Eq. (B18) are rewritten as

pz(u) + pz(Z(u)) = 0z,

1 (B25)
pz(u) + pz(TR™(u)) = Orz.
These two relations lead to
pz(1) = pz(3) = pz(5) =0,
B26
p2(2) = pr(4) = pz(6) = br. (B20)

b. u)z:l

In this case, using Eq. (B23), the relations given by Eq. (B9)
and Eq. (B18) are rewritten as

pz(u) = pz(Z(u)) = bz,

> (B27)
pz(u) — pz(ZR™"(u)) = Orz + 2pk.
leading to
-1
pr(u) = pz(“%, with pr = 1,2, 3. (B28)

This completes the gauge fixing procedure of the lattice group
operations.

2. Time-reversal

We proceed in finding the PSG solutions for time-reversal
symmetry. Using Eq. (A9) with O € {T1,T>}, one gets

A1¢T(xa y,u) = 07; + [1 - (71)w7—}y0

(B29)
A2¢T(I, Y, U) = 07—1, .
The consistency condition (B6) for O = T gives
[1-(-1)"7T]6 =0, (B30)

which implies for wy = 1 that 20 = 0. A solution for G
can be obtained from Eq. (B29) as

o7 (2, y,u) = 207, + Yo, + p7(U). (B31)

Let us consider the remaining conditions for wy = 0 and
w7y = 1 separately:
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In this case, Eq. (A10) yields

207, =207, =0, pr(u)= 0% + mny(u), (B32)
with ny(u) =0, 1.
From Eq (A9) with O = R we obtain
Or, =01, 307, =0, (B33)
pr(u) = pr (R~ (v)) = O7R. (B34)
From Eq. (B32) and Eq. (B33) it follows
O, = 01, = 0. (B35)
Finally, Eq (A9) with O = T gives
pr(w) = (~1)"Tpr(Z(u) = b77.  (B36)

Using Eq. (B32), Eq. (B34) and Eq. (B36), we can fix p7(u)
as

B37)

pr(1) = p7(3) = p7(5) = 0,
=T (B38)

If wz = 0, one can set pz(u) = 67/2, i.e., independent of the
sublattice u by using a sublattice dependent gauge transfor-
mation of the form W (z, y,u) = g3(07/2)0mod(u,2),0 Without
altering our previous results. As in the case of the lattice sym-
metries, a global phase has no impact and we can conveniently
set pr(u) = 0.

b. wr=1

Here, Eq. (A10) does not yield any constraint. From
Eq (A9) with O = R, and using the fact that 20 = 0 for
wy = 1, we obtain

01, = 07;, 301, =0,
pr(w) = pr(R™(w) = O7r + 205 ().
Furthermore, Eq (A9) with O = T for wz = 0 yields

(B39)
(B40)

207, = ;(9 +2pm) = 07, = %(9—|—2p7r) + nm, (B41)
p7(uw) — pr(Z(w)) = 07z + 2pz(u). (B42)

Eq. (B39) and Eq. (B41) require § = nm. Using Eq. (B40)
and Eq. (B42), we can fix p7(u) for wz = 0 as

/)T(U) € {0797—1 - 9'/7']{»6’/7’1%3 QTIa _0'/7’]33 07‘1’ + 0'/7—12}7

(B43)
PTRT
Orp =07 +2pr = =20, Prr=0,1,2  (B44)
2077 +207 =0 = 077 = —07 +ngmw, nz =0,1.
(B45)



Eq. (A9) with O = 7 for wz = 1 yields
2p7(u — 1)m
o)+ pr(T(w)) = g + 2pg(u) = g 1 P LT
(B46)
This together with Eq. (B42) gives

p1(w) € {p1, 077 —p1, p1,077—p1,—p1,077—p1} (B47)

Notice that the wy = 1 solution for G+ has a spatial depen-
dence. To remove this, similar to the w7 = 0 case, we use a
gauge transformation of the form W (z, y, u) = g3(&(x, y, u))
with

01 (x +
€y = Y, (B43)
which yields the following
o7 (z,y,u) = pr(w), (B49)

~ 1
d)R(xayvu) = [Z’y - il’(ﬂi - 1)]77//T + PR(U) + nr, 7T,
(B50)

br(x,y,u) =nw(z+y) +pr(u), nr =0,1. (B51)
This can be set to zero using a gauge transformation of the
form W (z,y,u) = g3((« + y)nr, 7). Furthermore, for wy =
1 we can choose a sublattice-dependent gauge transformation

of the form W (x, y, u) = g3(£(u)) with

T (U
) = 7Y, (B52)
so that p7(u) = 0. The advantage of such a choice is that the
mean-field amplitudes contain only real hopping values. For
wz = 0, in the new gauge we obtain

9/
pr(u) =0, pr(u) = pr — =2, (B53)
0
pz(u) = Ozbnoa(uzy0 — (~)™ D TE (BSY)
Using Eq. (B45) one can rewrite Eq. (B54) as
-0z +ngm
pz(u) = <I21) 6m0d(u,2),1
B55
391 — nNzgT ( )
+ f 5mod(u,2),0'
For wz = 1, in the this gauge we obtain,
pr(u) =0, pr(u) = pr, (BS6)
-1 0
pr(u) = pr(u—Um b7z (B57)

3 2

As the global phases do not have any impact on the Ansdtze
we can discard them. For example, in Eq. (B53) and Eq. (B57)

we could set pp — OJQ—R = 0 and 2”2@ = 0, respectively. As

a summary, all the gauge inequivalent choices are listed in
Table I.
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Appendix C: Z2 PSG
1. Lattice symmetry

Using the local gauge redundancy, the relation Eq. (Al)
leads to the solution for the projective gauge matrices for
O € {T, Ty} as follows

Gr, (z,y,u) = n¥7°,  Gp,(z,y,u) = 7° (CD)
Using Eq. (A3) and Eq. (A4) gives
Gz(x,y,u) = 07, 97(1). (€2)
The cyclic condition given by Eq. (A2) for Z gives
9z(uw)gz(Z(u)) = nzr". (C3)

After coordinate transformation (z,y,u) — R~ '(z,y,u)
Eq. (A6) and Eq. (A7) can be written as

GR(x7y7u) = anfr]yia:JrlGR(x - 17y7u)a

. (C4
GR('Tv Y, ’LL) =T"TRrR,N GR(xv Yy — 1, U)
These relations yield the solution for Gy as follows
Gr(z,y,u) = nj 0l 0™ 2" Vgp(u).  (CS)

The cyclic condition Eq. (AS) for R yields

gr(W)gr(R*(w)gr(R(u)) = nrr°. (C6)

Exploiting Eq. (A8) leads us to the following constraints

nz, =Nz, =11,
9z(R(u))gr(RZ(u))gz(Z(u)) = nrrgr(R(u)) (CT)
= g7(w)gr(Z(u))gz(ZR " (u)) = nrzgr(u).

Further simplification can be obtained if we consider the
gauge

W (z,y,u) = ninyr°. (C8)

We find that the above transformation does not change the
structure of the translational gauges except for a global sign
modification. This sign can yet be absorbed by a redefinition
including these modified signs. It can further be seen that the
gauge transformation Eq. (C8) modulates G as

GR(l', Y, 'LL) = WT (x7 Y, U)GR(x, Y, U)WR_l(Ly,u)

= (emyni, )"y, ) "1™ 2 D gp(u).
(€9)
Setting n, = ng, and 7, = ny7R,, the result becomes
—3z(z=1) (C10)

Gr(z,y,u) =n" gr(u).

Hereafter, we shall omit the tilde symbol. The representation
Gz does not get modified by the gauge transformation. We
can also exploit a sublattice dependent gauge transformation



W (z,y,u) = W(u) for further fixing the g matrices as fol-
lows

gr(u) = np7°. (C11)

In the above, we have used Eq. (C6). The remaining sign fac-
tor nr which is global can be neglected. The gz-matrices can
be fixed using the above equation and Eq. (C3) and Eq. (C7)
as follows.

(3) = gz(5) = 7°,
(4) = gz(6) = nz7°.

(C12)
(C13)

91(1) =
9z(2)

This completes the gauge fixing of the lattice symmetry oper-
ations in the Z, case.

gz
az

2. Time-reversal

Here, we find a PSG representation for time-reversal sym-
metry. Using Eq. (A9) for O € {T1,T>} the solution for
Gr(z,y,u) can be written as

Eq. (A10) leads to the following condition
g7 (w)?* = nrr. (C15)

From Eq. (A9) for O = 7 and substituting Eq. (C2) and
Eq. (C12) we have
GT(.’B, Y, U)Gl(x7 Y, u)
G’;'l(_xa —y,I(U))GEl((E, Y, u) = 777’17'0
= g7(Z(w)) = n7zg7(u) . (C16)
Similarly for O = R and substituting Eq. (C10) we find

Gr(z,y,u)GRr(z,y,u)
Gy —w, —z, R (u)GR' (x,y,u) = nra7’,
= 0% 0% “gr(wgr(u)gr (R (u)gg' () = nrrT°,
— nr =17, =1, (C17)
and g7 (R~ (v)) = nrrg7(u). (C18)
Further simplification using Eq. (C16) and Eq. (C16) yields

the concise solution for PSG representation of time-reversal
symmetry

Gr(z,y,u) = nyr'gr. (C19)

Appendix D: Z> Ansdtze before time-reversal

This appendix contains all different symmetry relations that
are needed to construct up to third nearest neighbor mean-field
Hamiltonians. The definitions of the different u—matrices are
shown in Fig. 1 for the first neighbor bonds, and for the second
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and third neighbor bonds in Fig. 20 and Fig. 21, respectively.
For every range of neighbor bonds we find three symmetry
inequivalent bonds that are colored green, red and blue. For
each color we fix one Ansatz whereas the allowed form varies
for different PSGs and can be found in Table I'V. All the other
are related by the underlying symmetries of the lattice.

1. INN

a. Green INN bonds (u14)

For the green colored bonds we fix the Ansarz matrix uj;.

Applying a chain of symmetry operations induces all symme-
try related bonds

12 B34 R 56 IR 45 R 61 R 23
Uy = UT, = Uy T UL, = UL, — Usy. (D1
Using the PSG representations yields
12 _ 34 _ 56 _ 45 _ 61 _ 23
Upg = Upg = Uyg = NTU g = NTULG = TTUL4- (D2)

b. Blue INN bonds (u1p)

Similarly to the green bonds, operating with the chain of
transformations yields for the blue bonds

14 R 36 R 52 IR 25 R 41 R 63
Uy — Uy —7 Uy — 7 ULy —7 Uy —7 Utps (D3)
14 121 14\T
Uy — (U1b) .
This results in
14 _ .36 _ .52 _ 25 _ 41 _ 63
Uy = Ugp = Ugp = MMTUL, = NMNZU, = MUY
14 14N\t (D4)
ugy, = nnz(ugp)
c. Red INN bonds (u1.)
For the red bonds we have
13 R 35 R 51 IR 46 R 62 R 24
Uy — Upy — Upy Upp — Uty — Uyy
15 B 31 R 53 IR 42 R 64 R 926
Ul —> uTy —> Uy = us — uls — uje (D5)
135 R 351 R 513 IR 462 R 624 R 246
Uy — Upy — Upy Uy — Uty — Uy -
This yields,
13 _ .35 _ 51 _ 46 _ 62 _ 24
Upy = 77U1r = NU1p = Upy = Uy = Upp
15 .31 _ 53 _ . A2 _ 64 _ , 26
ulr - ulr - ulr - nulr - ulr - 77“1r (D6)
135 351 513 462 624 246

Uy = NU = NU, =N = U, = NU,
On the other hand inclusion of translations gives the following
constraints

35 T 51\t T2 135
Uyy (ulr) Uyy

Tt Tt
13 “2 513 “1 31
Uy Uy (UIT)T (D7)

351 o' 51 T0 t
5 2 1
Uy Uy (ulr)



(a) h (b)
13 62
Uzg & L2
2b
23
24 51 2
u u
29 Ty 29 Ty
X\ 46
Usg Usg

A

1
Uy
61 nz
U E 25 63
2b Uy Uy

B . , §
Usp, Us, 136 ud2
27
Nz
"z,

FIG. 20. Symmetry inequivalent Ansazz matrices uég, us? and ud? [see Table IV for the Z; states] for the second neighbor bonds transform
as depicted in (a), (b), and (c), respectively. Different shadings of the colors encode the different phase factors 7, nz and their products.
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FIG. 21. Symmetry inequivalent Ansatz matrices uég, u3$ and u3? [see Table IV for the Z states] for the third neighbor bonds transform as

depicted in (a), (b), and (c), respectively. Different shadings of the colors encode the different phase factors 7, nz and their products.

yielding

upy” = nuiy, ) = n(ur)’. (D8)

The results of this appendix are also summarized in Fig. 14.

2. 2NN and 3NN

Instead of showing the explicit symmetry relations we only
state the results for the second and third neighbors after insert-
ing the PSG representations. A summary of these results are
shown in Fig. 20 for the second neighbors and in Fig. 21 for
the third neighbors. The second neighbors matrices are given

by
13 _ .35 _ .51 _ .46 _ .62 _ 24
U2g — U2g — U2g — U2g — U/2g — U/2g7
12 .34 _ 56 _ 45 61 _ 23
Ugp = NUgp = NUgp = TJZUgp = NZUgp = NTUgp,

14 _ 36 __ 52 __ 41 _ 63 _ , 25
Uy = NUgy = NUgy = NTU2, = NTU2p = Uy

The third neighbor matrices are

14 _ .36 _ 52 _ 41 _ 63 _ 25
Uzg = U3zg = Uzg = TITU35 = NIZU34 = TJT U3,
16 _ .32 _ 54 _ 43 _ 65 _ 21
Ugp = Ugzp = Ugp = NN U3p = NZU3p = T)ZT U3

15 _ 31 __ 53 __ 42 64 __ 26
Uz = Uzp = NUgy = NUz, = NUz, = NU3,

(DY)

(D10)
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INN 2NN 3NN .

{wz,wr} {n,pz} Onsite

Ulg U1ib Ulr U2g U2p U2 U3g Uusp U3

{1,0} {o,0} i, 0 0 0 i, 0 0 i, T 0 0
{1,0} {0,1} im0, 3 ir°, 3 0 0 ir°, 3 ir°, 3 ir°, 3 ir°, 3 0 0
{1,0} {o,2} ir’,r° 0 0 0 ir, 78 0 0 i, 7 0 0
{1,0} {0,3} ir° 3 ir°, T 0 0 ir°, 3 i, T ir°, 3 ir°, 3 0 0
{1,0} {1,0} ir°, 3 ir°, T 0 0 ir°, 3 i, T 0 ir°, 3 0 0
{1,0} {1,1} i, 0 0 0 ir', 78 0 it it 0 0
{1,0} {1,2} im0, 73 ir°, 73 0 0 ir°, 3 ir°, 3 0 ir°, 3 0 0
{1,0} {1,3} i, 0 0 0 ir’, 78 0 ir', it 0 0

{wz,wr} {n,nz} Ulg U1b ULy U2g U2b U2y U3g usp U3y Onsite
{0,1} {0,0} T3 T3 T3 T3 T3 T3 3 I T3 T
{0,1} {0,1} T3 0 T3 T3 73 0 0 78 T3 T
{0,1} {1,0} T3 0 T3 T3 T3 0 3 3 T3 7
{0,1} {1,1} T3 73 78 T3 T3 3 0 ° 7 7
{1,1} {0,0} 73 0 73 P P 0 0 73 P 73
{1,1} {0,0} 73 73 73 73 73 73 73 73 73 73
{1,1} {0,0} 73 73 73 73 73 73 0 73 73 73
{1,1} {0,0} 73 0 73 73 0 73 73 73 73 73

{wz, w7} {0z} Ulg U1b ULy U2g U2b U2y U3g usp U3y Onsite
{0,0} {mmr/n} 9,73 ir°, 0 0 ir0, 73 iT0, 73 73 iT0, 73 0 0

TABLE III. Symmetric U (1) mean-field Ansditze up to third nearest neighbours. See Appendix E for the sign structure.

INN 2NN 3NN .

7,97} {n,nz} Ulg U1p U1y U2g U2p U2y U3y U3p U3 Onsite
E—t [ 1.3 T3 T3 T3 13 T3 T3 T3 T3 3
(+,ir%) (4,1 1.3 0 1.3 L1.3 13 0 0 1.3 1.3 -3
(+,ir%) -+ 1.3 0 13 1.3 13 0 13 13 1.3 -3
(+,ir%) . 1.3 13 1.3 1.3 13 1.3 0 1.3 1.3 -3
{—,im%} {+,+} iT0, 72 72 713 13 iT9, 72 72 72 it0, 72 713 73
{—,im%} {+, -} im0, 2 ir° 713 13 im0, 72 i i it0, 72 713 73
{—,im%} {—,+} ir0, 72 ir° 713 b3 ir9, 72 i 72 it0, 72 713 73
{—,im%} {—, -} ir0, 72 72 713 b3 ir9, 72 72 i it0, 72 713 73
{7,7'0} {+,+} it0, 72 3 0 0 (0 7123 7523 T1%3 iT9, 7123 0 0
{7,7'0} {+,-} im0, 2 ir0 0 0 ir9, 123 ir° i ir0, 123 0 0
{7,7'0} {—,+} ir0, 2 iT0 0 0 ir0, 7123 ir° 7523 ir0, 7123 0 0
{-, TO} {—,-} i, 72 73 0 0 i, 123 123 ir° ir0, 123 0 0

TABLE IV. Symmetric Z2 mean-field Ansdtze up to third nearest neighbours. The sign configurations on the second and third nearest neighbour

bonds can be found in Eq. (D9) and Eq. (D10).

Bond type Representative bond r,, <— rg Parameters for the bond ufa x, (a=0,z,y,2) Stabilizer
Onsite bond (0,0,1) « (0,0,1) (ar,0,0,0,0,Bp, Vp, 0p)

NN bond type “g” (0,0,1) +(0,0,2) (a1g,n; 019,05 19,05 d1g.hs G1g.p, b1gp, C1g.p, dig.p) None

NN bond type “b” (0,0,1) + (0,1,4) (@1,n, b1b,k, C16,1y di1b k), Q1b,p, D1b,p, C1b,p, d1b,p) z

NN bond type “r” (0,0,1)0 « (0,1,5) (a1rhy D1r,hy Cirhy A1r,hy Qirpy O1rpy Clrps dirp) None
2nd NN bond type “g” (0,0,1) « (0,0,3) (a2g,hs b2g,h, C2g,hy d2g i, G2g,p, D2g.p, C2g.p, d2g,p) None
2nd NN bond type “b” (0,0,1) += (=1,0,6) (a2b,n; b2b,h; C20,1, d2b,hs A2b,p, b2b,p, C2b,p, d2b,p) None
2nd NN bond type “r” (0, 07 1) — (17 17 4) (a2r,h7 b2r,h7 C2r h, d2'r,h7 QA2r,p, b27‘,p7 C2r.p, d2r,p) A
3nd NN bond type “g” (0,0,1) «-(0,0,4) (asg,hs b3g,n, C3g,n, dsg,h, a3g,p, b3g,p, C39,p, d3g,p) 1
3nd NN bond type “b” (0,0,1) + (0,1,6) (@3b,1, b3b,1, C3b, 1> d3b, 1, A3b,p5 U3b,p5 C3b,p> d3b,p) None
3nd NN bond type “r” (0,0,1) + (—1,0,5) (asrhy b3r,hy C3rhy A3r,hy @31,p,y B37,py C3rpy 37 p) None

TABLE V. Definition for bond parameters for the representative bonds. The last column lists the spatial symmetry operation (either none or

the twofold rotation Z) that maps the bond to itself up to translation.
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Appendix E: U(1) mean-field Ansdtze up to 3NN

14 36 _ (o 25\f _ 0.0, 3.3 14 _ 14
) ) =u3, = (uz))" = ix3,7 + X5,7°, Uz, = —g3(prm)u
In analogy to the previous appendix we present here the 3g — g 3g 39 g7 > T3 39

16 32 54 _ 0 0 3.3
U(1) mean-field models up to third nearest neighbors. The Ugp = Uz, = Ugp = LX3pT T+ X367
in@tial form of one of the Ansdtze is determined by the under- ult = usp = nuSy = —ngs(prm /3)(u§g)T
lying PSG. /
ugy = 0.
3r

(E6)

a. wz = 0and wr = 0 (class UA)
c. wz = 0andwyr =1 (class UC)

In the following n = g3(6 = nw) and nz = g3(67 = nzn).

12 34 56 23 45 61 _ .0 0 3.3
Uy = UY, = U), = U, = Uj, = Ui, = (X717 + X1oT 12 _ 23 _ 34 _ 45 _ 56 _ 61 _ 3
51 ;g ;g 13 0 § 3 31g v 1 Ujg = NzUg = Uiy = NTUg = Usg = NTUTG = X197
Upp = Uiy = Uy = X157 X167 4 _ 36 _ 52 _ 3,14 14yt
, 14 ~ Lant uyy, = uyy, = uy, = X7, Uy, = nmz(ug)
uu
u't =0, u;; = g3(—07)(u . 13 _ .24 _ 35 _ 46 _ . 51 _ 62 _ 3
Ir ’ 16 g ( )( lb) (El) Uyp = Upyp = NUe = Upp = Ny = U = X129 T -
(E7)
/ 13 _ 24 _ 35 _ 46 _ 51 _ 62 _ 3
ué‘;‘ =0 Upg = Ugg = Uy = Ugg = Ugg = Ugg = X297
- ~ 12 23 34 45 56 61 3
12 _ 34 _ 56 _ -0 _0 3.3 Usy = NTUSH = NUsy = NTUsp = NUIL = NTUgp = X2bT
uzy, = g3(—307)uzy, = g3(—307)ugy = ix2pT + X2pT 26 = TTtap = M2 = Nztop = N2 = 11 2b’r X2b
~ 14 _ 36 _ 52 _ 314 _ 14
u%% = ugg = ’u,gi = gg(QQI)Uég Uy = NUgy = NU = X2rT , Ugp = 77772(u2r) . (ES)
14 _ . \,36 _ 5 V.52 _ -0 0 3.3
Uy, = g3(—307)uz, = g3(—307)uy, = ixa, 7 + X5, T
14 i 14\t
uy, = g3(07)(us,)". 14 _ 36 _ 25 _ 314 144t
" " (E2) Uzg = Uzg = U3y = X3gT , U3y = 771(“39)
16 _ 21 _ 32 _ 43 _ 54 _ 65 _ 3
Ugp = MNIUZ, = Ugp = NNTUZp = Ugy = NTU3, = X3bT
13 _ 24 _ 35 _ 46 _ 51 _ 62 _ 3
14 36 951 3 Uz = NUZe = Uz = NUZ = Uz = U3y = X3¢T -
uzy = uz, = (uzy)" = x347°T (E9)
16 _ .32 _ 54 _ -0 _0 3.3
Ugp = Ugp = Ugp = (X3pT T X3p7 B3
20— 48 = g5(307)ul5 = g3(307)ull ) d = 1 and wr =1 (class UD
uzp = ugp = 93(307)usz, = g3(36z)uszy . wz = 1and wr = 1 (class UD)
7
uu
us,. = 0.
3r
12 _ 23 _ 34 _ 45 _ 56 _ 61 _ 3
Uy = —NIUY, = Uj, = —TTU5, = Ui, = —NTUiy = X1gT
14 36 52 3 14 14
b. wz = 1and wr = 0 (class UB) U = ULy = U = X16T 5 ULy = —NNZUL,
13_ .24 _ .35 _ 46 _ 51 _ 62 _ 3
Upp = —Up = NU = —Ugpe = N7 = —Upe = X210 T -
(E10)
12,34 _ 5 _ 0 0 3.3
Uy = Uy = Ujg = LX1gT + X147 Wl — 24 — 35 — 46 _ 51 62 3
29 — 2g — Y29 — 29 — Y29 — 2g = X29T
u23 _ u45 _ u61 _ ( /3)(u12)1'
1g = U1g = U1g = —G3(PIT 1g 12 _ 23 34 _ 45 _ 56 _ 61 _ 3
Ugp = —TzUp = NUgp = —NTUp = NUgp = —TTUZ, = X2bT
14 _ 36 _ 52 ;00 10 03 03 14 (prm)uld
Upp = Urp = Urp = X167 T X167 » Uy = —7NG3\PZT)UYy, 4 _ 36 _ , 52 _ 3 14 _ 14
! Ugyp = NUgyp = NUp = X2rT , Ugp = —NNTUSY,..
' = 0. (E11)
(E4)
14 _ 36 _ 25 _ 3,14 _ 14
U3g — U3g — U3g — X?,gT 5 U3g — _nIuBg
/ 16 _ 21 _ 32 _ 43 _ 54 _ 65 _ 3
uyy =0 Ugp = —NNTUZE = U3, = —NNTUZE = U3y = —NTU3, = X367
. 13 _ 24 _ 35 _ 46 _ 51 _ 62 _ 3
U%g = 77“33 = ﬁugg = LngTO + ngTS Ugp = —NUzp = Uzp = —NU3p = Uz = —Uzp = X3rT ('E12)
23 45 _ 61 _ 12\t
Ul = Uzp = Uz, = —g3(pzm/3)(uzh) The symmetry allowed mean-field amplitudes on the refer-
ust = nus® = nud? = ix9, 70 + x3,7%, ust = —ngs(prm)ust. ence bonds up to third nearest-neighbor are tabulated in Ta-

(E5)  bleTIL
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{wz, wr} {(n,pz} INN 2NN 3NN
{I’ }T { 7172} (a:b7 & d)lb (a,b, c, d)27‘ (avb7 &) d)3g
1,0 0,0
{1,0} {0,1}
{1,0} {0,2}
%1:8{ %?:g{ = (70’7 ) ba7d)11)67“”“»1)1)7.r = (70#367 b7 7d)2767L<n+pI)Tr = (7@,6, b7 7d)lbe_ip17r
{1,0} {1,1}
{1,0} {1,2}
{1,0} {1,3}
{uizv w}T} {?’7 TLI}} (a7 bv & d)lb (aa b7 ¢, d)27“ (a7 b7 c, d)39

0,1 0,0
{07 1} {07 1} * ko 1k * n+ng ko Kk ok * n+ng _ * ¥ b* d* 1 ng
(0.1} {1.0} = (—a*,c",b%, —d*)1(—1) = (—a*,c",b", —d*)2r(—1) = (—a",c", b, —d")1(—1)
{0,1} {1,1}

{1,1} {0,0}

1? 1 07 1 n-+mn n-+mn n
%1,1{ %1,0}% = (=a,¢,b, —d)1p(-1)"""7 = (=a,¢,b, —d)2, (-1)""2 = (=a,¢,b,—=d)1p(=1)"*
{1,1} {1,1}

{wz,wr} {6z} (a,b,c,d)1p A (a,b,¢c,d)ar A (a,b,c,d)sg
{0,0} {mm/n} = (—a*,c", b, —d*)1pe 1 = (—a*,c*, b, —d*)aef7 = (—a",c",b",—d")3,4

TABLE VL. Spatial constraints for symmetric U (1) mean-field Ansditze up to third nearest neighbours. The parameters (b, ¢, d)14, (b, ¢, d)1r,
(b,c,d)2g, (b,c,d)2p, (b,c,d)ss, (b, c,d)sr are not spatially constrained and hence not listed. Note that time-reversal constraints (namely,
when w7 = 0 all bonds with “1r”, “2g”, “3r” vanish) are not listed in this table.

{ } INN 2NN 3NN
i (ah7bhvchadhvap7bp7cp7dp)1b (ah7bhvch7dh7ap7bp7cpadp)27“ (ah7bhvch7dh,ap7bpvcp7dp)39
{i i} :77771>< :”WIX :WIX

* * * * * >k * * * * >k %k
(7ahvch7bha7dhaap7fcp77bp7dp)1b (7ah7ch7bha7dhaap7fcp77bp7dp)27‘ (7ah7chabh77dh7ap77cpvfbp7dp)3g

TABLE VIL Spatial constraints for symmetric Zs mean-field Ansdize up to third nearest neighbours. The parameters (b, ¢, d)1g4, (b, ¢, d)1r,
(b, ¢, d)2g, (b, c,d)ap, (b, c,d)ss, (b, c,d)sr are not spatially constrained (but are still constrained by time-reversal symmetry) and hence not
listed. Note that time- reversal constraints are not listed in this table.

Appendix F: Symmetric mean-field Ansdtze including triplet

t to 3NN
erms up 1o 52) v, = L'Rea;ﬂ'o — Rea,ﬂ'1 — Ima,ﬂ'2 — Imam'?’7
The most general mean-field Hamiltonian for fermionic Uiﬁ{rb = Reb, 7" + L'(Repr1 - Imbpr2 + Imb, 1),
spinons is written as () 0 . 1 9 3 (F3)
u,” , =Recy7’ + i(Recym' — Imepm? 4 Imey ),
a T
H= Y H ®1)  ul, =Redyr” + i(Red,m! — Imd,7? + Imd;,7°).
Tl
O More explicitly, we have
0 S Mp
with HY o =iai(fl 1 fepn + £ Fe)
} , tap(ff o f = FL FL D+ b,
HZ:ZHJ? vy i . ft »
oy (F2) Ay = = bir s fept + Frog frd)
e (0 gt — b (fL L fL =L )+ he
H:,(“r/ﬁ = T‘I‘[Ta\llra u!‘a,r% \Ilr;j]’ L p(fra,']*frw? fra,ifrﬁ’i) + h.c., (F4)

HY o =— EATANY RS A

Tfr}yi)

: i f T
where ¥, = Ji‘"‘“T f{cix_vi cp(fra7Tfr23,T+fra7¢fr’ﬁji)+h'c‘7
fl‘a,,L _fl‘a,T

Z = — * AT F / —_— AT F /
we use eight complex numbers ay,, by, ch, dp, ap, by, ¢, d;y t0 Heowy = (e pFrp = e i Ty )
parametrize the 16 real parameters in ul? + Ld;(fja :Tf:bw + fja,if:gﬁ) + h.c.,

7.
L

). For the bond r, <+ r%,



We define in Table V the bond parameters for the represen-
tative bonds up to 3NN. All other bonds can then be obtained
by performing certain PSG operation from these bonds. Table
V serves as the reference to map the terms and parameters in
Tables III, IV, and VI, VIIL.

Note that for onsite bond, we only have four complex pa-
rameters that are possibly nonzero, o, Bp, Vp, 0p, due to
fermion anticommutativity and hermiticity of the Hamilto-
nian.

1. U(1) Ansitze

Note that for U(1) PSG Ansdtze, we only have hopping bi-
linears and no pairing, therefore the parameters with subscript
“p” (hence the 7! and 72 terms) vanish. We then simplify the
notation of the hopping parameters by omitting the subscript
“h” (i.e., (a,b,c,d) := (ap, bp, cp, dp)) and write

(0)

’
Ta,lg

3

U = iRear’ — Imar?,

u® , = Rebr? + iImbr?,

ro,r

u” = Recr? 4 ilmer?,

ro,r

(F5)

uii) v, = Redr? + iTmd7>.
The spatial constraints for these parameters are summarized
in Table VI.
Effect of time-reversal for U(1) Ansitze:

e When wy = 0: TRS forbids bonds connecting sub-
lattices with same sublattice parity, therefore all bonds
with “17”, “2¢”, and “3r” are constrained to vanish by
the PSG classes;

e When w = 1: TRS forbids the appearance of i7°
in all bonds. This means that we have the TRS
constraints (Rea, Reb, Rec, Red) = (0,0,0,0) while
(Ima, Imb, Ime, Imd) are not constrained by TRS.

2. 7o Ansitze

The spatial constraints for the parameters of the Z, Ansitze
are summarized in Table VI.
Effect of time reversal for Zs Ansétze:

e When {n7,97} = {+,ir?}, the constraints
of TRS 1is the same across all bond types:
coefficient in front of 7%2 wvanish, meaning
(Rean, Reby, Recy, Redy,, Imay, Imb,,, Imc,,, Imd),) =
(0,0,0,0,0,0,0,0) while the
other eight real components,

(Imay, Imby,, Imey,, Imdy,, Rea,,, Reby,, Recy, Redy,),
are not constrained by TRS.

* When {17, g7} = {—,i7%}: the constraints of TRS is
no more the same across all bond types:
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— For the Onsite bonds, NN bond type “r”, 2nd
NN bond type “g”, and 3nd NN bond type

66,0,

r”: coefficient in front of 702 vanish, meaning

(Rean, Reby, Recy,, Redy,, Imay,, Imb,,, Ime,,, Imd,,) =

(0,0,0,0,0,0,0,0)
other eight real

while the
components,

(Imay,, Imby,, Imey,, Imdy,, Rea,, Reby, Recy, Red,,),

are not constrained by TRS.

— For the NN bond types “g”, “b”, the 2nd NN bond
types “b”, “r”, and 3nd NN bond types “g”, “b”,
the coefficient in front of 713 vanish, meaning

(Imay, Imby,, Imey,, Imdy,, Rea,, Reby, Recy, Redy,) =

while the
components,

(0,0,0,0,0,0,0,0)
other eight real

(Reah, Rebh, Rech, Redh, Imap, Imbp, IInCp7 Imdp),

are not constrained by TRS.

Appendix G: Spin Structure Factor

The dynamical spin structure factor is defined as

S (q,w) = /

— 00

+oo dTeL'UJT i 1 A e
T Y (S ()
1,7

(@D
where \,\' € {z,y,2}, rjj = r; —r;. and S7(7) =
€LHTSiZ€7L.HT.

Due to the presence of the spin-rotational
symmetry, it is sufficient to consider the longitudinal compo-
nents only, i.e.,

“+o0 lwT R R
Szz(q w) _ / dre j :eiq.rij<€LHTSv;67£HTg;>
’ oo 27N L= ! a

i,

(G2)
This, in terms of fermion operators reads as

For the U(1) Ansdtze, 1 and | sectors are decoupled. As a
result, the basis contains only annihilation operators in each
sector. Consider a unitary matrix U such that U THU =
diag(eq, €2, ..., €x), where A is the total number of sites.

Consequently, the basis vectors will transform as fwz =
Uiu&u,o and Eq. (G3) can be recast as

. +oo dteéwr
sfaw)= [ S5 X

- 4,051, VsV!

iq-ri; 2 z
e O’aagﬁﬂ

X U;:;J«Ui,ﬂl U;VU]‘)Z,/ (G4)
X D (M7 e TE] b ).
a,p
The scattering mechanism is as follows. At time 7 =

0, a pair of excitations is created by removing a fermion



with a state (v/, ) from the filled bands (i.e., bellow the
fermi level) and creating a fermion with a state (v, () at
the empty bands (i.e., above the fermi energy) followed by
the annihilation of the pair of excitations at time 7. Thus,

(€Tl & ae™TTED L€, ) gives

efL(e,/feV/)'r ~ 5(V/7,Uf)5u’m5a,[3' (GS5)

Note that €, is independent of spin index because of spin sym-
metry. Substitution of the Eq. (G5) in Eq. (G4), yields

1 .
S** (q7 w) — W Z elari 5(&) —€, + 6”)
6051V

X U;HU@VU;(,VULNTLM(1 - nV)'

(G6)
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Here, ny = o=y With Fermi energy ep. At absolute
zero temperature, i.e., 5 = 0o, Eq. (G6) can be written using
a step function 6(z) as follows

1 .
§¥(qw) = N Z e" T g (w — €, + €,)
VAV oL
X U;:MUi,uU;VUj7u9(€F — 6u>9(6u — GF).
(G7)
Now, the equal-time momentum resolved spin-spin correla-
tion function can be calculated from the above equation as

ezrft(Q) =>.,5%(q,w). Thus,

zz 1 [QTi; TT* *
Seqe(a) = N Z e Ur Ui US L Us

0,0, 15V

(G8)

X O(ep —€,)0(e, — €r).
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